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Abstract

James—Stein Type Shrinkage for Eigenvectors of Random Matrices
by

Zhuoli Jin

This thesis investigates the asymptotic behavior and bias properties of spike eigen-
vector estimators in high-dimensional statistical models. Motivated by challenges in
estimating latent structures from noisy, high-dimensional data, it focuses on how shrink-
age and model specification shape the geometry and accuracy of estimated eigenvectors
across different asymptotic regimes.

Chapter 1 provides the theoretical background and mathematical tools, introducing
connections between random matrix theory, spectral geometry, and shrinkage estimation.
Chapter 2 develops and analyses a James-Stein type shrinkage framework for eigenvector
estimation under rank misspecification in the factor model ¥ = BX + €. In high-
dimensional settings, empirical eigenvectors are inherently inconsistent even under correct
model specification. The analysis characterizes the additional optimization bias that
arises when the estimated rank K differs from true latent dimension ¢q. Theoretical
results show that when K > ¢, the shrank eigenvectors achieve asymptotically unbiased
alignment with the population eigenspace, but for K < ¢, the bias persists.

Chapter 3 extends the study to the proportional asymptotic regime where both the
dimension p and sample size n grow with p/n — & > 0. Building on the spectral theory
of Wigner matrices, it examines the semicircle law for eigenvalues and the misalignment
between empirical and population eigenvectors in high-dimensional models. We further
derive a James-Stein correction for spiked Wigner matrices and mitigated the spectral

distortion introduced by high-dimensional noise. As a result, the adjusted estimators

Vil



achieve improved alignment with the true signal directions in the spiked Wigner model.

Lastly, we demonstrate the advantage of James—Stein correction over their empirical

counterparts in a stochastic block model with node preferences that we propose.
Together, these findings offer a unified theoretical perspective on eigenvector incon-

sistency, shrinkage correction, and asymptotic geometry in high-dimensional inference.
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Chapter 1

Introduction

This chapter provides the empirical and conceptual motivation for this thesis by examin-
ing two distinct spectral phenomena in high-dimensional data. We begin with covariance
and Gram matrices governed by the Marchenko-Pastur law, where we analyze both pure
noise models and spiked populations with low-rank signals. We then explore network data
through stochastic block models, where community structure produces eigenvalue spikes
separated from a semicircular bulk. These concrete examples demonstrate the prevalence
of spiked spectral structures across diverse data types, motivating the need for improved
eigenvector estimation methods that will be developed in subsequent chapters.

Our literature review synthesizes key contributions across three asymptotic regimes:
classical fixed-dimension theory, random matrix theory with p/n — ¢, and the high-
dimension, low-sample-size setting (p 1 oo, n fixed). This discussion situates our work
within the broader theoretical landscape.

We then introduce essential mathematical tools from linear algebra, random matrix
theory, and high-dimensional geometry, including eigenvalue perturbation theory, the
Maréenko—Pastur law, the geometry of the unit sphere SP~!, and connections between

uniform measure and Wiener measure. These concepts form the backbone of our analysis

1



Introduction Chapter 1

in later chapters. Finally, we preview the main contributions of Chapters 2 and 3, which
examine the asymptotic behavior of eigenvectors under pure noise and the optimization

bias arising from rank-misspecified shrinkage estimators, respectively.

1.1 Motivation

With the rapid advancement of data collection technologies, modern statistics fre-
quently encounters high-dimensional scenarios where the number of variables p is similar
to or even exceeds the number of observations n. This ”large-p, small-n” paradigm has
become particularly prominent in fields like genomics, where gene expression studies rou-
tinely involve thousands of genes p measured across only dozens of samples n. These
difficulties are best understood in the context of a broader phase diagram of multivariate
regimes.

Depending on the asymptotic relationship between the number of features p and the

sample size n, three distinct statistical worlds emerge:

e Traditional Statistics (p < n): classical multivariate methods such as OLS,

PCA, and MLE operate effectively under the assumption of abundant data;

e Random Matrix Theory (RMT) (p/n — ¢ € (0,00)): spectral distortions
become predictable and analyzable using tools like the Marcenko—Pastur law and

spiked models;

e High-Dimensional Low-Sample-Size (HDLSS) (p > n): classical estimators

break down, necessitating regularization, shrinkage, and sparsity-aware techniques.

To visualize this taxonomy, we refer to the well-known ”horseshoe” diagram shown
in Figure [1.1] which summarizes the spectrum of high-dimensional regimes and the cor-

responding methodological landscapes.
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RMT

(p/n—¢)

Marchenko—Pastur,

Spectral Analysis

Traditional

. . HDLSS
Statistics
(p < n) (p>n)
OLS, CLT, James—Stein,
Linear Models Sparsity, LASSO

Figure 1.1: The horseshoe diagram illustrating the transition from classical statistics
to random matrix theory to high-dimensional regime.

As highlighted by [1], in their work on efficient quadratic regularization for expression
arrays, this extreme dimensionality (p > n) poses significant challenges for traditional
covariance estimation methods. Similar challenges arise in finance, signal processing, and
machine learning applications. Traditional multivariate statistical methods, designed un-
der the assumption that sample size n far exceeds variable count p, often fail in these
modern high-dimensional settings, necessitating the development of specialized regular-
ization techniques and novel statistical approaches.

The sample covariance matrix serves as a cornerstone of multivariate analysis, but
its reliability breaks down in high-dimensional settings. When the number of features
p approaches or exceeds the sample size n, the sample covariance matrix exhibits se-
vere spectral distortions: its largest eigenvalues become systematically biased upward,

while smaller eigenvalues shrink disproportionately. These deviations from the popula-

3



Introduction Chapter 1

tion covariance structure lead to misaligned eigenvectors and compromise the validity of
subsequent analyses. Such distortions particularly impair dimensionality reduction tech-
niques like PCA, and introduce significant errors in downstream applications including
classification, clustering, and risk estimation. This phenomenon has been extensively
documented in the statistical literature ([2][3][4][5]), prompting the development of reg-
ularized covariance estimators and alternative approaches for high-dimensional data.

To address these challenges, researchers have developed regularized covariance es-
timators, with James—Stein-type shrinkage methods emerging as a prominent solution.
These estimators blend data-driven estimates with structured targets (e.g., identity ma-
trices), effectively reducing estimation risk when p/n is non-negligible. Shrinkage toward
low-rank factor structures has proven particularly valuable, offering both interpretability
and strong empirical performance [3].

A critical limitation, however, lies in their dependence on correctly specified target
structures—particularly the factor dimension ¢. In practice, ¢ is unknown and must be
estimated; when the assumed dimension K # ¢, the estimator’s theoretical guarantees
often fail. This misspecification not only degrades the covariance estimation accuracy
but also propagates errors into optimization-dependent applications.

The problem becomes acute in minimum-variance portfolio optimization, where co-
variance matrix inversion amplifies estimation errors as mentioned by [6]. While existing
work has characterized this issue under idealized conditions [7], the behavior of shrink-
age estimators under structural misspecification remains poorly understood, especially

regarding eigenvector divergence from population truth.
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1.1.1 Spectral Structure of Random Covariance Matrices

1.1.1.1 Noise-Only Covariance Models

We start with a p xn matrix Y with each element being independently and identically

drew from a mean 0 variance v? distribution. Denote the sample covariance matrix as

S =2YYT and the eigenvalues of S as A(S), A2(S),- . By law of large numbers, we
have V € > 0,
lim P (max INi(S) — V2| > e> =0, (1.1)
n—00 1<i<p

that implies, when we fix the number of dimensions, all eigenvalues of sample covariance
matrix converges to population variance v? with probability 1. Figure displays the
histogram of eigenvalues of S, and we are able to see as n — oo with p fixed, the

2

eigenvalues are more and more centered at population variance v* (equals to 1 here).

Next, we consider setting, where we set p — oo. Unlike the previous traditional case,

p=500, n=100000 p=500, n=500000 p=500, n=1000000
p/n=0.0050 p/n=0.0010 p/n=0.0005
T T T

=== frue variance 10 ') === true variance === frue variance

Density
o

Density
=) =] - (-] @ E "_J‘

o
090 0985 100 105 110 115 094 096 098 100 102 104 106

096 0.98 100 102 104
Eigenvalue Eigenvalue Eigenvalue

Figure 1.2: Histogram of %YYT

the eigenvalues now behave differently. From Figure we can see that the sample
eigenvalues are no longer centered at population variance, but follows a right skewed
distribution (orange curve) named as Marchenko—Pastur law (MP law).

This empirical spectrum actually reflects a much deeper and universal phenomenon:

whenever S = %YYT is a Gram matrix formed from n i.i.d observations in RP?, its

5
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Eigenvalues with p = 1000 and n = 500

W Empirical eigenvalues
= MP density {c=0.500, nu™2=4.0}

020 4 —-= w=40

005

000 -

o 2 4 G 8 10
Eigenvalue

Figure 1.3: Histogram of %YYT

eigenvalues converge to the Marchenko—Pastur (MP) distribution as long as both p, n —
oo with p/n — ¢ € (0,00). Moreover, this limiting behavior is independent of normality
assumption. The details of MP law will be introduced in Section [1.3

Intuitively, the MP shape arises because %YYT aggregates n random outer products
of the form Y.jY_jT. When p is the same order as n, these rank-one contributions overlap
in a highly irregular way, and results in eigenvalues spread over a non-degenerate interval
(1 —+/c)?, (1 + \/c)?] for some constant c.

On the other hand, the bulk eigenvectors become asymptotically Haar-distributed on
the unit sphere. It reflects that for pure noise, all orthogonal directions carry comparable
variance, and high-dimensional randomness forces the sample eigenvectors to “diffuse”
uniformly across the sphere. This property is one of the main reasons why shrinkage
becomes necessary in high dimensions, and motivates the studies in both Chapter [2] and

Chapter
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1.1.1.2 Low-Rank Signal and Spiked Models

While the pure noise setting reveals the universal behavior of Gram matrices, the
situation changes fundamentally once low-rank structure is injected into the data. Many
high-dimensional datasets contain a small number of dominant factors. These structures
manifest as spikes, i.e., eigenvalues that protrude above the noise bulk and whose associ-
ated eigenvectors carry meaningful information about the signal. In this subsection, we

will reveal some examples from the simplest to to more complex ones.

(a) Single Factor Model. we consider a single-factor model
Y =BX" + E e RP*",

where § € RP is a fixed factor loading vector, X € R" is a vector of i.i.d. factor
realizations, and F is additive noise with i.i.d. entries. Under the regime p/n — oo,

the eXpeCted Sample covariance beCOIIleS
ﬁ 66 +o0 P

which is a rank-one spiked model. The leading eigenvalue is ||3||* + po?, and the

corresponding eigenvector aligns with the signal direction 8/|5]|.

(b) Dense Graph with Self-Loops via Random Adjacency Matrix. We let
A € {0,1}P*P be the adjacency matrix of a direct graph with n nodes and p edges.
Each element of A follows i.i.d. Bernoulli(q) for ¢ independent of n and p, i.e.,
the resulting graph from A is dense and can contain self-loops. In the context
of social networks, this model corresponds to a scenario where individuals form

connections uniformly at random with a fixed probability q. For dense graph, most

7
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possible connections exist, leading to a highly interconnected community. Such
dense patterns can occur in small, well-mixed groups or in platforms with high

incentivization for connection.

Then we define the p x p symmetric matrix G = %AAT. Each entry G;; measures
the normalized number of common out-neighbors shared by nodes ¢ and j. The
resulting G then encodes second-order similarity between individuals, where diagonal
entries indicate individual activity levels, and off-diagonal entries quantify shared
influence targets. When Gj; is high, it implies that individuals ¢ and j share many
common out-neighbors as they tend to follow or interact with the same set of people.
This perspective is especially useful in uncovering latent community structures, role

equivalence, or functional similarity in large-scale social systems.

From model setup, we have,

pq, 1=1]
E((AAT);) =
g’ i

So

and the leading eigenvalue of E(G) is:

2.2
pq
=2g-+ L

n n

]

A

L

with eigenvector v, = 7

1,, and the remaining eigenvalues are £(g — ¢*).

Sparse Directed Graph via Random Adjacency Matrix. Now we consider
the sparse random graph as an extension to previous example. Let A € {0, 1}P*?

be a sparse binary matrix where each entry A;; is an independent Bernoulli random
8



Introduction Chapter 1

variable with success probability \/n_/p This defines a directed Erdés—Rényi graph
G = (V,E) with |V| = p nodes where directed edges occur independently with
probability \/n_/p The parameterization n/p < 1 ensures the graph remains sparse
yet connected, capturing the “small-world” property observed in real-world social

networks [§].

In this setting, each entry of the adjacency matrix A € {0, 1}?*?, including the di-
agonal, is drawn independently as A;; ~ Bernoulli(y/n/p). Therefore, the expected

adjacency matrix becomes

E[A] = \/n_/p 1p1;7

indicating that every pair of nodes, including self-pairs, is equally likely to be con-
nected by a directed edge. As a result, the expected in-degree and out-degree of

each node is \/np, and the matrix is numerically rank one.

To understand the spectral structure of G = %AAT, we now present the detailed
study of its expected value as well as the behavior of its leading eigenvalue, the

corresponding principal eigenvector, and the second eigenvector.

Recall A;; ~ Bernoulli(\/n/p), we have

B(AAT)) — EATA) = S By — 4V (1.2)

noi#j

SO

E (%AAT> = %(\/n_/p —n/p) L+ 22,07 = (Vofn— )L, +1,1]. (1.3)

np
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The spectral shift technique directly implies the leading eigenvalue of E(A) is

A =+p/n—1+p, (1.4)

and the remaining eigenvalues approximately equal to y/p/n — 1. Furthermore, the

leading eigenvector of E(G) satisfies vy o 1, so
v =z=—1,. (1.5)

It naturally implies we can apply James-Stein shrinkage on leading eigenvector of G
as v; be the target. Also, v; is a point on SP~! which points in the direction where all
coordinates grow equally, and represents the equal-weight exposure direction across

all assets.

In high-dimensional regime, the directions orthogonal to the principal component
exhibit no preferred orientation. Formally, the bulk eigenvectors (for example, the
second eigenvector in our model) converge to the Haar measure on SP~! in distribu-

tion.

To verify the theoretical structure of the covariance matrix and its spectral behavior,
we generate a sequence of random adjacency (binary) matrix A € RP*P, where each
entry is drawn independently from a Bernoulli distribution with success probability
5§ = \/n_/p We set the parameters p = 1000, n = 128, and average the resulting

G = %AAT over 100 simulations.

The top panels in Figll.4] displays the full spectrum of the matrix G. The lead
eigenvalue is clearly separated from the rest, reaching approximately 10000, while
other bulk eigenvalues stay very small. This aligns with the theoretical result as

in Eq The bottom left panel shows the the entry distribution of the leading
10
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Eigenvalue Decay of G = AAT / n (Sparse A) for p = 1000 Top 5 Eigenvalues of G = AAT / n for p = 1000
1000 —— Eigenvalues of G 1000 —— Top § Eigenvalues of G
800 800
L 600 Y 600
= =
= =
= =
S S
o 400 2 a0
200 200
o o
o 200 400 600 800 1000 0.0 05 10 15 20 25 30 35 40
Index Index
Leading Eigenvector Entry Distribution for p = 1000 Second Eigenvector Entry Distribution for p = 1000
60
50 1 H il
50 H
40 - = —
TR ] w0 i
- -
2 30 2
3 330
=3 =3
o o
g i
20
) F’-"H‘ﬂ-n )
o T T T T y T S o T T T T T T M=
0028 0029 0030 0031 003z 0033 0034 0035 0036 —0.075 -0.050 -0.025 0000 0025 0050 0075 0100
Entry Value Entry Value

Figure 1.4: Top panels: eigenvalues of G; Bottom panels: histogram of leading eigen-
vector and second eigenvector of G.

eigenvector. All entries are tightly concentrated around a positive constant near
1//p- Although the theoretical leading vector of E(G) is exactly constant, the
leading eigenvector of the empirical matrix G contains small fluctuations around
that direction due to random sampling noise, and results in an approximately normal
distribution centered at 1/,/p. The bottom right panel illustrates the histogram of
the entries of second eigenvector. It is approximately normally distributed with mean
0 and standard deviation 0.01, i.e. 1/,/p, and matches the theoretical prediction
that non-leading eigenvectors in a spiked model converge in distribution to the Haar

measure on the unit sphere SP~1.

Furthermore, we show the histogram of bulk eigenvalues of G in Figure [1.5, The
eigenvalues form a highly right-skewed distribution with a substantial concentration

near zero and a long positive tail, which displays Marchenko-Pastur type limits. It

11
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Bulk eigenvalues of G = AAT [ n
pooled over M = 100 replications (p = 1000, n = 128)

175 1

150 A

125 1

100 4

Density

0.75 1

050 4

025

000 -
0 1 2 3 4 5 B 7

Eigenvalue

Figure 1.5: Bulk eigenvalues of A.
comes from the fact that G is gram matrix.

Random Graph via Incidence Matrix and Edge Covariance. For a graph
with n nodes and p edges, the incidence matrix Y € RP*™ is defined such that each

row corresponds to an edge, i.e.

1 if node k is incident with edge e;
Yir = (1.6)
0 otherwise

A more rigorous definition is of the following:

Definition 1.1.1 (Random Incidence Matrix). Let (2, F,P) be a probability space.

We define the random matriz Y € {0, 1}P*" via:

(a) For each edge e;,i € {1,2,---,p}, independently sample a node pair unifor-

mally from all pairs on n nodes.

12
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(b) Define the i-th row of Y by
Yie = Lip=rx, 3 + 1ir=x, .} (1.7)
Correspondingly, we can define A =YY ". The i, j—th element of A equals to
A= i YirYjr = #{nodes jointly connected by edge i and edge j}, (1.8)
k=1

The diagonal elements of A equal to

3

Ay=> Y

i
I

as there are exact two 1s in each row.

In financial modeling, the incidence matrix Y of the (undirected) graph can be
interpreted as a network of financial relationships, where n represents the number
of assets, and p represents the number of contracts. Each row of Y corresponds to
a financial relationship, and the non-zero entries in that row identify the two assets
involved. The matrix A represents a normalized exposure interaction matrix with
A;; being the normalized number of assets involved via incident ¢, and A;; measures

the structural overlap between two financial relationships.

For diagonal terms of A, we have

E(A;) =2 (1.10)

13
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follows from Eq[1.9] For off-diagonal terms, we have

E(A;) = Z]E [1{k€{Kz',1,Ki,2}}l{kG{Kj,th,z}}]

k=1
= ZP(]C € {Ki,hKi,Z})P(k € {Kj,lij,Q}) (]‘]‘1)
k=1
22 4
=nGn) =
Therefore, we can write
4 4
E(A)=(2——- ), +-1,1]. 1.12

By spectral shift technique, we have the leading eigenvalue of E(A) is

Ap—1
A :2+¥, (1.13)

and the remaining eigenvalues A equal to 2 — %. Therefore it implies the leading

L

VP

to the Haar measure on SP~! in distribution. A larger eigenvalue suggests that many

eigenvector of E(A) is essentially z = —-1,,, and the remaining eigenvectors converges
edges tend to be incident to the same set of vertices, and is encoded by the structure

of the corresponding eigenvector.

Now we consider the James-Stein shrinkage on the leading eigenvector of %YYT. Let
v denote the leading eigenvector of %YYT, then the James-Stein estimator (before

normalization) for v is

T 2
z'v(l —
GO :Q/)QU—{_ZJ_’UM? (1.14)
|z — 2,
2 2
where z, = (v, 2)v, 21, = =2, and P? = Sl;% " for s1 , being the leading eigenvalue
P

14
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of A and lf) being the average non-zero bulk eigenvalues of A.

Structured Incidence Observation Matrix. Now we consider a modification of
the above model. Let E be a p x n edge incidence matrix constructed as above, i.e.
each row of E consists of two 1s and (n — 2) 0s. For 3 = (1,---,1)" € RP, and

X € R™ with each element of X be i.i.d. Bernoulli(q) variable. We let
Y =38X" +E,

and we call Y the structured incidence observation matrix.

We have
A=YY" =pX"Xp" +X"E" + EXB" + EE". (1.15)

The first term satisfies
BXTXBT =n) XP1,1) =n) X117, (1.16)
i=1 i=1

so the expectation of the leading eigenvalue of SX X3 is npg, with z = 1/,/p

being the corresponding eigenvector.

As for the cross terms (BXTET + EX3"), the leading eigenvalue is calculated as

(B,EX)+ Pl EX]|. (1.17)

Note that

(8, EX) :ZXjZEij7 (1.18)

15



Introduction Chapter 1

and for each j, >-7 | E;; is the degree of node j, denoted as d;, so
E((3, EX)) ZE -n-@ = 2pq. (1.19)
n

Note that each (EX); = X;, + X},, with j;, jo being two random columns in the
i—th row, so (EX); ~ Bin(2,q), and

E(|EX|?) ZE EX)?) = p(2q + 2¢%), (1.20)

SO

E(|EX]) = v2pa(1 + q), (1.21)

and the leading eigenvalue for the cross-term is 2pq + p1/2q(1 + ¢). Also note that
E(XTET) = Z]E = qZE T x g1, (1.22)

so the leading eigenvector for the cross-term is also z = 1,//p.

Therefore the leading eigenvalue of A =YY " satisfies:

E(M) = (n+2)pg +pv/2q(1 + q) +2+@’ (1.23)

and the corresponding eigenvector is z = 1,/,/p.

1.1.2 Stochastic Block Models and the Semicircle Law

In contrast to previous examples, we now focus on a fundamentally different source
of low-rank structure called community structure in random networks. The stochastic

block model (SBM) is one of the most important generative models of this kind with
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community structure [9].
We begin with the simplest case of an SBM consisting of two latent communities. Let

the vertex set be V with |V| = N, and let it be partitioned into
V=ViuVy,  [Vi| =[N/2], [V3 =N =Wl

Let A € {0,1}*" denote the adjacency matrix of the undirected graph. In the classical

two-block SBM, the entries of A are generated independently according to

P(AZ]=1‘ZE‘/G,]€V1,)= a,b€{1,2},

where py denotes the within-community connection probability and ¢y denotes the
between-community probability. This formulation captures the essential phenomenon
that vertices belonging to the same community are more likely to be connected than
vertices belonging to different communities with choice of py > qu.

We are interested in the spectral structure of the population mean matrix
M =E[A].

For the balanced two-block model described above, let 1 = (1,...,1)" € RY denote the
all-ones vector and s = (1,...,1,—1,...,—1)" denote the community indicator vector
that assigns +1 to vertices in V; and —1 to those in V5. Then M can be written compactly

as a rank-two matrix:

M= WIIT—FM&ST. (1.24)
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The top two eigenvalues of M is then

DN + aqn

o2 =N 5

with corresponding eigenvectors 1 and s respectively. All remaining N — 2 eigenvalues
are zero. The leading eigenpair (02, 1) represents the global density component of the
network, while the second eigenpair (03, s) captures the community contrast between V;
and V5.

Hence the first eigenvector encodes the overall density of the network, while the second
eigenvector separates the two communities.

In the random realization A, the matrix can be decomposed as
A=M+W,

where W = A — M represents random fluctuations around the mean structure. The
matrix W is approximately a centered Wigner matrix: its entries have mean zero, finite
variance, and are weakly dependent only through symmetry. As N — oo with suitable
scaling of py and gy (for instance py, gy = O(1/N)), the empirical spectral distribution

of the rescaled noise matrix
%74

/N Var(A;;)

converges almost surely to the semicircle law supported on [—2, 2] (see Fig [1.6).

Wy =
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Eigenvalue histogram of scaled noise Wy with n = 2000, py = 0.05, gy = 0.005
035

W Empirical eigenvalues
— Semicircle density

Eigenvalue

Figure 1.6: Histogram of eigenvalues of Wy with theoretical semicircle density.

1.1.3 Summary: Two Spectral Regimes in Random Graph Mod-

els

The examples presented above fall into two distinct universality classes, and each
is determined by different limiting laws. We can understand their spectral behaviors

through two regimes:

1. The first examples in Section [I.1.1.2] consist of Gram matrices. All matrices A that
we discussed take the form A = %YYT for some matrix Y with columns being
independent observations. Despite the different interpretations of these examples,
these matrices share the same underlying geometry: positive semi-definite Gram
matrices with bulk eigenvalues follow MP law. Low rank structure in E(YYT)
produces spikes in the spectrum, and eigenvectors orthogonal to the signal converge
in distribution to Haar measure on the sphere. These properties motivate the

eigenvector shrinkage ideas developed later in the thesis.

2. The SBM with preference example in Section exhibits an entirely different

limiting behavior. After appropriate normalization, the noise component of such
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matrices converges to a Wigner ensemble, and its empirical spectrum follows the
semicircle law. In this regime the graph encodes latent community structure, rep-
resented by a low-rank mean matrix whose eigenvectors determine the population
blocks. The observed adjacency inherits this structure through two spike eigen-
values that separate from the semicircular bulk of noise. The resulting spectral
picture is qualitatively different from the MP case. @e further analyzed how this
spiked structure impacts the recovery of node preferences. Beyond the spectral
characterization itself, our numerical study demonstrated that the James—Stein
shrinkage estimator achieves substantially more accurate preference recovery than

PCA, reducing the relative estimation error by roughly 43% in all experiments.

Together, these two cases provide a unified perspective on the examples in this chap-
ter. They illustrate how structurally different data-generating mechanisms can produce
common structural feature: a low-rank signal component that produces spike eigenvalues
separated from a noise bulk. This common geometry motivates the analysis of eigenvector

stability and shrinkage in later chapters.

1.2 Literature Review

The asymptotic behavior of eigenvalues and eigenvectors has been a central topic in
multivariate statistics since the mid-20th century. In traditional statistics, [I0] showed
that the limiting distribution of eigenvectors of sample covariance matrix is the condi-
tional Haar invariant distribution when p fixed and n — oo.

However, such asymptotics become unreliable in modern high-dimensional regimes
where p is large relative to n. To address this, random matrix theory (RMT) has
emerged as a key framework for analyzing sample covariance matrices in the limit where

both p and n diverge with p/n — ¢ € (0,00). [2] showed that, when n/p — ~ >
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1, the leading eigenvalue of a spiked covariance model approaches the Tracy-Widom
law of order 1. [II] stated that, when n,p — oo and p/n — ~ fast enough, and
Y = diag(ly,--- ,lp,1,1,--- 1), The v — th sample eigenvector can be written as

vy = (Vy 4,V p) ", and central limit theorem of 1,4/ |||l holds while v, 5/ ||| is

uniformly distributed on SP~M-1,

In contrast to both classical and RMT-based asymptotic frameworks, this thesis con-
siders an alternative regime where the sample size n is fixed and the dimension p — co.
[12] stated that, for a model with m spikes, the accuracy of m eigenvector estimations
decreases as the bias in corresponding eigenvalues increases. [I3] states that, the limiting
distribution of inner products between the sample and population eigenvectors exists,
and the rest of eigenvectors are strongly inconsistent with their population counterpart.

In high-dimensional statistical settings, the inherent instability of eigenvectors has
prompted the development of various regularization techniques. Among these, shrinkage
estimators have emerged as particularly effective solutions, demonstrating significant
improvements in estimation quality by effectively reducing variance while maintaining
reasonable bias levels.

This phenomenon stems from the extreme sensitivity of sample covariance matrix
eigenvectors in high dimensions, where even minor data perturbations can cause sub-
stantial directional changes. Shrinkage methods address this challenge by systematically
adjusting estimates toward a target structure (such as the identity matrix or factor mod-
els). Theoretical analyses and empirical studies consistently show these approaches are
especially valuable when the number of variables p is comparable to sample size n, offering
reliable solutions for high-dimensional inference problems.

Shrinkage estimation, originally introduced in the context of mean estimation by
[14], has become a cornerstone in modern high-dimensional statistics. The key idea is to

trade unbiasedness for reduced variance by shrinking noisy empirical estimates toward a
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structured target. In the context of covariance estimation, [3] proposed a linear shrinkage
estimator that combines the sample covariance matrix with a multiple of the identity, and
later extended this to more general targets, including low-rank factor-based structures
[15].

Such James—Stein-type estimators have been shown to achieve improved performance
in high-dimensional regimes, especially when the dimension-to-sample-size ratio p/n is
non-negligible. Notably, [14] proved that for p > 3, their shrinkage estimator attains
strictly lower risk than unbiased estimators. Theoretical results often assume that the
shrinkage target is correctly specified, particularly in terms of its rank or underlying factor
structure. For example, [16] proposed a James-Stein estimator i]ﬁ on sample covariance
matrix such that the discrepancy induced from )y converges as p T 0o.

However, relatively few works have studied the behavior of shrinkage estimators under
structural misspecification—for example, when the assumed number of latent factors K
differs from the true rank ¢. This thesis addresses this gap by analyzing the asymptotic

impact of rank misspecification on optimization bias and discrepancy.

1.3 Mathematical Preliminaries

This section reviews the key mathematical concepts and tools that will be used
throughout the thesis. We organize the discussion into three components: linear al-

gebraic foundations, random matrix theory, and high-dimensional geometry.

1.3.1 Linear Algebra

The analysis of high-dimensional estimators hinges on a geometric perspective, where
data and parameters are viewed as vectors in Euclidean space. This subsection estab-

lishes the linear algebraic vocabulary:orthogonality, projections, matrix decompositions
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and etc., all essential for describing the behavior of estimators. Crucially, we focus on con-
cepts that characterize low-dimensional structure within high-dimensional spaces, such
as eigenvalues and singular values, which will later govern the statistical performance of
shrinkage estimators.
We begin by recalling fundamental structures that define geometry and distance.
Let R? denote the p—dimensional Euclidean space, and RP*? the space of real p X ¢

matrices. We start with some definitions on orthogonal matrices and inner-product space.
Definition 1.3.1 (Orthogonal Matrix [17]). A matriz @ € R"*" is called orthogonal
if it satisfies

Q'Q=QQ" =1,
Definition 1.3.2 (Projection Matrix [18]). Let Q € R™* have orthonormal columns,
i.e., QTQ = I,. Then the matriz

P=QQ'

is called the orthogonal projection onto the column space of Q. It satisfies P> = P and
PT = P.

Definition 1.3.3 (Inner product [19]). Let & be a linear space over K. A sesquilinear

form (-,-) : X x X — K is called an inner product if it satisfies

(i) Vo,y € X, (z,y) = (y, )
(ii)) Ve € L, (x,z) >0, and (z,z) =0 <>z =0.
Remark 1.3.4. We call (X, (-,-)) an inner product space.

Definition 1.3.5 (Orthogonality [19]). Let X be a linear space over K equipped with

(-,-). Yo,y € X, we say x and y are orthogonal, if

(z,y) =0,
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and denote as x L y. For M C X be a non-empty subset and v € X, if Vy € M, we

have x L y, then x L M. Furthermore, we denote the set
t={reZ:2 L M)}

be the orthogonal complement of M.

Definition 1.3.6 (Norm [19]). Let & be a linear space over K. A mapping ||-|| : £ — R

1s called a morm, if it satisfies
(i) Ve e X, ||z]| > 0, and ||z]| =0+ 2 =0
(i) Ya € K,z € X, |laz|| = |a| |||

(iit) Yo,y € X, |lz +yl < =]l +[lyll-

Definition 1.3.7 (Vector norm [19]). For K = R" in Definition[1.3.6, we say the corre-

sponding ||-|| is a vector norm.

Remark 1.3.8. For x € X, the norm ||z|| = \/(z,z) is a special case of a vector norm.

In finite-dimensional spaces (e.g., R™ or C"), other common vector norms include:

n 1/p
2]l = 21: i, |zl == max ], zll, = <Z |%|p> ;
1=

and are called {1, £, norm, respectively.

Remark 1.3.9. The columns (and rows) of an orthogonal matriz form an orthonormal
basis of R™. Orthogonal matrices preserve inner products and Fuclidean norms. That is,

for any x,y € R™, we have

(Qz,Qy) = (x,y), and |[Qz|y = [zl
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Theorem 1.3.10 (Holder’s inequality [20]). Let & be a linear space over R™. For any
r,ye I andé—l—ézl,

[z, ) < [lll,, 1yl - (1.25)

While vector norms measure the magnitude of data, matriz norms are indispensable
for quantifying the effect of linear transformations (e.g., applying an estimator) or the

size of perturbations in high-dimensional settings.

Definition 1.3.11 (Matrix norm [19]). For a matrizx A € C™*", the induced matriz

norm (or operator norm) is defined by:

Ax
4 = sup 1A up e
0 1Tl =
where || - || on the right-hand side is a vector norm.

Remark 1.3.12. Frobenius norm is a widely used matrix norm. This norm can be

defined in various ways:

1Al p = (1.26)

D03l = vfrace(AA) =
J

i

for A ={a;;} € R™" and o; the singular value of A. Furthermore, for T' be orthogonal
transformation, then

Ay = 1Al - (1.27)

We now move to eigenvalue decomposition , which is the key element in the entire

thesis.

Definition 1.3.13 (Eigenvalue and eigenvector [I7]). Let A € R™ ", if there ezists
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Ao € R, and a non-zero vector a € R", such that

Aa = \ga,

then we say Ao is an eitgenvalue of matrix A with a the corresponding etgenvector.

Remark 1.3.14. If A € R™™"™ has n distinct eigenvalues A1, \o, - -+ , N, with correspond-

ing eigenvectors ay, ags,- -+ ,ay, then UYAU = diag(\1, -+, \), with U = (ay, -+, a,).

The singular value decomposition (SVD) is arguably the most powerful tool in high-
dimensional data analysis. It provides a complete geometric description of any data
matrix Y by decomposing it into orthogonal components ordered by their importance
(singular values). This decomposition is the foundation for Principal Component Analysis

(PCA) and directly reveals the signal-to-noise structure in random matrix models.

Theorem 1.3.15 (Singular Value Decomposition [I8]). Let A € RP*9. Then there exist
orthogonal matrices U € RP*P and V € R and a diagonal matriz ¥ € RP*? with

non-negative entries o; > o9 > --- > 0 such that

A=UXV".

Remark 1.3.16. The nonzero entries o; of 2 are called the singular values of A. They
are the square roots of the nonzero eigenvalues of both AT A and AA". The columns of

U and V' are referred to as the left and right singular vectors of A, respectively.

Remark 1.3.17. Given the SVD A = UXV' ", the Moore—Penrose pseudoinverse is given

by
At =V3iUT,
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where X1 is obtained by taking the reciprocal of each nonzero entry in ¥ and transposing

the resulting matrix.

We now present the spectral theorem, which characterizes when a real matrix can be

diagonalized via an orthogonal similarity transformation.

Theorem 1.3.18 (Spectral Theorem [18]). Let A € R™*" be a symmetric matriz, i.e.,
A = AT. Then there exists an orthogonal matric Q € R™" and a diagonal matriz
A = diag(Aq, ..., \,) such that

A=QAQ".

The columns of Q are orthonormal eigenvectors of A, and the diagonal entries of A are

the corresponding real eigenvalues.

Remark 1.3.19. Note that A is a diagonal matriz in Theorem we can think of

A as sum of n rank-one matrices.

Remark 1.3.20. The spectral theorem guarantees that all real symmetric matrices are or-
thogonally diagonalizable. In particular, the eigenvectors corresponding to distinct eigen-

values are orthogonal, and a full orthonormal basis of eigenvectors always exists.

Not every real matrix is diagonalizable. In particular, non-square matrices do not
admit eigenvalue decompositions. To generalize the spectral representation of real matri-
ces beyond the square case, we introduce the singular value decomposition (SVD), which

exists for all real matrices.

Definition 1.3.21 (Moore—Penrose Pseudoinverse [21]). Let A € RP*9. The Moore
—Penrose inverse of A, denoted AT € R7*P, is the unique matriz satisfying the following
four properties:

1. AATA=A
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2. ATAAT = A
3. (AADT = AA!
J. (ATA)T = AT A.

Remark 1.3.22. The Moore-Penrose inverse gives the minimum-norm solution to the
least-squares problem min, ||Ax —bl|y. That is, for b € RP, the solution x* = ATb satisfies

|z*|| = min{||z|| : Az = b} when such = exists.

A central technique in high-dimensional statistics is to avoid working with the large
(p x p) sample covariance matrix S directly. Instead, we often analyze its smaller (n x n)
dual matrix L = %YTY. The following theorem, which is fundamental to our analysis,

establishes an explicit equivalence between the eigenstructures of S and L.

Theorem 1.3.23. Lu = (?u for (* = s’n/p > 0 and u = Y "v/(y/ns) if and only if
Sv = s*v where v =Yu/(,/pl) and s* = (*p/n > 0.

Proof. Multiple Lu = ¢?u by Y from both sides, we have

YYTYu

p
=0Yu= SYu= (-) Yu. (1.28)
p n

Note that (Yu)" (Yu) = (u Lu)p = (*p, we have v = Yu/(,/pl) with ||v|| = 1. Divide the
right hand side of Eq yields Sv = s%v for s> = (*p/n. The converse is identical. [

In statistical applications, we rarely observe the true population matrix (e.g., the
covariance matrix X). Instead, we observe a noisy sample version 3. A critical question
is: how do the eigenvalues and eigenvectors of 3 relate to those of ¥? Matrix perturbation
theory provides the answers. Weyl’s inequality controls the stability of eigenvalues, while

the Davis-Kahan theorem bounds the rotation of eigenspaces.
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Theorem 1.3.24 (Weyl’s Inequality [I8]). Let A, E € R™™ be symmetric matrices. Let
Ai(+) denote the i-th largest eigenvalue of a symmetric matriz. Then for all 1 < i < n,

we have

Ai(A+ E) = N(A)] < || El2,
where || - || denotes the spectral norm (i.e., the largest singular value).

Example 1.3.25. Let M € RP*™ with p < n, the singular values of M, o;(M) are the p

positive eigenvalues of

0 M
M 0

Weyl’s inequality gives the bound for the perturbation in the singular values of a matriz

M due to an additive perturbation E:
loi(M + E) — oi(M)|| < 01(E) = || E][, - (1.29)

Remark 1.3.26. Weyl’s inequality quantifies how much eigenvalues can change when a
symmetric matriz is slightly modified. The result shows that if the modification (measured
by its spectral norm) is small, then all of the matriz’s eigenvalues will only shift by

similarly small amounts - essentially making eigenvalues stable under small perturbations.

Theorem 1.3.27 (Davis-Kahan Sin® Theorem [22]). Let A, A € R™™ be symmetric
matrices. Let U, U € R™* contain orthonormal columns spanning the invariant subspaces
of A and A associated with ergenvalues in intervals T and f, respectively. Suppose the

distance between these intervals is at least 6 > 0. Then,

~ A-A
sime(w. D) < 144l
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where sin (U, U) is the diagonal matriz of principal angles between col(U) and col(U).

Example 1.3.28. Consider the covariance model
Y =1+ v, (1.30)

the leading eigenvector of X2 is v, and the gap between the leading eigenvalue and the other
eigenvalues is A. Given n i.i.d. samples Xq,--- , X, drawed from N(0,%), the sample
covariance matriz ¥ = %2?21 X; X" with leading eigenvector 1.

Davis-Kahan yields

Hz—i
e S (L )V n (1.31)

lsin® (v, 0)|| <

The last part in the above equation comes from Bernstein inequality. Therefore, if A >

\/p/n, the sample leading eigenvector v is close to population eigenvector v, and if X <K

\/p/n, v is a random vector.

Remark 1.3.29. When symmetric matrices are perturbed, the Davis-Kahan theorem
tells us how much their eigenspaces can rotate. The amount of rotation depends on both
the size of the perturbation (measured by the spectral norm) and how well-separated the

eigenvalues are.

1.3.2 Random Matrix Theory

The mathematical framework of random matrix theory (RMT) has become indis-
pensable for characterizing the spectral behavior of sample covariance matrices in high
dimensions. Traditional RMT results derive from an asymptotic regime where dimen-

sionality p and sample size n jointly increase with p/n — ¢ € (0,00), yielding critical
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insights that have reshaped statistical understanding of PCA limitations and regularized
estimation. Although our work primarily investigates the alternative asymptotic setting
where p — oo with n fixed or bounded, classical RMT principles continue to provide
crucial perspective on the structural challenges of high-dimensional covariance estima-
tion. Here we summarize foundational RMT results that simultaneously motivate and
contrast with our fixed-sample asymptotic analysis.

The foundational ideas of RMT trace back to [23], who introduced random matrices
in the 1990s to study the energy levels of heavy atomic nuclei. His semicircle law de-
scribed the limiting spectral distribution (LSD) of eigenvalues of large symmetric random
matrices. Later developments such as the Marchenko—Pastur law for sample covariance
matrices and the Tracy—Widom distribution for the largest eigenvalue established RMT
as a central tool in understanding high-dimensional stochastic systems.

In modern statistics and machine learning, RMT plays a pivotal role in high-dimensional
inference, especially when the number of variables p is comparable to or larger than the
number of observations n. In such regimes, traditional asymptotic tools (e.g., law of large
numbers, central limit theorem) fail to describe the empirical behavior of eigenvalues and
eigenvectors. Instead, RMT provides non-classical limits and precise spectral character-
izations. In this section, we present several results that hold for a broad class of random
matrix models. These theorems are particularly useful in high-dimensional asymptotics,
where universal behaviors often emerge across different modeling assumptions.

One cornerstone of random matrix theory concerns the spectral behavior of Wigner

matrix.

Definition 1.3.30 (Wigner Matrix [24]). Let {Y;}1<; and {Z;j}1<i<; be two real-valued

families of zero mean, i.i.d. random variables. Furthermore, suppose that E(Z%) = 1
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and for each k € N,
max(E|Zp,], E|Y1]) < oo.

Consider a n x n symmetric matriz M,, whose entries are given by:
My (i,5) = Zij = Mu(5,4), if i <.

The matriz M, is known as a real symmetric Wigner matrix.

IN

For the normalized Wigner matrix X,, = M, /y/n, its n eigenvalues \(X,) < ---

An(X;,) form the empirical spectral distribution (ESD):

1 n
M 1= E Z;(;Aj(Xn)a
]:

with dy,(x,)(7) being the indicator function 1y,(x,)<.. We have the semicircle law:

Theorem 1.3.31 (Semicircle Law [24]). Let {X,,}>°, be a sequence of scaled Wigner

matrices, then u, converges weakly, in probability to the semicircle distribution

p(x)de = %\/ (4 — 22),dx.

And the Stieltjes transform of p,, outside of the support [—2,2] is:

1 1 — Vz2—4
Sn(z) = dpty, = —tr(X,, — 2I)"' = H—Z
R n 2

r —z

The semicircle law represents the universal limiting behavior of symmetric noise ma-
trices and forms one of the two fundamental spectral limits in random matrix theory.

The second one is the Marchenko-Pastur law, which gives limiting behavior of Gram
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matrices.

Definition 1.3.32 (Marchenko—Pastur Law [25]). Let Y € RP*™ have i.i.d. entries
with mean zero and variance one, and define the sample covariance matriz S = %YYT.
Suppose p/n — ¢ € (0,00) as n — oo. Then the empirical spectral distribution g of S

converges almost surely to the Marchenko—Pastur distribution iy p., which consists

of:

e An absolutely continuous part supported on [a,b], with density

dﬂ'MP,c (l‘) _ 1
dx 2mex

V(b= 2)(r = a) Loy (),

where a = (1 — /c)?, b= (1 +/c)?;

e And a point mass at 0 of size 1 — L, if ¢ > 1:

C

({0} =1~

Remark 1.3.33. The Marchenko—Pastur law describes the asymptotic eigenvalue den-
sity for sample covariance matrices in the null (no-signal) case. Notably, the spectrum
becomes mon-degenerate and spread over a compact support even when the population

covariance 18 the identity.

This distortion of the eigenvalue spectrum under the null hypothesis has profound
implications for signal detection. Even a weak signal must overcome this inherent noise
dispersion to be identifiable. This is formalized in the context of the spiked covariance
model, which generalizes the MP law to settings with low-rank signals.

To illustrate the application of Marchenko-Pastur law, we take n independent obser-
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vations from a linear model for y € RP,
y=p+ Bz +e, (1.32)

where z, ¢ € R are mean-zero and independent latent variables, and p, 5 are deterministic
unknowns, and var(xz) = 1, var(e) = o?[,. The p X p population covariance matrix ¥
takes the form

Y =38 + 0%, (1.33)
and the p x p sample covariance matrix takes the form

YY"
§=— (1.34)

where Y is p X n with columns being i.i.d observations of y. We denote the leading
eigenvector of ¥ as b, and b = 3/ ||3|| with leading eigenvalue A2 = ||3|* + o2. We also
denote the leading eigenvector of S as h with the largest eigenvalue s2. The relationship
between A? and s? is stated in Paul [11]:
2~ N2 (1 + i@é)
18]]
= 1BII" +0® + o +

"y (1.35)

181>

where ¢ = p/n. Denote v = 52 — 02(1 4 ), We have ||5||> = YL 272 Vo ato,

2

The above Y is a special model in which a low-rank signal is embedded in isotropic

noise, i.e. the covariance of Y is a spiked covariance model.

Definition 1.3.34 (Spiked Covariance Model [2]). Let B € RP*? be a matriz with or-

thonormal columns, and let A*> € R?*? be a diagonal matriz with positive entries. The
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covariance matrix

¥ = BAB' + oI,

is called o spiked covariance model, where the low-rank component BA?BT represents

a structured signal and 0?1, is isotropic noise.

Remark 1.3.35. The spectrum of ¥ contains q eigenvalues (spikes) strictly greater than

2

o%, and p — q eigenvalues equal to o

. In the high-dimensional regime, the correspond-
ing sample covariance matriz exhibits phase transitions: when a spike exceeds a critical
threshold, its sample eigenvalue separates from the bulk, and the empirical eigenvector

aligns with the true signal direction.

The BBP phase transition provides a precise characterization of eigenvalue separation
and eigenvector alignment in spiked covariance models. The following theorem formalizes

this behavior.

Theorem 1.3.36 (BBP Phase Transition [26]). Consider the spiked covariance model
X =1+ 22:1 iniv;, where 6y > --- > 0, > 0 are the spike strengths and v;]_, are
orthonormal vectors in RP. Let X € RP*™ be a data matrix whose columns are i.i.d.
N(0,%), and define the sample covariance matriz S,, = %XXT. Denote by ¢4 > --- >4,
the eigenvalues of Sy, and by vy, ...,0, the eigenvectors corresponding to {y, ..., 0.
Assume the high-dimensional asymptotic regime where p,n — oo such that p/n —

c € (0,00). Then for eachi=1,...,r,

I S V0 v

R

0; + gf(iil, theta; > \/c.

Remark 1.3.37. The critical threshold .. = /¢ delineates two distinct regimes:
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e Subcritical regime (0; < \/c): The signal is too weak relative to the noise and
dimensionality. The sample eigenvalue €; converges to the edge of the Marchenko-

Pastur bulk.

e Supercritical regime (0; > \/c): The signal is strong enough to be detectable.
The sample eigenvalue ¢; separates from the bulk, converging to a value strictly

larger than (1 + \/c)%.

This phase transition has profound implications for principal component analysis in high
dimensions: it quantifies the minimal signal strength required for reliable signal recovery

and explains the systematic bias in eigenvalues observed in finite samples.

We now move on to the angle between eigenvectors b and h. In extension of [11], and

)\2

denote p? = T3

<h, b>2 ~ o ¢S_V22 4
Lo
18I + ¢v?
s = et/ 1817 (1.36)
18I + ov?

1- 4
[ER

pv2 -’
1+ 15

One can find similar results in [27]. To summarize,

Phase Transition Limit
Strong Inconsis- | |3]? < /$7? (h,b)* =0
tency
Inconsistency Vot <|B* <+ lim (h, b)* € (0,1)
p—00
Consistency ov* /1812 — 0 (h,b)* =1

The spherical law of cosines introduced by [2§] reads as

(h, z)* = (h,b)*(b, z)? (1.37)
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forz:\/iﬁ(l,l,--- ,1) € RP.

These results quantify the two key challenges in high-dimensional PCA: eigenvalue
inflation (s> > A?) and eigenvector shrinkage ({h,b)> < 1). This systematic bias and
rotation motivate the development of shrinkage estimators that can correct for these
effects, a central theme of this thesis. The geometric relationships extend beyond the

signal direction itself; the angle between the estimated eigenvector h and any other vector

z in the space can be derived accordingly.

1.3.3 High-Dimensional Geometry

In high-dimensional probability and random matrix theory, many asymptotic phe-
nomena can be understood in terms of the geometry of the unit sphere. The distribution
of eigenvectors of high-dimensional random matrices often converges to a uniform distri-
bution over the sphere, and inner products between random vectors exhibit concentration
around zero. To build a rigorous foundation for analyzing eigenvector behavior in high
dimensions, we first formalize the notion of the unit sphere and its associated uniform
(Haar) measure, which plays a central role in describing the asymptotic distribution of

eigenvectors.

Definition 1.3.38 (Unit Sphere). The Euclidean unit sphere in R?, denoted SP~*, is
defined as
St i={x € R?: ||z] = 1}.

Similarly, the infinite dimensional unit sphere is defined as

S ={x e R*®:|z|| = 1}.

Remark 1.3.39. Since (x1, 22, ,2,,0) — (1,29, -+, x,), we have S™ = Un21 Sn—t,
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Definition 1.3.40 (Uniform Measure on the Sphere [29]). The uniform probability mea-
sure on SP~1 is the unique probability measure that is invariant under the action of the
orthogonal group O(p). That is, if u ~ Unif(SP~1), then for any orthogonal matriz
Q € R,

Qu ~ Unif(SP™1).

This measure is also known as the Haar measure on the sphere.

Remark 1.3.41. A random vector u ~ Unif(SP~1) can be generated by drawing z ~
N(0,1,) and setting

z
u=-—-:
1212

This 1s because the standard multivariate normal distribution is spherically symmetric

and invariant under orthogonal transformations.

Remark 1.3.42. In high dimensions, two independent vectors u,v ~ Unif(SP~1) satisfy
with high probability. This reflects the fact that random unit vectors are almost orthogonal

in high dimensions.

Remark 1.3.43. In this thesis, we will encounter several instances where the empirical
eigenvectors of a random matriz behave asymptotically like vectors drawn uniformly from
SP=1. The Haar measure serves as the limiting distribution of eigenvectors in both the

null Wishart case and certain spiked models.

An alternative way of defining the uniform measure p,, on SP~! that we use to deter-

mine the existence of ”limiting measure” of j,.
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Definition 1.3.44 ([30]). If x € RP\{0}, the polar coordinates of = are

T
r=lz| €(0,00), a'= Tl e st
T

The introduction of polar coordinates not only provides a geometric intuition for
points in Euclidean space but also lays the groundwork for a measure-theoretic treatment
of spherical geometry. By decomposing vectors into their radial and angular components,
we can describe the Lebesgue measure on R? in terms of a product measure over radius
and sphere. This formulation is crucial for defining the uniform surface measure on SP~1
in a way that is compatible with integration and limiting procedures. We now make this
correspondence precise via the map ®, which establishes a bijective link between RP\{0}

and (0,00) x SP~1,
Definition 1.3.45 ([30]). ®(x) = (r,2') is a continuous bijection from RP\{0} to (0, 00)x
/

SP~Y whose inverse is 7 (r,x') = ra

Definition 1.3.46 ([30]). Denote by m* the Borel measure on (0,00) x SP~! induced by
P from Lebesque measure on R, i.e. m*(E) = m(®~1(E)). Define measure p = p, on

(0,00) by p(E) = [~ dr.

Theorem 1.3.47 ([30]). There is a unique Borel measure o = 0,1 on SP~' such that

m* = p x o. If f is Boreal measurable on R? and f > 0 or f € L*(m), then

f(x)dz = /OO frayrP tdo (2 )dr
RP 0 Sp—1

Definition 1.3.48 (Uniform measure on SP~! [30]). p, = sG-1 is the uniform mea-
_ —1\ __ 2gP/2
sure on SP~, where o(SP7Y) = £7s.

Theorem 1.3.49 (Kolmogorov Extension Theorem [31]). Let T' denote some interval,

and let n € N. For each k € N and finite sequence of distinct times ty,--- ,tp, € T,
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let vy,..q, be a probability measure on (R™)*. Suppose that these measures satisfy two

consistency conditions:

1. for all permutations w of {1,2,---  k} and measurable sets F; C R",

Yty tagy (Fr) X o X Fry) = gy (FL X XCER);
2. for all measurable sets F; CR"™, m € N

Vt1~~-tk(F1 X X Fk) = Viyty, Fix - xF,xR"x---xR"
~————

m

tet1, lktm

Then there exists a probability space (Q, F,P) and a stochastic process X : T x Q@ — R"
such that

Voot (F1 X oo X F) =P(Xy, € Fi, -+, Xy, € Fy)

for all t; € T, k € N and measurable sets F; C R", i.e. X has vy,..4, as its finite-

dimensional distributions relative to times ty - - - t.

Remark 1.3.50. An extension of any consistent family of probability measures

{(R™, B,,,P,,) }>2, to a probability P(-) on (R*°, B.,) necessarily exists, and it is unique.

While the geometry of high-dimensional spheres provides a static picture of eigenvec-
tor distribution, certain asymptotic phenomena, particularly those involving sequences of
empirical processes, call for a functional viewpoint. In such cases, the limiting behavior
of high-dimensional objects is best described using tools from stochastic process theory.
A key player in this context is the Wiener measure, which governs the law of Brownian
motion and serves as a canonical example of a Gaussian process. In Chapter 2, we show
that under suitable high-dimensional asymptotics, the empirical distribution of eigenvec-

tor coordinates can be viewed as converging (in distribution) to a Wiener process. To
40



Introduction Chapter 1

prepare for that, we review the construction of the Wiener measure and the foundational

Donsker’s theorem that guarantees this convergence under proper scaling.

Definition 1.3.51 ([32]). Denote Cy[0, 1] be the collection of all continuous function f

defined on [0, 1] such that f(0) = 0. The Wiener measure uy on Cyl0,1] is defined by

pw({W - W(t) = W(s) € D}) = W /D exp (2(?_0 S)) dw,

for s <t, W the Wiener process and Borel set D C R.

Theorem 1.3.52 (Donsker’s Theorem [33]). Let X1, Xo,--- be a sequence of i.i.d. ran-
dom variables with mean 0 and variance 1. Let S, = Y i | X;, and W,(t) = SL\/%J,
t€[0,1]. Then W, = (Wy(t))icpp,1) = W, the Wiener process as n — 0o.

1.4 Thesis Overview

This thesis investigates two interrelated problems in high-dimensional statistics under
the asymptotic regime where the dimension p — oo while the sample size n remains fixed.
The first is the limiting distribution of sample eigenvectors under the null model, and
the second is the behavior of shrinkage-based covariance estimators when the assumed
model rank is misspecified. Both problems are examined through the lens of geometric
intuition and asymptotic analysis.

Chapter 2 focuses on the asymptotic behavior of eigenvectors in the classical null
Wishart setting. We begin by constructing the Wiener measure on the space Cy|0, 1],
following the formulation of [32], and invoke a result from [34] to establish a rigorous
connection between the uniform measure on the infinite-dimensional sphere S* and the
Wiener measure. Using this framework, we prove that the eigenvectors of the sam-

ple covariance matrix S = VYT, where the columns of Y are i.i.d. from N(0,071,),
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converge in distribution to the Haar measure on S* as p — oo, provided the eigenvec-
tors lie outside the null space of S. This result formalizes the intuition that random
high-dimensional eigenvectors become uniformly distributed over the unit sphere in the
infinite-dimensional limit.

Chapter 3 turns to the analysis of shrinkage estimators under model misspecification.
Specifically, we examine James-Stein-type shrinkage estimators of covariance matrices
in the spiked model setting, where the true rank ¢ is unknown and may be incorrectly
specified by the user through an assumed rank K. Our main findings can be summarized

as follows:

1. When the assumed rank K exceeds the true rank ¢, the optimization bias induced
by the shrinkage estimator vanishes as p — oo. This suggests that moderate
over-specification does not harm asymptotic performance in the high-dimensional

setting.

2. When K underestimates the true rank ¢, the optimization bias persists and does
not vanish in the limit, indicating a fundamental sensitivity to under-specification

that must be carefully addressed in practice.

3. In the important special case of single-factor shrinkage (K = 1), we derive explicit
asymptotic expressions for the signal-to-noise ratio 12, the squared projection error
between empirical and population eigenvectors, and closed-form upper bounds on

the resulting optimization bias.

Together, these two chapters reveal deep connections between high-dimensional ge-
ometry and the behavior of statistical procedures under structural misspecification. The
results contribute both new theoretical insights and practical guidance for the use of

shrinkage methods in high-dimensional inference.
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The Quadratic Optimization Bias of
Misspecified PCA and Associated

James-Stein Estimators.

Given a random vector y € R, a factor model is given by:
y= Bx+e,

Here, B € RP*? is the factor loading matrix, x € RY is a vector of latent variables,
and € € R? denotes idiosyncratic noise. This modeling framework originated from [35],
and [30, B7] developed this technique to multiple factors. Now it has been extensively
generalized in subsequent research, becoming a cornerstone for dimension reduction and
covariance estimation in high-dimensional statistics, biological sciences and other areas

(see, e.g. [38][39][40]). Under this model, the population covariance matrix ¥ = Cov(y)
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exhibits a distinctive low-rank plus sparse structure:
Y= BB' + T
Low-rank signal  Isotropic noise
In practive, we observe n independent samples yi, 49, - ,y, from this model, which

assemble into a p x n data matrix Y. A central empirical objective is to construct an
effective estimator ¥ from Y that accurately recovers X.

The theoretical justification for using principal component analysis (PCA) in factor
models was fundamentally established by [41]. They demonstrated that, for the pop-
ulation covariance matrix Y, PCA can recover the factor structure BB' as p — oo,
provided the first ¢ eigenvalues of 3 diverge with p while the rest remain bounded. This
provides the fundamental insight that the dominant eigenvectors of . span the true fac-
tor space BB'. However in practice, we must work with the sample covariance matrix
S = %YYT. This leads to the standard PCA approach of using the eigenvectors H and
the corresponding estimate is S =HH'T + G, with G being some residual corresponding
to I'. This framework encompasses various regularized estimators, including the POET
estimator proposed by [42], which imposes a sparse structure on G.

Note that this classic consistency result from [41] relies on p — oo with n fixed
or growing slowly, and assumes the population covariance is known. In modern high-
dimensional settings where p/n — v > 0, the sample eigenvectors exhibit a phase tran-
sition. [IT] showed that the corresponding sample eigenvectors may fail to converge to
their population counterparts if the signal strength is insufficient relative to the noise
and dimensionality, and the column space of sample eigenvectors are not consistent es-
timators to BBT. The phenomenon of PCA inconsistency in high dimensions was first
established by [43], who showed that under a bounded eigenvalue condition, the sam-

ple principal component directions become inconsistent estimators for their population
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counterparts when p/n — v € (0,00). Later on, [I2] extended the result and showed
that the inconsistency holds when p/(n\) — ¢ € (0, 00), where X is the eigenvalue. This
result is also further discussed by [44]. Conversely, when A is bounded, or p/(n\) — 0,
then PCA consistently estimates BBT. See [45][46][38] as example. While the above re-
sults concern proportional growth p/n — v € (0, 00), many modern applications operate
in the HDLSS regime, with n fixed and p — oco. Under Spiked covariance setting (see
[2])[47] [48][49] showed the consistency of leading eigenvectors to population counterpart.
However, spiked covariance model implies the limit of BT B/p being not exist. When the
limit exists, [50] showed maximal sample eigenvector is strongly inconsistent.

Despite these fundamental statistical limitations, eigenvector-based optimization re-
mains at the heart of many critical decision problems, such as portfolio optimization [51],
spatial filtering in signal processing [52], optimal fingerprinting in climate science [53],
spectral graph partitioning [54]. Those problems can all be formulated as a (constrained)
quadratic programming problem

1
max §(x, ) subject to ATz <,

where A is the constraint matrix. Since the true population covariance ¥ is unknown, it
is typically replaced by a sample estimate 3. However, as [6] pointed out, “optimized”
results based on the sample covariance are often unreliable and reflect estimation error
more than genuine performance. This issue was formulated by [16] within terms of
optimization bias &,(-), which is a vector-valued function in R? of the eigenvector matrix
H. In the special case where the constraint is a vector (A = z), they proposed a new
estimator My that asymptotically eliminates &,(H;) as p — oo. Hj takes form of the
following:

(1, — HHT)

2T 2
H(I, — U
s T )

45
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where U? is a diagonal matrix computed from eigenvalues of sample covariance matrix
and H' = (H"H) 'H" is the pseudoinverse of H. They proved that although H yields
a persistent bias &,(H) 4 0, &,(H;) — 0 almost surely as p — oo with n fixed.

This finding resonates with a fundamental insight from high-dimensional estimation
known as Stein’s paradox [55]: in high dimensions, the usual unbiased estimator (i.e.
sample mean) can be suboptimal under squared-error loss. Later, [56] generalized the
decision-theoretic understanding of admissibility. He introduced an associated diffusion
process for each estimator and showed that its admissibility is equivalent to the recur-
rence of the diffusion. One solution proposed by [14] is the James- Stein estimator, which
introduces some degree of shrinkage toward a fixed target and achieves a uniformly lower
mean-squared error. [57] provided an empirical Bayes interpretation of the James—Stein
estimator, framing Stein’s result as part of a broader empirical Bayes principle for high-
dimensional problems. [58] provided an intuitive explanation for the efficiency gain of
shrinkage without appealing to Bayesian arguments. [59] further quantified the improve-
ment of this new estimator by analyzing the limiting risk of James—Stein estimators,
showing that the advantage of shrinkage becomes increasingly pronounced with higher
dimension. [60] provided a historical interpretation that reframed the James-Stein esti-
mator as a natural consequence of regression to the mean and multi-parameter estima-
tion. [61] developed a geometrical explanation for this inadmissibility. Fourdrinier, [62]
provided a comprehensive and modern synthesis of Stein-type shrinkage estimation from
both frequentist and Bayesian perspectives.

Although our setting is different, the idea of Stein’s paradox and James-Stein esti-
mator is directly relevant to our findings: allowing a small deviation from the sample
covariance eigenvectors H can reduce the overall error in estimating their population
counterparts. As a beginning of this storyline, [63] proposed a James—Stein estimator

specifically for the leading eigenvector and clarified the connection between James-Stein
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estimator and James-Stein for eigenvectors. [64] further introduced and analyzed the
JSE estimator, and [65] proved its consistency for the leading eigenvector when addi-
tional information is available. Later, [66] listed the detailed recipe for the JSE estima-
tor and showed it improves the volatility ratio of large optimized portfolios in terms of
xTix/xTEx being closer to 1.

Based on this line of work, we can extend the shrinkage idea to more general eigen-
vector settings by pulling H toward a structured subspace defined by problem-specific
constraints. Conceptually, this corresponds to estimating the projection of the popula-
tion eigenvectors B onto the joint space spanned by the sample directions H and the
constraint matrix A. To apply the shrinkage idea to H, for any constraint matrix A,
define M = AATH. M is the projection of H onto col(A). Following the James-Stein

framework, M here is the shrinkage target, and the estimator is

Hys=HC+M(1,—-C),

where (' is the shrinkage coefficient matrix computed from the sample eigenvalues. In
Section [2.2| and we stated two results: (1) Hy is equivalent to H ;g when letting A =
z; (2) Hyg is also a asymptotic root of the optimization bias equation, i.e. &,(Hs) — 0
almost surely as p — oo and fixed n.

However, this approach rests on a strong and impractical assumption: the true num-
ber of factors ¢, i.e. rank(B) is known. In reality, ¢ is unknown and must be estimated

by some K. We therefore analyze the behavior of this estimator under K # ¢. In Sec-

tion [2.4.1) and [2.4.2) we show that (1) when K < ¢, &,(H;) /4 0 as p — oo. It implies

Hy is necessarily inconsistent and fails to control the optimization bias. (2) when K > g,
we have &,(H;) — 0 almost surely as p — oo and n fixed. It’s showing Hj is consistent

and optimization bias goes to 0. Therefore in practice, we want to choose K as large as
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possible.

2.1 Literature Review

Research on factor models and principal component analysis (PCA) has produced a
vast literature on eigenstructure estimation in high dimensions. Currently, most existing
results rely on asymptotic regimes where both p, n — oo with p/n — ¢. In contrast, many
modern biomedical and imaging datasets operate in the high-dimension low-sample-size
(HDLSS) setting, where n is small or fixed while p is extremely large. In this regime, sam-
ple covariance matrices are ill-conditioned, and sample eigenvectors behave unpredictably.
[49] and [67] show that in HDLSS data with mixing-type dependency the observations
concentrate on a low-dimensional surface of the unit sphere as the dimension grows, and
they propose a noise-reduction methodology to consistently estimate eigenvalues and PC
directions in this regime. These findings motivated the development of shrinkage-based
and regularized PCA methods designed to stabilize eigenvector estimation in HDLSS
data.

A major contribution in this direction comes from Ledoit and Wolf [3| 15]. In their pa-
per, they proposed linear and nonlinear covariance-shrinkage estimators that combine the
sample covariance with structured targets. [68] extended these ideas to elliptical distri-
butions, providing robust shrinkage estimators applicable beyond Gaussian assumptions.
[69] introduced the POET(Principal Orthogonal Complement Thresholding) framework,
which decomposes the covariance matrix into a low-rank factor component and a sparse
idiosyncratic component via adaptive thresholding. Later papers by Fan and collabora-
tors [70, [71] synthesized robust, factor-adjusted shrinkage methodologies and connected
them to modern applications in finance and network analysis. Collectively, these works

establish that appropriate shrinkage can mitigate HDLSS instability, but they typically
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assume the correct factor rank is known, while it’s an assumption rarely met in practice.

Determining the true number of latent factors ¢ has therefore become a major re-
search topic. The seminal information-criterion approach of [38] uses penalized loss
functions to estimate ¢ consistently as p,n — oo. [72] refined this criterion for ro-
bustness, and [73] proposed a residual-sum-of-squares rule minimizing prediction loss.
More recently, [74] generalized information-criterion selection to mixed or discrete out-
comes within high-dimensional latent-factor frameworks, establishing consistency even
with missing data. Other approaches employ formal hypothesis tests: for example, [75]
developed a likelihood-based test on the empirical spectral distribution, while [76] ex-
tended resampling-based significance tests to high-dimensional factor models. Spectral-
gap and eigenvalue-ratio statistics [77, [78, [79] offer computationally simple alternatives
by identifying sharp breaks between signal and noise eigenvalues. Related analyses by
[80] examined the asymptotic effects of over-estimating the factor number. These proce-
dures consistently estimate ¢ under various asymptotics, but little is known about how
errors in rank selection (K # ¢) affect subsequent eigenvector or shrinkage estimation,
especially in HDLSS contexts.

Beyond determining the number of factors, a parallel line of work investigates the op-
timal estimation of high-dimensional eigenspaces themselves, particularly under sparsity
or privacy constraints. [81] studied minimax rates for estimating both spiked covariance
matrices and principal subspaces, establishing optimal convergence bounds under spec-
tral norms. [82] extended these results to sparse subspace estimation without relying on
the spiked covariance assumption, and provided nearly optimal nonasymptotic minimax
rates. More recently, [83] investigated differentially private PCA in the spiked covari-
ance model, characterizing the sensitivity of eigenvalues and eigenvectors and deriving
matching minimax bounds under privacy constraints.

However, only a limited number of studies have explored the impact of rank misspec-
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ification on PCA. [2] and [II] analyzed eigenvalue and eigenvector bias under spiked co-
variance models, showing that sample eigenvectors become inconsistent when the signal-
to-noise ratio is weak or when p/n is large. [84] quantified finite-sample bias [80] studied
over-estimated factor numbers in high-dimensional settings, showing increased variance
and reduced identifiability. Yet these analyses remain confined to unregularized PCA
and do not address how shrinkage estimators behave when the assumed rank is incor-
rect. In the HDLSS regime, where the sample covariance matrix is nearly singular,
such misspecification can severely distort optimization geometry and bias the estimated
eigendirections. This chapter builds on this gap by theoretically characterizing the op-
timization bias and discrepancy of James—Stein shrinkage eigenvector estimators under
rank misspecification, providing new insight into the robustness of shrinkage methods

when both dimensionality and model uncertainty are high.

2.2 Motivation

2.2.1 Problem Formulation and Theoretical Limits

We begin with the p x p population covariance matrix ¥ with decomposition

Y =BB'" +T, (2.1)

where I' is a p x p invertible and symmetric matrix. We further denote %,., as the k
leading principal components of ¥, i.e. ¥ = %’AZ%T +I', where Af, is the ¢ x ¢ diagonal
matrix with diagonal elements being the ¢ leading eigenvalues of ¥ ranked of the largest
to the smallest. The following approximate factor model presented below has become a

standard in the literature.
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Assumption 2.2.1. The matrices B = By, and I' = T',y,, satisfy the following:

(a) 0 < lim

lim, . infjy=q (v, Tv) < limype Supy, =1 (v, ['v) < oo.
(b) limyo, BT B/p exists as an invertible ¢ X q matriz with fived g > 1.

Starting from that, we can consider the general quadratic programming problem with

constraint:

min—(x, Xx)
:EGRPQ (22)

ATz <e.

where A € RP*". A further satisfies the following assumption:
Assumption 2.2.2. The column spaces of A € RP*" and B € RP*? satisfy:
(a) liminf, .. ||[AAT — BBT||%2 > 0.

(b) There exists £ > 0 such that for all large p and any ¢ € R",

I(T = BBHAL* > ¢p €]

The solution of Eq is the maximizer of the Lagrangian

Q) = o+ e, €) — 3z, Da), (2.3
where
(=) lia; €R”, (2.4)
=1

with a; the columns of A and ¢; the right multipliers. The maximizer & = ¢, X7 !( is
obtained by solving
c1( — Yz =0,
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and

C2
max Q(z) = ¢y + —

max 5 1, pr = (¢, X7YC).

Theorem 2.2.3. Assume Assumption holds, and there exists & > 0 such that for

all large p and any ¢ € R",
It = BBYAL|]* = ¢p|le]*.

then max, Q(z) — 400

Remark 2.2.4. The condition ||(I—BBY)Al||> > £p ||€)|? ensures a uniform lower bound
on the projection of A outside col(B), i.e. col(A) and col(B) are not asymptotically

collapsing.

2.2.2 Discrepancy, Optimization Bias and Its Geometric Source

In practice, we don’t know 3, so we estimate S and replace X by Y in Eq with

the Lagrangian

A

Q(z) = co+ 1z, () — %(x, S, (2.5)

The sample covariance matrix Y can also be written in spectral decomposition, i.e.,

=Y s*hh" = HH" + I, (2.6)
(s2,h)

We further assume H has properties consistent B:

Assumption 2.2.5. For (i = HH'(, suppose H = Hpx, and ¢ = (px1 satisfy
limyoe|Cal /¢ < 1 and lim, |¢| # 0. Also limyyo HTH/p exists as a q x q invertible

matriz and for v = Aa, (I — HH)v # 0.
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Eq [2.5] attains max,cps Q(z) = Q(&) = ¢ + # at & and with /2 = (C, $71¢). Plug

& into Eq[2.3] we have

ap? .
Q2) = co+ — =Dy, (2.7)
where
. P, 240 TH-iygst TATS1es14 ¢
Dp:2—<x’2j>:2—¥:2—a( : o a2l (2
cifiz (TY-1I¢ al(ATYTA)a ||

Dp is called discrepancy, and it captures the out-of-sample deviation between the empir-

ical and population objectives. In general, we have

Theorem 2.2.6. If Assumption |2.2.1] and|[2.2.5 holds, and there exists § > 0 such that

Awin(BTHH'B/p) = § (T)

as p 1 co. Then D, — —oco and Q(z) — —oo.

Remark 2.2.7. Note that the realized mazximum Q(z) tends to —oo but the true mazi-

mum max, Q(x) tends to +oc.

One quick observation is that when we take =1,

=9 o (ATSIEY T A)a
P aT(ATY1A)a
To further understand the structural source of this deviation, we relate it to the geo-
metric misalignment between the empirical eigenspace of 3 and the population eigenspace
of X.

Consider B, H € RP*? of the spectral decomposition of > and 3

Y=BB' 4T, S =HH'" +4I.
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the optimization bias along direction A« is defined as:
B'A — (B'H)H"A)
&(H, A ) =8, ,d,a) = I AT a, (2.9)

where & is the orthogonalization of B with > = %’A;%’ +I', and # and & are orthog-
onalization of H and A respectively. Each constraint column a; of A defines a bias term
E,(H, A, a;) that measures the misalignment between the empirical eigenspace spanned
by H and the population eigenspace spanned by B when projected along a;. Since the
feasible direction Ao = ), a;a; is a linear combination of these columns, the total bias

contribution combines their effects quadratically.

Remark 2.2.8. Alternatively, we can write optimization bias in forms of Q(-) from
Equation where ¢ =Y., a;l;. This leads to the equivalent discussion on &,, and we

will come back to this in Section [2.3.

2.2.3 Decomposition and Shrinkage Estimator Framework
Noting that

A, &(F, o, a)|? = <AZO¢Z (7, 00), Ay ;8 %szia])>

J

= i (NE(T A ), NEI A ay)).

4,J

then following [16], ﬁp can decompose as a sum over all constraint directions:

Theorem 2.2.9. Suppose reqularity conditions Assumption [2.2.1] and |2.2.5 holds. For

Up = Aa—HHT Aa
H — |Aa—HHT Aa|’

A TQoz ~ (um, Tug) N N
p,- -2 (2 e s )+O(H%”(%ﬂ I+ 18,5, o, 0)|* +1/p), (2.10)
54



The Quadratic Optimization Bias of Misspecified PCA and Associated James-Stein Estimators.
Chapter 2

where

Q= ((Ap%p<%vdvo‘i>vAp%p(%“QLaJ'»Y

ij=1

Remark 2.2.10. The first term in Eq represents a weighted sum of optimization

biases across all constraint directions.

Lastly, define the orthogonal projector be
P=AA", P =1I1,-P
For any matrix H € RP*9 we decompose
H=PH+ P H =M+ Ry,

where M = AATH denotes the projection of H onto col(A), and Ry = P, H is the
orthogonal complement. Because P\ M = (I, — AAT)AATH = 0, all columns of M lie
strictly within the constraint subspace.

For the projected estimator M = oo/ "%, although its columns lie in col(A), using
M alone as an estimator may lose information outside col(A) that is useful for overall

estimation. Instead, we consider a linear combination of M and H:
Hjs=HC+ M(I,—-C),

where C' is a coefficient matrix. It is called James-Stein estimator and will make ﬁp
bounded and asymptotically stable. In the next section, we will construct a new shrinkage
estimator and study its behavior under rank misspecification in the simpler case by

choosing A = z € RP*!,
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2.2.4 Application

To illustrate some examples in practice, we can consider the following minimum vari-

ance problem:

min  (w, Yw)

wERP
st (w, () =1 (2.11)
where (=1,

The minimizer w corresponds to the weights of a minimum variance portfolio of financial
assets, and ¢ = 1, represents the full invest constraint. The minimum of Equation [2.11]
represents the variance of the estimated portfolio w, and the out-of-sample variance

(using population ¥ instead of sample f]) is:

[16] proved that D, = 2 — f12V;?, and further,

V2 — |Ap + %p(H; C/|<|)|2
P _ 2
p|z ZH\

+O(1/p).

We can also observe that |&,(H;(/|(])| — 0 leads to asymptotically riskless portfolio.

2.3 Model Setup and Problem Formulation

We now develop the main theoretical framework for the proposed shrinkage estimator
Hy and establish its connection to the classical James-Stein (JS) estimator of eigenvec-
tors. Without loss of generality, we focus on the case A = z € RP in all of the theorems.
The reason to allow this simplification in the proofs is the optimizer & = clf]_lg from

Eq. depends on A only through the composite direction ( = A¢. Thus, any rank-
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r constraint system is directionally equivalent to a one-dimensional effective constraint
along (. For convenience, we will use &,(H) denote the optimization bias of H for (fixed)
single direction.

Under this simplified setting, we formalize the data-generating model and asymptotic
assumptions, construct the shrinkage estimator Hy, and analyze its behavior under rank

misspecification. Finally, we show that Hy is a special case of James-Stein estimator.

2.3.1 Model Setup

Let Y denote a p x n data matrix of p variables and n observations. For a random

g X n matrix X and random p X n matrix €, Y follows the linear model
Y = BX +¢. (2.12)

The p x ¢ matrix B is the unknown factor, X is the matrix of latent variables, ¢ represents
the noise, and only Y is observed.

We start with the following assumptions.
Assumption 2.3.1.
(a) OnlyY is observed.
(b) The true number of factors q is unknown with n > q.
(c) XTX is qx q invertible almost surely.
(d) limyo (BT B)/p = S exists as an invertible ¢ X q matriz with fized ¢ > 1.
(e) limpro €' €/p = 21, almost surely for some constant y > 0.

(f) limyeo ||€"B]| /p = 0 almost surely for some matriz norm ||-|| in R™4.
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(9) limpos [|€"2]] /\/p = 0

(h) B = (B1,---,B,) with BB; = 0 for i # j, i.e. columns of B are orthogonal.

X 2
Moreover, we can denote limy,_, |5;| =n;.

Remark 2.3.2. Without loss of generality, we can assume B to have orthogonal columns
as we can write B = BAU in eigen decomposition, and choose B = BN and new

X = AUX. Here A = (\g(1)%,--- ,A5(q)?), the top q eigenvalues of B.

For the PCA estimate H of B

=Y s’hh’ =HH" + V2L, (2.13)

(s2,h)
the j—th column of the p x ¢ matrix H is taken as n = sh where s is the j—th largest
eigenvalue of S and h is the corresponding eigenvector. Ordering the eigenvalues of S as

2 2 2
ST, > S5, > > s5 ,, We have

#=HS', H'H=S, (2.14)

where S” is a ¢ x ¢ diagonal matrix with entries (S});; = 57, and the columns of # are
the associated sample eigenvectors h in Eq with #Z "% = I,. Denote the columns

of #Z be hy, hy,- -+, hy, we now introduce the relationship between h; and z = é—‘ € RP:

Lemma 2.3.3. Fori > q, (hj,z) = 0 as p 1 occ.

Remark 2.3.4. This relationship implies the bulk eigenvectors are asymptotically or-
thogonal to any unit vector on SP~1 as p goes to infinity, which means that the bulk
eigenvectors behave like random directions in high-dimensional space and are almost un-

correlated with any fixed vector.
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2.3.2 Problem Formulation

One major issue in estimating > is that in practice, we don’t know the number of
latent factors ¢, so we need to propose an estimate of it, denote by K. Therefore, we

decompose the sample covariance matrix S as

S=HH"+G, (2.15)

where H € RP*K . For clarity, we use the subscript ¢ to indicate quantities associated
with the true underlying factors.
The following truncated consistency theorem is needed to ensure the validity of the-

orems and proofs in this paper.

Theorem 2.3.5. Assume A € CP*P is a Hermitian matriz with eigenvalues

AL > A > 2> ),

with corresponding unit-norm eigenvectors ui, usg, . .., u, € CP. Then for any integers q <
K <p, let ugK), e ,u%() and /\gK), cee )\%() be the first K eigenvectors and eigenvalues
of A, and let ugq), cul? and )\gq), A be the first q eigenvectors and eigenvalues

computed directly from A.
Then:

1. For allv < q, the eigenvalues are identical:

A — (@

-

99



The Quadratic Optimization Bias of Misspecified PCA and Associated James-Stein Estimators.
Chapter 2

2. For all i < q, the eigenvectors differ only by a complex phase factor:

uz(-K) = ewiugq) for some 0; € R.
That is, the first q eigenpairs obtained from the full top-K spectrum are identical (up

to phase) to those computed directly from A. In the real symmetric case, the phase factors

reduce to signs £1.

Reference to the above theorem can be found in [I§].

We also establish the relationship between eigenpairs of 3 and the dual covariance
matrix L =Y "Y/p:
Lemma 2.3.6. Lu = [*u for 1> = s*n/p > 0 and uw = Y Tv/(\/ns) if and only if Sv = s%v
where v = Yu/(/pl) and s* = >p/n > 0.

Lastly, note that HH' = %", (2, # X" z) = H%%TZHQ, and feasible set Axr < a

can be written as &/x = «, we have
&y(H,Aa) =8&,(,d,a),

i.e., we can construct the orthogonal estimator (namely #;) and then analysis the opti-

mization bias based on it.

2.3.3 #; Construction

2 2
2,p T SKap>

Recall the definitions we have: for K x K diagonal matrix S} = diag(s} ,, s
with the elements being the top K ranked eigenvalues of the sample covariance matrix

S, the sample covariance matrix can be decomposed as:

S=HS;H" +3, (2.16)
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with the columns of # are the associated sample eigenvectors with #'# = I.
The signal-to-noise ratio (SNR) matrix U? quantifies the relative strength of the latent

signal components with respect to the background noise. It is defined as

Sk S?
2 _ 2q-2 2 _ Lej>K 7gp
where S, = diag(s1,,...,Sk,) contains the leading empirical eigenvalues, and lg

represents the average energy of the bulk (noise) eigenvalues.

Intuitively, ¥? serves as a diagonal matrix of normalized signal-to-noise ratios: when
si’p > lz, the corresponding entry of ¥? is close to 1, indicating a strong signal com-
ponent; whereas when s; , ~ I2, the entry approaches 0, implying that the estimated
component is dominated by noise.

This matrix plays a central role in the subsequent derivations, as it adjusts the contri-
bution of each principal direction according to its estimated SNR and provides a natural
scaling for shrinkage or bias correction of the sample eigenvectors.

Furthermore, I2 satisfies the following:

Theorem 2.3.7. )

l2 %7 K Z q
lim £ = 2.18
pToo P (n— Q)’V2 ZK<j§q /\? ( )

n(n — K) n(n—K)’K<q

for constant v in Assumption and N} being the ith largest eigenvalue of the dual

covariance matrix L = iYTY.

For proof of Theorem [2.3.7] please see Appendix [2.6.3]

The p x K James-Stein estimator 7; is then defined as

TH (I — U2)

%:%\PQ—FZL%
|z — zo|

: (2.19)
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where
Z— 2y

2y =Kz and 2 4 = — 2
|2 — 2|

, the orthogonal projection of z onto the orthogonal complement of col(%).

Remark 2.3.8. The James-Stein estimators defined in this paper will need to be or-

thonormalized, but it won’t change |&,(%;)|.

2.4 Theoretical Results on Rank Misspecification
Bias

2.4.1 James-Stein Behavior Under Overspecified rank K > ¢

We first start with K > ¢ case. From Equation and noting that HH' = #%'7,

the ¢ x 1 optimization bias &,(%#;) is defined as

Bz — (HTB)(H2)

’Z — ZJ_;//|

&,(7,) = (2:20)

We now introduce the p x ¢ James-Stein estimator #; , in the same form of Eq [2.19}

ZT%I(IQ - ‘1’2)

%,q:%’q\lfg—i—zl% ‘Z—Z%’
q

(2.21)

where 7 is the p x ¢ matrix of eigenvectors, and ¥, is the ¢ x ¢ signal-to-noise ratio
w2 =1,—-1,5,72 Here, I? and S’ corresponds to the same definition as stated in

Eq with dimension being ¢ instead of K. The connection between ¥* and W? is

described as following:
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Lemma 2.4.1. Denote the first g x q block of U% as U2, then as p 1 oo,

11~
- H\I/2 . ) (2.22)
P

It was shown that &,(#;,) — 0 almost surely [16] and we can link the ¢ x 1 vector

&,(;) to &,(#;,,) by the following theorem:
Theorem 2.4.2. When K > q, &,(%;) ~ &,(%,) — 0.

The proof of Theorem is provided in Appendix [2.6.4]
Recall Theorem and similar to previous discussions, the discrepancy using #;

approximately equals to

p

. A& ()| (use, Tz, ) 1
D, =~y (5 ) o (1g, ) + s+ ) (229

Note that A, = O(,/p), 4 and (ug, T'ug,) are finite, we can conclude D, — 0 as

|&,(;)| — 0 for true number of factors ¢ < K.

2.4.2 James-Stein Behavior Under Underspecified rank K < q

Now we look at the K < g case. Note here the definition of % and &,(#;) remains

the same as in K > ¢ case, and we restate them below:

2TH (I — 2)

|z — zo|

H,=HV + 2, (2.24)

and
Bz~ (B ), 2)
&,(7) = , (2.25)
1— |7, 2|2

the result is different from K > ¢ case.
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Theorem 2.4.3. Define the following notations for simplicity:

1. ov=F"T2eRE
2. a=RB'HV* e RY
S u=RB" (I, - HH")z e RY
4. r=2"%(Ix — Vv € R,
we have

1%, ()12 = | BT — aH2 N 2 || &, () - 2r (BT 2 — a, u> (2.26)

L~ loll? (1 —[Jol*)?

Remark 2.4.4. Note that B" —a = B (I, — X V>H ")z, so Eq is decomposing

the total squared optimization bias of the shrinkage estimator #; into three parts:

e the squared discrepancy between the projection of z and the shrinkage-retained com-

ponent in Col(RB)
e the squared optimization bias of PCA estimator #

e the alignment between the residual component of z after shrinkage and the pure

projection residual of z in Col(RB)
Corollary 2.4.5. When K < q, &,(%#;) /0 asp 1 oco.

The proof of Theorem and Corollary are provided together in Appendix
2.6.5 Recall Theorem [2.2.9] and similar to previous discussions, the discrepancy using

#; approximately equals to

. A& ()|? ug,, I'u 1
D, - - B, (o Lo Lo (s, 0m) + s emp 1) 2o
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Note that A, = O(\/p), A% and <u%,Fu%ﬁ> are finite, we can conclude ﬁp — —00 as

|&,(;)| # 0 for true number of factors ¢ > K.

2.4.3 A Closer Look: Choose number of factors K =1

We further study the trivial case when K = 1, and obtain the exact expression of
the first element of the optimization bias. Follows the same decomposition, we write the

sample covariance matrix as

S=si,hh" +G, (2.28)
where (s} ,h) is the leading eigenpair of 3. The signal-to-noise ratio ¢? = % is

Zi>1 Sf,p

=L being the average non-zero bulk eigenvalues. Define

now a number with lf, =

N = % and D = y/1* + N2 as the normalizing constants. The updated vector

hy is a combination of h and z, 4, the unit vector in the direction of the component of z
that is orthogonal to h:

1
hﬁ = E(@/Ph —|— NZLh), (229)

. The optimization bias of hy is:

|z—2

with z, = (h, 2)h and z,,, =

BTz — ({%Thﬁ)(hﬁTz)‘

gp(%) = = <hﬁ Z>2

(2.30)

Denote the eigenvalues of the dual covariance matrix be A > A3 > --+ > X2 and w be the
eigenvector corresponds to A2, we have the main theorem to characterize the asymptotic

behavior for this case:
Theorem 2.4.6.

(a) The qx 1 vector &,(hy) # &,(%;) with the first element &, 1(hy) = j;ﬁiig;?;&?y

Furthermore, |&,(hy)| is bounded away from 0 eventually.
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2 .2
(b) P? ~1— (1—; + %) and is decreasing in q as p — 0.

(c) (h,b)* ~ 9h? — /\i% !, ni(Xw)? and is decreasing in q as p — oo for n; defined in

Assumption |2.3.1 and X; being the i—th row of X.

(d) (h,z)? ~ /\1—% >4 ni(Xw)2(bi, 2)? and is decreasing in q as p — oo, where (Xw); is

the i—th element of the g x 1 vector Xw.

Remark 2.4.7. Theorem[2.4.6 provides an asymptotic characterization of the estimated
leading direction when the model rank is misspecified (K = 1 < q ). It shows that
even in this simplest case, the sample-based estimator hy exhibits a non-vanishing bias
relative to the true population direction b. The term 1? captures the shrinkage strength
toward the isotropic component, which decreases as the true factor dimension q increases,
indicating stronger reqularization in more complex latent structures. Meanwhile, the inner
products (h,b) and (h,z) respectively quantify the alignment with the true signal and the
bias toward the shrinkage target. Together, these results reveal how rank misspecification
induces systematic deviation of the estimated eigenvector from its population counterpart,

even in high-dimensional asymptotics.

Recall Theorem and similar to previous discussions, the discrepancy using hy

approximately equals to

R A&, (hy)|? (un,, Tup,) 1
D, - LBy (o ) o (g1 + s+ 1) (230

p

and D, — —oo as |&,(hy)| # 0 for true number of factors g > 1.

66



The Quadratic Optimization Bias of Misspecified PCA and Associated James-Stein Estimators.
Chapter 2

2.4.4 Equivalence with a James-Stein type estimator
Let M = AATH for any A € RP*" C = I;c — 2N~' and N = (H — M)"(H — M).
We have the James-Stein estimator for eigenvectors from [14]:

Hys = HC + M(I, - C). (2.32)

Recall the estimator we propose in Sec [2.3.3}

(I, — HH')z

Hy=H@p?>+ 2 " /%
’ +1—2THHTZ

2 H(I, — V?), (2.33)
we have the following lemma:

Lemma 2.4.8. Toke A = z in Eq[2.39, then H;g = Hy.

Proof. Let A = z. Note that zz" = 22", we have

N=H"(I,-2z")H (2.34)

and
Hizz"(HNT

Nfl — HTH -1
( ) +1—ZTHHTz’

(2.35)
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By noting H'H = S% H = S72HT and recall ¥2 = [, — 2572

Hiys = H— H(HTH) ' — HH 22" (HT)" S 2z ' HH 22T (HT)T

?+22"H(H"H)

1—2THH'z 1—2THH'z
THH 22T(H)T — HHTzz"(HT)T
— HV? 4 22 HS 22 4+ 22 2
e * 1— - HH'2
) TooT
R T (I,—zz" )HH'zz'H 5
— HU —|—<zz H— T THH, (I, —U7)
I,— HHY)22"H+ 22"HH"22"H — (:"HH'2)22"H
_ ey e I, —v?
+ 1—2THH'z (g )
I,— HHY):z
_peey BT HADE o g
e M)
— H..
(2.36)
The second from the last equation comes from the fact that
2(2"HH'2) = (:"HH'2)z. (2.37)
]

Remark 2.4.9. The Lemma above indicates Hy is a special case of Hyg. Although it’s
a specialization, it captures the subspace-adjusted shrinkage along the projection resid-
ual (I, — HHT")z, which corresponds to the residual direction along which optimization
bias arises under rank misspecification. Focusing on this case lets us obtain closed-form
expressions and sharp asymptotics, while still reflecting the behavior of the relugar James-

Stein estimator.
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2.5 Portfolio Optimization with Misspecified Factor

Models: A Simulation Study

2.5.1 Simulation Framework and Methodology

We illustrate the results on a numerical example to provide a verification of Theorems

[2.4.3] [2.4.3] and [2.4.6| We consider i.i.d observations of y € RPme with

y=a+ Bx +e, (2.38)

where a € RPmer represents the vector of asset-specific alphas, B € RPmaer*q represents
the factor loadings, x € R? and € € RPme*. 2 and e are uncorrelated with Var(z) = 1,

and Var(e) = I'. Thus, the variance of y is given by

Var(y) =% = BB" +T. (2.39)

In our simulation, we first fix n = 120, ¢ = 7 and p.. = 128,000, and generate
Y € RPmaez>™ with y as its columns.

The covariance matrix calibration follows the same as specified in [16]. The random
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vector of factor returns f € R” and the p,.e X 7 exposure matrix = satisfy
250 0 O 55 44 68 —22
0 64 0 0 0 0 0
0O 0 16 0 0 0 0
Var(f)=1 55 0 0 481 192 —108 0 |, Bx=Zf. (2.40)
4 0 0 192 260 -8 22
68 0 0 —-108 —8 160 —44
—-22 0 0 0 22 —44 121

The factor returns f are Gaussian with mean 0 and variance specified in Eq [2.40, The

columns of = are exposures to fundamental risk factors.

e The first column of the exposure matrix =, representing market risk exposures, is
generated with entries independently drawn from a normal distribution with mean

1.0 and standard deviation 0.25.

e The second and third columns of =, corresponding to style risk factors, are filled
with i.i.d. entries from normal distributions with mean zero and standard deviations

of 0.5 and 1.0, respectively.

e The remaining four columns of =, representing industry exposures, are initialized
to zero. For each row ¢, we independently sample two distinct industry indices Iy
and I uniformly without replacement from the set {1,2,3,4}. We then draw two

independent random variables Uy, Uy ~ Unif(0, 1), and assign

=i, = Uy, Zir, = =i, + Us.

The asset-specific return vector e € RP»2x is modeled as a mean-zero Gaussian random
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vector with diagonal covariance matrix var(e) = I'. Each diagonal entry I'; is defined as
72, where ; denotes the idiosyncratic volatility of asset . These volatilities are sampled

independently according to
vi =25+ 75 % Z, where Z ~ Beta(4,16).

The resulting values ~y; are interpreted as annualized volatilities in percent.

For the simulated matrix Y, .. «n, We select subsets Y., with p = 500, 2000, 8000,
32000, 128000 to study the asymptotics of PCA estimator 3 and the James-Stein esti-
mator iﬁ. They are all based on the sample covariance matrix S =YY" /n. For ¢ = 7
and K =1, ¢q—1, q, ¢+ 1,and n — 1, we can compute the K x K diagonal matrix Sg
with the K largest eigenvalues of S and ¥? as stated in Eq The final estimators of

the population covariance matrix has the form:
Sy = H(S, ) H, + 41,7, € {7, 9}, (2.41)

where 42 = nlg/p for lg in Eq[2.17, and 7} represents the p x K matrix of eigenvectors.
To evaluate the performance of the covariance estimators defined in Eq [2.41] we
consider two key metrics: the subspace overlap |&,(%;)|, and the associated discrepancy

measure

D, =2 — [i2V?

p p?

where the scalar quantity fi2 is given by
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and the variance component Vz is defined as
2 N N
Vp = (wh,Ewh>.

Here, wy denotes the portfolio weights obtained by solving the minimum variance portfolio
problem under the estimated covariance matrix f)h.

Furthermore, we also tested |,(%)| and D, for various value of gs.

2.5.2 Empirical Results and Analysis

Table summarizes the optimization bias &,(%;) for all three cases: K < ¢, K = ¢

and K > q. The first two columns verify our result in Theorem [2.4.6] [2.4.3| and [2.4.2 Tt

can be seen that

e The James-Stein eigenvector estimator #; outperforms the PCA estimator # on

reducing the optimization bias &,(-),

e When K < ¢, it is shown that the optimization bias &,(%#’) and &,(%#;) both don’t
converge to 0 as p T co. Correspondingly, both /p&,(#’) and &,(#;) diverges to
0o. Combining with Theorem , ﬁp for 3 and f}ﬁ diverges to —oo, as verified

in Figure [2.1]

e When K > ¢, we have &,(%;) converges to 0 as p T co. Furthermore, |/p&,(7;)
is bounded which results in Dp — 0 as p T oo as provided in Theore and

verified in Figurd2.1]

2.5.3 Interpretation and Practical Recommendations

Our theoretical analysis and numerical simulations demonstrate that the James-Stein

estimator maintains stable eigenvector estimation even when employing an intentionally
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| p | K [EE(®)) E@#) VrEE(¥)) PEEH)) |

1 0.5130 0.5043 11.4706 2.7986
6 0.2164 0.1270 4.8397 2.7954
500 7 0.2149 0.1251 4.8055 2.7983
8 0.2138 0.1233 4.7812 2.7983
127 | 0.1654 0.0823 3.6993 1.8395
1 0.5259 0.5177 23.5229 23.1528
6 0.1993 0.0769 8.9137 3.4411
2000 7 0.1969 0.0662 8.8039 2.9609
8 0.1964 0.0645 8.7815 2.8835
127 | 0.1818 0.0505 8.1311 2.2590
1 0.5559 0.5482 49.7244 49.0342
6 0.2040 0.0811 18.2434 7.2605
8000 7 0.1965 0.0298 17.5772 2.6688
8 0.1965 0.0297 17.5795 2.6546
127 | 0.1921 0.0301 17.1858 2.6909
1 0.5621 0.5546 100.5569 99.2142
6 0.2013 0.0720 36.0226 12.8722
32000 | 7 0.1942 0.0128 34.7336 2.2831
8 0.1942 0.0127 34.7448 2.2775
127 | 0.1929 0.0162 34.5070 2.8900
1 0.5576 0.5499 199.4869 196.7399
6 0.1996 0.0706 71.4061 25.2424
128000 | 7 0.1923 0.0065 68.8033 2.3344
8 0.1924 0.0065 68.8480 2.3180
127 | 0.1918 0.0085 68.6124 3.0459

Table 2.1: Optimization bias metrics computed with 7} for ¢ = 7. The metric under
‘correct’ estimate (K = ¢) is highlighted in bold.
inflated factor number (e.g., ¢ = n—1). This finding suggests a practical hybrid approach
combining conventional factor selection methods with our shrinkage estimation: First,
practitioners may determine a preliminary factor dimension ¢o by applying techniques
such as information criterion [38] and hypothesis testing framework [76]. Then, they can
deliberately expand the factor set to gy + k(k > 1) before applying our shrinkage estima-

tion. This integrated protocol leverages the statistical efficiency of traditional methods
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Figure 2.1: Discrepancy ﬁp v.s. p with the sample means and two standard deviation

confidence intervals for ¢ = 7.
while mitigating under-specification risks through our stabilized estimator, achieving en-
hanced robustness in real-world applications.

The proposed hybrid strategy offers three distinct advantages: First, it preserves
the theoretical rigor of conventional factor selection procedures. Second, the shrink-
age estimation effectively compensates for potential specification errors inherent in dis-

crete factor-number selection. Third, as demonstrated in our numerical experiments,
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the method exhibits superior robustness across varying signal-to-noise ratios and sample
sizes. The expansion parameter k can be further optimized via cross-validation, balanc-
ing estimation accuracy with computational efficiency. This framework not only extends
the applicability of existing methods but also provides a principled solution to model
selection challenges in high-dimensional factor analysis, particularly when the true factor

dimension is ambiguous.

2.6 Proofs for Chapter

2.6.1 Proofs for Section 2.2

Proof of Theorem [2.2.5 For the multipliers ¢ = (¢1,---,¢,), write o = ¢/|{|, we then

have ¢y = —("c and ¢; = ||£]|. So

2
a

2
12— —CTe+ %(A@Tz—l(Ae).

max Q(x) = ¢y +

Let Pgp = BB, the orthogonal projector onto col(B), and decompose ¢ into ( = (p+(, =
PgC + (I — Pg)¢. Under Assumption and let ¢, = limyp supy, =1 (v, ['v), we have
on col(B)?,

S eT e L
C+
SO
Tyv—1 Ty—1 1 2 _ 1 2 5 2
(X202 > — [l == - Pp)Al” = =p|".
Cy Cy Cy
Hence,

2 2
max Q(z) = —Te+ DTSR > —Tet L) - oo,
x 2 2 C+
] ]
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Proof of Theorem[2.2.6. Denote
Ri(a) =a (ATS7IE8TA)a = (71, 287 1)

and

From Woodbury formula,

ST =4I AT HI +4PH H)T'H T

Apply SVD on H: H = USV'T where U,V € RP** and S = diag(s1,--- ,s;) = 0, then

HHT" = US?UT and the projection operator

Py=HH =UU".

Write v = Pyv + (I — Py)v = vy + v, we have

. 1
Y = Udiag ( 7 72) Ulv+4"%0,. (2.42)

i

Therefore,

S*

)

, 1 - - -
o) = wUdiog ( 3= ) Uom 37 ol < 32wl + o) = 5 ol < .

Next, note that

A

N N 2
Ri(a) = (5710, 55 1p) > HBTE*HJ
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From triangle inequality and Eq [2.42]
~A o ) 1
HBTZ 1?]” >y 2 HBTULH — HBTUdmg (3? +ﬁ2) U'v ,
and
B Udiag (5~ ) UTo|| < = |B"v
s+ 77 R
SO
|BTs > % (1B w.|| - ||BTox]) (2.43)

By the transversality condition (T), there exists § > 0 such that
1

“B'"Py.B=06l = ||B'w.|*=v/BB'v, >v|BPyiB v, >6pl|u|* (T

p

Meanwhile, since BT B/p — X = 0, there is C' < co with

1B v l* < Anax(B" B) [lval* < Cp o (BH)

Combining (T?) and (BH) with Eq and using |la — b||> > (1 — ¢)||a||* — e~ 1||b||* for

any € € (0,1) with a = BTv,, b = BTvy, we obtain

- 1
IBTS 0l 2> (o) [BToalP =< 1B Tonl?) > £3((1-2) 8 los [P~ 7C lum]?).

Choose a fixed ¢ € (0, 1) small enough so that the bracket is positive (this is ensured by
the transversality (T) and Assumption [2.2.5)). Hence there exists ¢ > 0 independent of p
such that

IBTS 0l > eq™tp.
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Therefore,
Ri(a)= 1,22 W) > |BTS | > ¢4 4p m 0.
and D, — —oo. Lastly, since iz is bounded, we have Q(Z) — oo. O O
2.6.2 Proofs for Section [2.3.7]
Proof of Lemma [2.5.5. Write S =9+ E, where
,SZ%BXXTBi Eh:%@XTBT+BxeT+&T) (2.44)
We have %%T — I by law of large numbers. The cross term in E satisfies
’ SeXTBT| < HéH X118l — 0 (2.45)

based on Assumption 2.2.1] and similarly ||1BXeT|| — 0. Therefore E 520

For the eigenpair (s? , h;) of 33, we have Sh; = 32 phi- Multiply 2" on the left hand

©,p?

side, we have

2" Sh = s7,(z,h;) = 2" (S + E)h,. (2.46)

Note rank(S) = q, and h; L S as p 1 oo for i > ¢, we have 2"Sh; — 0. Combined with

asymptotics of E, we have

22 hi ~ 57z, hy). (2.47)
Therefore,
-
Eh,
(2 hy) ~ z . h;
o (2.48)

2 E zTer) ekh

zp j=1
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Note E(z'e.x) = E(e)},) = 0, Var(z'e.p) = 7 |2]|* = 7? and Var(e/ hi) =+ |hs]|® =

v2, we have (z, h;) — 0. O

2.6.3 Proofs for Section [2.3.3

For 72 in Assumption [2.3.1] define the n x K matrix M as:
L=MM"+~I,. (2.49)

Let A? (M) denote the j—th largest eigenvalue of MM " associated with the j—th column
of eigenvectors of MMT. By Assumption [2.3.1) we have X? (M) > 0 for j < ¢ and

A, (M) = 0 otherwise.

Lemma 2.6.1. Under Assumption [2.2.1 and (2.3.1, almost surely, limyo Y'Y /p = L

and
(

(2, (M) +92)fn 1<) <n

lim —22

2 o 2.50
Ty Y/n o j=n (2.50)

0 otherwise

\

The proof can be found in [16].

Proof of Theorem[2.3.7]. Case 1: ¢ < K < n: we have s5,/p = 7*/nforq+1<j<n

via Lemma [2.6.1] So I2/p — ~*/n almost surely.
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Case 2: K < ¢: we have
2 2
1 L
lim £ = lim N
ptoo P pToon—K;{ P
_ 1 Z A2 (M) + 2
n— K “ n
I>K
_ 7, T a0 (2.51)
n n(n — K)
’7_2 n Zj>K(/\? - 72)
n n(n — K)
N 7_2 n ZK<j§q(>\? -7
n n(n — K)
The equations above used the assumption that Y is of full rank. O
2.6.4 Proofs for Section 2.4.1]
Proof of Lemmal[2.4.1. Since
) ly ly ly
v :dzag 1—8771—8?,“', _32_ 3 (252)
Lp 2,p Kp
and
) 12 12 12
)} :diag( — 2 _ﬂ’...71_ﬂ> (2.53)
q S%,p S%7p Sg7p
by Theorem [2.3.5 we have
~ 2 1232 —? 2 —12
\112:@2+diag(p’q2 p,p’q2 p,~~,—p’q2 p>. (2.54)
S1p S2.p Sqp
Combine with K > ¢ case of Theorem [2.3.7, we have % P2 — |siz|| — 0. O
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Proof of Theorem [2.4.2. For any 1 < q¢ < K, based on Lemma [2.3.3] we have
T
x, =
- 0
H z— — 0. (2.55)
0
Also, from Lemma2.4.1] we have
) \Ifg 0
v — — 0. (2.56)
0 0
Therefore, we have
|7 V* — (%,92,0,---,0)|| =0, (2.57)
and
T (1 — v? 2 g2 Hy(I, — V2
A ) _ (2xz Zaly q>, 0] —o. (2.58)
|2 — 2| |2 — 29|
Write %; in terms of %, and V7, we have
22 H, (1, — U2
% — | 9,02 + =2 oLy q),o,---,o 0. (2.59)
7 |z — 2|
px K

Lemma 2.6.2. When q < K, Hz% — zyqu — 0 and HZJ_% — zLyqu — 0.

Proof. We first note 1 = (") '\H" = H", s0 20 = XX 2. Rewrite Z19, and

Zlg as

J I, — T
Zlyfq _ ( p q qT>Z 7 2l = ( p %%T)Z ) (260)
|(Ip_%q% )2| |(Ip_%% )2|
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Further note
K
HH' = hih!, (2.61)
i=1
where hqy, hs,--- , hx are other orthogonal columns of #. Therefore,
K
(I, —x% ")z = (I, - H,9)z— > hihl = (2.62)
1=q+1

Recall Lemma [2.3.3, we have (h;,z) — 0 for i = ¢+ 1,¢q+ 2,---, K, So we finish this

proof. O

By Lemma [2.6.2] and the continuity of limits, we have

Tx,(1, — V2
%q _ %}\PQ + Z1H= q( q q) _ 0’ (263)
’ ¢ |2 — 2|

and thus

1% — (#4,4,0,- -+, 0)| = . (2.64)
Now,
%T _ @T% %T %T - @T% %T
I6,%) — 8,7, - | 2 E T2 B 2 (& A Hy)

L= |7 = L — |7, (2.65)

— 0,

by Lemma [2.3.3| and [2.6.2, which concludes our proof by combining with &,(%;,) — 0

I16).
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2.6.5 Proofs for Section [2.4.2

Proof of Theorem[2.4.3 and Corollary[2.4.5. The proofs of the theorem and the corollary
are presented together, as Corollary serves as an intermediate step in the proof of
Theorem 2.4.3]

We first compute the K x 1 vector %’fz and ¢ x K matrix B' ;. Since

T 2= (HH2) 2

z z =
17 |Z—Z%|
B 2L, —HHT)z

B 2L, —HH" )z
o0, —xx ) U, #x):

= 2T, HHT2) = 1 | TP,

we have , T T
%TZ — \D2%T + ( K — ) ZZJ_% Py
|z — 2z

="z,
and therefore,
ZT%(IK — \112)

|z — zo|
ST I - v, (268)

|z — zo|

(%T%>(%TZ):@T%\P2%T2+@T2Lyf %TZ

:%T (%\PZ%T—FZL%
=B [((I, -C)ZV+CxH)x"] 2,

ZL%ZT

by letting the p x p matrix C' = W
1-||\Z ' =
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Claim 2.6.3. The following statement holds:
(1, — C) V> + Co) " — 1| /0. (2.69)

Proof. We prove this claim by contradiction. Assume ||(I, — C)ZV* + CH)H ™ — L,|| —
0, then take the part within ||-|| for left side of Eq and multiply by #Z " to the left.
Then

(L, —-O\XVxH' +x'CHI' —x"

=0T — X CHVH T + X CHH —FH

(2.70)
=Vx +x"CH(Ix — V)X — "
— (V4 ZTCH (I — V) — I) ZT,
which implies
|2 + 27 C9 (I — W) — Ic|| = 0. (2.71)

Denote D = Ix — W2, D is a positive definite diagonal matrix. Continuing on Eq [2.71]

we have

|(#TC#)D - D|| = ||(#TCH — Ii)D|| — 0. (2.72)

The smallest singular value of D satisfies 0,,;,(D) > § > 0 for some positive number 0,

and therefore

[(Z"Ccx — Li)D|| _ |[(# Cx — Ix) D] o

T J—
H% cx IKH < HDH = S )

(2.73)

and hence leads to the contradiction as ||C' — L,|| /A 0 as p T oc.
[

Claim 2.6.4. Let R € RP*? be a linear operator such that ||R| # 0. Let z € R? be a
fized unit vector, and let B € RP*? be a full-rank matriz (i.e., rank(B) = q).
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If Rz 4 0 and Rz ¢ ker(B"), then:
|BTR:|) 0.

Proof. Since z € RP is a unit vector and |R| /4 0, it follows that Rz /4 0; in other

words, the vector Rz remains bounded away from zero in norm:
|Rz|| > d > 0.

Next, because B € RP*? ig full-rank, its transpose B has full row rank. Therefore,
the singular values of BT are strictly positive, and in particular, the minimum singular

value satisfies:

Omin(B') > 0.

Now, if Rz ¢ ker(B'), then BT Rz # 0. Furthermore, we apply the inequality for

operator norms:
|BTRz|| > 0min(BT) - || R2|| > 0min(BT) -6 > 0.

Hence, ||B" Rz|| /4 0, as desired. O

Now, denote R = I, — (I, — C\Z V> + CH)# ", we have
|75 — (@), = |87 el 271

and thus when K < ¢,
&,(9) /5 0 (2.75)

as p T oo.
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Next, we consider ||,(%)||>. Recall in the theorem, we denote v = # 7z, a =
B HV,u=RB (I, - HKH ")z and r = 2" FH (I — ¥?)v, and denote M = I, — R, we
can write the numerator of &,(%;) as

B R:=B (I, —~ M)z=RB 2z~ (a v %wu) ,
— ||V

with )
sz = o+ —
1 — o] (2.76)
— Jlof*+ ( ) ol + —2— (e )
— |lvlf? || [
Note that
ull = || B 2= (BT9)(7 " 2)|| = /1= |v|*118,(7)], (2.77)
we then have
r? or
187 M= = || +WH p(%)||2+1——||v||2<a’u>’ (2.78)
and thus
B Rz||” = || B 2||" + | BT Mz||” — 2(B" 2, BT M=)
T 2 2 2T
= || B 2| + [laf)® + —2 |E(Z)|” + ———5 (v, u)
o] 1 — v
-2 (ZTQS’Q + %HHQZT%U)
— ||V
: 2 o : (2.79)
=BT + ol + T B 1SN + (e — @75
— 2Bz, a)
T 2 2 2T T
= Hgg 2_04” +W |8, (Z)||” — 1_—W<93 z— o),
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and
1 9 B z—a|” 2|%(x (BT z— a,u)
Hcgp(%)H? = ||9§TRZ|| _ || 2“ + H p( )H <2 -
1= o] 1= o] (L= lvll)
(2.80)
]
2.6.6 Proofs for Section [2.4.3]
Proof of Thm[2.4.6. We start with part (a).
1. Recall we can write & = (b, by, - - ,b,), so the optimization bias &,(hy) is
(b, z) (0, hy)(hy, 2)
(bg: 2) (bg: hie)(hy, 2)
€, (hy) = _ . (2.81)
1 - <ht¢7 Z>

&p(hy) # &,(H;) is a direct result from the above equation by noting the 2nd to
the qth elements in &,(hy) and &,(%;) are different. To prove &,(h;) /4 0, we only

need to show &), (hy) is bounded away from zero.

2. We have
<hﬁ’ Z> = +

— + —=/1—(h,2z)? (2.82)

D
2(h,z)  (h,z) —*(h,2)
D + D
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and 2 N (z,b h,z){(h,b
(hy, b) = %(h, b) + 5<Z7 >1—_< <,hZ>Z<>2, )
. W (<h,Z> _¢2<h’ Z>)(<Zab> — <h,Z><h,b>)
= b+ D{ = (h, 2)?) (2.83)
_ 1/12<h7 b> + (1 — Z/}Q)(hv Z> <Z> b> B <h7 b> <h7 Z>2
D(1 —(h,z)?) '
Therefore,
£ (h,) = D(b,z)  *h,b)(h,2) + (1 —¢?)(h, 2)*(b, z) — (b, 2)*(h,])
P D2 — (h, 2)? D(1— (h, 2)2)\/D? — (h, 2)?

(2.84)

3. Recalling from [16], we can define h, = (h z14), t. = % and ty = t*%.
Note &,(h.t,) = 0 and hy = h.t;. Define &,(-) : t + &,(h.t) and note that
(ht,z) < 1and (b, z) — (b, ht)(h.t,2z) = (b, z) — t*(b, h,)(h,, z) is continuous w.r.t

t, we have t — %,(t) is continuous in R.

Therefore when K = 1 = ¢, we have (1) &,(t) is continuous (2) &,(t;) = &,(t; —
t. + 1) (3) &y(t.) = &,(h.t,) = 0 (4) |t; — t.| — 0 and thus &,(h;) — 0. When
K =1 < g, the condition |t; — t,| breaks so &,1(hy) # 0.

Part (b) is the direct result from Lemma and Theorem [2.3.7]

For part (c), we have

Yo'y 1 1 1 1
— = X"B"W'BX+4 -€"bb"BX+ -X"BTbb e+ —e'bb . (2.85)
p p p p p
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Comparing with
Yy 1 1 1 1
I = =-X"B'BX +2¢"BX +=X"BTe+ =¢'e, (2.86)
p p p p p
We have
Yo'y XD X "TD,X XD
=L My Ty pl +° p2 + p?’e, (2.87)

where M, = <%le 1 — << D — Boh'B— BB, D, = bb' B — B and Ds =

p p

BTbb" — BT. For simplicity, we also denote N,, = XTflx + J%X + XTpD“.
Recall (A\f,w) is the leading eigenpair of L and denote #" = w,/p/(ns?), then we
have (because (w, Lw) = \?),
(h,b)> = w' (L + M, — T, + N,)w/A]

(2.88)
=1+w' (M, —T,+ N,)w/AL.

Combined with ¢? = 1 — 2/s2 . we can define ¢* = ¢ + % (N, + "21, — T,)% and
|(h,0)* — ¢*| = 0.
To analysis the relationship between (h,b)? and ¢, we start with following lemmas.

Lemma 2.6.5.

Zj>1 A’

X =D 15 bounded

1L nljpw W =
2. WTFPWN%%:\Y—:“; as p — 00.
p 1

3. W'N,W is decreasing in q.

Proof.
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1. Note that |w| =1, so Z "% = -Z;. So We have
2 )\2
anWTW _ LA (2.89)
P n—1

So nl2 /pW W = Z;>1 =3 is bounded.

2. Tt directly comes from Assumption [2.3.1, I’y = 7> and % "% = p/(ns))
3. We discuss on the Dy, Dy, D3 terms seperately.

(a) Dy = B'bb'B — B'B with B'B = diag(|p:|?, -+ ,|8,/*) and B"bb"'B =
|81|>F11 where Fy; is a ¢ X q¢ matrix with the 1, 1th element equals to 1 and
others equal to 0. So D; = diag(0,—|58s|?, |B3|%, - -+ , —|B,]?). Denote the ith
row of X be X;, then

X'"DiX = ZDI (X)) Zmz 2(X," X)) (2.90)
=1
and
1
WTXTD XW = -—— Z 185 (X iw)?, (2.91)
p i=2

for X; being the ¢ — th row of X. Each term in the sum is non-negative, and

therefore I%WTX "D\ X is decreasing in q.

(b) Dy =BTbb" —BT. BTbb" is a ¢ X p matrix with first row equals to |3, and
the others equal to 0. Therefore, Dy is a ¢ X p matrix with first row equals to

0 and the ith row equals to —3;' for i = 2,3,--- ,¢. Then

€' DX ==Y ('8)X; (2.92)

=2
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with e Dy X/p — 0. We have

q

1 1
Z;WTJDJ XU = —— (Xiw)(ew) T B;. (2.93)
1=2

for X; being the ¢ — th column of X and it goes to 0.
(c) The discussion on D3 = bb" B — B and X " DJ ¢ follows the similar discussion
as above, and X" Dj¢/p — 0. Also

L IR T
“wTX ' DIew =——S (B

7
1=2

ew)(w' X,). (2.94)

for X; being the ¢ — th column of X and it goes to 0.

Therefore we finish the proof of part (c).

Lastly for part (d), recall w = u, /—%—, where u is the n x 1 right singular vector of
1,p

Y. We have
Yv 1
h = = (BXw + ev), (2.95)
VDAL /AT
and
1
(h,2) =h'z = (vTXTBTz+0v"e'2). (2.96)

3

pA}

Recall we write B = (f1, fa, - - - , ;) with each (; orthogonal to each other, we have

<h, Z> = 1 <UTETZ + Z(XW)Z(ﬁzTZ)) s (297)

p)‘% i=1

ﬁ
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with (Xw); being the i — th element of the ¢ x 1 vector Xw. Therefore
q 2 q
1 TT
(h,z>2:W (Z(Xw)i(ﬁi,z>> +2 (Z( w)i (B, >)v € z+ (v e 2)?
PN =1 (2.98)
1 q q
— e (Z(Xw)?(ﬁi,z>2 +2 <Z( w)i (B, )) vie 24 (vTel2)? )
i=1 i=1
by using 3, = 0 for i # j. The first term in above equation is increasing in q.

The middle term and last term goes to 0 from Assumption2.3.1 Write §8; = b;|3;| for
i=1,2,---,q, we have (f3;, 2)> = | 3;|*(b;, 2)?, and recall W — n;. Thus
q

S X)) = S (XI5 b 2
M= P (2.99)

1
L =1

And we can now write

0, (2.100)

(h,2)? )\2 Zn, (Xw); (bz,z>

and is increasing in q. O

Remark 2.6.6. When q = 1, note that v — so we have (h, z)? ~ %UTXTXW<Z), 2)? =

IX\’

(h, b)*(b, z)?.
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Chapter 3

A Stochastic Block Model With

Preferences and James-Stein
Estimation for Spiked Wigner

Matrices

In this chapter, we extend the James—Stein shrinkage framework for eigenvectors beyond
the high-dimension, low-sample-size (HDLSS) regime by allowing the sample size to grow
along with the dimension.

In Chapter 2 our analysis focused on settings where the number of observations n
remains fixed while the dimension p increases. There we showed that, under spiked
covariance model with true rank ¢ and fixed n, a James—Stein type correction of the
sample eigenvectors can asymptotically eliminate optimization bias when the rank is
correctly specified, and we characterized how rank misspecification (K # ¢q) affects this
bias. However in practice, many modern applications happen in regimes where both the

data dimension and the sample size are large, and the spectral behavior is well stud-
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ied in random matrix theory (see [85] for key results in RMT). Classical results such as
the Marchenko—Pastur law [25], Wigner’s semicircle law [86], and their modern refine-
ments by Erdés, Yau, and collaborators [87, [88], 89, [90], describe the limiting eigenvalue
distributions of large random matrices and the delocalization of their eigenvectors. In
this asymptotic regime, the sample covariance exhibits stochastic geometry rather than
deterministic bias.

[?] studied the model of this form:

Yy = BBT + Wy,

where BBT, Wy are all N x symmetric matrix, Ly has rank » < n and Wy is
orthogonally invariant. Theu uncovered the phase transition that the extreme eigenvalues
of Yy deviate from the bulk limit if and only if the eigenvalues of Ly exceed a critical
threshold determined by the eigenvalues of Wy. It coincides with the BBP transition
and is accompanied by an analogous shift in the eigenvectors.

In this chapter, we adopt spiked Wigner perspective as a special case of above, i.e.
Wy is a Wigner matrix. Beyond the classical BBP transition, a growing body of work
has extended the spiked Wigner framework to nonlinear and structured settings.

[91] established one of the first rigorous analyses of finite-rank deformations of large
Wigner matrices. They showed that sufficiently strong spikes produce outlier eigenvalues
beyond the semicircle bulk, and that while their locations are universal, their fluctua-
tions depend on the distribution of the noise entries. [92] analyzed nonlinear Wigner
spiked models and showed that the critical signal-to-noise threshold depends on the first
nonzero generalized information coefficient of the nonlinearity. [93] further investigated

the transformed spiked Wigner model, and proved the largest eigenvalue follows a Gaus-

ITo clarify we now use N as dimensions instead of n.

94



A Stochastic Block Model With Preferences and James-Stein Estimation for Spiked Wigner
Matrices Chapter 3

sian law above the critical signal-to-noise ratio and a Tracy-Widom law below it. In the
context of hypothesis testing, [94] studied detection problems in spiked random matrix
models, deriving sharp phase transition thresholds and demonstrating how entry-wise
transformations can improve statistical power when the noise is non-Gaussian. Sepa-
rately, [95] investigated block-structured spiked Wigner models, demonstrating that the
optimal spectral method achieves the BBP threshold even in the presence of inhomoge-
neous or correlated noise.

In our work, we do the following: (1) find the limit of eigenvalues of Yy in eigenvalues
of Ly; (2) show the eigenvectors of Yy is not consistent estimator of those of Ly; (3)
provided a James-Stein estimator of spiked eigenvectors of Ly; (4) introduce a new model
called stochastic block model with preference, and illustrate James-Stein estimator we

derived provides a better estimator comparing to sample eigenvectors.

3.1 Literature Review

The understandings of eigenvector behavior for Wigner matrices originally comes from
a sequence of works by Erdos and his collaborators. The earliest work appeared in [88],
where they showed eigenvectors of Wigner matrices cannot concentrate their mass on
small subsets of coordinates with overwhelming probability. Shortly after, [87] provided
local semicircle law estimates in the bulk, and showed bulk eigenvectors are of order
O(N~2), implying every eigenvector is completely delocalized.

These results were extended by [89], and they developed a general framework for uni-
versality of generalized Wigner matrices. Their analysis showed that the local semicircle
law holds without assuming identical distributions across matrix entries and that eigen-
vectors are fully delocalized under broad conditions. Moreover, they gave estimates on

the matrix elements of the Green function, which demonstratd bulk and edge universal-
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ity under four- and two-moment matching. [96] further studied a dynamical perspective
based on Dyson Brownian motion (DBM), which provided precise resolvent estimates
and connected eigenvector delocalization to the relaxation dynamics of the matrix flow.

Rather than analysing the norms of eigenvectors, [97] characterized the distribution
of eigenvectors. They proved that eigenvectors near the spectral edge exhibit univer-
sal Gaussian fluctuations under two-moment matching, while bulk universality requires
four-moment matching. Soon after, [98] provided the isotropic delocalization bound for
the eigenvectors of matrices of the form X*X. [99] introduced the eigenvector moment
flow. Building on the DBM framework, they proved bulk and edge quantum unique
ergodicity and restated the isotropic local semicircle law and isotropic delocalization of
eigenvectors. Besides, [100] studied Wigner matrices with uniformly subexponential en-
tries, and showed delocalization with the optimal rate \/W holds with arbitrary
small probability as long as optimal delocalization constant for the /> norm of eigenvec-
tors of generalized Wigner matrices.

Beyond homogeneous Wigner matrices, delocalization phenomena have been studied
in other settings. [I0I] considered random matrices of the form H = W + AV, and
showed top eigenvectors remain delocalized when A is below a critical threshold but be-
come partially localized when A exceeds it. In parallel, [I02] demonstrated delocalization
for random matrices with independent entries under minimal assumptions by employ-
ing geometric approaches. Finally, the behavior of eigenvectors in sparse or structured
settings has been clarified by results such as [103], where they showed a universal localiza-
tion—delocalization transition for Gaussian matrices with deterministic sparsity patterns.

Recent advances have extended these ideas to general Wigner-type matrices and
stochastic block models. [104] proved a local law and eigenvector delocalization for
general Wigner-type matrices, specialized their results to sparse SBM with finite many

blocks, and extended to infinite number of blocks under certain conditions. For sparse
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SBMs specifically, [105] established a weak local semicircle law and obtained Tracy—Widom
fluctuations at the spectral edge, and implied bulk eigenvectors of sparse SBMs are fully

delocalized.

3.2 Motivation

Modern high-dimensional data analysis frequently relies on spectral methods, i.e.
procedures that use the eigenstructure of large random matrices to uncover latent low-
dimensional patterns. Principal component analysis, spectral clustering, and factor mod-
eling all depend on the accurate estimation of eigenvectors that represent meaningful
directions in the data. Yet in many contemporary applications, the data dimension and
sample size are of comparable magnitude, so classical consistency results for eigenvectors
no longer hold. Empirical directions fluctuate substantially across realizations, and their
alignment with the underlying population structure becomes partial and noisy.

This instability motivates a careful study of regularized eigenvector estimators. Among
various approaches to stabilization, James—Stein—type shrinkage occupies a special con-
ceptual role. In Chapter [2| we examine the inconsistency principle in the context of rank
misspecification, i.e. the number of estimated latent components K differs from the true
dimension ¢ in a low-rank factor model. There, the shrinkage adjustment was shown to
mitigate the bias to some extent: when K > ¢, it asymptotically removed optimization
bias, whereas for K < ¢, a nonvanishing bias persisted. That analysis revealed how
James—Stein regularization operates in finite-sample high-dimensional settings.

The present chapter extends this perspective from model-based misspecification to
asymptotic geometric randomness. Rather than assuming a fixed latent structure, we
now consider eigenvectors that fluctuate intrinsically for underlying data matrix being

Wigner ensemble. In this proportional regime, eigenvectors are delocalized due to the
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stochastic geometry of the data itself, and thus applying James-Stein shrinkage in this
setting is conceptually different but philosophically related. Our goal is still to stabilize
an uncertain direction by borrowing strength from a reference, but we now isolate the
effect of high-dimensional spectral randomness without introducing an additional issue
of model misspecification.

Translating the James—Stein idea to eigenvector estimation under random matrix
asymptotics remains nontrivial. Eigenvectors are nonlinear functions of the data, con-
strained to the unit sphere, and their fluctuations depend on global spectral interactions
rather than independent coordinate noise. Nonetheless, the underlying intuition persists:
if an empirical eigenvector fluctuates around a population direction with substantial ran-
dom dispersion, one might systematically shrink it toward a stable reference direction to
reduce mean-squared misalignment. In this chapter, we explore whether such shrinkage

can yield measurable improvement in the proportional limit.

3.3 Problem formulation

Let W be a N x N Wigner matrix, i.e., W = (w;;)1<i j<y where the upper triangular
coefficients w;; for ¢ < j are jointly independent, mean zero and of unit variance. The
lower triangular entries w;; for ¢ < j satisfy w;; = wj;. For simplicity we assume real
entries (but our theory applied directly to complex entries, i.e., Hermitian W). We will

work with the following rescaled matrix.

Wy =W/VN (3.1)

One example of W (and Wy) that arises in graph theory applications is that of the

symmetric Bernoulli ensemble ([106]). Here, W equals the centered adjacency matrix of
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an Erdos-Reyni graph as discussed in Section [1.1.2]
In the limit N — oo, the eigenvalues of Wy are well-known to converge (almost

surely) in distribution to the so called semi-circular law g, i.e.,

o) = %\/(4 “)odr (e [-2,2). (3.2)

This probability law is determistic and has support on [—2,2]. To make the statement
more precise, let uy denote the empirical measure of the eigenvalues of the matrix Wy,

i.e., for \;(Wy) the ith largest eigenvalue of Wy, define

() = %Z (W) (Borel o C R), (3.3)

where 1, is the indicator function of the set & .
The random measure py evaluates to the fraction puy (/) of the eigenvalues of the

random matrix Wy that fall within the set &/. Regarding (3.2)), we have

HN = Hsc (3'4)

as N — oo almost surely (e.g., [107]).
The utility of the measure uy stems from its connection to the trace of a function f
of the matrix Wy (i.e. f(Wy) = Vf(A)VT where VAV is the eigen-decomposition of

Wy (see [108]). In particular,

%tr f(Wy) = /R FA) dpn(A)

where the left side is the trace of the matrix f(Wy). Letting f(\) = 1 for z not in the
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spectrum of Wy yields the so-called Stieltjes transform of uy, i.e.,
sn(z) = itr((VVN — )7 = / M
N R /\ —Z

By (3.4), we have sy(z) — ss(2z) almost surely as N — oo where sq is the Stietjes

transform of p. that satisfies (see Appendix for the derivation)

(z€C,). (3.5)

[ dpse(N)  —z V224
sel2)= | 55 = 2
R 2

The matrix Wy in discusses so far represents noise and its spectrum does not
carry any structure beyond that of the semicircular law (3.2). There are no outlier
eigenvalues in the limit and all eigenvectors are delocalized.

To make use of this random starting point in applications, we add a “signal” to the

random matrix Wy that takes the form of a few “spiked” eigenvalues.

3.3.1 The spiked Wigner matrix model

We suppose that we observe a symmetric N x N data matrix Yy of the form
Yy = BB + Wy (3.6)

for the scaled Wigner matrix Wy per (3.1)) and where B is a full rank matrix of dimensions

N x r for some fixed (rank) r. The low dimensional component

Ly = BB' (3.7)
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of the data Yy is a symmetric, positive semidefinite matrix which has rank r and dimen-

sions N x N. In particular, we write its nonzero eigenvalues as follows.

M(Ly) >+ > N(Ly) >0

These eigenvalues, when they are outside of the support [—2,2] of the spectrum of
Wy, are often referred to as spikes. As Ly is latent, it is a natural question if they may
be estimated from the spectrum of Yy, which is observed.

The following theorem generalizes the corresponding results of [I09] and [110] to our
Wigner random matrix setting. For their approach to apply, one of the matrices Wy or

L must be assumed (at least) to be orthogonally invariant.

Theorem 3.3.1. Suppose that \j(Ly) — ¢; > 1 for j = 1,...,r. Then, for \;(Yn)

denoting the jth (with j < r) largest eigenvalue of Yy,

1
lim A (Yy) =0 + — (3.8)

almost surely. Moreover, if £; < 1 then \;(Yn) — 2 almost surely.

Remark 3.3.2. The condition {; > 1 is anologous to the BBP threshold. We mention
in passing that we allow {; = oo in which case the behavior of \;j(Yy) is consistent in the

sense that \;(Yy)/l; — 1 as N — oo almost surely.

In the applications we have in mind, Theorem is applied to obtain estimates of
the unknown spiked eigenvalues \;(Ly). By (3.8)), for large N,

Ai(Yn) = Aj(Ln) +

Aj(Ln)
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which becomes an equality in the limit N — oco. Consequently,

with an equality in the limit so that

forms a consistent estimator of ¢; > 1.

. _ 2 —
Remark 3.3.3. If we choose the smaller root wiShl 2/\J ) 4, then from Theorem|3.3.1

L+ — (L4712 —4 =Y (p._p=1
we have in the limit {; = Gt ) 2(] R )2% 50 _ f;l, which contradicts

tij > 1.

3.3.2 Spiked eigenvector inconsistency

Having derived estimators (e.g., (3.9))) for the spiked eigenvalues, it is natural to
ask if the same can be accomplished for eigenvectors. We shed insight into the bias of

eigenvectors, and in Section [3.4] we derive superior estimators. Note,

E(Yy) = Ly = BB (3.10)

since Yy = Ly + Wy per (3.6) and the entries of the scaled Wigner matrix Wy have
zero mean. As the estimation of the spiked eigenvalues and eigenvectors entails a low

dimensional approximation of Yy, we write

Yy =HH" +Gy (3.11)
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where H is a N x r full rank matrix of eigenvectors of Yy corresponding to its r largest
eigenvalues (i.e., spikes). The residual Gy satisfies H' Gy = 0, and H" H is a diagonal
matrix of the spiked eigenvalues \;(Yy) for j =1,...,7r.

In view of , without loss of generality we assume the columns of B are orthog-

onal, so that any column § of Ly = E(Yy) is an eigenvector, i.e.,

E(Yy)8 = |8"8 b= = (3.12)

where the length squared, |3|? = (3, ), is the eigenvalue corresponding to column 3 and
the unit length normalized version of the eigenvector is b. For the jth column we have

18] = \;(Ly). Similarly, for n a column of H in (3.11]),

Yon=n2n  h=-L (3.13)

n|

where |n|? is the corresponding eigenvalue and £ is the unit-length normalized eigenvector.
As before, for the jth column we have |n|? = X\;(Y).

In the notation we have set up above, Theorem lead to the approiximation

H'H~B'B+ (B'B)™!

which becomes an equality almost surely in the limit N — oco.

Comparing and justifies the statement that 7 is a biased estimator of 3
(and similarly for h and b). The inner product (h,b) is the cosine of the angle between
h and b and is one way of measuring the inconsistency of principal component analysis.

Our next result concerns this quantity.
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From (3.5)) and restricting ss. to z € R, we compute the derivative,
5..(2) = —— — =. (3.14)

Theorem 3.3.4. Let h and b in RY denote the (unit-length) eigenvectors of Yy and

Ly corresponding to the jth largest eigenvalues \;(Yn) and A;(Ln) respectively with
1 <j <r. Recalling s.. in 1) and gj,N mn 1' we define

1
Yy = —= . (3.15)
VEn sty ()
Then, if \j(Ly) — £; > 1 we have that 3 — m € (0,1] and
(R, D)*
]\}1_>rr(1>o = 1 (almost surely). (3.16)

Moreover, % — 1 when {; = co. Lastly, if ¢{; < 1 above or h and b correspond to

eigenvalues \j(Yn) and \p(Ly) for j # k then (h,b)* — 0 almost surely.

That 1y is eventually in (0,1) unless ¢; = oo tells us that the sample eigenvectors
h are incosistent estimates of their population counterparts b. The fact that ¢y is
eventually bounded away from zero highlights that for ¢; > 1 the spiked eigenvalues
inform us that the true eigenvectors may at least partially be reconstructed. We next

seek to improve the naive estimator h.

3.4 James-Stein type estimator

Theorem concerns the signal noise separation in (3.11]) as would be performed

in principal component analysis. Combining these results with Theorem [3.3.1] allows us
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to develop limitting expressions for the matrix of inner products,

H'B (3.17)

between the sample eigenvectors H and the true matrix B. Indeed, the diagonal entries

of (3.17) are zero in the limit and jth diagonal entry is of the form

(1.8) = 1111t b) = (h, b) /A (L) Ay (V) (3.18)

where 17 and (8 correspond to the jth columns of H and B respectively.

When (h,b) does not tend to 1 as N — oo, the low rank recovery HH " is a biased es-
timate of the true low-rank component Ly = BB'. Since the limit of is eventually
a diagonal matrix, unlike Chapter 2, the sample eigenvectors in H may be treated in-
dependently of one another to derive their corresponding James-Stein estimators. Thus,

we consider the shrinkage formula,

n(c) =nec+g(l—c) (3.19)

for some shrinkage target g € R and shrinkage intensity ¢ € [0, 1]. In this context, one

can seek optimal values of ¢ that optimizes the error metrics,

2 <77(C)»5>
n(c) = A and IR (3.20)

The mean-squared error |n(c) — 3|2 (or the Euclidian length squared) measures errors
in the eigenvalue |n(c)| (relative to |3]?) as well as the direction vector h(c) = n(c)/|n(c)],
a unit length vector in RY (relative to b = 3/|3]). The second metric in (3.20]) concerns

only the angle between h(c) and b.
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The optimal values of ¢ in (3.19)) will depend on the unknown quanties (h,b) and
(b, z) where z = g/|g|. Theorem allows for consistent estimation of (h,b)?, and we
will propose a solution to the fact that the sign of (h,b) is arbitrary (i.e., eigenvectors
are defined upto sign only). Consistent estimates of the inner product (b,z) will be

facilitated by the main result of Section [3.4.1}

3.4.1 A concentration of measure result

We derive a concentation of measure result that characterizes the impact that the
noise matrix Wy has on the sample eigenvector h relative to b with respect to any

(indepent) direction vector z € RY of unit-length.

Theorem 3.4.1. Let h and b in RY denote the (unit-length) eigenvectors of Yy and
Ly corresponding to the jth largest eigenvalues \;(Yn) and A;(Ly) respectively with
1 < j < r. Then, for any sequence of vectors g € RY indexed by N = 1,2,..., each
independent of h, and with z = g/|g|, we have

lim [(h,z) — (h,b){b,z)| =0 (almost surely). (3.21)

N—o0

In words, this says that the angle of h away from the point z is at least as large as the
one between b and z. It is strictly larger provided that (b, z) is bounded away from zero
and |(h,b)| is eventually in (0,1). The latter occcurs whenever the limit ¢; of A\;(Ly)
satisfies £; > 1 as in Theorem [3.3.4]

Figure illustrates the relationship in geometically.
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Figure 3.1: An illustration of the consequences of (3.21)) with the angle between h and
z larger than the one between b and z. Source: [64]

3.5 Numerical Simulation

3.5.1 Stochastic block model with preferences

Recall in Sec we gave a brief introduction of Stochastic block model, and studied
the eigen behavior of the expected adjacency matrix E(A). However, the classical SBM
assumes that all vertices within the same community have identical expected degrees.
This homogeneity assumption is often violated in real-world networks. For example, in
a scientific collaboration network, researchers naturally form communities corresponding
to research areas, but individual researchers differ substantially in their activity levels:
senior investigators and large research groups form many more collaborations than early-
career researchers. Such degree variability cannot be captured by the classical two-block
SBM, even when the block structure is correctly specified.

To incorporate degree heterogeneity while preserving the two-community structure,

we consider a preference-based SBM (heterogeneous SBM). Each vertex i is assigned a
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positive preference weight 3; > 0 with normalization

N
Sa-N Yp=Y e (3.22)
=1

eV 1€Va

Edges are then generated according to

pNﬂiﬁja Z.7.716‘/101' i?je‘/%
P(Ay; =1) = a =

qn BiB;, 1€ Vi, j € Vy or vice versa.

for the scaling

PN ZPO/N and gy = QO/N-

We need N to be large enough to ensure py, gy € [0, 1].

This formulation allows vertices within the same community to have different expected
degrees while maintaining higher within-block connectivity (py) and lower cross-block
connectivity (qn). Setting §; = 1 recovers the classical two-block SBM, so the preference
model is a strict generalization.

To illustrate the behavior of the preference-based two-block SBM, we generate a
synthetic network using the parameters above. Figure displays a realization with
N = 1000 vertices, within-community probability py = 0.05, between-community prob-
ability ¢y = 0.005, and preference weights drawn independently from Unif(0.8,1.2) and
normalized via [3.22 Two dense communities are clearly visible, with certain vertices

exhibiting higher connectivity due to the heterogeneous preference weights.
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Example SBM
n=1000, p = 0.05, g = 0.005

Figure 3.2: A random graph generated according to the stochastic block model
G(n,p,q) with N = 1000, p = 0.05, ¢ = 0.005, 8 ~ Unif(0.8,1.2).

For later spectral analysis, it is convenient to introduce the mean and variance of
each adjacency entry. Since A;; ~ Bernoulli(a;;) with parameter a;; specified above, we

have

Q5 = E(AU), Vin = Var(Aij) = CLZ']'(]_ - aij).

To quantify the overall fluctuation level of the random graph, we define the average

variance
1
3 = WE, v v =44, (3.23)

Based on these quantities, we introduce the rescaled adjacency matrix

1
NV N

Ay = A. (3.24)

The eigenvalue histogram of Ay for the network in Figure 3.2 is shown in Figure 3.3
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The spectrum of Ay exhibits two spike eigenvalues that lie outside the bulk ones. These
two spikes arise from the rank-two structure of the mean matrix E(Ay) associated with
the two blocks. The rest of the eigenvalues concentrate in a compact interval with a

semicircle-like shape. This separation between the signal eigenvalues and the bulk were

formalized in Section [3.3.1]

ESD of &, vs semicircle law (n=1000)

035 4
m eigs of A,

— semicircle density
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Figure 3.3: Eigenvalues of Ay scaled from adjacency matrix of Figure [3.2]

To better understand the role of probability scaling in py and qy, Figure|3.4| contrasts
two representative regimes.

The left panel corresponds to extremely sparse case with py = po/N? and gy = qo/N2.
In this case, the graph consists mostly of isolated vertices, and the two latent communities
are no longer visually apparent. From a spectral perspective, the “spike” eigenvalues of

population mean E(Ay) decays at rate N~1/2

and will vanish asymptotically. In contrast,
the spectral norm of the centered noise matrix Wy = Ay — E(Ay) collapse to a point
mass at zero, with only two large, noise-induced outliers and no semicircular bulk.

The right panel corresponds to extremely dense case with py = po/V N and gy =

go/V' N. In this case, most edges occur with high probability, and the two latent commu-
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nities remain visually distinguishable but are connected by many cross—community edges.
Because the model allows self-loops and uses edge probabilities of the form pyf;3; and
qnBif;, diagonal entries of A also appears to be non-zero with high probability. Therefore
we observe certain number of self-loops. From a spectral perspective, the spike eigen-
values of the population mean E(Ay) grow at rate N'/2 due to the normalization factor
(y = N~'* and therefore diverge as N — oo. In contrast, Wy continues to exhibit

semicircular bulk with support on [—2,2].

Stochastic Block Model Stochastic Block Model
n=1000, p = 5e-05, q = 5e-06 n=1000, p = 1.5811388300841898, q = 0.15811388300841897
. By e e e
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Figure 3.4: Effect of probability scaling on the observed two-block structure in pref-
erence-based SBMs. Left: py,qn = O(N~2). Right: py,qv = O(N~/2).

3.5.2 A numerical study on preference recovery

We now conduct numerical experiments to validate the theoretical predictions re-
garding the spike locations, eigenvector alignment, and semicircle behavior of the bulk

spectrum. We consider a two-community stochastic block model with

N € {1000, 2000, 4000, 6000},

where the two communities both have size N/2. For each N, we generate five independent

replications and report the averaged results.
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The degree-heterogeneity vector /3 is sampled from Unif(0.8,1.2) and then rescaled
to satisfy the normalization constraints. We fix po = 50 and gy = 5, and generate
edges according to the heterogeneous SBM model with py = po/N and gy = qo/N. For
numerical stability we truncate edge probabilities at 1 when necessary.

We then verify the semicircle behavior of the scaled noise matrix Wy = Ay — Ly

Figure [3.5) compares the empirical bulk spectrum with the semicircle density for each N.

Bulk ESD of Wn (centered) for n=1000 Bulk ESD of Wn (centered) for n=2000

= Semicircle (R=2) = Semicircle {R=2}

-1 1] 1 -1 o 1
eigenvalue eigenvalue
Bulk ESD of Wn (centered) for n=4000 Bulk ESD of Wn (centered) for n=6000

= Semicircle (R=2) = Semicircle (R=2)

density

1] o
eigenvalue eigenvalue

Figure 3.5: Histogram of bulk eigenvalues of W,, for n = 1000, 2000, 4000, 6000

Lastly, we apply James-Stein shrinkage to h, and compare the performance of h
and hj,. Figure displays the angle between h and b and also the angles between
hjs and b. We can observe that hj;; and b has smaller angle comparing to h and b,
indicating hjs better estimates the performance direction. Furthermore, to evaluate how

accurately the empirical directions recover the latent preference vector, we consider the
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oracle reconstructions

ﬁ = <h76>h7 BJS = <h'jS7/6>hjS7

which quantify how well the PCA direction h and the James—Stein direction h;js align
with the true preference vector 5. The quality of preference recovery is measured using

the relative ¢y error

18— B
[El

and the numerical results are summarized in Table [3.1] We can see under different graph
sizes, the James-Stein estimator reduces the relative 5 error by approximately 43%, and
implies the James-Stein shrinkage enables more robust and accurate estimation of the

preference vector (3.

Angles with spike eigenvector (leading) vs n
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Figure 3.6: Line plot of arccos(h,b) and arccos(h;s, b) for n = 1000, 2000, 4000, 6000.

3.6 Proofs for Chapter

We prove Theorem below and Theorems |3.3.4] and |3.4.1| together after.
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Table 3.1: Relative l5 error || — 3||/||8]| for PCA and JS estimators.
N IB=BI/IAI 11855 = BII/1IBl - Improvement

1000 0.2025 0.1153 43.1%
2000 0.1947 0.1116 42.7%
4000 0.1977 0.1136 42.5%
6000 0.1982 0.1138 42.6%

3.6.1 Proof of Theorem [3.3.1]

The former theorem concerning the eigenvalues is a corrollary of Theorem 2.9 in [I10].

It implies that for the spiked eigenvalue behavior is determined by the transform,

mie) = [ ()

where g is the limit of the empirical measure py of the singular values of the random
matrix. In particular, the limit of the j eigenvalue tends to the inverse the function m?
evaluated at 1/¢;, the limit of the determistic sequence \;(Ly) per our assumptions.

In our cace, this random matrix is Wy of Section [3.3] There uy = s, the semicir-

cular law in (3.2)). We prove in Section below that, for the semicircular law,
(3.25)
We therefore have the limit relation,

mfc(]\}i_fgo ANi(Yn)) = 7

J
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from which we obtain, letting A\; = limy_,o A;(Yy), that

A=y A2—4

2 l;

J

and since (€;+1/£;)*—4 = £3—(1/¢;)2 = (£;—1/¢;)?, the limit is identified as \; = £;+1//;
as claimed. Since the largest value of the support for the semicircular law is 2, any jth

largest eigenvalue A;(Yx) with j > r must converge to 2, again by Theorem 2.9 of [110].

3.6.2 Proofs of Theorems [3.3.4] and [3.4.1]

As we will be taking inner product of sample eigenvectors with b = /|| for a column

B of B in (3.6) and since the columns of B are othogonal, it suffices to consider
Yy =BB8" + Wy
i.e.., the simpler case of a single spiked model. Its eigen decomposition satisfies,

sh =Yxh = B|5|(b,h) + Wxh

= b|B*(b, h) + Wih
where h is the eigenvector of Yy with largest eigenvalue s (i.e. A;(Yn)). Then,

WNWNh = JWNh — WNb|ﬁ|2<b, h)
= 5°h — aWnb|B[*(h, b) — Wib|B[*(D, h)

= 5h — Wxb(1 + 3)|B*(b, h)

115



A Stochastic Block Model With Preferences and James-Stein Estimation for Spiked Wigner
Matrices Chapter 3

which leads to,
h = (321 — WxWy) " Wyxb(1 + 3)|8|*(h,b) (3.26)
Since |h|? = 1, we obtain the relation
1=b"Wx (22T — WaWy) " Wab(1 + 5)2|8*(h, b)?

By Theorem we have \(Yy) = 3 — 01 + 1/¢; as N — oo almost surely and

|3]* = ¢; under our hypotheses. Letting p? = (¢; 4+ 1/¢1)?, the limit of 3% we have

th—>oo<h,b>72 o T ) »
Tt /08— A b (ol = W W) Wih

Since the eigenvectors of the matrices Wy, WxWy, and p*I — WxWy all have the

same eigenvectors. Thus,

limy oo (h, )2 T 2 -1
Tl 1108 — A b W] = W)™ Wivh

1 _
= ]\}1_{1;0 Ntr(bbTWN(p2I — WyWhy) 1VVN)

We deduce that,

limy o0 (b, b) 2 . 1 . y
= lim —t I—
Tt e — Ao (W™l = W W)= Wy)

/\2

= i | e
p?
- J\}’l—{noo R <p2 — )\2 - 1) MN()\)

1 1
= _msc(p) —1= __Ssc(p) —1
p p
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where the transform mg, was defined in ((3.25)).
Collecting the terms above with p* = ¢; + 1/¢; and noting the expression for s., in

(3.14]), we obtain after collecting the terms that,

lim (h,b)* = : 3.27
= T ) 20
Recalling that lﬁl, ~ — £ and A\ (Yy) = 4 — p concludes the proof of 1)
Taking the dot product with b on both sides of (3.26]), yields
1= (b, (5> — WxWyx) " Wxb) (1 +2)|8)? (3.28)

While taking the dot product with the vector z in the statement of Theorem [3.4.1 and

following steps simular to the ones above,

lim (h,2) = lim 2" ((8°1 — WyWy) ' Wyb(1 + 3)|8]*(h,b)

N—o0 N—o0

1
= lim —tr (2b7 (%I — Wy Wx) " W) (1 + 3)|8)*(h, b)

N—o0

= lim (b, z>%tr (b7 (5°1 — WyWy) ™" Wy ) (1 + 3)|B[*(h, b)

N—o0

= lim (b, 2)(h, b)%tr (b0 (5°1 — Wy Wi) "Wy ) (1 + 3)|8[

N—o0

= lim (b, 2)(h,0){b. (321 — WyWy) " Wy)b) (14 3)|8)?

Applying (3.28]) concludes the proof of Theorem m
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3.6.3 Proofs of Section 3.3

We compute the transform,

r—z

21 1
:/ —V4 — 2?dx
o X — 227
) T 2
:__/ LU
m™ )y z2—2cosb

:l/ 008(20)_1d9
0

T z — 2cosb
1

™

SSC(Z)Z/R ! du(z)

(I2(2) = 1o(2))

where I,(z) = [ %d@ and Iy(z) = 5= Note that

cosnf cos ) = %(cos((n +1)0) + cos((n — 1)0)),

we divide both sides by z — 2 cos € and integrate on [0, 7], we have

/ 2cos€cosn9d9:/ cos((n+1)9)d9+/ cos((n—l)@)de
0 0 0

z —2cosf z —2cosf z —2cosf

The LHS equals to

s z s
1 — 2T (2) —
/0 (z gy ) cosnfdf = z1,(z) /0 cosnfdo,

and the latter term equals to 0. Therefore

2n(2) = Inga(2) + I (2).
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Next, write cos = 3(z — (z — 2cosf)), we have

() :/ _cost
0

2z — 2cosf
z T
=] - — 3.29
“Io(2) - 2 (3.29)

:f( - —1).
2 22 —4

Therefore,
Iy(z) = z[1(2) — Iy(2)
_am < z B 1> B T
2 22— 4 22— 4
< 229 Z) (3.30)
S \2v2—4 2
B T z—\z22 -4 2
V224 2
and
1 22 —4—z
Ssc(2) = ;(12(2) —Io(2)) = — s

Now we move on to m(z). We have

2 4— N\
m(z) :/ & 2 dA\

g 22— 2

Let A =2cos#, d\ = —2sin6d#f, so

2z [T in? 2
m(z) = —Z/ %de— .
0

T 22 —4cos2f
Note that

™ 1 —cos?f
= =7 -1
/0 22 —4cos? 6 e
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and

2—(22—4cos?0)

I = —2df
2 /0 22 — 4 cosf

22 T

-5 -=
4ty

we are left to calculate /;. Now note that

22 —4cos?f = 2% —2(1 + cos 20) = (2% — 2) — 2cos 26,

SO
T 1
L = db
! /0 (22 —2) —2cos 26
1 [ 1
- d
2/0 (22 —2) —2cosu "
1 2m B T
2/(:2-22—4 2/22—4
Therefore,

4 2
2(4 — 22
_ )_ Tz
2 /22 —4 2
_z— 22— 4
N 2
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