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Abstract

James–Stein Type Shrinkage for Eigenvectors of Random Matrices

by

Zhuoli Jin

This thesis investigates the asymptotic behavior and bias properties of spike eigen-

vector estimators in high-dimensional statistical models. Motivated by challenges in

estimating latent structures from noisy, high-dimensional data, it focuses on how shrink-

age and model specification shape the geometry and accuracy of estimated eigenvectors

across different asymptotic regimes.

Chapter 1 provides the theoretical background and mathematical tools, introducing

connections between random matrix theory, spectral geometry, and shrinkage estimation.

Chapter 2 develops and analyses a James-Stein type shrinkage framework for eigenvector

estimation under rank misspecification in the factor model Y = BX + ε. In high-

dimensional settings, empirical eigenvectors are inherently inconsistent even under correct

model specification. The analysis characterizes the additional optimization bias that

arises when the estimated rank K differs from true latent dimension q. Theoretical

results show that when K > q, the shrank eigenvectors achieve asymptotically unbiased

alignment with the population eigenspace, but for K < q, the bias persists.

Chapter 3 extends the study to the proportional asymptotic regime where both the

dimension p and sample size n grow with p/n→ κ > 0. Building on the spectral theory

of Wigner matrices, it examines the semicircle law for eigenvalues and the misalignment

between empirical and population eigenvectors in high-dimensional models. We further

derive a James-Stein correction for spiked Wigner matrices and mitigated the spectral

distortion introduced by high-dimensional noise. As a result, the adjusted estimators

vii



achieve improved alignment with the true signal directions in the spiked Wigner model.

Lastly, we demonstrate the advantage of James–Stein correction over their empirical

counterparts in a stochastic block model with node preferences that we propose.

Together, these findings offer a unified theoretical perspective on eigenvector incon-

sistency, shrinkage correction, and asymptotic geometry in high-dimensional inference.
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Chapter 1

Introduction

This chapter provides the empirical and conceptual motivation for this thesis by examin-

ing two distinct spectral phenomena in high-dimensional data. We begin with covariance

and Gram matrices governed by the Marchenko-Pastur law, where we analyze both pure

noise models and spiked populations with low-rank signals. We then explore network data

through stochastic block models, where community structure produces eigenvalue spikes

separated from a semicircular bulk. These concrete examples demonstrate the prevalence

of spiked spectral structures across diverse data types, motivating the need for improved

eigenvector estimation methods that will be developed in subsequent chapters.

Our literature review synthesizes key contributions across three asymptotic regimes:

classical fixed-dimension theory, random matrix theory with p/n → c, and the high-

dimension, low-sample-size setting (p ↑ ∞, n fixed). This discussion situates our work

within the broader theoretical landscape.

We then introduce essential mathematical tools from linear algebra, random matrix

theory, and high-dimensional geometry, including eigenvalue perturbation theory, the

Marčenko–Pastur law, the geometry of the unit sphere Sp−1, and connections between

uniform measure and Wiener measure. These concepts form the backbone of our analysis
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Introduction Chapter 1

in later chapters. Finally, we preview the main contributions of Chapters 2 and 3, which

examine the asymptotic behavior of eigenvectors under pure noise and the optimization

bias arising from rank-misspecified shrinkage estimators, respectively.

1.1 Motivation

With the rapid advancement of data collection technologies, modern statistics fre-

quently encounters high-dimensional scenarios where the number of variables p is similar

to or even exceeds the number of observations n. This ”large-p, small-n” paradigm has

become particularly prominent in fields like genomics, where gene expression studies rou-

tinely involve thousands of genes p measured across only dozens of samples n. These

difficulties are best understood in the context of a broader phase diagram of multivariate

regimes.

Depending on the asymptotic relationship between the number of features p and the

sample size n, three distinct statistical worlds emerge:

• Traditional Statistics (p ≪ n): classical multivariate methods such as OLS,

PCA, and MLE operate effectively under the assumption of abundant data;

• Random Matrix Theory (RMT) (p/n → c ∈ (0,∞)): spectral distortions

become predictable and analyzable using tools like the Marčenko–Pastur law and

spiked models;

• High-Dimensional Low-Sample-Size (HDLSS) (p ≫ n): classical estimators

break down, necessitating regularization, shrinkage, and sparsity-aware techniques.

To visualize this taxonomy, we refer to the well-known ”horseshoe” diagram shown

in Figure 1.1, which summarizes the spectrum of high-dimensional regimes and the cor-

responding methodological landscapes.

2
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Traditional
Statistics

(p ≪ n)

OLS, CLT,

Linear Models

HDLSS

(p ≫ n)

James–Stein,

Sparsity, LASSO

RMT

(p/n → c)

Marchenko–Pastur,

Spectral Analysis

Figure 1.1: The horseshoe diagram illustrating the transition from classical statistics
to random matrix theory to high-dimensional regime.

As highlighted by [1], in their work on efficient quadratic regularization for expression

arrays, this extreme dimensionality (p ≫ n) poses significant challenges for traditional

covariance estimation methods. Similar challenges arise in finance, signal processing, and

machine learning applications. Traditional multivariate statistical methods, designed un-

der the assumption that sample size n far exceeds variable count p, often fail in these

modern high-dimensional settings, necessitating the development of specialized regular-

ization techniques and novel statistical approaches.

The sample covariance matrix serves as a cornerstone of multivariate analysis, but

its reliability breaks down in high-dimensional settings. When the number of features

p approaches or exceeds the sample size n, the sample covariance matrix exhibits se-

vere spectral distortions: its largest eigenvalues become systematically biased upward,

while smaller eigenvalues shrink disproportionately. These deviations from the popula-

3



Introduction Chapter 1

tion covariance structure lead to misaligned eigenvectors and compromise the validity of

subsequent analyses. Such distortions particularly impair dimensionality reduction tech-

niques like PCA, and introduce significant errors in downstream applications including

classification, clustering, and risk estimation. This phenomenon has been extensively

documented in the statistical literature ([2][3][4][5]), prompting the development of reg-

ularized covariance estimators and alternative approaches for high-dimensional data.

To address these challenges, researchers have developed regularized covariance es-

timators, with James–Stein-type shrinkage methods emerging as a prominent solution.

These estimators blend data-driven estimates with structured targets (e.g., identity ma-

trices), effectively reducing estimation risk when p/n is non-negligible. Shrinkage toward

low-rank factor structures has proven particularly valuable, offering both interpretability

and strong empirical performance [3].

A critical limitation, however, lies in their dependence on correctly specified target

structures—particularly the factor dimension q. In practice, q is unknown and must be

estimated; when the assumed dimension K ̸= q, the estimator’s theoretical guarantees

often fail. This misspecification not only degrades the covariance estimation accuracy

but also propagates errors into optimization-dependent applications.

The problem becomes acute in minimum-variance portfolio optimization, where co-

variance matrix inversion amplifies estimation errors as mentioned by [6]. While existing

work has characterized this issue under idealized conditions [7], the behavior of shrink-

age estimators under structural misspecification remains poorly understood, especially

regarding eigenvector divergence from population truth.

4
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1.1.1 Spectral Structure of Random Covariance Matrices

1.1.1.1 Noise-Only Covariance Models

We start with a p×n matrix Y with each element being independently and identically

drew from a mean 0 variance ν2 distribution. Denote the sample covariance matrix as

S = 1
n
Y Y ⊤, and the eigenvalues of S as λ1(S), λ2(S), · · · . By law of large numbers, we

have ∀ ϵ > 0,

lim
n→∞

P

(
max
1≤i≤p

|λi(S)− ν2| > ϵ

)
= 0, (1.1)

that implies, when we fix the number of dimensions, all eigenvalues of sample covariance

matrix converges to population variance ν2 with probability 1. Figure 1.2 displays the

histogram of eigenvalues of S, and we are able to see as n → ∞ with p fixed, the

eigenvalues are more and more centered at population variance ν2 (equals to 1 here).

Next, we consider setting, where we set p → ∞. Unlike the previous traditional case,

Figure 1.2: Histogram of 1
nY Y ⊤

the eigenvalues now behave differently. From Figure 1.3, we can see that the sample

eigenvalues are no longer centered at population variance, but follows a right skewed

distribution (orange curve) named as Marchenko–Pastur law (MP law).

This empirical spectrum actually reflects a much deeper and universal phenomenon:

whenever S = 1
n
Y Y ⊤ is a Gram matrix formed from n i.i.d observations in Rp, its

5
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Figure 1.3: Histogram of 1
nY Y ⊤

eigenvalues converge to the Marchenko–Pastur (MP) distribution as long as both p, n→

∞ with p/n→ c ∈ (0,∞). Moreover, this limiting behavior is independent of normality

assumption. The details of MP law will be introduced in Section 1.3.

Intuitively, the MP shape arises because 1
n
Y Y ⊤ aggregates n random outer products

of the form Y·jY
⊤
·j . When p is the same order as n, these rank-one contributions overlap

in a highly irregular way, and results in eigenvalues spread over a non-degenerate interval

[(1−
√
c)2, (1 +

√
c)2] for some constant c.

On the other hand, the bulk eigenvectors become asymptotically Haar-distributed on

the unit sphere. It reflects that for pure noise, all orthogonal directions carry comparable

variance, and high-dimensional randomness forces the sample eigenvectors to “diffuse”

uniformly across the sphere. This property is one of the main reasons why shrinkage

becomes necessary in high dimensions, and motivates the studies in both Chapter 2 and

Chapter 3.

6
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1.1.1.2 Low-Rank Signal and Spiked Models

While the pure noise setting reveals the universal behavior of Gram matrices, the

situation changes fundamentally once low-rank structure is injected into the data. Many

high-dimensional datasets contain a small number of dominant factors. These structures

manifest as spikes, i.e., eigenvalues that protrude above the noise bulk and whose associ-

ated eigenvectors carry meaningful information about the signal. In this subsection, we

will reveal some examples from the simplest to to more complex ones.

(a) Single Factor Model. we consider a single-factor model

Y = βX⊤ + E ∈ Rp×n,

where β ∈ Rp is a fixed factor loading vector, X ∈ Rn is a vector of i.i.d. factor

realizations, and E is additive noise with i.i.d. entries. Under the regime p/n→ ∞,

the expected sample covariance becomes

E
[
1

n
Y Y ⊤

]
= ββ⊤ + σ2Ip,

which is a rank-one spiked model. The leading eigenvalue is ∥β∥2 + pσ2, and the

corresponding eigenvector aligns with the signal direction β/∥β∥.

(b) Dense Graph with Self-Loops via Random Adjacency Matrix. We let

A ∈ {0, 1}p×p be the adjacency matrix of a direct graph with n nodes and p edges.

Each element of A follows i.i.d. Bernoulli(q) for q independent of n and p, i.e.,

the resulting graph from A is dense and can contain self-loops. In the context

of social networks, this model corresponds to a scenario where individuals form

connections uniformly at random with a fixed probability q. For dense graph, most

7
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possible connections exist, leading to a highly interconnected community. Such

dense patterns can occur in small, well-mixed groups or in platforms with high

incentivization for connection.

Then we define the p × p symmetric matrix G = 1
n
AA⊤. Each entry Gij measures

the normalized number of common out-neighbors shared by nodes i and j. The

resultingG then encodes second-order similarity between individuals, where diagonal

entries indicate individual activity levels, and off-diagonal entries quantify shared

influence targets. When Gij is high, it implies that individuals i and j share many

common out-neighbors as they tend to follow or interact with the same set of people.

This perspective is especially useful in uncovering latent community structures, role

equivalence, or functional similarity in large-scale social systems.

From model setup, we have,

E((AA⊤)ij) =


pq, i = j

pq2, i ̸= j

So

E (G) =
p

n
(q − q2)Ip +

pq2

n
1p1

⊤
p

and the leading eigenvalue of E(G) is:

λ1 =
p

n
(q − q2) +

p2q2

n
,

with eigenvector v1 =
1√
p
1p, and the remaining eigenvalues are p

n
(q − q2).

(c) Sparse Directed Graph via Random Adjacency Matrix. Now we consider

the sparse random graph as an extension to previous example. Let A ∈ {0, 1}p×p

be a sparse binary matrix where each entry Aij is an independent Bernoulli random

8
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variable with success probability
√
n/p. This defines a directed Erdős–Rényi graph

G = (V,E) with |V | = p nodes where directed edges occur independently with

probability
√
n/p. The parameterization n/p≪ 1 ensures the graph remains sparse

yet connected, capturing the “small-world” property observed in real-world social

networks [8].

In this setting, each entry of the adjacency matrix A ∈ {0, 1}p×p, including the di-

agonal, is drawn independently as Aij ∼ Bernoulli(
√
n/p). Therefore, the expected

adjacency matrix becomes

E[A] =
√
n/p · 1p1⊤

p ,

indicating that every pair of nodes, including self-pairs, is equally likely to be con-

nected by a directed edge. As a result, the expected in-degree and out-degree of

each node is
√
np, and the matrix is numerically rank one.

To understand the spectral structure of G = 1
n
AA⊤, we now present the detailed

study of its expected value as well as the behavior of its leading eigenvalue, the

corresponding principal eigenvector, and the second eigenvector.

Recall Aij ∼ Bernoulli(
√
n/p), we have

E(AA⊤)ij) = E(A⊤
i Aj) =

p∑
k=1

E(AikAjk) =


√
np, i = j

n, i ̸= j

(1.2)

so

E
(
1

n
AA⊤

)
=
p

n
(
√
n/p− n/p)Ip +

p

n

n

p
1p1

⊤
p = (

√
p/n− 1)Ip + 1p1

⊤
p . (1.3)

9
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The spectral shift technique directly implies the leading eigenvalue of E(A) is

λ1 =
√
p/n− 1 + p, (1.4)

and the remaining eigenvalues approximately equal to
√
p/n− 1. Furthermore, the

leading eigenvector of E(G) satisfies v1 ∝ 1p, so

v1 = z =
1
√
p
1p. (1.5)

It naturally implies we can apply James-Stein shrinkage on leading eigenvector of G

as v1 be the target. Also, v1 is a point on Sp−1 which points in the direction where all

coordinates grow equally, and represents the equal-weight exposure direction across

all assets.

In high-dimensional regime, the directions orthogonal to the principal component

exhibit no preferred orientation. Formally, the bulk eigenvectors (for example, the

second eigenvector in our model) converge to the Haar measure on Sp−1 in distribu-

tion.

To verify the theoretical structure of the covariance matrix and its spectral behavior,

we generate a sequence of random adjacency (binary) matrix A ∈ Rp×p, where each

entry is drawn independently from a Bernoulli distribution with success probability

s =
√
n/p. We set the parameters p = 1000, n = 128, and average the resulting

G = 1
n
AA⊤ over 100 simulations.

The top panels in Fig1.4 displays the full spectrum of the matrix G. The lead

eigenvalue is clearly separated from the rest, reaching approximately 10000, while

other bulk eigenvalues stay very small. This aligns with the theoretical result as

in Eq 1.4. The bottom left panel shows the the entry distribution of the leading

10
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Figure 1.4: Top panels: eigenvalues of G; Bottom panels: histogram of leading eigen-
vector and second eigenvector of G.

eigenvector. All entries are tightly concentrated around a positive constant near

1/
√
p. Although the theoretical leading vector of E(G) is exactly constant, the

leading eigenvector of the empirical matrix G contains small fluctuations around

that direction due to random sampling noise, and results in an approximately normal

distribution centered at 1/
√
p. The bottom right panel illustrates the histogram of

the entries of second eigenvector. It is approximately normally distributed with mean

0 and standard deviation 0.01, i.e. 1/
√
p, and matches the theoretical prediction

that non-leading eigenvectors in a spiked model converge in distribution to the Haar

measure on the unit sphere Sp−1.

Furthermore, we show the histogram of bulk eigenvalues of G in Figure 1.5. The

eigenvalues form a highly right-skewed distribution with a substantial concentration

near zero and a long positive tail, which displays Marchenko-Pastur type limits. It

11
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Figure 1.5: Bulk eigenvalues of A.

comes from the fact that G is gram matrix.

(d) Random Graph via Incidence Matrix and Edge Covariance. For a graph

with n nodes and p edges, the incidence matrix Y ∈ Rp×n is defined such that each

row corresponds to an edge, i.e.

Yik =


1 if node k is incident with edge ei

0 otherwise

(1.6)

A more rigorous definition is of the following:

Definition 1.1.1 (Random Incidence Matrix). Let (Ω,F ,P) be a probability space.

We define the random matrix Y ∈ {0, 1}p×n via:

(a) For each edge ei, i ∈ {1, 2, · · · , p}, independently sample a node pair unifor-

mally from all pairs on n nodes.

12



Introduction Chapter 1

(b) Define the i-th row of Y by

Yik = 1{k=Ki,1} + 1{k=Ki,2}. (1.7)

Correspondingly, we can define A = Y Y ⊤. The i, j−th element of A equals to

Aij =
n∑
k=1

YikYjk = #{nodes jointly connected by edge i and edge j}, (1.8)

The diagonal elements of A equal to

Aii =
n∑
k=1

Y 2
ik =

2

n
, (1.9)

as there are exact two 1s in each row.

In financial modeling, the incidence matrix Y of the (undirected) graph can be

interpreted as a network of financial relationships, where n represents the number

of assets, and p represents the number of contracts. Each row of Y corresponds to

a financial relationship, and the non-zero entries in that row identify the two assets

involved. The matrix A represents a normalized exposure interaction matrix with

Aii being the normalized number of assets involved via incident i, and Aij measures

the structural overlap between two financial relationships.

For diagonal terms of A, we have

E(Aii) = 2 (1.10)

13
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follows from Eq 1.9. For off-diagonal terms, we have

E(Aij) =
n∑
k=1

E
[
1{k∈{Ki,1,Ki,2}}1{k∈{Kj,1,Kj,2}}

]
=

n∑
k=1

P(k ∈ {Ki,1, Ki,2})P(k ∈ {Kj,1, Kj,2})

= n(
2

n

2

n
) =

4

n
.

(1.11)

Therefore, we can write

E(A) =
(
2− 4

n

)
Ip +

4

n
1p1

⊤
p . (1.12)

By spectral shift technique, we have the leading eigenvalue of E(A) is

λ1 = 2 +
4(p− 1)

n
, (1.13)

and the remaining eigenvalues λ equal to 2 − 4
n
. Therefore it implies the leading

eigenvector of E(A) is essentially z = 1√
p
1p, and the remaining eigenvectors converges

to the Haar measure on Sp−1 in distribution. A larger eigenvalue suggests that many

edges tend to be incident to the same set of vertices, and is encoded by the structure

of the corresponding eigenvector.

Now we consider the James-Stein shrinkage on the leading eigenvector of 1
n
Y Y ⊤. Let

v denote the leading eigenvector of 1
n
Y Y ⊤, then the James-Stein estimator (before

normalization) for v is

vJS = ψ2v + z⊥v
z⊤v(1− ψ2)

|z − zv|
, (1.14)

where zv = ⟨v, z⟩v, z⊥v = z−zv
|z−zv | , and ψ

2 =
s21,p−l2p
s21,p

for s21,p being the leading eigenvalue

14
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of A and l2p being the average non-zero bulk eigenvalues of A.

(e) Structured Incidence Observation Matrix. Now we consider a modification of

the above model. Let E be a p× n edge incidence matrix constructed as above, i.e.

each row of E consists of two 1s and (n − 2) 0s. For β = (1, · · · , 1)⊤ ∈ Rp, and

X ∈ Rn with each element of X be i.i.d. Bernoulli(q) variable. We let

Y = βX⊤ + E,

and we call Y the structured incidence observation matrix.

We have

A = Y Y ⊤ = βX⊤Xβ⊤ + βX⊤E⊤ + EXβ⊤ + EE⊤. (1.15)

The first term satisfies

βX⊤Xβ⊤ = n
n∑
i=1

X2
i 1p1

⊤
p = n

n∑
i=1

Xi1p1
⊤
p , (1.16)

so the expectation of the leading eigenvalue of βX⊤Xβ⊤ is npq, with z = 1/
√
p

being the corresponding eigenvector.

As for the cross terms (βX⊤E⊤ + EXβ⊤), the leading eigenvalue is calculated as

⟨β,EX⟩+√
p ∥EX∥ . (1.17)

Note that

⟨β,EX⟩ =
n∑
j=1

Xj

p∑
i=1

Eij, (1.18)
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and for each j,
∑p

i=1Eij is the degree of node j, denoted as dj, so

E(⟨β,EX⟩) =
n∑
j=1

E(Xj)E(dj) = q · n · 2p
n

= 2pq. (1.19)

Note that each (EX)i = Xj1 + Xj2 , with j1, j2 being two random columns in the

i−th row, so (EX)i ∼ Bin(2, q), and

E(∥EX∥2) =
p∑
i=1

E((EX)2i ) = p(2q + 2q2), (1.20)

so

E(∥EX∥) =
√

2pq(1 + q), (1.21)

and the leading eigenvalue for the cross-term is 2pq + p
√
2q(1 + q). Also note that

E(X⊤E⊤) =
n∑
j=1

E(Xj)E(Ej,·)⊤ = q
n∑
j=1

E(Ej,·)⊤ ∝ q1p, (1.22)

so the leading eigenvector for the cross-term is also z = 1p/
√
p.

Therefore the leading eigenvalue of A = Y Y ⊤ satisfies:

E(λ1) = (n+ 2)pq + p
√
2q(1 + q) + 2 +

4(p− 1)

n
, (1.23)

and the corresponding eigenvector is z = 1p/
√
p.

1.1.2 Stochastic Block Models and the Semicircle Law

In contrast to previous examples, we now focus on a fundamentally different source

of low-rank structure called community structure in random networks. The stochastic

block model (SBM) is one of the most important generative models of this kind with

16



Introduction Chapter 1

community structure [9].

We begin with the simplest case of an SBM consisting of two latent communities. Let

the vertex set be V with |V | = N , and let it be partitioned into

V = V1 ∪ V2, |V1| = ⌊N/2⌋, |V2| = N − |V1|.

Let A ∈ {0, 1}N×N denote the adjacency matrix of the undirected graph. In the classical

two-block SBM, the entries of A are generated independently according to

P(Aij = 1 | i ∈ Va, j ∈ Vb) =


pN , a = b,

qN , a ̸= b,

a, b ∈ {1, 2},

where pN denotes the within-community connection probability and qN denotes the

between-community probability. This formulation captures the essential phenomenon

that vertices belonging to the same community are more likely to be connected than

vertices belonging to different communities with choice of pN > qN .

We are interested in the spectral structure of the population mean matrix

M = E[A].

For the balanced two-block model described above, let 1 = (1, . . . , 1)⊤ ∈ RN denote the

all-ones vector and s = (1, . . . , 1,−1, . . . ,−1)⊤ denote the community indicator vector

that assigns +1 to vertices in V1 and −1 to those in V2. ThenM can be written compactly

as a rank-two matrix:

M =
pN + qN

2
11⊤ +

pN − qN
2

ss⊤. (1.24)
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The top two eigenvalues of M is then

σ2
1 = N

pN + qN
2

, σ2
2 = N

pN − qN
2

,

with corresponding eigenvectors 1 and s respectively. All remaining N − 2 eigenvalues

are zero. The leading eigenpair (σ2
1,1) represents the global density component of the

network, while the second eigenpair (σ2
2, s) captures the community contrast between V1

and V2.

Hence the first eigenvector encodes the overall density of the network, while the second

eigenvector separates the two communities.

In the random realization A, the matrix can be decomposed as

A =M +W,

where W = A − M represents random fluctuations around the mean structure. The

matrix W is approximately a centered Wigner matrix: its entries have mean zero, finite

variance, and are weakly dependent only through symmetry. As N → ∞ with suitable

scaling of pN and qN (for instance pN , qN = O(1/N)), the empirical spectral distribution

of the rescaled noise matrix

WN =
W√

N Var(Aij)

converges almost surely to the semicircle law supported on [−2, 2] (see Fig 1.6).
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Figure 1.6: Histogram of eigenvalues of WN with theoretical semicircle density.

1.1.3 Summary: Two Spectral Regimes in Random GraphMod-

els

The examples presented above fall into two distinct universality classes, and each

is determined by different limiting laws. We can understand their spectral behaviors

through two regimes:

1. The first examples in Section 1.1.1.2 consist of Gram matrices. All matrices A that

we discussed take the form A = 1
n
Y Y ⊤ for some matrix Y with columns being

independent observations. Despite the different interpretations of these examples,

these matrices share the same underlying geometry: positive semi-definite Gram

matrices with bulk eigenvalues follow MP law. Low rank structure in E(Y Y ⊤)

produces spikes in the spectrum, and eigenvectors orthogonal to the signal converge

in distribution to Haar measure on the sphere. These properties motivate the

eigenvector shrinkage ideas developed later in the thesis.

2. The SBM with preference example in Section 1.1.2 exhibits an entirely different

limiting behavior. After appropriate normalization, the noise component of such
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matrices converges to a Wigner ensemble, and its empirical spectrum follows the

semicircle law. In this regime the graph encodes latent community structure, rep-

resented by a low-rank mean matrix whose eigenvectors determine the population

blocks. The observed adjacency inherits this structure through two spike eigen-

values that separate from the semicircular bulk of noise. The resulting spectral

picture is qualitatively different from the MP case. @e further analyzed how this

spiked structure impacts the recovery of node preferences. Beyond the spectral

characterization itself, our numerical study demonstrated that the James–Stein

shrinkage estimator achieves substantially more accurate preference recovery than

PCA, reducing the relative estimation error by roughly 43% in all experiments.

Together, these two cases provide a unified perspective on the examples in this chap-

ter. They illustrate how structurally different data-generating mechanisms can produce

common structural feature: a low-rank signal component that produces spike eigenvalues

separated from a noise bulk. This common geometry motivates the analysis of eigenvector

stability and shrinkage in later chapters.

1.2 Literature Review

The asymptotic behavior of eigenvalues and eigenvectors has been a central topic in

multivariate statistics since the mid-20th century. In traditional statistics, [10] showed

that the limiting distribution of eigenvectors of sample covariance matrix is the condi-

tional Haar invariant distribution when p fixed and n→ ∞.

However, such asymptotics become unreliable in modern high-dimensional regimes

where p is large relative to n. To address this, random matrix theory (RMT) has

emerged as a key framework for analyzing sample covariance matrices in the limit where

both p and n diverge with p/n → c ∈ (0,∞). [2] showed that, when n/p → γ >
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1, the leading eigenvalue of a spiked covariance model approaches the Tracy–Widom

law of order 1. [11] stated that, when n, p → ∞ and p/n → γ fast enough, and

Σ = diag(ℓ1, · · · , ℓM , 1, 1, · · · , 1). The v − th sample eigenvector can be written as

νv = (ν⊤v,A, ν
⊤
v,B)

⊤, and central limit theorem of νv,A/ ∥νv,A∥ holds while νv,B/ ∥νv,B∥ is

uniformly distributed on Sp−M−1.

In contrast to both classical and RMT-based asymptotic frameworks, this thesis con-

siders an alternative regime where the sample size n is fixed and the dimension p→ ∞.

[12] stated that, for a model with m spikes, the accuracy of m eigenvector estimations

decreases as the bias in corresponding eigenvalues increases. [13] states that, the limiting

distribution of inner products between the sample and population eigenvectors exists,

and the rest of eigenvectors are strongly inconsistent with their population counterpart.

In high-dimensional statistical settings, the inherent instability of eigenvectors has

prompted the development of various regularization techniques. Among these, shrinkage

estimators have emerged as particularly effective solutions, demonstrating significant

improvements in estimation quality by effectively reducing variance while maintaining

reasonable bias levels.

This phenomenon stems from the extreme sensitivity of sample covariance matrix

eigenvectors in high dimensions, where even minor data perturbations can cause sub-

stantial directional changes. Shrinkage methods address this challenge by systematically

adjusting estimates toward a target structure (such as the identity matrix or factor mod-

els). Theoretical analyses and empirical studies consistently show these approaches are

especially valuable when the number of variables p is comparable to sample size n, offering

reliable solutions for high-dimensional inference problems.

Shrinkage estimation, originally introduced in the context of mean estimation by

[14], has become a cornerstone in modern high-dimensional statistics. The key idea is to

trade unbiasedness for reduced variance by shrinking noisy empirical estimates toward a
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structured target. In the context of covariance estimation, [3] proposed a linear shrinkage

estimator that combines the sample covariance matrix with a multiple of the identity, and

later extended this to more general targets, including low-rank factor-based structures

[15].

Such James–Stein-type estimators have been shown to achieve improved performance

in high-dimensional regimes, especially when the dimension-to-sample-size ratio p/n is

non-negligible. Notably, [14] proved that for p ≥ 3, their shrinkage estimator attains

strictly lower risk than unbiased estimators. Theoretical results often assume that the

shrinkage target is correctly specified, particularly in terms of its rank or underlying factor

structure. For example, [16] proposed a James-Stein estimator Σ̂♯ on sample covariance

matrix such that the discrepancy induced from Σ̂ converges as p ↑ ∞.

However, relatively few works have studied the behavior of shrinkage estimators under

structural misspecification—for example, when the assumed number of latent factors K

differs from the true rank q. This thesis addresses this gap by analyzing the asymptotic

impact of rank misspecification on optimization bias and discrepancy.

1.3 Mathematical Preliminaries

This section reviews the key mathematical concepts and tools that will be used

throughout the thesis. We organize the discussion into three components: linear al-

gebraic foundations, random matrix theory, and high-dimensional geometry.

1.3.1 Linear Algebra

The analysis of high-dimensional estimators hinges on a geometric perspective, where

data and parameters are viewed as vectors in Euclidean space. This subsection estab-

lishes the linear algebraic vocabulary:orthogonality, projections, matrix decompositions
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and etc., all essential for describing the behavior of estimators. Crucially, we focus on con-

cepts that characterize low-dimensional structure within high-dimensional spaces, such

as eigenvalues and singular values, which will later govern the statistical performance of

shrinkage estimators.

We begin by recalling fundamental structures that define geometry and distance.

Let Rp denote the p−dimensional Euclidean space, and Rp×q the space of real p × q

matrices. We start with some definitions on orthogonal matrices and inner-product space.

Definition 1.3.1 (Orthogonal Matrix [17]). A matrix Q ∈ Rn×n is called orthogonal

if it satisfies

Q⊤Q = QQ⊤ = In.

Definition 1.3.2 (Projection Matrix [18]). Let Q ∈ Rn×k have orthonormal columns,

i.e., Q⊤Q = Ik. Then the matrix

P = QQ⊤

is called the orthogonal projection onto the column space of Q. It satisfies P 2 = P and

P⊤ = P .

Definition 1.3.3 (Inner product [19]). Let X be a linear space over K. A sesquilinear

form ⟨·, ·⟩ : X ×X → K is called an inner product if it satisfies

(i) ∀x, y ∈ X, ⟨x, y⟩ = ⟨y, x⟩

(ii) ∀x ∈ X, ⟨x, x⟩ ≥ 0, and ⟨x, x⟩ = 0 ↔ x = 0.

Remark 1.3.4. We call (X, ⟨·, ·⟩) an inner product space.

Definition 1.3.5 (Orthogonality [19]). Let X be a linear space over K equipped with

⟨·, ·⟩. ∀x, y ∈ X, we say x and y are orthogonal, if

⟨x, y⟩ = 0,
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and denote as x ⊥ y. For M ⊂ X be a non-empty subset and x ∈ X, if ∀y ∈ M , we

have x ⊥ y, then x ⊥M . Furthermore, we denote the set

M⊥ = {x ∈ X : x ⊥M}

be the orthogonal complement of M .

Definition 1.3.6 (Norm [19]). Let X be a linear space over K. A mapping ∥·∥ : X → R

is called a norm, if it satisfies

(i) ∀x ∈ X, ∥x∥ ≥ 0, and ∥x∥ = 0 ↔ x = 0

(ii) ∀a ∈ K, x ∈ X, ∥ax∥ = |a| ∥x∥

(iii) ∀x, y ∈ X, ∥x+ y∥ ≤ ∥x∥+ ∥y∥.

Definition 1.3.7 (Vector norm [19]). For K = Rn in Definition 1.3.6, we say the corre-

sponding ∥·∥ is a vector norm.

Remark 1.3.8. For x ∈ X, the norm ∥x∥ =
√

⟨x, x⟩ is a special case of a vector norm.

In finite-dimensional spaces (e.g., Rn or Cn), other common vector norms include:

∥x∥1 :=
n∑
i=1

|xi|, ∥x∥∞ := max
1≤i≤n

|xi|, ∥x∥p =

(
n∑
i=1

|xi|p
)1/p

,

and are called ℓ1, ℓ∞, ℓp norm, respectively.

Remark 1.3.9. The columns (and rows) of an orthogonal matrix form an orthonormal

basis of Rn. Orthogonal matrices preserve inner products and Euclidean norms. That is,

for any x, y ∈ Rn, we have

⟨Qx,Qy⟩ = ⟨x, y⟩, and ∥Qx∥2 = ∥x∥2.
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Theorem 1.3.10 (Holder’s inequality [20]). Let X be a linear space over Rn. For any

x, y ∈ X and 1
p
+ 1

q
= 1,

|⟨x, y⟩| ≤ ∥x∥p ∥y∥q . (1.25)

While vector norms measure the magnitude of data, matrix norms are indispensable

for quantifying the effect of linear transformations (e.g., applying an estimator) or the

size of perturbations in high-dimensional settings.

Definition 1.3.11 (Matrix norm [19]). For a matrix A ∈ Cm×n, the induced matrix

norm (or operator norm) is defined by:

∥A∥ := sup
x̸=0

∥Ax∥
∥x∥

= sup
∥x∥=1

∥Ax∥ ,

where ∥ · ∥ on the right-hand side is a vector norm.

Remark 1.3.12. Frobenius norm is a widely used matrix norm. This norm can be

defined in various ways:

∥A∥F =

√√√√ m∑
i

n∑
j

|aij|2 =
√
trace(A∗A) =

√√√√min{m,n}∑
i=1

σ2
i (1.26)

for A = {aij} ∈ Rm×n and σi the singular value of A. Furthermore, for T be orthogonal

transformation, then

∥A∥F = ∥TA∥F . (1.27)

We now move to eigenvalue decomposition , which is the key element in the entire

thesis.

Definition 1.3.13 (Eigenvalue and eigenvector [17]). Let A ∈ Rn×n, if there exists
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λ0 ∈ R, and a non-zero vector a ∈ Rn, such that

Aa = λ0a,

then we say λ0 is an eigenvalue of matrix A with a the corresponding eigenvector.

Remark 1.3.14. If A ∈ Rn×n has n distinct eigenvalues λ1, λ2, · · · , λn with correspond-

ing eigenvectors a1, a2, · · · , an, then U−1AU = diag(λ1, · · · , λn), with U = (a1, · · · , an).

The singular value decomposition (SVD) is arguably the most powerful tool in high-

dimensional data analysis. It provides a complete geometric description of any data

matrix Y by decomposing it into orthogonal components ordered by their importance

(singular values). This decomposition is the foundation for Principal Component Analysis

(PCA) and directly reveals the signal-to-noise structure in random matrix models.

Theorem 1.3.15 (Singular Value Decomposition [18]). Let A ∈ Rp×q. Then there exist

orthogonal matrices U ∈ Rp×p and V ∈ Rq×q, and a diagonal matrix Σ ∈ Rp×q with

non-negative entries σ1 ≥ σ2 ≥ · · · ≥ 0 such that

A = UΣV ⊤.

Remark 1.3.16. The nonzero entries σi of Σ are called the singular values of A. They

are the square roots of the nonzero eigenvalues of both A⊤A and AA⊤. The columns of

U and V are referred to as the left and right singular vectors of A, respectively.

Remark 1.3.17. Given the SVD A = UΣV ⊤, the Moore–Penrose pseudoinverse is given

by

A† = V Σ†U⊤,
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where Σ† is obtained by taking the reciprocal of each nonzero entry in Σ and transposing

the resulting matrix.

We now present the spectral theorem, which characterizes when a real matrix can be

diagonalized via an orthogonal similarity transformation.

Theorem 1.3.18 (Spectral Theorem [18]). Let A ∈ Rn×n be a symmetric matrix, i.e.,

A = A⊤. Then there exists an orthogonal matrix Q ∈ Rn×n and a diagonal matrix

Λ = diag(λ1, . . . , λn) such that

A = QΛQ⊤.

The columns of Q are orthonormal eigenvectors of A, and the diagonal entries of Λ are

the corresponding real eigenvalues.

Remark 1.3.19. Note that Λ is a diagonal matrix in Theorem 1.3.18, we can think of

A as sum of n rank-one matrices.

Remark 1.3.20. The spectral theorem guarantees that all real symmetric matrices are or-

thogonally diagonalizable. In particular, the eigenvectors corresponding to distinct eigen-

values are orthogonal, and a full orthonormal basis of eigenvectors always exists.

Not every real matrix is diagonalizable. In particular, non-square matrices do not

admit eigenvalue decompositions. To generalize the spectral representation of real matri-

ces beyond the square case, we introduce the singular value decomposition (SVD), which

exists for all real matrices.

Definition 1.3.21 (Moore–Penrose Pseudoinverse [21]). Let A ∈ Rp×q. The Moore

–Penrose inverse of A, denoted A† ∈ Rq×p, is the unique matrix satisfying the following

four properties:

1. AA†A = A
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2. A†AA† = A†

3. (AA†)⊤ = AA†

4. (A†A)⊤ = A†A.

Remark 1.3.22. The Moore-Penrose inverse gives the minimum-norm solution to the

least-squares problem minx ∥Ax− b∥2. That is, for b ∈ Rp, the solution x∗ = A†b satisfies

∥x∗∥ = min{∥x∥ : Ax = b} when such x exists.

A central technique in high-dimensional statistics is to avoid working with the large

(p×p) sample covariance matrix S directly. Instead, we often analyze its smaller (n×n)

dual matrix L = 1
p
Y ⊤Y . The following theorem, which is fundamental to our analysis,

establishes an explicit equivalence between the eigenstructures of S and L.

Theorem 1.3.23. Lu = ℓ2u for ℓ2 = s2n/p > 0 and u = Y ⊤v/(
√
ns) if and only if

Sv = s2v where v = Y u/(
√
pℓ) and s2 = ℓ2p/n > 0.

Proof. Multiple Lu = ℓ2u by Y from both sides, we have

Y Y ⊤Y u

p
= ℓ2Y u⇒ SY u =

(
ℓ2p

n

)
Y u. (1.28)

Note that (Y u)⊤(Y u) = (u⊤Lu)p = ℓ2p, we have v = Y u/(
√
pℓ) with ∥v∥ = 1. Divide the

right hand side of Eq 1.28 yields Sv = s2v for s2 = ℓ2p/n. The converse is identical.

In statistical applications, we rarely observe the true population matrix (e.g., the

covariance matrix Σ). Instead, we observe a noisy sample version Σ̂. A critical question

is: how do the eigenvalues and eigenvectors of Σ̂ relate to those of Σ? Matrix perturbation

theory provides the answers. Weyl’s inequality controls the stability of eigenvalues, while

the Davis-Kahan theorem bounds the rotation of eigenspaces.
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Theorem 1.3.24 (Weyl’s Inequality [18]). Let A,E ∈ Rn×n be symmetric matrices. Let

λi(·) denote the i-th largest eigenvalue of a symmetric matrix. Then for all 1 ≤ i ≤ n,

we have

|λi(A+ E)− λi(A)| ≤ ∥E∥2,

where ∥ · ∥2 denotes the spectral norm (i.e., the largest singular value).

Example 1.3.25. Let M ∈ Rp×n with p ≤ n, the singular values of M , σi(M) are the p

positive eigenvalues of  0 M

M 0

 .

Weyl’s inequality gives the bound for the perturbation in the singular values of a matrix

M due to an additive perturbation E:

∥σi(M + E)− σi(M)∥ ≤ σ1(E) = ∥E∥2 . (1.29)

Remark 1.3.26. Weyl’s inequality quantifies how much eigenvalues can change when a

symmetric matrix is slightly modified. The result shows that if the modification (measured

by its spectral norm) is small, then all of the matrix’s eigenvalues will only shift by

similarly small amounts - essentially making eigenvalues stable under small perturbations.

Theorem 1.3.27 (Davis–Kahan SinΘ Theorem [22]). Let A, Ã ∈ Rn×n be symmetric

matrices. Let U, Ũ ∈ Rn×k contain orthonormal columns spanning the invariant subspaces

of A and Ã associated with eigenvalues in intervals I and Ĩ, respectively. Suppose the

distance between these intervals is at least δ > 0. Then,

∥ sinΘ(U, Ũ)∥2 ≤
∥A− Ã∥2

δ
,
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where sinΘ(U, Ũ) is the diagonal matrix of principal angles between col(U) and col(Ũ).

Example 1.3.28. Consider the covariance model

Σ = Ip + λvv⊤, (1.30)

the leading eigenvector of Σ is v, and the gap between the leading eigenvalue and the other

eigenvalues is λ. Given n i.i.d. samples X1, · · · , Xn drawed from N(0,Σ), the sample

covariance matrix Σ̂ = 1
n

∑n
i=1XiX

⊤
i with leading eigenvector v̂.

Davis-Kahan yields

∥sinΘ(v, v̂)∥ ≤

∥∥∥Σ− Σ̂
∥∥∥
2

λ
≲ (1 + λ)

√
p/n. (1.31)

The last part in the above equation comes from Bernstein inequality. Therefore, if λ ≫√
p/n, the sample leading eigenvector v̂ is close to population eigenvector v, and if λ≪√
p/n, v̂ is a random vector.

Remark 1.3.29. When symmetric matrices are perturbed, the Davis-Kahan theorem

tells us how much their eigenspaces can rotate. The amount of rotation depends on both

the size of the perturbation (measured by the spectral norm) and how well-separated the

eigenvalues are.

1.3.2 Random Matrix Theory

The mathematical framework of random matrix theory (RMT) has become indis-

pensable for characterizing the spectral behavior of sample covariance matrices in high

dimensions. Traditional RMT results derive from an asymptotic regime where dimen-

sionality p and sample size n jointly increase with p/n → c ∈ (0,∞), yielding critical
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insights that have reshaped statistical understanding of PCA limitations and regularized

estimation. Although our work primarily investigates the alternative asymptotic setting

where p → ∞ with n fixed or bounded, classical RMT principles continue to provide

crucial perspective on the structural challenges of high-dimensional covariance estima-

tion. Here we summarize foundational RMT results that simultaneously motivate and

contrast with our fixed-sample asymptotic analysis.

The foundational ideas of RMT trace back to [23], who introduced random matrices

in the 1990s to study the energy levels of heavy atomic nuclei. His semicircle law de-

scribed the limiting spectral distribution (LSD) of eigenvalues of large symmetric random

matrices. Later developments such as the Marchenko–Pastur law for sample covariance

matrices and the Tracy–Widom distribution for the largest eigenvalue established RMT

as a central tool in understanding high-dimensional stochastic systems.

In modern statistics and machine learning, RMT plays a pivotal role in high-dimensional

inference, especially when the number of variables p is comparable to or larger than the

number of observations n. In such regimes, traditional asymptotic tools (e.g., law of large

numbers, central limit theorem) fail to describe the empirical behavior of eigenvalues and

eigenvectors. Instead, RMT provides non-classical limits and precise spectral character-

izations. In this section, we present several results that hold for a broad class of random

matrix models. These theorems are particularly useful in high-dimensional asymptotics,

where universal behaviors often emerge across different modeling assumptions.

One cornerstone of random matrix theory concerns the spectral behavior of Wigner

matrix.

Definition 1.3.30 (Wigner Matrix [24]). Let {Yi}1≤i and {Zij}1≤i<j be two real-valued

families of zero mean, i.i.d. random variables. Furthermore, suppose that E(Z2
12) = 1
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and for each k ∈ N,

max(E|Zk
12|,E|Y1|k) <∞.

Consider a n× n symmetric matrix Mn whose entries are given by:


Mn(i, i) = Yi,

Mn(i, j) = Zij =Mn(j, i), if i < j.

The matrix Mn is known as a real symmetric Wigner matrix.

For the normalized Wigner matrix Xn = Mn/
√
n, its n eigenvalues λ1(Xn) ≤ · · · ≤

λn(Xn) form the empirical spectral distribution (ESD):

µn :=
1

n

n∑
j=1

δλj(Xn),

with δλj(Xn)(x) being the indicator function 1λj(Xn)≤x. We have the semicircle law:

Theorem 1.3.31 (Semicircle Law [24]). Let {Xn}∞n=1 be a sequence of scaled Wigner

matrices, then µn converges weakly, in probability to the semicircle distribution

µ(x)dx =
1

2π

√
(4− x2)+dx.

And the Stieltjes transform of µn outside of the support [−2, 2] is:

sn(z) =

∫
R

1

x− z
dµn =

1

n
tr(Xn − zI)−1 =

−z +
√
z2 − 4

2
.

The semicircle law represents the universal limiting behavior of symmetric noise ma-

trices and forms one of the two fundamental spectral limits in random matrix theory.

The second one is the Marchenko-Pastur law, which gives limiting behavior of Gram
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matrices.

Definition 1.3.32 (Marchenko–Pastur Law [25]). Let Y ∈ Rp×n have i.i.d. entries

with mean zero and variance one, and define the sample covariance matrix S = 1
n
Y Y ⊤.

Suppose p/n → c ∈ (0,∞) as n → ∞. Then the empirical spectral distribution µS of S

converges almost surely to the Marchenko–Pastur distribution µMP,c, which consists

of:

• An absolutely continuous part supported on [a, b], with density

dµMP,c(x)

dx
=

1

2πcx

√
(b− x)(x− a) · 1[a,b](x),

where a = (1−
√
c)2, b = (1 +

√
c)2;

• And a point mass at 0 of size 1− 1
c
, if c > 1:

µMP,c({0}) = 1− 1

c
.

Remark 1.3.33. The Marchenko–Pastur law describes the asymptotic eigenvalue den-

sity for sample covariance matrices in the null (no-signal) case. Notably, the spectrum

becomes non-degenerate and spread over a compact support even when the population

covariance is the identity.

This distortion of the eigenvalue spectrum under the null hypothesis has profound

implications for signal detection. Even a weak signal must overcome this inherent noise

dispersion to be identifiable. This is formalized in the context of the spiked covariance

model, which generalizes the MP law to settings with low-rank signals.

To illustrate the application of Marchenko-Pastur law, we take n independent obser-
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vations from a linear model for y ∈ Rp,

y = µ+ βx+ ϵ, (1.32)

where x, ϵ ∈ R are mean-zero and independent latent variables, and µ, β are deterministic

unknowns, and var(x) = 1, var(ϵ) = σ2Ip. The p × p population covariance matrix Σ

takes the form

Σ = ββ⊤ + σ2Ip, (1.33)

and the p× p sample covariance matrix takes the form

S =
Y Y ⊤

n
, (1.34)

where Y is p × n with columns being i.i.d observations of y. We denote the leading

eigenvector of Σ as b, and b = β/ ∥β∥ with leading eigenvalue λ2 = ∥β∥2 + σ2. We also

denote the leading eigenvector of S as h with the largest eigenvalue s2. The relationship

between λ2 and s2 is stated in Paul [11]:

s2 ∼ λ2
(
1 +

σ2ϕ

∥β∥2

)
= ∥β∥2 + σ2 + σ2ψ +

σ4ϕ

∥β∥2
,

(1.35)

where ϕ = p/n. Denote γ = s2 − σ2(1 + ψ), We have ∥β∥2 = γ+
√
γ2−4σ4ϕ

2
.

The above Y is a special model in which a low-rank signal is embedded in isotropic

noise, i.e. the covariance of Y is a spiked covariance model.

Definition 1.3.34 (Spiked Covariance Model [2]). Let B ∈ Rp×q be a matrix with or-

thonormal columns, and let Λ2 ∈ Rq×q be a diagonal matrix with positive entries. The
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covariance matrix

Σ = BΛB⊤ + σ2Ip

is called a spiked covariance model, where the low-rank component BΛ2B⊤ represents

a structured signal and σ2Ip is isotropic noise.

Remark 1.3.35. The spectrum of Σ contains q eigenvalues (spikes) strictly greater than

σ2, and p − q eigenvalues equal to σ2. In the high-dimensional regime, the correspond-

ing sample covariance matrix exhibits phase transitions: when a spike exceeds a critical

threshold, its sample eigenvalue separates from the bulk, and the empirical eigenvector

aligns with the true signal direction.

The BBP phase transition provides a precise characterization of eigenvalue separation

and eigenvector alignment in spiked covariance models. The following theorem formalizes

this behavior.

Theorem 1.3.36 (BBP Phase Transition [26]). Consider the spiked covariance model

Σ = Ip +
∑r

i=1 θiviv
⊤
i , where θ1 ≥ · · · ≥ θr > 0 are the spike strengths and vi

r
i=1 are

orthonormal vectors in Rp. Let X ∈ Rp×n be a data matrix whose columns are i.i.d.

N(0,Σ), and define the sample covariance matrix Sn = 1
n
XX⊤. Denote by ℓ1 ≥ · · · ≥ ℓp

the eigenvalues of Sn, and by v̂1, . . . , v̂r the eigenvectors corresponding to ℓ1, . . . , ℓr.

Assume the high-dimensional asymptotic regime where p, n → ∞ such that p/n →

c ∈ (0,∞). Then for each i = 1, . . . , r,

ℓi
a.s.→


(1 +

√
c)2, θi ≤

√
c,

θi +
cθi
θi−1

, thetai >
√
c.

Remark 1.3.37. The critical threshold θcrit =
√
c delineates two distinct regimes:
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• Subcritical regime (θi ≤
√
c): The signal is too weak relative to the noise and

dimensionality. The sample eigenvalue ℓi converges to the edge of the Marchenko-

Pastur bulk.

• Supercritical regime (θi >
√
c): The signal is strong enough to be detectable.

The sample eigenvalue ℓi separates from the bulk, converging to a value strictly

larger than (1 +
√
c)2.

This phase transition has profound implications for principal component analysis in high

dimensions: it quantifies the minimal signal strength required for reliable signal recovery

and explains the systematic bias in eigenvalues observed in finite samples.

We now move on to the angle between eigenvectors b and h. In extension of [11], and

denote ρ2 = λ2

∥β∥2 ,

⟨h, b⟩2 ∼ 1− ϕν2

s2
ρ4

∼ 1− ϕν2ρ2

∥β∥2 + ϕν2

∼ ∥β∥2 − ϕν4/ ∥β∥2

∥β∥2 + ϕν2

∼
1− ϕν4

∥β∥4

1 + ϕν2

∥β∥2
.

(1.36)

One can find similar results in [27]. To summarize,

Phase Transition Limit
Strong Inconsis-
tency

|β|2 ≤
√
ϕ γ2 ⟨h, b⟩2 → 0

Inconsistency
√
ϕ γ2 < |β|2 < +∞ lim

p→∞
⟨h, b⟩2 ∈ (0, 1)

Consistency ϕγ2/|β|2 → 0 ⟨h, b⟩2 → 1

The spherical law of cosines introduced by [28] reads as

⟨h, z⟩2 = ⟨h, b⟩2⟨b, z⟩2 (1.37)
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for z = 1√
p
(1, 1, · · · , 1) ∈ Rp.

These results quantify the two key challenges in high-dimensional PCA: eigenvalue

inflation (s2 > λ2) and eigenvector shrinkage (⟨h, b⟩2 < 1). This systematic bias and

rotation motivate the development of shrinkage estimators that can correct for these

effects, a central theme of this thesis. The geometric relationships extend beyond the

signal direction itself; the angle between the estimated eigenvector h and any other vector

z in the space can be derived accordingly.

1.3.3 High-Dimensional Geometry

In high-dimensional probability and random matrix theory, many asymptotic phe-

nomena can be understood in terms of the geometry of the unit sphere. The distribution

of eigenvectors of high-dimensional random matrices often converges to a uniform distri-

bution over the sphere, and inner products between random vectors exhibit concentration

around zero. To build a rigorous foundation for analyzing eigenvector behavior in high

dimensions, we first formalize the notion of the unit sphere and its associated uniform

(Haar) measure, which plays a central role in describing the asymptotic distribution of

eigenvectors.

Definition 1.3.38 (Unit Sphere). The Euclidean unit sphere in Rp, denoted Sp−1, is

defined as

Sp−1 := {x ∈ Rp : ∥x∥ = 1}.

Similarly, the infinite dimensional unit sphere is defined as

S∞ = {x ∈ R∞ : ∥x∥ = 1}.

Remark 1.3.39. Since (x1, x2, · · · , xn, 0) 7→ (x1, x2, · · · , xn), we have S∞ =
⋃
n≥1 S

n−1.
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Definition 1.3.40 (Uniform Measure on the Sphere [29]). The uniform probability mea-

sure on Sp−1 is the unique probability measure that is invariant under the action of the

orthogonal group O(p). That is, if u ∼ Unif(Sp−1), then for any orthogonal matrix

Q ∈ Rp×p,

Qu ∼ Unif(Sp−1).

This measure is also known as the Haar measure on the sphere.

Remark 1.3.41. A random vector u ∼ Unif(Sp−1) can be generated by drawing z ∼

N (0, Ip) and setting

u =
z

∥z∥2
.

This is because the standard multivariate normal distribution is spherically symmetric

and invariant under orthogonal transformations.

Remark 1.3.42. In high dimensions, two independent vectors u, v ∼ Unif(Sp−1) satisfy

⟨u, v⟩ → 0, for p ↑ ∞,

with high probability. This reflects the fact that random unit vectors are almost orthogonal

in high dimensions.

Remark 1.3.43. In this thesis, we will encounter several instances where the empirical

eigenvectors of a random matrix behave asymptotically like vectors drawn uniformly from

Sp−1. The Haar measure serves as the limiting distribution of eigenvectors in both the

null Wishart case and certain spiked models.

An alternative way of defining the uniform measure µp on Sp−1 that we use to deter-

mine the existence of ”limiting measure” of µp.
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Definition 1.3.44 ([30]). If x ∈ Rp\{0}, the polar coordinates of x are

r = |x| ∈ (0,∞), x′ =
x

|x|
∈ Sp−1

The introduction of polar coordinates not only provides a geometric intuition for

points in Euclidean space but also lays the groundwork for a measure-theoretic treatment

of spherical geometry. By decomposing vectors into their radial and angular components,

we can describe the Lebesgue measure on Rp in terms of a product measure over radius

and sphere. This formulation is crucial for defining the uniform surface measure on Sp−1

in a way that is compatible with integration and limiting procedures. We now make this

correspondence precise via the map Φ, which establishes a bijective link between Rp\{0}

and (0,∞)× Sp−1.

Definition 1.3.45 ([30]). Φ(x) = (r, x′) is a continuous bijection from Rp\{0} to (0,∞)×

Sp−1 whose inverse is Φ−1(r, x′) = rx′

Definition 1.3.46 ([30]). Denote by m∗ the Borel measure on (0,∞)× Sp−1 induced by

Φ from Lebesgue measure on Rn, i.e. m∗(E) = m(Φ−1(E)). Define measure ρ = ρp on

(0,∞) by ρ(E) =
∫
E
rp−1dr.

Theorem 1.3.47 ([30]). There is a unique Borel measure σ = σp−1 on Sp−1 such that

m∗ = ρ× σ. If f is Boreal measurable on Rp and f ≥ 0 or f ∈ L1(m), then

∫
Rp

f(x)dx =

∫ ∞

0

∫
Sp−1

f(rx′)rp−1dσ(x′)dr

Definition 1.3.48 (Uniform measure on Sp−1 [30]). µp =
σ

σ(Sp−1)
is the uniform mea-

sure on Sp−1, where σ(Sp−1) = 2πp/2

Γ(p/2)
.

Theorem 1.3.49 (Kolmogorov Extension Theorem [31]). Let T denote some interval,

and let n ∈ N. For each k ∈ N and finite sequence of distinct times t1, · · · , tk ∈ T ,
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let νt1···tk be a probability measure on (Rn)k. Suppose that these measures satisfy two

consistency conditions:

1. for all permutations π of {1, 2, · · · , k} and measurable sets Fi ⊆ Rn,

νtπ(1)···tπ(k)
(Fπ(1) × · · · × Fπ(k)) = νt1···tk(F1 × · · · × Fk);

2. for all measurable sets Fi ⊆ Rn, m ∈ N

νt1···tk(F1 × · · · × Fk) = νt1···tk,tk+1,··· ,tk+m

F1 × · · · × Fk × Rn × · · · × Rn︸ ︷︷ ︸
m

 .

Then there exists a probability space (Ω,F ,P) and a stochastic process X : T × Ω → Rn

such that

νt1···tk(F1 × · · · × Fk) = P(Xt1 ∈ F1, · · · , Xtk ∈ Fk)

for all ti ∈ T, k ∈ N and measurable sets Fi ⊆ Rn, i.e. X has νt1···tk as its finite-

dimensional distributions relative to times t1 · · · tk.

Remark 1.3.50. An extension of any consistent family of probability measures

{(Rn,Bn,Pm)}∞n=1 to a probability P(·) on (R∞,B∞) necessarily exists, and it is unique.

While the geometry of high-dimensional spheres provides a static picture of eigenvec-

tor distribution, certain asymptotic phenomena, particularly those involving sequences of

empirical processes, call for a functional viewpoint. In such cases, the limiting behavior

of high-dimensional objects is best described using tools from stochastic process theory.

A key player in this context is the Wiener measure, which governs the law of Brownian

motion and serves as a canonical example of a Gaussian process. In Chapter 2, we show

that under suitable high-dimensional asymptotics, the empirical distribution of eigenvec-

tor coordinates can be viewed as converging (in distribution) to a Wiener process. To
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prepare for that, we review the construction of the Wiener measure and the foundational

Donsker’s theorem that guarantees this convergence under proper scaling.

Definition 1.3.51 ([32]). Denote C0[0, 1] be the collection of all continuous function f

defined on [0, 1] such that f(0) = 0. The Wiener measure µW on C0[0, 1] is defined by

µW ({W : W (t)−W (s) ∈ D}) = 1

(2π(t− s))1/2

∫
D

exp

(
−ω2

2(t− s)

)
dω,

for s < t, W the Wiener process and Borel set D ⊂ R.

Theorem 1.3.52 (Donsker’s Theorem [33]). Let X1, X2, · · · be a sequence of i.i.d. ran-

dom variables with mean 0 and variance 1. Let Sn =
∑n

i=1Xi, and Wn(t) =
S⌊nt⌋√
n
,

t ∈ [0, 1]. Then Wn = (Wn(t))t∈[0,1] ⇒ W , the Wiener process as n→ ∞.

1.4 Thesis Overview

This thesis investigates two interrelated problems in high-dimensional statistics under

the asymptotic regime where the dimension p→ ∞ while the sample size n remains fixed.

The first is the limiting distribution of sample eigenvectors under the null model, and

the second is the behavior of shrinkage-based covariance estimators when the assumed

model rank is misspecified. Both problems are examined through the lens of geometric

intuition and asymptotic analysis.

Chapter 2 focuses on the asymptotic behavior of eigenvectors in the classical null

Wishart setting. We begin by constructing the Wiener measure on the space C0[0, 1],

following the formulation of [32], and invoke a result from [34] to establish a rigorous

connection between the uniform measure on the infinite-dimensional sphere S∞ and the

Wiener measure. Using this framework, we prove that the eigenvectors of the sam-

ple covariance matrix S = 1
n
Y Y ⊤, where the columns of Y are i.i.d. from N (0, σ2Ip),
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converge in distribution to the Haar measure on S∞ as p → ∞, provided the eigenvec-

tors lie outside the null space of S. This result formalizes the intuition that random

high-dimensional eigenvectors become uniformly distributed over the unit sphere in the

infinite-dimensional limit.

Chapter 3 turns to the analysis of shrinkage estimators under model misspecification.

Specifically, we examine James–Stein-type shrinkage estimators of covariance matrices

in the spiked model setting, where the true rank q is unknown and may be incorrectly

specified by the user through an assumed rank K. Our main findings can be summarized

as follows:

1. When the assumed rank K exceeds the true rank q, the optimization bias induced

by the shrinkage estimator vanishes as p → ∞. This suggests that moderate

over-specification does not harm asymptotic performance in the high-dimensional

setting.

2. When K underestimates the true rank q, the optimization bias persists and does

not vanish in the limit, indicating a fundamental sensitivity to under-specification

that must be carefully addressed in practice.

3. In the important special case of single-factor shrinkage (K = 1), we derive explicit

asymptotic expressions for the signal-to-noise ratio ψ2, the squared projection error

between empirical and population eigenvectors, and closed-form upper bounds on

the resulting optimization bias.

Together, these two chapters reveal deep connections between high-dimensional ge-

ometry and the behavior of statistical procedures under structural misspecification. The

results contribute both new theoretical insights and practical guidance for the use of

shrinkage methods in high-dimensional inference.
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The Quadratic Optimization Bias of

Misspecified PCA and Associated

James-Stein Estimators.

Given a random vector y ∈ Rp, a factor model is given by:

y = Bx+ ε,

Here, B ∈ Rp×q is the factor loading matrix, x ∈ Rq is a vector of latent variables,

and ε ∈ Rp denotes idiosyncratic noise. This modeling framework originated from [35],

and [36, 37] developed this technique to multiple factors. Now it has been extensively

generalized in subsequent research, becoming a cornerstone for dimension reduction and

covariance estimation in high-dimensional statistics, biological sciences and other areas

(see, e.g. [38][39][40]). Under this model, the population covariance matrix Σ = Cov(y)
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exhibits a distinctive low-rank plus sparse structure:

Σ = BB⊤︸ ︷︷ ︸
Low-rank signal

+ Γ︸︷︷︸
Isotropic noise

.

In practive, we observe n independent samples y1, y2, · · · , yn from this model, which

assemble into a p × n data matrix Y . A central empirical objective is to construct an

effective estimator Σ̂ from Y that accurately recovers Σ.

The theoretical justification for using principal component analysis (PCA) in factor

models was fundamentally established by [41]. They demonstrated that, for the pop-

ulation covariance matrix Σ, PCA can recover the factor structure BB⊤ as p → ∞,

provided the first q eigenvalues of Σ diverge with p while the rest remain bounded. This

provides the fundamental insight that the dominant eigenvectors of Σ span the true fac-

tor space BB⊤. However in practice, we must work with the sample covariance matrix

S = 1
n
Y Y ⊤. This leads to the standard PCA approach of using the eigenvectors H and

the corresponding estimate is Σ̂ = HH⊤ +G, with G being some residual corresponding

to Γ. This framework encompasses various regularized estimators, including the POET

estimator proposed by [42], which imposes a sparse structure on G.

Note that this classic consistency result from [41] relies on p → ∞ with n fixed

or growing slowly, and assumes the population covariance is known. In modern high-

dimensional settings where p/n → γ > 0, the sample eigenvectors exhibit a phase tran-

sition. [11] showed that the corresponding sample eigenvectors may fail to converge to

their population counterparts if the signal strength is insufficient relative to the noise

and dimensionality, and the column space of sample eigenvectors are not consistent es-

timators to BB⊤. The phenomenon of PCA inconsistency in high dimensions was first

established by [43], who showed that under a bounded eigenvalue condition, the sam-

ple principal component directions become inconsistent estimators for their population
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counterparts when p/n → γ ∈ (0,∞). Later on, [12] extended the result and showed

that the inconsistency holds when p/(nλ) → c ∈ (0,∞), where λ is the eigenvalue. This

result is also further discussed by [44]. Conversely, when λ is bounded, or p/(nλ) → 0,

then PCA consistently estimates BB⊤. See [45][46][38] as example. While the above re-

sults concern proportional growth p/n→ γ ∈ (0,∞), many modern applications operate

in the HDLSS regime, with n fixed and p → ∞. Under Spiked covariance setting (see

[2])[47][48][49] showed the consistency of leading eigenvectors to population counterpart.

However, spiked covariance model implies the limit of B⊤B/p being not exist. When the

limit exists, [50] showed maximal sample eigenvector is strongly inconsistent.

Despite these fundamental statistical limitations, eigenvector-based optimization re-

mains at the heart of many critical decision problems, such as portfolio optimization [51],

spatial filtering in signal processing [52], optimal fingerprinting in climate science [53],

spectral graph partitioning [54]. Those problems can all be formulated as a (constrained)

quadratic programming problem

max
x

1

2
⟨x,Σx⟩ subject to A⊤x ≤ c,

where A is the constraint matrix. Since the true population covariance Σ is unknown, it

is typically replaced by a sample estimate Σ̂. However, as [6] pointed out, “optimized”

results based on the sample covariance are often unreliable and reflect estimation error

more than genuine performance. This issue was formulated by [16] within terms of

optimization bias Ep(·), which is a vector-valued function in Rq of the eigenvector matrix

H. In the special case where the constraint is a vector (A = z), they proposed a new

estimator H♯ that asymptotically eliminates Ep(H♯) as p → ∞. H♯ takes form of the

following:

H♯ = HΨ2 +
(Ip −HH†)z

1− z⊤HH†z
z⊤H(Iq −Ψ2)
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where Ψ2 is a diagonal matrix computed from eigenvalues of sample covariance matrix

and H† = (H⊤H)−1H⊤ is the pseudoinverse of H. They proved that although H yields

a persistent bias Ep(H) ̸→ 0, Ep(H♯) → 0 almost surely as p→ ∞ with n fixed.

This finding resonates with a fundamental insight from high-dimensional estimation

known as Stein’s paradox [55]: in high dimensions, the usual unbiased estimator (i.e.

sample mean) can be suboptimal under squared-error loss. Later, [56] generalized the

decision-theoretic understanding of admissibility. He introduced an associated diffusion

process for each estimator and showed that its admissibility is equivalent to the recur-

rence of the diffusion. One solution proposed by [14] is the James- Stein estimator, which

introduces some degree of shrinkage toward a fixed target and achieves a uniformly lower

mean-squared error. [57] provided an empirical Bayes interpretation of the James–Stein

estimator, framing Stein’s result as part of a broader empirical Bayes principle for high-

dimensional problems. [58] provided an intuitive explanation for the efficiency gain of

shrinkage without appealing to Bayesian arguments. [59] further quantified the improve-

ment of this new estimator by analyzing the limiting risk of James–Stein estimators,

showing that the advantage of shrinkage becomes increasingly pronounced with higher

dimension. [60] provided a historical interpretation that reframed the James-Stein esti-

mator as a natural consequence of regression to the mean and multi-parameter estima-

tion. [61] developed a geometrical explanation for this inadmissibility. Fourdrinier, [62]

provided a comprehensive and modern synthesis of Stein-type shrinkage estimation from

both frequentist and Bayesian perspectives.

Although our setting is different, the idea of Stein’s paradox and James-Stein esti-

mator is directly relevant to our findings: allowing a small deviation from the sample

covariance eigenvectors H can reduce the overall error in estimating their population

counterparts. As a beginning of this storyline, [63] proposed a James–Stein estimator

specifically for the leading eigenvector and clarified the connection between James-Stein
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estimator and James-Stein for eigenvectors. [64] further introduced and analyzed the

JSE estimator, and [65] proved its consistency for the leading eigenvector when addi-

tional information is available. Later, [66] listed the detailed recipe for the JSE estima-

tor and showed it improves the volatility ratio of large optimized portfolios in terms of

x⊤Σ̂x/x⊤Σx being closer to 1.

Based on this line of work, we can extend the shrinkage idea to more general eigen-

vector settings by pulling H toward a structured subspace defined by problem-specific

constraints. Conceptually, this corresponds to estimating the projection of the popula-

tion eigenvectors B onto the joint space spanned by the sample directions H and the

constraint matrix A. To apply the shrinkage idea to H, for any constraint matrix A,

define M = AA†H. M is the projection of H onto col(A). Following the James-Stein

framework, M here is the shrinkage target, and the estimator is

HJS = HC +M(Iq − C),

where C is the shrinkage coefficient matrix computed from the sample eigenvalues. In

Section 2.2 and 2.4.4 we stated two results: (1) H♯ is equivalent to HJS when letting A =

z; (2) HJS is also a asymptotic root of the optimization bias equation, i.e. Ep(HJS) → 0

almost surely as p→ ∞ and fixed n.

However, this approach rests on a strong and impractical assumption: the true num-

ber of factors q, i.e. rank(B) is known. In reality, q is unknown and must be estimated

by some K. We therefore analyze the behavior of this estimator under K ̸= q. In Sec-

tion 2.4.1 and 2.4.2, we show that (1) when K < q, Ep(H♯) ̸→ 0 as p → ∞. It implies

H♯ is necessarily inconsistent and fails to control the optimization bias. (2) when K > q,

we have Ep(H♯) → 0 almost surely as p → ∞ and n fixed. It’s showing H♯ is consistent

and optimization bias goes to 0. Therefore in practice, we want to choose K as large as
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possible.

2.1 Literature Review

Research on factor models and principal component analysis (PCA) has produced a

vast literature on eigenstructure estimation in high dimensions. Currently, most existing

results rely on asymptotic regimes where both p, n→ ∞ with p/n→ c. In contrast, many

modern biomedical and imaging datasets operate in the high-dimension low-sample-size

(HDLSS) setting, where n is small or fixed while p is extremely large. In this regime, sam-

ple covariance matrices are ill-conditioned, and sample eigenvectors behave unpredictably.

[49] and [67] show that in HDLSS data with mixing-type dependency the observations

concentrate on a low-dimensional surface of the unit sphere as the dimension grows, and

they propose a noise-reduction methodology to consistently estimate eigenvalues and PC

directions in this regime. These findings motivated the development of shrinkage-based

and regularized PCA methods designed to stabilize eigenvector estimation in HDLSS

data.

A major contribution in this direction comes from Ledoit and Wolf [3, 15]. In their pa-

per, they proposed linear and nonlinear covariance-shrinkage estimators that combine the

sample covariance with structured targets. [68] extended these ideas to elliptical distri-

butions, providing robust shrinkage estimators applicable beyond Gaussian assumptions.

[69] introduced the POET(Principal Orthogonal Complement Thresholding) framework,

which decomposes the covariance matrix into a low-rank factor component and a sparse

idiosyncratic component via adaptive thresholding. Later papers by Fan and collabora-

tors [70, 71] synthesized robust, factor-adjusted shrinkage methodologies and connected

them to modern applications in finance and network analysis. Collectively, these works

establish that appropriate shrinkage can mitigate HDLSS instability, but they typically
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assume the correct factor rank is known, while it’s an assumption rarely met in practice.

Determining the true number of latent factors q has therefore become a major re-

search topic. The seminal information-criterion approach of [38] uses penalized loss

functions to estimate q consistently as p, n → ∞. [72] refined this criterion for ro-

bustness, and [73] proposed a residual-sum-of-squares rule minimizing prediction loss.

More recently, [74] generalized information-criterion selection to mixed or discrete out-

comes within high-dimensional latent-factor frameworks, establishing consistency even

with missing data. Other approaches employ formal hypothesis tests: for example, [75]

developed a likelihood-based test on the empirical spectral distribution, while [76] ex-

tended resampling-based significance tests to high-dimensional factor models. Spectral-

gap and eigenvalue-ratio statistics [77, 78, 79] offer computationally simple alternatives

by identifying sharp breaks between signal and noise eigenvalues. Related analyses by

[80] examined the asymptotic effects of over-estimating the factor number. These proce-

dures consistently estimate q under various asymptotics, but little is known about how

errors in rank selection (K ̸= q) affect subsequent eigenvector or shrinkage estimation,

especially in HDLSS contexts.

Beyond determining the number of factors, a parallel line of work investigates the op-

timal estimation of high-dimensional eigenspaces themselves, particularly under sparsity

or privacy constraints. [81] studied minimax rates for estimating both spiked covariance

matrices and principal subspaces, establishing optimal convergence bounds under spec-

tral norms. [82] extended these results to sparse subspace estimation without relying on

the spiked covariance assumption, and provided nearly optimal nonasymptotic minimax

rates. More recently, [83] investigated differentially private PCA in the spiked covari-

ance model, characterizing the sensitivity of eigenvalues and eigenvectors and deriving

matching minimax bounds under privacy constraints.

However, only a limited number of studies have explored the impact of rank misspec-
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ification on PCA. [2] and [11] analyzed eigenvalue and eigenvector bias under spiked co-

variance models, showing that sample eigenvectors become inconsistent when the signal-

to-noise ratio is weak or when p/n is large. [84] quantified finite-sample bias [80] studied

over-estimated factor numbers in high-dimensional settings, showing increased variance

and reduced identifiability. Yet these analyses remain confined to unregularized PCA

and do not address how shrinkage estimators behave when the assumed rank is incor-

rect. In the HDLSS regime, where the sample covariance matrix is nearly singular,

such misspecification can severely distort optimization geometry and bias the estimated

eigendirections. This chapter builds on this gap by theoretically characterizing the op-

timization bias and discrepancy of James–Stein shrinkage eigenvector estimators under

rank misspecification, providing new insight into the robustness of shrinkage methods

when both dimensionality and model uncertainty are high.

2.2 Motivation

2.2.1 Problem Formulation and Theoretical Limits

We begin with the p× p population covariance matrix Σ with decomposition

Σ = BB⊤ + Γ, (2.1)

where Γ is a p × p invertible and symmetric matrix. We further denote Bp×q as the k

leading principal components of Σ, i.e. Σ = BΛ2
pB

⊤ +Γ, where Λ2
p is the q× q diagonal

matrix with diagonal elements being the q leading eigenvalues of Σ ranked of the largest

to the smallest. The following approximate factor model presented below has become a

standard in the literature.
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Assumption 2.2.1. The matrices B = Bp×q and Γ = Γp×p satisfy the following:

(a) 0 < limp↑∞ inf |v|=1⟨v,Γv⟩ < limp↑∞ sup|v|=1⟨v,Γv⟩ <∞.

(b) limp↑∞B⊤B/p exists as an invertible q × q matrix with fixed q ≥ 1.

Starting from that, we can consider the general quadratic programming problem with

constraint:

min
x∈Rp

1

2
⟨x,Σx⟩

A⊤x ≤ c.

(2.2)

where A ∈ Rp×r. A further satisfies the following assumption:

Assumption 2.2.2. The column spaces of A ∈ Rp×r and B ∈ Rp×q satisfy:

(a) lim infp→∞ ∥AA† −BB†∥2F > 0.

(b) There exists ξ > 0 such that for all large p and any ℓ ∈ Rr,

∥(I −BB†)Aℓ∥2 ≥ ξ p ∥ℓ∥2.

The solution of Eq 2.2 is the maximizer of the Lagrangian

Q(x) = c0 + c1⟨x, ζ⟩ −
1

2
⟨x,Σx⟩, (2.3)

where

ζ =
r∑
i=1

ℓiai ∈ Rp, (2.4)

with ai the columns of A and ℓi the right multipliers. The maximizer x̂ = c1Σ
−1ζ is

obtained by solving

c1ζ − Σx = 0,
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and

max
x∈Rp

Q(x) = c0 +
c21
2
µ2
p, µ2

p = ⟨ζ,Σ−1ζ⟩.

Theorem 2.2.3. Assume Assumption 2.2.1 holds, and there exists ξ > 0 such that for

all large p and any ℓ ∈ Rr,

∥(I −BB†)Aℓ∥2 ≥ ξ p ∥ℓ∥2.

then maxxQ(x) → +∞

Remark 2.2.4. The condition ∥(I−BB†)Aℓ∥2 ≥ ξ p ∥ℓ∥2 ensures a uniform lower bound

on the projection of A outside col(B), i.e. col(A) and col(B) are not asymptotically

collapsing.

2.2.2 Discrepancy, Optimization Bias and Its Geometric Source

In practice, we don’t know Σ, so we estimate Σ̂ and replace Σ by Σ̂ in Eq 2.2, with

the Lagrangian

Q̂(x) = c0 + c1⟨x, ζ⟩ −
1

2
⟨x, Σ̂x⟩. (2.5)

The sample covariance matrix Σ̂ can also be written in spectral decomposition, i.e.,

Σ̂ =
∑
(s2,h)

s2hh⊤ = HHT + γ̂2Ip. (2.6)

We further assume H has properties consistent B:

Assumption 2.2.5. For ζH = HH†ζ, suppose H = Hp×q and ζ = ζp×1 satisfy

limp↑∞|ζH |/|ζ| < 1 and limp↑∞|ζ| ̸= 0. Also limp↑∞H⊤H/p exists as a q × q invertible

matrix and for v = Aα, (I −HH†)v ̸= 0.
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Eq 2.5 attains maxx∈Rp Q̂(x) = Q̂(x̂) = c0 +
c21µ̂

2
p

2
at x̂ and with µ̂2

p = ⟨ζ, Σ̂−1ζ⟩. Plug

x̂ into Eq 2.3, we have

Q(x̂) = c0 +
c21µ̂

2
p

2
D̂p, (2.7)

where

D̂p = 2− ⟨x̂,Σx̂⟩
c21µ̂

2
p

= 2− ζ⊤Σ̂−1ΣΣ̂−1ζ

ζ⊤Σ̂−1ζ
= 2− α⊤(A⊤Σ̂−1ΣΣ̂−1A)α

α⊤(A⊤Σ̂−1A)α
, α =

ℓ

|ℓ|
. (2.8)

D̂p is called discrepancy, and it captures the out-of-sample deviation between the empir-

ical and population objectives. In general, we have

Theorem 2.2.6. If Assumption 2.2.1 and 2.2.5 holds, and there exists δ > 0 such that

λmin(B
⊤HH†B/p) ≥ δ (T)

as p ↑ ∞. Then D̂p → −∞ and Q(x̂) → −∞.

Remark 2.2.7. Note that the realized maximum Q(x̂) tends to −∞ but the true maxi-

mum maxxQ(x) tends to +∞.

One quick observation is that when we take Σ̂ = Σ,

D̂p = 2− α⊤(A⊤Σ−1ΣΣ−1A)α

α⊤(A⊤Σ−1A)α
= 1.

To further understand the structural source of this deviation, we relate it to the geo-

metric misalignment between the empirical eigenspace of Σ̂ and the population eigenspace

of Σ.

Consider B,H ∈ Rp×q of the spectral decomposition of Σ and Σ̂:

Σ = BB⊤ + Γ; Σ̂ = HH⊤ + γ̂2I.
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the optimization bias along direction Aα is defined as:

Ep(H,A, a) =Ep(H,A, α) =
B⊤A − (B⊤H)(H⊤A)

I −A⊤HH⊤A
α, (2.9)

where B is the orthogonalization of B with Σ = BΛ2
pB + Γ, and H and A are orthog-

onalization of H and A respectively. Each constraint column ai of A defines a bias term

Ep(H,A, ai) that measures the misalignment between the empirical eigenspace spanned

by H and the population eigenspace spanned by B when projected along ai. Since the

feasible direction Aα =
∑

i αiai is a linear combination of these columns, the total bias

contribution combines their effects quadratically.

Remark 2.2.8. Alternatively, we can write optimization bias in forms of Q(·) from

Equation 2.3, where ζ =
∑r

i=1 aiℓi. This leads to the equivalent discussion on Ep, and we

will come back to this in Section 2.3.

2.2.3 Decomposition and Shrinkage Estimator Framework

Noting that

∥ΛpEp(H,A, α)∥2 =

〈
Λp
∑
i

αiEp(H,A, αi), Λp
∑
j

αjEp(H,A, αj)

〉

=
∑
i,j

αiαj⟨ΛpEp(H,A, αi), ΛpEpH,A, αj)⟩.

then following [16], D̂p can decompose as a sum over all constraint directions:

Theorem 2.2.9. Suppose regularity conditions Assumption 2.2.1 and 2.2.5 holds. For

uH = Aα−HH†Aα
|Aα−HH†Aα| ,

D̂p = −α
⊤Qα

γ̂2
+

(
2− ⟨uH ,ΓuH⟩

γ̂2

)
+O(∥Ep(H,A, α)∥+ ∥Ep(H,A, α)∥2+1/p), (2.10)

54



The Quadratic Optimization Bias of Misspecified PCA and Associated James-Stein Estimators.
Chapter 2

where

Q = (⟨ΛpEp(H,A, αi),ΛpEp(H,A, αj)⟩)ri,j=1

Remark 2.2.10. The first term in Eq 2.10 represents a weighted sum of optimization

biases across all constraint directions.

Lastly, define the orthogonal projector be

P = AA†, P† = Ip − P.

For any matrix H ∈ Rp×q, we decompose

H = PH + P⊥H =:M +RH ,

where M = AA†H denotes the projection of H onto col(A), and RH = P⊥H is the

orthogonal complement. Because P⊥M = (Ip − AA†)AA†H = 0, all columns of M lie

strictly within the constraint subspace.

For the projected estimator M = AA⊤H, although its columns lie in col(A), using

M alone as an estimator may lose information outside col(A) that is useful for overall

estimation. Instead, we consider a linear combination of M and H:

HJS = HC +M(Iq − C),

where C is a coefficient matrix. It is called James-Stein estimator and will make D̂p

bounded and asymptotically stable. In the next section, we will construct a new shrinkage

estimator and study its behavior under rank misspecification in the simpler case by

choosing A = z ∈ Rp×1.
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2.2.4 Application

To illustrate some examples in practice, we can consider the following minimum vari-

ance problem:

min
w∈Rp

⟨w, Σ̂w⟩

s.t. ⟨w, ζ⟩ = 1

where ζ = 1p

(2.11)

The minimizer ŵ corresponds to the weights of a minimum variance portfolio of financial

assets, and ζ = 1p represents the full invest constraint. The minimum of Equation 2.11

represents the variance of the estimated portfolio ŵ, and the out-of-sample variance

(using population Σ instead of sample Σ̂) is:

V 2
p = ⟨ŵ,Σŵ⟩.

[16] proved that D̂p = 2− µ̂2
pV

2
p , and further,

V 2
p =

|Λp +Ep(H; ζ/|ζ|)|2

p|z − zH |2
+O(1/p).

We can also observe that |Ep(H; ζ/|ζ|)| → 0 leads to asymptotically riskless portfolio.

2.3 Model Setup and Problem Formulation

We now develop the main theoretical framework for the proposed shrinkage estimator

H♯ and establish its connection to the classical James–Stein (JS) estimator of eigenvec-

tors. Without loss of generality, we focus on the case A = z ∈ Rp in all of the theorems.

The reason to allow this simplification in the proofs is the optimizer x̂ = c1Σ̂
−1ζ from

Eq. 2.3 depends on A only through the composite direction ζ = Aℓ. Thus, any rank-
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r constraint system is directionally equivalent to a one-dimensional effective constraint

along ζ. For convenience, we will useEp(H) denote the optimization bias of H for (fixed)

single direction.

Under this simplified setting, we formalize the data-generating model and asymptotic

assumptions, construct the shrinkage estimator H♯, and analyze its behavior under rank

misspecification. Finally, we show that H♯ is a special case of James-Stein estimator.

2.3.1 Model Setup

Let Y denote a p × n data matrix of p variables and n observations. For a random

q × n matrix X and random p× n matrix ε, Y follows the linear model

Y = BX + ε. (2.12)

The p×q matrix B is the unknown factor, X is the matrix of latent variables, ε represents

the noise, and only Y is observed.

We start with the following assumptions.

Assumption 2.3.1.

(a) Only Y is observed.

(b) The true number of factors q is unknown with n > q.

(c) X⊤X is q × q invertible almost surely.

(d) limp↑∞(B⊤B)/p = ΣB exists as an invertible q × q matrix with fixed q ≥ 1.

(e) limp↑∞ ϵ⊤ϵ/p = γ2In almost surely for some constant γ > 0.

(f) limp↑∞
∥∥ϵ⊤B∥∥ /p = 0 almost surely for some matrix norm ∥·∥ in Rn×q.
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(g) limp↑∞
∥∥ϵ⊤z∥∥ /√p = 0

(h) B = (β1, · · · , βq) with β⊤
i βj = 0 for i ̸= j, i.e. columns of B are orthogonal.

Moreover, we can denote limp→∞
|βi|2
p

= ηi.

Remark 2.3.2. Without loss of generality, we can assume B to have orthogonal columns

as we can write B = BΛ2U in eigen decomposition, and choose B = BΛ and new

X = ΛUX. Here Λ2 = (λB(1)
2, · · · , λB(q)2), the top q eigenvalues of B.

For the PCA estimate H of B

Σ̂ =
∑
(s2,h)

s2hh⊤ = HHT + γ̂2Ip, (2.13)

the j−th column of the p× q matrix H is taken as η = sh where s2 is the j−th largest

eigenvalue of Σ̂ and h is the corresponding eigenvector. Ordering the eigenvalues of Σ̂ as

s21,p ≥ s22,p ≥ · · · ≥ s2p,p, we have

H = HS−1
p ; H⊤H = S2

p , (2.14)

where S2
p is a q × q diagonal matrix with entries (S2

p)jj = s2j,p and the columns of H are

the associated sample eigenvectors h in Eq 2.13 with H⊤H = Iq. Denote the columns

of H be h1, h2, · · · , hq, we now introduce the relationship between hi and z =
ζ
|ζ| ∈ Rp:

Lemma 2.3.3. For i > q, ⟨hi, z⟩ → 0 as p ↑ ∞.

Remark 2.3.4. This relationship implies the bulk eigenvectors are asymptotically or-

thogonal to any unit vector on Sp−1 as p goes to infinity, which means that the bulk

eigenvectors behave like random directions in high-dimensional space and are almost un-

correlated with any fixed vector.
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2.3.2 Problem Formulation

One major issue in estimating Σ is that in practice, we don’t know the number of

latent factors q, so we need to propose an estimate of it, denote by K. Therefore, we

decompose the sample covariance matrix S as

S = HH⊤ +G, (2.15)

where H ∈ Rp×K . For clarity, we use the subscript q to indicate quantities associated

with the true underlying factors.

The following truncated consistency theorem is needed to ensure the validity of the-

orems and proofs in this paper.

Theorem 2.3.5. Assume A ∈ Cp×p is a Hermitian matrix with eigenvalues

λ1 ≥ λ2 ≥ · · · ≥ λp,

with corresponding unit-norm eigenvectors u1, u2, . . . , up ∈ Cp. Then for any integers q <

K ≤ p, let u
(K)
1 , . . . , u

(K)
K and λ

(K)
1 , . . . , λ

(K)
K be the first K eigenvectors and eigenvalues

of A, and let u
(q)
1 , . . . , u

(q)
q and λ

(q)
1 , . . . , λ

(q)
q be the first q eigenvectors and eigenvalues

computed directly from A.

Then:

1. For all i ≤ q, the eigenvalues are identical:

λ
(K)
i = λ

(q)
i .
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2. For all i ≤ q, the eigenvectors differ only by a complex phase factor:

u
(K)
i = eiθiu

(q)
i for some θi ∈ R.

That is, the first q eigenpairs obtained from the full top-K spectrum are identical (up

to phase) to those computed directly from A. In the real symmetric case, the phase factors

reduce to signs ±1.

Reference to the above theorem can be found in [18].

We also establish the relationship between eigenpairs of Σ̂ and the dual covariance

matrix L = Y ⊤Y/p:

Lemma 2.3.6. Lu = l2u for l2 = s2n/p > 0 and u = Y ⊤v/(
√
ns) if and only if Σ̂v = s2v

where v = Y u/(
√
pl) and s2 = l2p/n > 0.

Lastly, note that HH† = HH⊤, ⟨z,HH⊤z⟩ =
∥∥HH⊤z

∥∥2, and feasible set Ax ≤ a

can be written as Ax = α, we have

Ep(H,A, a) =Ep(H,A, α),

i.e., we can construct the orthogonal estimator (namely H♯) and then analysis the opti-

mization bias based on it.

2.3.3 H♯ Construction

Recall the definitions we have: forK×K diagonal matrix S2
p = diag(s21,p, s

2
2,p, · · · , s2K,p)

with the elements being the top K ranked eigenvalues of the sample covariance matrix

S, the sample covariance matrix can be decomposed as:

S = HS2
pH

⊤ +G, (2.16)

60



The Quadratic Optimization Bias of Misspecified PCA and Associated James-Stein Estimators.
Chapter 2

with the columns of H are the associated sample eigenvectors with H⊤H = IK .

The signal-to-noise ratio (SNR) matrix Ψ2 quantifies the relative strength of the latent

signal components with respect to the background noise. It is defined as

Ψ2 = IK − l2pS
−2
p , l2p =

∑
j>K s

2
j,p

n−K
, (2.17)

where Sp = diag(s1,p, . . . , sK,p) contains the leading empirical eigenvalues, and l2p

represents the average energy of the bulk (noise) eigenvalues.

Intuitively, Ψ2 serves as a diagonal matrix of normalized signal-to-noise ratios: when

s2k,p ≫ l2p, the corresponding entry of Ψ2 is close to 1, indicating a strong signal com-

ponent; whereas when s2k,p ≈ l2p, the entry approaches 0, implying that the estimated

component is dominated by noise.

This matrix plays a central role in the subsequent derivations, as it adjusts the contri-

bution of each principal direction according to its estimated SNR and provides a natural

scaling for shrinkage or bias correction of the sample eigenvectors.

Furthermore, l2p satisfies the following:

Theorem 2.3.7.

lim
p↑∞

l2p
p
=


γ2

n
, K ≥ q

(n− q)γ2

n(n−K)
+

∑
K<j≤q λ

2
j

n(n−K)
, K < q

(2.18)

for constant γ in Assumption 2.3.1 and λ2i being the ith largest eigenvalue of the dual

covariance matrix L = 1
p
Y ⊤Y .

For proof of Theorem 2.3.7, please see Appendix 2.6.3.

The p×K James-Stein estimator H♯ is then defined as

H♯ = HΨ2 + z⊥H

z⊤H(IK −Ψ2)

|z − zH|
, (2.19)
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where

zH = HH⊤z and z⊥H =
z − zH
|z − zH|

, the orthogonal projection of z onto the orthogonal complement of col(H).

Remark 2.3.8. The James-Stein estimators defined in this paper will need to be or-

thonormalized, but it won’t change |Ep(H♯)|.

2.4 Theoretical Results on Rank Misspecification

Bias

2.4.1 James-Stein Behavior Under Overspecified rank K > q

We first start with K > q case. From Equation 2.9 and noting that HH† = HH⊤,

the q × 1 optimization bias Ep(H♯) is defined as

Ep(H♯) =
B⊤z − (H⊤B)(H⊤z)

|z − z⊥H|
. (2.20)

We now introduce the p× q James-Stein estimator H♯,q in the same form of Eq 2.19:

H♯,q = HqΨ
2
q + z⊥Hq

z⊤Hq(Iq −Ψ2
q)

|z − zHq |
, (2.21)

where Hq is the p × q matrix of eigenvectors, and Ψq is the q × q signal-to-noise ratio

Ψ2
q = Iq − l2p,qS

−2
p,q . Here, l2p,q and S2

p,q corresponds to the same definition as stated in

Eq 2.17 with dimension being q instead of K. The connection between Ψ2 and Ψ2
q is

described as following:
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Lemma 2.4.1. Denote the first q × q block of Ψ2 as Ψ̃2, then as p ↑ ∞,

1

p

∥∥∥Ψ̃2 −Ψ2
q

∥∥∥→ 0. (2.22)

It was shown that Ep(H♯,q) → 0 almost surely [16] and we can link the q × 1 vector

Ep(H♯) to Ep(H♯,q) by the following theorem:

Theorem 2.4.2. When K ≥ q, Ep(H♯) ∼Ep(H♯,q) → 0.

The proof of Theorem 2.4.2 is provided in Appendix 2.6.4.

Recall Theorem 2.2.9 and similar to previous discussions, the discrepancy using H♯

approximately equals to

D̂p = −|ΛpEp(H♯)|2

γ̂2
+

(
2−

⟨uH♯
,ΓuH♯

⟩
γ̂2

)
+O

(
|Ep(H♯)|+ |Ep(H♯)|2 +

1

p

)
, (2.23)

Note that Λp = O(
√
p), γ̂2 and ⟨uH♯

,ΓuH♯
⟩ are finite, we can conclude D̂p → 0 as

|Ep(H♯)| → 0 for true number of factors q < K.

2.4.2 James-Stein Behavior Under Underspecified rank K < q

Now we look at the K < q case. Note here the definition of H♯ and Ep(H♯) remains

the same as in K > q case, and we restate them below:

H♯ = HΨ2 + z⊥H

z⊤H(IK −Ψ2)

|z − zH|
, (2.24)

and

Ep(H♯) =
B⊤z − (B⊤H♯)(H

⊤
♯ z)√

1− |H⊤
♯ z|2

, (2.25)

the result is different from K > q case.
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Theorem 2.4.3. Define the following notations for simplicity:

1. v = H⊤z ∈ RK

2. α = B⊤HΨ2v ∈ Rq

3. u = B⊤(Ip −HH⊤)z ∈ Rq

4. r = z⊤H(IK −Ψ2)v ∈ R,

we have

∥Ep(H♯)∥2 =
∥∥B⊤z − α

∥∥2
1− ∥v∥2

+
r2 ∥Ep(H)∥2 − 2r⟨B⊤z − α, u⟩

(1− ∥v∥2)2
. (2.26)

Remark 2.4.4. Note that B⊤ − α = B⊤(Ip −HΨ2H⊤)z, so Eq 2.26 is decomposing

the total squared optimization bias of the shrinkage estimator H♯ into three parts:

• the squared discrepancy between the projection of z and the shrinkage-retained com-

ponent in Col(B)

• the squared optimization bias of PCA estimator H

• the alignment between the residual component of z after shrinkage and the pure

projection residual of z in Col(B)

Corollary 2.4.5. When K < q, Ep(H♯) ̸→ 0 as p ↑ ∞.

The proof of Theorem 2.4.3 and Corollary 2.4.5 are provided together in Appendix

2.6.5. Recall Theorem 2.2.9 and similar to previous discussions, the discrepancy using

H♯ approximately equals to

D̂p = −|ΛpEp(H♯)|2

γ̂2
+

(
2−

⟨uH♯
,ΓuH♯

⟩
γ̂2

)
+O

(
|Ep(H♯)|+ |Ep(H♯)|2 +

1

p

)
, (2.27)
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Note that Λp = O(
√
p), γ̂2 and ⟨uH♯

,ΓuH♯
⟩ are finite, we can conclude D̂p → −∞ as

|Ep(H♯)| ̸→ 0 for true number of factors q > K.

2.4.3 A Closer Look: Choose number of factors K = 1

We further study the trivial case when K = 1, and obtain the exact expression of

the first element of the optimization bias. Follows the same decomposition, we write the

sample covariance matrix as

S = s21,phh
⊤ +G, (2.28)

where (s21,p, h) is the leading eigenpair of Σ̂. The signal-to-noise ratio ψ2 =
s2p−l2p
s2p

is

now a number with l2p =
∑

i>1 s
2
i,p

n−K being the average non-zero bulk eigenvalues. Define

N = ⟨h,z⟩−ψ2⟨h,z⟩√
1−⟨h,z⟩2

and D =
√
ψ4 +N2 as the normalizing constants. The updated vector

h♯ is a combination of h and z⊥h, the unit vector in the direction of the component of z

that is orthogonal to h:

h♯ =
1

D
(ψ2h+Nz⊥h), (2.29)

with zh = ⟨h, z⟩h and z⊥h =
z−zh
|z−zh|

. The optimization bias of h♯ is:

Ep(h♯) =
B⊤z − (B⊤h♯)(h

⊤
♯ z)√

1− ⟨h♯, z⟩2
. (2.30)

Denote the eigenvalues of the dual covariance matrix be λ21 ≥ λ22 ≥ · · · ≥ λ2n, and ω be the

eigenvector corresponds to λ21, we have the main theorem to characterize the asymptotic

behavior for this case:

Theorem 2.4.6.

(a) The q×1 vector Ep(h♯) ̸=Ep(H♯) with the first element Ep,1(h♯) =
ψ2⟨b,z⟩−⟨h,b⟩⟨h,z⟩√
ψ4+(1−2ψ2)⟨h,z⟩2

.

Furthermore, |Ep(h♯)| is bounded away from 0 eventually.
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(b) ψ2 ∼ 1−
(
γ2

λ21
+

∑
1<j≤q(λ

2
j−γ2)

λ21(n−1)

)
and is decreasing in q as p→ ∞.

(c) ⟨h, b⟩2 ∼ ψ2 − 1
λ21

∑q
i=2 ηi(Xiω)

2 and is decreasing in q as p → ∞ for ηi defined in

Assumption 2.3.1 and Xi being the i−th row of X.

(d) ⟨h, z⟩2 ∼ 1
λ21

∑q
i=1 ηi(Xω)

2
i ⟨bi, z⟩2 and is decreasing in q as p→ ∞, where (Xω)i is

the i−th element of the q × 1 vector Xω.

Remark 2.4.7. Theorem 2.4.6 provides an asymptotic characterization of the estimated

leading direction when the model rank is misspecified (K = 1 < q ). It shows that

even in this simplest case, the sample-based estimator h♯ exhibits a non-vanishing bias

relative to the true population direction b. The term ψ2 captures the shrinkage strength

toward the isotropic component, which decreases as the true factor dimension q increases,

indicating stronger regularization in more complex latent structures. Meanwhile, the inner

products ⟨h, b⟩ and ⟨h, z⟩ respectively quantify the alignment with the true signal and the

bias toward the shrinkage target. Together, these results reveal how rank misspecification

induces systematic deviation of the estimated eigenvector from its population counterpart,

even in high-dimensional asymptotics.

Recall Theorem 2.2.9 and similar to previous discussions, the discrepancy using h♯

approximately equals to

D̂p = −|ΛpEp(h♯)|2

γ̂2
+

(
2−

⟨uh♯ ,Γuh♯⟩
γ̂2

)
+O

(
|Ep(h♯)|+ |Ep(h♯)|2 +

1

p

)
, (2.31)

and D̂p → −∞ as |Ep(h♯)| ̸→ 0 for true number of factors q > 1.
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2.4.4 Equivalence with a James-Stein type estimator

Let M = AA†H for any A ∈ Rp×r, C = IK − l2N−1 and N = (H −M)⊤(H −M).

We have the James-Stein estimator for eigenvectors from [14]:

HJS = HC +M(Iq − C). (2.32)

Recall the estimator we propose in Sec 2.3.3:

H♯ = HΨ2 +
(Ip −HH†)z

1− z⊤HH†z
z⊤H(Iq −Ψ2), (2.33)

we have the following lemma:

Lemma 2.4.8. Take A = z in Eq 2.32, then HJS = H♯.

Proof. Let A = z. Note that zz† = zz⊤, we have

N = H⊤(Ip − zz⊤)H (2.34)

and

N−1 = (H⊤H)−1 +
H†zz⊤(H†)⊤

1− z⊤HH†z
, (2.35)
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By noting H⊤H = S2, H† = S−2H⊤ and recall Ψ2 = Iq − l2S−2,

HJS = H −H(H⊤H)−1l2 − HH†zz⊤(H†)⊤

1− z⊤HH†z
l2 + zz⊤H(H⊤H)−1l2 +

zz⊤HH†zz⊤(H†)⊤

1− z⊤HH†z
l2

= HΨ2 + zz⊤HS−2l2 +
zz⊤HH†zz⊤(H†)⊤ −HH†zz⊤(H†)⊤

1− z⊤HH†z
l2

= HΨ2 +

(
zz⊤H − (Ip − zz⊤)HH†zz⊤H

1− z⊤HH†z

)
(Iq −Ψ2)

= HΨ2 +
(Ip −HH†)zz⊤H + zz⊤HH†zz⊤H − (z⊤HH†z)zz⊤H

1− z⊤HH†z
(Iq −Ψ2)

= HΨ2 +
(Ip −HH†)z

1− z⊤HH†z
z⊤H(Iq −Ψ2)

= H♯.

(2.36)

The second from the last equation comes from the fact that

z(z⊤HH†z) = (z⊤HH†z)z. (2.37)

Remark 2.4.9. The Lemma above indicates H♯ is a special case of HJS. Although it’s

a specialization, it captures the subspace-adjusted shrinkage along the projection resid-

ual (Ip − HH†)z, which corresponds to the residual direction along which optimization

bias arises under rank misspecification. Focusing on this case lets us obtain closed-form

expressions and sharp asymptotics, while still reflecting the behavior of the relugar James-

Stein estimator.
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2.5 Portfolio Optimization with Misspecified Factor

Models: A Simulation Study

2.5.1 Simulation Framework and Methodology

We illustrate the results on a numerical example to provide a verification of Theorems

2.4.3, 2.4.3 and 2.4.6. We consider i.i.d observations of y ∈ Rpmax with

y = α +Bx+ ϵ, (2.38)

where α ∈ Rpmax represents the vector of asset-specific alphas, B ∈ Rpmax×q represents

the factor loadings, x ∈ Rq and ϵ ∈ Rpmax . x and ϵ are uncorrelated with V ar(x) = Iq

and V ar(ϵ) = Γ. Thus, the variance of y is given by

V ar(y) = Σ = BB⊤ + Γ. (2.39)

In our simulation, we first fix n = 120, q = 7 and pmax = 128, 000, and generate

Y ∈ Rpmax×n with y as its columns.

The covariance matrix calibration follows the same as specified in [16]. The random
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vector of factor returns f ∈ R7 and the pmax × 7 exposure matrix Ξ satisfy

Var(f) =



250 0 0 55 44 68 −22

0 64 0 0 0 0 0

0 0 16 0 0 0 0

55 0 0 481 192 −108 0

44 0 0 192 260 −8 22

68 0 0 −108 −8 160 −44

−22 0 0 0 22 −44 121



, Bx = Ξf. (2.40)

The factor returns f are Gaussian with mean 0 and variance specified in Eq 2.40. The

columns of Ξ are exposures to fundamental risk factors.

• The first column of the exposure matrix Ξ, representing market risk exposures, is

generated with entries independently drawn from a normal distribution with mean

1.0 and standard deviation 0.25.

• The second and third columns of Ξ, corresponding to style risk factors, are filled

with i.i.d. entries from normal distributions with mean zero and standard deviations

of 0.5 and 1.0, respectively.

• The remaining four columns of Ξ, representing industry exposures, are initialized

to zero. For each row i, we independently sample two distinct industry indices I1

and I2 uniformly without replacement from the set {1, 2, 3, 4}. We then draw two

independent random variables U1, U2 ∼ Unif(0, 1), and assign

ΞiI1 = U1, ΞiI2 = ΞiI1 + U2.

The asset-specific return vector ϵ ∈ Rpmax is modeled as a mean-zero Gaussian random
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vector with diagonal covariance matrix var(ϵ) = Γ. Each diagonal entry Γii is defined as

γ2i , where γi denotes the idiosyncratic volatility of asset i. These volatilities are sampled

independently according to

γi = 25 + 75× Z, where Z ∼ Beta(4, 16).

The resulting values γi are interpreted as annualized volatilities in percent.

For the simulated matrix Ypmax×n, we select subsets Yp×n with p = 500, 2000, 8000,

32000, 128000 to study the asymptotics of PCA estimator Σ̂ and the James-Stein esti-

mator Σ̂♯. They are all based on the sample covariance matrix S = Y Y ⊤/n. For q = 7

and K = 1, q − 1, q, q + 1, and n− 1, we can compute the K ×K diagonal matrix S2
p

with the K largest eigenvalues of S and Ψ2 as stated in Eq 2.17. The final estimators of

the population covariance matrix has the form:

Σ̂♮ = H♮(SpΨ)2H⊤
♮ + γ̂2I,H♮ ∈ {H,H♯}, (2.41)

where γ̂2 = nl2p/p for l2p in Eq 2.17, and H♮ represents the p×K matrix of eigenvectors.

To evaluate the performance of the covariance estimators defined in Eq 2.41, we

consider two key metrics: the subspace overlap |Ep(H♮)|, and the associated discrepancy

measure

D̂p = 2− µ̂2
pV2

p ,

where the scalar quantity µ̂2
p is given by

µ̂2
p = ⟨1p, Σ̂−1

♮ 1p⟩,
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and the variance component V2
p is defined as

V2
p = ⟨ŵ♮,Σŵ♮⟩.

Here, ŵ♮ denotes the portfolio weights obtained by solving the minimum variance portfolio

problem under the estimated covariance matrix Σ̂♮.

Furthermore, we also tested |Ep(H♮)| and D̂p for various value of qs.

2.5.2 Empirical Results and Analysis

Table 2.1 summarizes the optimization bias Ep(H♮) for all three cases: K < q, K = q

and K > q. The first two columns verify our result in Theorem 2.4.6, 2.4.3 and 2.4.2. It

can be seen that

• The James-Stein eigenvector estimator H♯ outperforms the PCA estimator H on

reducing the optimization bias Ep(·),

• When K < q, it is shown that the optimization bias Ep(H) and Ep(H♯) both don’t

converge to 0 as p ↑ ∞. Correspondingly, both
√
pEp(H) and Ep(H♯) diverges to

∞. Combining with Theorem 2.2.9, D̂p for Σ̂ and Σ̂♯ diverges to −∞, as verified

in Figure 2.1.

• When K ≥ q, we have Ep(H♯) converges to 0 as p ↑ ∞. Furthermore,
√
pEp(H♯)

is bounded which results in D̂p → 0 as p ↑ ∞ as provided in Theorem2.2.9 and

verified in Figure2.1.

2.5.3 Interpretation and Practical Recommendations

Our theoretical analysis and numerical simulations demonstrate that the James-Stein

estimator maintains stable eigenvector estimation even when employing an intentionally
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p K E(Ep(H)) E(Ep(H♯))
√
pE(Ep(H))

√
pE(Ep(H♯))

500

1 0.5130 0.5043 11.4706 2.7986
6 0.2164 0.1270 4.8397 2.7954
7 0.2149 0.1251 4.8055 2.7983
8 0.2138 0.1233 4.7812 2.7983
127 0.1654 0.0823 3.6993 1.8395

2000

1 0.5259 0.5177 23.5229 23.1528
6 0.1993 0.0769 8.9137 3.4411
7 0.1969 0.0662 8.8039 2.9609
8 0.1964 0.0645 8.7815 2.8835
127 0.1818 0.0505 8.1311 2.2590

8000

1 0.5559 0.5482 49.7244 49.0342
6 0.2040 0.0811 18.2434 7.2605
7 0.1965 0.0298 17.5772 2.6688
8 0.1965 0.0297 17.5795 2.6546
127 0.1921 0.0301 17.1858 2.6909

32000

1 0.5621 0.5546 100.5569 99.2142
6 0.2013 0.0720 36.0226 12.8722
7 0.1942 0.0128 34.7336 2.2831
8 0.1942 0.0127 34.7448 2.2775
127 0.1929 0.0162 34.5070 2.8900

128000

1 0.5576 0.5499 199.4869 196.7399
6 0.1996 0.0706 71.4061 25.2424
7 0.1923 0.0065 68.8033 2.3344
8 0.1924 0.0065 68.8480 2.3180
127 0.1918 0.0085 68.6124 3.0459

Table 2.1: Optimization bias metrics computed with H♮ for q = 7. The metric under
’correct’ estimate (K = q) is highlighted in bold.

inflated factor number (e.g., q = n−1). This finding suggests a practical hybrid approach

combining conventional factor selection methods with our shrinkage estimation: First,

practitioners may determine a preliminary factor dimension q0 by applying techniques

such as information criterion [38] and hypothesis testing framework [76]. Then, they can

deliberately expand the factor set to q0+ k(k ≥ 1) before applying our shrinkage estima-

tion. This integrated protocol leverages the statistical efficiency of traditional methods
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Figure 2.1: Discrepancy D̂p v.s. p with the sample means and two standard deviation
confidence intervals for q = 7.

while mitigating under-specification risks through our stabilized estimator, achieving en-

hanced robustness in real-world applications.

The proposed hybrid strategy offers three distinct advantages: First, it preserves

the theoretical rigor of conventional factor selection procedures. Second, the shrink-

age estimation effectively compensates for potential specification errors inherent in dis-

crete factor-number selection. Third, as demonstrated in our numerical experiments,
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the method exhibits superior robustness across varying signal-to-noise ratios and sample

sizes. The expansion parameter k can be further optimized via cross-validation, balanc-

ing estimation accuracy with computational efficiency. This framework not only extends

the applicability of existing methods but also provides a principled solution to model

selection challenges in high-dimensional factor analysis, particularly when the true factor

dimension is ambiguous.

2.6 Proofs for Chapter 2

2.6.1 Proofs for Section 2.2

Proof of Theorem 2.2.3. For the multipliers ℓ = (ℓ1, · · · , ℓr), write α = ℓ/|ℓ|, we then

have c0 = −ℓ⊤c and c1 = ∥ℓ∥. So

max
x

Q(x) = c0 +
c21
2
µ2
p = −ℓ⊤c+ c21

2
(Aℓ)⊤Σ−1(Aℓ).

Let PB = BB†, the orthogonal projector onto col(B), and decompose ζ into ζ = ζB+ζ⊥ =

PBζ + (I − PB)ζ. Under Assumption 2.2.1 and let c+ = limp↑∞ sup|v|=1⟨v,Γv⟩, we have

on col(B)⊥,

Σ−1 ⪰ Γ−1 ⪰ 1

c+
I,

so

ζ⊤Σ−1ζ ≥ ζ⊤⊥Σ
−1ζ⊥ ≥ 1

c+
∥ζ⊥∥2 =

1

c+
∥(I − PB)Aℓ∥2 ≥

ξ

c+
p ∥ℓ∥2 .

Hence,

max
x

Q(x) = −ℓ⊤c+ c21
2
ζ⊤Σ−1ζ ≥ −ℓ⊤c+ c21

2

ξ

c+
p ∥ℓ∥2 → ∞.
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Proof of Theorem 2.2.6. Denote

R1(α) = α⊤(A⊤Σ̂−1ΣΣ̂−1A)α = ⟨Σ̂−1v,ΣΣ̂−1v⟩

and

R2(α) = α⊤(A⊤Σ̂−1A)α = ⟨v, Σ̂−1v⟩.

From Woodbury formula,

Σ̂−1 = γ̂−2I − γ̂−4H(I + γ̂−2H⊤H)−1H⊤.

Apply SVD on H: H = USV ⊤ where U, V ∈ Rp×k and S = diag(s1, · · · , sk) ≻ 0, then

HH⊤ = US2U⊤ and the projection operator

PH = HH† = UU⊤.

Write v = PHv + (I − PH)v = vH + v⊥, we have

Σ̂−1v = Udiag

(
1

s2i + γ̂2

)
U⊤v + γ̂−2v⊥. (2.42)

Therefore,

R2(α) = v⊤HUdiag

(
1

s2i + γ̂2

)
U⊤vH + γ̂−2 ∥v⊥∥2 ≤ γ̂−2(∥vH∥2 + ∥v⊥∥2) = γ̂−2 ∥v∥ <∞.

Next, note that

R1(α) = ⟨Σ̂−1v,ΣΣ̂−1v⟩ ≥
∥∥∥B⊤Σ̂−1v

∥∥∥2 .
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From triangle inequality and Eq 2.42,

∥∥∥B⊤Σ̂−1v
∥∥∥ ≥ γ̂−2

∥∥B⊤v⊥
∥∥− ∥∥∥∥B⊤Udiag

(
1

s2i + γ̂2

)
U⊤v

∥∥∥∥ ,
and ∥∥∥∥B⊤Udiag

(
1

s2i + γ̂2

)
U⊤v

∥∥∥∥ ≤ 1

γ̂2
∥∥B⊤vH

∥∥ ,
so ∥∥∥B⊤Σ̂−1v

∥∥∥ ≥ 1

γ̂2
(∥∥B⊤v⊥

∥∥− ∥∥B⊤vH
∥∥) (2.43)

By the transversality condition (T), there exists δ > 0 such that

1

p
B⊤PH⊥B ⪰ δI =⇒ ∥B⊤v⊥∥2 = v⊤⊥BB

⊤v⊥ ≥ v⊤⊥BPH⊥B⊤v⊥ ≥ δ p ∥v⊥∥2. (T’)

Meanwhile, since B⊤B/p→ ΣB ≻ 0, there is C <∞ with

∥B⊤vH∥2 ≤ λmax(B
⊤B) ∥vH∥2 ≤ C p ∥vH∥2. (BH)

Combining (T’) and (BH) with Eq 2.43 and using ∥a− b∥2 ≥ (1− ε)∥a∥2 − ε−1∥b∥2 for

any ε ∈ (0, 1) with a = B⊤v⊥, b = B⊤vH , we obtain

∥B⊤Σ̂−1v∥2 ≥ 1

γ̂4

(
(1−ε) ∥B⊤v⊥∥2−ε−1 ∥B⊤vH∥2

)
≥ p

γ̂4

(
(1−ε) δ ∥v⊥∥2−ε−1C ∥vH∥2

)
.

Choose a fixed ε ∈ (0, 1) small enough so that the bracket is positive (this is ensured by

the transversality (T) and Assumption 2.2.5). Hence there exists c > 0 independent of p

such that

∥B⊤Σ̂−1v∥2 ≥ c γ̂−4 p.
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Therefore,

R1(α) = ⟨Σ̂−1v,Σ Σ̂−1v⟩ ≥ ∥B⊤Σ̂−1v∥2 ≥ c γ̂−4 p −−−→
p→∞

∞.

and D̂p → −∞. Lastly, since c21µ̂
2
p is bounded, we have Q(x̂) → ∞.

2.6.2 Proofs for Section 2.3.1

Proof of Lemma 2.3.3. Write Σ̂ = S + E, where

S =
1

n
BXX⊤B⊤, E =

1

n

(
εX⊤B⊤ +BXε⊤ + εε⊤

)
(2.44)

We have 1
n
εε⊤ → I by law of large numbers. The cross term in E satisfies

∥∥∥∥ 1nεX⊤B⊤
∥∥∥∥ ≤ 1

n
∥ε∥ ∥X∥ ∥B∥ → 0 (2.45)

based on Assumption 2.2.1, and similarly
∥∥ 1
n
BXε⊤

∥∥→ 0. Therefore E
P→ γ2Ip.

For the eigenpair (s2i,p, hi) of Σ̂, we have Σ̂hi = s2i,phi. Multiply z⊤ on the left hand

side, we have

z⊤Σ̂hi = s2i,p⟨z, hi⟩ = z⊤(S + E)hi. (2.46)

Note rank(S) = q, and hi ⊥ S as p ↑ ∞ for i > q, we have z⊤Shi → 0. Combined with

asymptotics of E, we have

γ2z⊤hi ∼ s2i,p⟨z, hi⟩. (2.47)

Therefore,

⟨z, hi⟩ ∼
z⊤Ehi
s2i,p

=
1

ns2i,p

n∑
j=1

(z⊤ε:,k)(ε
⊤
:,khi).

(2.48)
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Note E(z⊤ε:,k) = E(ε⊤:,k) = 0, V ar(z⊤ε:,k) = γ2 ∥z∥2 = γ2 and V ar(ε⊤:,khi) = γ2 ∥hi∥2 =

γ2, we have ⟨z, hi⟩ → 0.

2.6.3 Proofs for Section 2.3.3

For γ2 in Assumption 2.3.1, define the n×K matrix M as:

L =MM⊤ + γ2In. (2.49)

Let λ2j,n(M) denote the j−th largest eigenvalue ofMM⊤ associated with the j−th column

of eigenvectors of MM⊤. By Assumption 2.3.1, we have λ2j,n(M) > 0 for j ≤ q and

λ2j,n(M) = 0 otherwise.

Lemma 2.6.1. Under Assumption 2.2.1 and 2.3.1, almost surely, limp↑∞ Y ⊤Y/p = L

and

lim
p↑∞

s2j,p
p

=


(λ2j,n(M) + γ2)/n 1 ≤ j < n

γ2/n j = n

0 otherwise

(2.50)

The proof can be found in [16].

Proof of Theorem 2.3.7. Case 1: q ≤ K ≤ n: we have s2j,p/p → γ2/n for q + 1 ≤ j ≤ n

via Lemma 2.6.1. So l2p/p→ γ2/n almost surely.
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Case 2: K < q: we have

lim
p↑∞

l2p
p
= lim

p↑∞

1

n−K

∑
j>K

s2j,p
p

=
1

n−K

∑
j>K

λ2j,n(M) + γ2

n

=
γ2

n
+

∑
j>K λ

2
j,n(M)

n(n−K)

=
γ2

n
+

∑
j>K(λ

2
j − γ2)

n(n−K)

∼ γ2

n
+

∑
K<j≤q(λ

2
j − γ2)

n(n−K)

(2.51)

The equations above used the assumption that Y is of full rank.

2.6.4 Proofs for Section 2.4.1

Proof of Lemma 2.4.1. Since

Ψ2 = diag

(
1−

l2p
s21,p

, 1−
l2p
s22,p

, · · · , 1−
l2p
s2K,p

)
, (2.52)

and

Ψ2
q = diag

(
1−

l2p,q
s21,p

, 1−
l2p,q
s22,p

, · · · , 1−
l2p,q
s2q,p

)
(2.53)

by Theorem 2.3.5, we have

Ψ̃2 = Ψ2
q + diag

(
l2p,q − l2p
s21,p

,
l2p,q − l2p
s22,p

, · · · ,
l2p,q − l2p
s2q,p

)
. (2.54)

Combine with K > q case of Theorem 2.3.7, we have 1
p

∥∥∥Ψ̃2 − |si2q
∥∥∥→ 0.
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Proof of Theorem 2.4.2. For any 1 < q < K, based on Lemma 2.3.3, we have

∥∥∥∥∥∥∥∥∥∥∥∥∥
H⊤z −



H⊤
q z

0

...

0



∥∥∥∥∥∥∥∥∥∥∥∥∥
→ 0. (2.55)

Also, from Lemma2.4.1, we have

∥∥∥∥∥∥∥Ψ2 −

 Ψ2
q 0

0 0


∥∥∥∥∥∥∥→ 0. (2.56)

Therefore, we have ∥∥HΨ2 − (HqΨ
2
q, 0, · · · , 0)

∥∥→ 0, (2.57)

and ∥∥∥∥∥z⊥H

z⊤H(I −Ψ2)

|z − zH|
−

(
z⊥Hz

⊤Hq(Iq −Ψ2
q)

|z − zH|
, 0, · · · , 0

)∥∥∥∥∥→ 0. (2.58)

Write H♯ in terms of Hq and Ψ2
q, we have

∥∥∥∥∥∥H♯ −

(
HqΨ

2
q +

z⊥Hz
⊤Hq(Iq −Ψ2

q)

|z − zH|
, 0, · · · , 0

)
p×K

∥∥∥∥∥∥→ 0. (2.59)

Lemma 2.6.2. When q < K,
∥∥zH − zHq

∥∥→ 0 and
∥∥z⊥H − z⊥Hq

∥∥→ 0.

Proof. We first note H† = (H⊤H)−1H⊤ = H⊤, so zH = HH⊤z. Rewrite z⊥Hq and

z⊥H as

z⊥Hq =
(Ip −HqH

⊤
q )z

|(Ip −HqH⊤
q )z|

, z⊥H =
(Ip −HH⊤)z

|(Ip −HH⊤)z|
. (2.60)
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Further note

HH⊤ =
K∑
i=1

hih
⊤
i , (2.61)

where h1, h2, · · · , hK are other orthogonal columns of H. Therefore,

(Ip −HH⊤)z = (Ip −HqH
⊤
q )z −

K∑
i=q+1

hih
⊤
i z (2.62)

Recall Lemma 2.3.3, we have ⟨hi, z⟩ → 0 for i = q + 1, q + 2, · · · , K, So we finish this

proof.

By Lemma 2.6.2 and the continuity of limits, we have

∥∥∥∥∥H♯,q −

(
HqΨ

2
q +

z⊥Hz
⊤Hq(Iq −Ψ2

q)

|z − zH|

)∥∥∥∥∥→ 0, (2.63)

and thus

∥H♯ − (H♯,q, 0, · · · , 0)∥ → 0. (2.64)

Now,

∥Ep(H♯)−Ep(H♯,q)∥ =

∥∥∥∥∥∥B
⊤z − (B⊤H♯)(H

⊤
♯ z)√

1− |H⊤
♯ z|2

−
B⊤z − (B⊤H♯,q)(H

⊤
♯,qz)√

1− |H⊤
♯,qz|2

∥∥∥∥∥∥
→ 0,

(2.65)

by Lemma 2.3.3 and 2.6.2, which concludes our proof by combining with Ep(H♯,q) → 0

[16].
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2.6.5 Proofs for Section 2.4.2

Proof of Theorem 2.4.3 and Corollary 2.4.5. The proofs of the theorem and the corollary

are presented together, as Corollary 2.4.5 serves as an intermediate step in the proof of

Theorem 2.4.3.

We first compute the K × 1 vector H⊤
♯ z and q ×K matrix B⊤H♯. Since

z⊤⊥Hz =
z⊤z − (HH⊤z)⊤z

|z − zH|

=
z⊤(Ip −HH⊤)z√

(z −HH⊤z)⊤(z −HH⊤z)

=
z⊤(Ip −HH⊤)z√

z⊤(Ip −HH⊤)⊤(Ip −HH⊤)z

=
√
z⊤(Ip −HH⊤z) =

√
1− ∥H⊤z∥2,

(2.66)

we have

H⊤
♯ z =

(
Ψ2H⊤ +

(IK −Ψ2)H⊤zz⊤⊥H

|z − zH|

)
z

= Ψ2H⊤z + (IK −Ψ2)H⊤z

= H⊤z,

(2.67)

and therefore,

(B⊤H♯)(H
⊤
♯ z) = B⊤HΨ2H⊤z +B⊤z⊥H

z⊤H(IK −Ψ2)

|z − zH|
H⊤z

= B⊤
(
HΨ2H⊤ + z⊥H

z⊤H(IK −Ψ2)

|z − zH|

)
z

= B⊤ [((Ip − C)HΨ2 + CH
)
H⊤] z,

(2.68)

by letting the p× p matrix C = z⊥Hz
⊤√

1−∥H⊤z∥2 .
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Claim 2.6.3. The following statement holds:

∥∥(Ip − C)HΨ2 + CH)H⊤ − Ip
∥∥ ̸→ 0. (2.69)

Proof. We prove this claim by contradiction. Assume
∥∥(Ip − C)HΨ2 + CH)H⊤ − Ip

∥∥→

0, then take the part within ∥·∥ for left side of Eq 2.69 and multiply by H⊤ to the left.

Then

H⊤(Ip − C)HΨ2H⊤ +H⊤CHH⊤ −H⊤

= Ψ2H⊤ −H⊤CHΨ2H⊤ +H⊤CHH⊤ −H⊤

= Ψ2H⊤ +H⊤CH(IK −Ψ2)H⊤ −H⊤

=
(
Ψ2 +H⊤CH(IK −Ψ2)− IK

)
H⊤,

(2.70)

which implies ∥∥Ψ2 +H⊤CH(I −Ψ2)− IK
∥∥→ 0. (2.71)

Denote D = IK − Ψ2, D is a positive definite diagonal matrix. Continuing on Eq 2.71,

we have ∥∥(H⊤CH)D −D
∥∥ =

∥∥(H⊤CH − IK)D
∥∥→ 0. (2.72)

The smallest singular value of D satisfies σmin(D) ≥ δ > 0 for some positive number δ,

and therefore

∥∥H⊤CH − IK
∥∥ ≤

∥∥(H⊤CH − IK)D
∥∥

∥D∥
≤
∥∥(H⊤CH − IK)D

∥∥
δ

→ 0, (2.73)

and hence leads to the contradiction as ∥C − Ip∥ ̸→ 0 as p ↑ ∞.

Claim 2.6.4. Let R ∈ Rp×p be a linear operator such that ∥R∥ ̸→ 0. Let z ∈ Rp be a

fixed unit vector, and let B ∈ Rp×q be a full-rank matrix (i.e., rank(B) = q).

84



The Quadratic Optimization Bias of Misspecified PCA and Associated James-Stein Estimators.
Chapter 2

If Rz ̸→ 0 and Rz /∈ ker(B⊤), then:

∥B⊤Rz∥ ̸→ 0.

Proof. Since z ∈ Rp is a unit vector and ∥R∥ ̸→ 0, it follows that Rz ̸→ 0; in other

words, the vector Rz remains bounded away from zero in norm:

∥Rz∥ ≥ δ > 0.

Next, because B ∈ Rp×q is full-rank, its transpose B⊤ has full row rank. Therefore,

the singular values of B⊤ are strictly positive, and in particular, the minimum singular

value satisfies:

σmin(B
⊤) > 0.

Now, if Rz /∈ ker(B⊤), then B⊤Rz ̸= 0. Furthermore, we apply the inequality for

operator norms:

∥B⊤Rz∥ ≥ σmin(B
⊤) · ∥Rz∥ ≥ σmin(B

⊤) · δ > 0.

Hence, ∥B⊤Rz∥ ̸→ 0, as desired.

Now, denote R = Ip − (Ip − C)HΨ2 + CH)H⊤, we have

∥∥B⊤z − (B⊤H♯)(H
⊤
♯ z)

∥∥ =
∥∥B⊤Rz

∥∥ ̸→ 0, (2.74)

and thus when K < q,

Ep(H♯) ̸→ 0 (2.75)

as p ↑ ∞.
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Next, we consider ∥Ep(H♯)∥2. Recall in the theorem, we denote v = H⊤z, α =

B⊤HΨ2v, u = B⊤(Ip −HH⊤)z and r = z⊤H(IK −Ψ2)v, and denote M = Ip −R, we

can write the numerator of Ep(H♯) as

B⊤Rz = B⊤(Ip −M)z = B⊤z −
(
α +

r

1− ∥v∥2
u

)
,

with ∥∥B⊤Mz
∥∥2 = ∥∥∥∥α +

r

1− ∥v∥2
u

∥∥∥∥2
= ∥α∥2 +

(
r

1− ∥v∥2

)2

∥u∥2 + 2r

1− ∥v∥2
⟨α, u⟩.

(2.76)

Note that

∥u∥ =
∥∥B⊤z − (B⊤H)(H⊤z)

∥∥ =

√
1− ∥v∥2 ∥Ep(H)∥ , (2.77)

we then have

∥∥B⊤Mz
∥∥2 = ∥α∥2 + r2

1− ∥v∥2
∥Ep(H)∥2 + 2r

1− ∥v∥2
⟨α, u⟩, (2.78)

and thus

∥∥B⊤Rz
∥∥2 = ∥∥B⊤z

∥∥2 + ∥∥B⊤Mz
∥∥2 − 2⟨B⊤z,B⊤Mz⟩

=
∥∥B⊤z

∥∥2 + ∥α∥2 + r2

1− ∥v∥2
∥Ep(H)∥2 + 2r

1− ∥v∥2
⟨α, u⟩

− 2

(
z⊤Bα +

r

1− ∥v∥2
z⊤Bu

)
=
∥∥B⊤z

∥∥2 + ∥α∥2 + r2

1− ∥v∥2
∥Ep(H)∥2 + 2r

1− ∥v∥2
⟨α−B⊤z, u⟩

− 2⟨B⊤z, α⟩

=
∥∥B⊤z − α

∥∥2 + r2

1− ∥v∥2
∥Ep(H)∥2 − 2r

1− ∥v∥2
⟨B⊤z − α, u⟩,

(2.79)
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and

∥Ep(H♯)∥2 =
1

1− ∥v∥2
∥∥B⊤Rz

∥∥2 = ∥∥B⊤z − α
∥∥2

1− ∥v∥2
+
r2 ∥Ep(H)∥2 − 2r⟨B⊤z − α, u⟩

(1− ∥v∥2)2
(2.80)

2.6.6 Proofs for Section 2.4.3

Proof of Thm 2.4.6. We start with part (a).

1. Recall we can write B = (b, b2, · · · , bq), so the optimization bias Ep(h♯) is

Ep(h♯) =


⟨b, z⟩
...

⟨bq, z⟩

−


⟨b, h♯⟩⟨h♯, z⟩

...

⟨bq, h♯⟩⟨h♯, z⟩


√
1− ⟨h♯, z⟩2

. (2.81)

Ep(h♯) ̸= Ep(H♯) is a direct result from the above equation by noting the 2nd to

the qth elements in Ep(h♯) and Ep(H♯) are different. To prove Ep(h♯) ̸→ 0, we only

need to show Ep,1(h♯) is bounded away from zero.

2. We have

⟨h♯, z⟩ =
ψ2⟨h, z⟩
D

+
N⟨z⊥h, z⟩

D

=
ψ2⟨h, z⟩
D

+
N

D

1− ⟨zh, z⟩
|z − zh|

=
ψ2⟨h, z⟩
D

+
N

D

√
1− ⟨h, z⟩2

=
ψ2⟨h, z⟩
D

+
⟨h, z⟩ − ψ2⟨h, z⟩

D

=
⟨h, z⟩
D

(2.82)
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and

⟨h♯, b⟩ =
ψ2

D
⟨h, b⟩+ N

D

⟨z, b⟩ − ⟨h, z⟩⟨h, b⟩√
1− ⟨h, z⟩2

=
ψ2

D
⟨h, b⟩+ (⟨h, z⟩ − ψ2⟨h, z⟩)(⟨z, b⟩ − ⟨h, z⟩⟨h, b⟩)

D(1− ⟨h, z⟩2)

=
ψ2⟨h, b⟩+ (1− ψ2)⟨h, z⟩⟨z, b⟩ − ⟨h, b⟩⟨h, z⟩2

D(1− ⟨h, z⟩2)
.

(2.83)

Therefore,

E∗
p,1(h♯) =

D⟨b, z⟩√
D2 − ⟨h, z⟩2

− ψ2⟨h, b⟩⟨h, z⟩+ (1− ψ2)⟨h, z⟩2⟨b, z⟩ − ⟨h, z⟩3⟨h, b⟩
D(1− ⟨h, z⟩2)

√
D2 − ⟨h, z⟩2

=
(ψ2 − ⟨h, z⟩2)(ψ2⟨b, z⟩ − ⟨h, b⟩⟨h, z⟩)

D(1− ⟨h, z⟩2)
√
D2 − ⟨h, z⟩2

=
ψ2⟨b, z⟩ − ⟨h, b⟩⟨h, z⟩√
ψ4 + (1− 2ψ2)⟨h, z⟩2

(2.84)

3. Recalling from [16], we can define hz = (h z⊥h), t∗ =
(⟨h,b⟩,Ep(h))√
⟨h,b⟩2+E2

p (h)
and t♯ = t∗

⟨h,b⟩
|⟨h,b⟩| .

Note Ep(hzt∗) = 0 and h♯ = hzt♯. Define Ẽp(·) : t 7→ Ep(hzt) and note that

⟨hzt, z⟩ < 1 and ⟨b, z⟩ − ⟨b, hzt⟩⟨hzt, z⟩ = ⟨b, z⟩ − t2⟨b, hz⟩⟨hz, z⟩ is continuous w.r.t

t, we have t 7→ Ẽp(t) is continuous in R.

Therefore when K = 1 = q, we have (1) Ẽp(t) is continuous (2) Ẽp(t♯) = Ẽp(t♯ −

t∗ + t∗) (3) Ẽp(t∗) = Ep(hzt∗) = 0 (4) |t♯ − t∗| → 0 and thus Ep(h♯) → 0. When

K = 1 < q, the condition |t♯ − t∗| breaks so Ep,1(h♯) ̸→ 0.

Part (b) is the direct result from Lemma 2.6.1 and Theorem 2.3.7.

For part (c), we have

Y ⊤bb⊤Y

p
=

1

p
X⊤B⊤bb⊤BX +

1

p
ϵ⊤bb⊤BX +

1

p
X⊤B⊤bb⊤ϵ+

1

p
ϵ⊤bb⊤ϵ. (2.85)
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Comparing with

L =
Y ⊤Y

p
=

1

p
X⊤B⊤BX +

1

p
ϵ⊤BX +

1

p
X⊤B⊤ϵ+

1

p
ϵ⊤ϵ, (2.86)

We have

Y ⊤bb⊤Y

p
= L+Mp − Γp +

X⊤D1X

p
+
ϵ⊤D2X

p
+
X⊤D3ϵ

p
, (2.87)

where Mp = ϵ⊤bb⊤ϵ
p

, Γp = ϵ⊤ϵ
p
, D1 = B⊤bb⊤B − B⊤B, D2 = bb⊤B − B and D3 =

B⊤bb⊤ −B⊤. For simplicity, we also denote Np =
X⊤D1X

p
+ ϵ⊤D2X

p
+ X⊤D3ϵ

p
.

Recall (λ21, ω) is the leading eigenpair of L and denote W = ω
√
p/(ns2p), then we

have (because ⟨ω, Lω⟩ = λ21),

⟨h, b⟩2 = ω⊤(L+Mp − Γp +Np)ω/λ
2
1

= 1 + ω⊤(Mp − Γp +Np)ω/λ
2
1.

(2.88)

Combined with ψ2 = 1 − l2p/s
2
1,p, we can define ϕ2 = ψ2 +W⊤(Np +

nl2p
p
In − Γp)W and

|⟨h, b⟩2 − ϕ2| → 0.

To analysis the relationship between ⟨h, b⟩2 and q, we start with following lemmas.

Lemma 2.6.5.

1. nl2p/pW
⊤W =

∑
j>1 λ

2

λ21(n−1)
is bounded

2. W⊤ΓpW ∼ pγ2

ns2p
→ γ2

λ21
as p→ ∞.

3. W⊤NpW is decreasing in q.

Proof.
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1. Note that |ω| = 1, so W⊤W = p
ns2p

. So We have

nl2p
p
W⊤W =

∑
j>1 λ

2
j

n− 1
(2.89)

So nl2p/pW
⊤W =

∑
j>1 λ

2
j

λ21(n−1)
is bounded.

2. It directly comes from Assumption 2.3.1, Γp → γ2I and W⊤W = p/(ns2p)

3. We discuss on the D1, D2, D3 terms seperately.

(a) D1 = B⊤bb⊤B − B⊤B with B⊤B = diag(|β1|2, · · · , |βq|2) and B⊤bb⊤B =

|β1|2E11 where E11 is a q × q matrix with the 1, 1th element equals to 1 and

others equal to 0. So D1 = diag(0,−|β2|2, |β3|2, · · · ,−|βq|2). Denote the ith

row of X be Xi, then

X⊤D1X =

q∑
i=1

D1,ii(Xi)
⊤Xi = −

q∑
i=2

|βi|2(X⊤
i Xi). (2.90)

and

1

p
W⊤X⊤D1XW = − 1

ns2p

q∑
i=2

|βi|2(Xiω)
2, (2.91)

for Xi being the i− th row of X. Each term in the sum is non-negative, and

therefore 1
p
W⊤X⊤D1XW is decreasing in q.

(b) D2 = B⊤bb⊤−B⊤. B⊤bb⊤ is a q×p matrix with first row equals to |β1|b⊤ and

the others equal to 0. Therefore, D2 is a q× p matrix with first row equals to

0 and the ith row equals to −β⊤
i for i = 2, 3, · · · , q. Then

ϵ⊤D⊤
2 X = −

q∑
i=2

(ϵ⊤βi)Xi (2.92)
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with ϵ⊤D⊤
2 X/p→ 0. We have

1

p
W⊤ϵ⊤D⊤

2 XW = − 1

ns2

q∑
i=2

(Xiω)(ϵω)
⊤βi. (2.93)

for X·i being the i− th column of X and it goes to 0.

(c) The discussion on D3 = bb⊤B − B and X⊤D⊤
3 ϵ follows the similar discussion

as above, and X⊤D⊤
3 ϵ/p→ 0. Also

1

p
W⊤X⊤D⊤

3 ϵW = − 1

ns2

q∑
i=2

(β⊤
i ϵω)(ω

⊤X·i). (2.94)

for X·i being the i− th column of X and it goes to 0.

Therefore we finish the proof of part (c).

Lastly for part (d), recall ω = u
√

p
ns21,p

, where u is the n× 1 right singular vector of

Y . We have

h =
Y v√
pλ21

=
1√
pλ21

(BXω + ϵv) , (2.95)

and

⟨h, z⟩ = h⊤z =
1√
pλ21

(
v⊤X⊤B⊤z + v⊤ϵ⊤z

)
. (2.96)

Recall we write B = (β1, β2, · · · , βq) with each βi orthogonal to each other, we have

⟨h, z⟩ = 1√
pλ21

(
v⊤ϵ⊤z +

q∑
i=1

(Xω)i(β
⊤
i z)

)
, (2.97)
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with (Xω)i being the i− th element of the q × 1 vector Xω. Therefore

⟨h, z⟩2 = 1

pλ21

( q∑
i=1

(Xω)i⟨βi, z⟩

)2

+ 2

(
q∑
i=1

(Xω)i⟨βi, z⟩

)
v⊤ϵ⊤z + (v⊤ϵ⊤z)2


=

1

pλ21

(
q∑
i=1

(Xω)2i ⟨βi, z⟩2 + 2

(
q∑
i=1

(Xω)i⟨βi, z⟩

)
v⊤ϵ⊤z + (v⊤ϵ⊤z)2

) (2.98)

by using β⊤
i βj = 0 for i ̸= j. The first term in above equation is increasing in q.

The middle term and last term goes to 0 from Assumption2.3.1. Write βi = bi|βi| for

i = 1, 2, · · · , q, we have ⟨βi, z⟩2 = |βi|2⟨bi, z⟩2, and recall |βi|2
p

→ ηi. Thus

1

pλ21

q∑
i=1

(Xω)2i ⟨βi, z⟩2 =
1

p

q∑
i=1

(Xω)2i |βi|2⟨bi, z⟩2

=
1

λ21

q∑
i=1

ηi(Xω)
2
i ⟨bi, z⟩2.

(2.99)

And we can now write

∥∥∥∥∥⟨h, z⟩2 − 1

λ21

q∑
i=1

ηi(Xω)
2
i ⟨bi, z⟩2

∥∥∥∥∥→ 0, (2.100)

and is increasing in q.

Remark 2.6.6. When q = 1, note that v → X
|X| , so we have ⟨h, z⟩

2 ∼ |β|2
p
v⊤X⊤Xω⟨b, z⟩2 =

⟨h, b⟩2⟨b, z⟩2.
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Chapter 3

A Stochastic Block Model With

Preferences and James-Stein

Estimation for Spiked Wigner

Matrices

In this chapter, we extend the James–Stein shrinkage framework for eigenvectors beyond

the high-dimension, low-sample-size (HDLSS) regime by allowing the sample size to grow

along with the dimension.

In Chapter 2 our analysis focused on settings where the number of observations n

remains fixed while the dimension p increases. There we showed that, under spiked

covariance model with true rank q and fixed n, a James–Stein type correction of the

sample eigenvectors can asymptotically eliminate optimization bias when the rank is

correctly specified, and we characterized how rank misspecification (K ̸= q) affects this

bias. However in practice, many modern applications happen in regimes where both the

data dimension and the sample size are large, and the spectral behavior is well stud-
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ied in random matrix theory (see [85] for key results in RMT). Classical results such as

the Marchenko–Pastur law [25], Wigner’s semicircle law [86], and their modern refine-

ments by Erdős, Yau, and collaborators [87, 88, 89, 90], describe the limiting eigenvalue

distributions of large random matrices and the delocalization of their eigenvectors. In

this asymptotic regime, the sample covariance exhibits stochastic geometry rather than

deterministic bias.

[?] studied the model of this form:

YN = BB⊤ +WN ,

where BB⊤, WN are all N × N1 symmetric matrix, LN has rank r ≤ n and WN is

orthogonally invariant. Theu uncovered the phase transition that the extreme eigenvalues

of YN deviate from the bulk limit if and only if the eigenvalues of LN exceed a critical

threshold determined by the eigenvalues of WN . It coincides with the BBP transition

and is accompanied by an analogous shift in the eigenvectors.

In this chapter, we adopt spiked Wigner perspective as a special case of above, i.e.

WN is a Wigner matrix. Beyond the classical BBP transition, a growing body of work

has extended the spiked Wigner framework to nonlinear and structured settings.

[91] established one of the first rigorous analyses of finite-rank deformations of large

Wigner matrices. They showed that sufficiently strong spikes produce outlier eigenvalues

beyond the semicircle bulk, and that while their locations are universal, their fluctua-

tions depend on the distribution of the noise entries. [92] analyzed nonlinear Wigner

spiked models and showed that the critical signal-to-noise threshold depends on the first

nonzero generalized information coefficient of the nonlinearity. [93] further investigated

the transformed spiked Wigner model, and proved the largest eigenvalue follows a Gaus-

1To clarify we now use N as dimensions instead of n.
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sian law above the critical signal-to-noise ratio and a Tracy–Widom law below it. In the

context of hypothesis testing, [94] studied detection problems in spiked random matrix

models, deriving sharp phase transition thresholds and demonstrating how entry-wise

transformations can improve statistical power when the noise is non-Gaussian. Sepa-

rately, [95] investigated block-structured spiked Wigner models, demonstrating that the

optimal spectral method achieves the BBP threshold even in the presence of inhomoge-

neous or correlated noise.

In our work, we do the following: (1) find the limit of eigenvalues of YN in eigenvalues

of LN ; (2) show the eigenvectors of YN is not consistent estimator of those of LN ; (3)

provided a James-Stein estimator of spiked eigenvectors of LN ; (4) introduce a new model

called stochastic block model with preference, and illustrate James-Stein estimator we

derived provides a better estimator comparing to sample eigenvectors.

3.1 Literature Review

The understandings of eigenvector behavior for Wigner matrices originally comes from

a sequence of works by Erdos and his collaborators. The earliest work appeared in [88],

where they showed eigenvectors of Wigner matrices cannot concentrate their mass on

small subsets of coordinates with overwhelming probability. Shortly after, [87] provided

local semicircle law estimates in the bulk, and showed bulk eigenvectors are of order

O(N−1/2), implying every eigenvector is completely delocalized.

These results were extended by [89], and they developed a general framework for uni-

versality of generalized Wigner matrices. Their analysis showed that the local semicircle

law holds without assuming identical distributions across matrix entries and that eigen-

vectors are fully delocalized under broad conditions. Moreover, they gave estimates on

the matrix elements of the Green function, which demonstratd bulk and edge universal-
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ity under four- and two-moment matching. [96] further studied a dynamical perspective

based on Dyson Brownian motion (DBM), which provided precise resolvent estimates

and connected eigenvector delocalization to the relaxation dynamics of the matrix flow.

Rather than analysing the norms of eigenvectors, [97] characterized the distribution

of eigenvectors. They proved that eigenvectors near the spectral edge exhibit univer-

sal Gaussian fluctuations under two-moment matching, while bulk universality requires

four-moment matching. Soon after, [98] provided the isotropic delocalization bound for

the eigenvectors of matrices of the form X∗X. [99] introduced the eigenvector moment

flow. Building on the DBM framework, they proved bulk and edge quantum unique

ergodicity and restated the isotropic local semicircle law and isotropic delocalization of

eigenvectors. Besides, [100] studied Wigner matrices with uniformly subexponential en-

tries, and showed delocalization with the optimal rate
√

log(N)/N holds with arbitrary

small probability as long as optimal delocalization constant for the ℓ∞ norm of eigenvec-

tors of generalized Wigner matrices.

Beyond homogeneous Wigner matrices, delocalization phenomena have been studied

in other settings. [101] considered random matrices of the form H = W + λV , and

showed top eigenvectors remain delocalized when λ is below a critical threshold but be-

come partially localized when λ exceeds it. In parallel, [102] demonstrated delocalization

for random matrices with independent entries under minimal assumptions by employ-

ing geometric approaches. Finally, the behavior of eigenvectors in sparse or structured

settings has been clarified by results such as [103], where they showed a universal localiza-

tion–delocalization transition for Gaussian matrices with deterministic sparsity patterns.

Recent advances have extended these ideas to general Wigner-type matrices and

stochastic block models. [104] proved a local law and eigenvector delocalization for

general Wigner-type matrices, specialized their results to sparse SBM with finite many

blocks, and extended to infinite number of blocks under certain conditions. For sparse
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SBMs specifically, [105] established a weak local semicircle law and obtained Tracy–Widom

fluctuations at the spectral edge, and implied bulk eigenvectors of sparse SBMs are fully

delocalized.

3.2 Motivation

Modern high-dimensional data analysis frequently relies on spectral methods, i.e.

procedures that use the eigenstructure of large random matrices to uncover latent low-

dimensional patterns. Principal component analysis, spectral clustering, and factor mod-

eling all depend on the accurate estimation of eigenvectors that represent meaningful

directions in the data. Yet in many contemporary applications, the data dimension and

sample size are of comparable magnitude, so classical consistency results for eigenvectors

no longer hold. Empirical directions fluctuate substantially across realizations, and their

alignment with the underlying population structure becomes partial and noisy.

This instability motivates a careful study of regularized eigenvector estimators. Among

various approaches to stabilization, James–Stein–type shrinkage occupies a special con-

ceptual role. In Chapter 2, we examine the inconsistency principle in the context of rank

misspecification, i.e. the number of estimated latent components K differs from the true

dimension q in a low-rank factor model. There, the shrinkage adjustment was shown to

mitigate the bias to some extent: when K > q, it asymptotically removed optimization

bias, whereas for K < q, a nonvanishing bias persisted. That analysis revealed how

James–Stein regularization operates in finite-sample high-dimensional settings.

The present chapter extends this perspective from model-based misspecification to

asymptotic geometric randomness. Rather than assuming a fixed latent structure, we

now consider eigenvectors that fluctuate intrinsically for underlying data matrix being

Wigner ensemble. In this proportional regime, eigenvectors are delocalized due to the
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stochastic geometry of the data itself, and thus applying James–Stein shrinkage in this

setting is conceptually different but philosophically related. Our goal is still to stabilize

an uncertain direction by borrowing strength from a reference, but we now isolate the

effect of high-dimensional spectral randomness without introducing an additional issue

of model misspecification.

Translating the James–Stein idea to eigenvector estimation under random matrix

asymptotics remains nontrivial. Eigenvectors are nonlinear functions of the data, con-

strained to the unit sphere, and their fluctuations depend on global spectral interactions

rather than independent coordinate noise. Nonetheless, the underlying intuition persists:

if an empirical eigenvector fluctuates around a population direction with substantial ran-

dom dispersion, one might systematically shrink it toward a stable reference direction to

reduce mean-squared misalignment. In this chapter, we explore whether such shrinkage

can yield measurable improvement in the proportional limit.

3.3 Problem formulation

Let W be a N ×N Wigner matrix, i.e., W = (wij)1≤i,j≤N where the upper triangular

coefficients wij for i ≤ j are jointly independent, mean zero and of unit variance. The

lower triangular entries wij for i < j satisfy wij = wji. For simplicity we assume real

entries (but our theory applied directly to complex entries, i.e., Hermitian W ). We will

work with the following rescaled matrix.

WN = W/
√
N (3.1)

One example of W (and WN) that arises in graph theory applications is that of the

symmetric Bernoulli ensemble ([106]). Here, W equals the centered adjacency matrix of
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an Erdos-Reyni graph as discussed in Section 1.1.2.

In the limit N → ∞, the eigenvalues of WN are well-known to converge (almost

surely) in distribution to the so called semi-circular law µsc, i.e.,

µsc(z) =
1

2π

√
(4− x2)+dx (x ∈ [−2, 2]) . (3.2)

This probability law is determistic and has support on [−2, 2]. To make the statement

more precise, let µN denote the empirical measure of the eigenvalues of the matrix WN ,

i.e., for λi(WN) the ith largest eigenvalue of WN , define

µN(A) =
1

N

N∑
i=1

1A(λi(WN)) (Borel A ⊂ R) , (3.3)

where 1A is the indicator function of the set A.

The random measure µN evaluates to the fraction µN(A) of the eigenvalues of the

random matrix WN that fall within the set A. Regarding (3.2), we have

µN ⇒ µsc (3.4)

as N → ∞ almost surely (e.g., [107]).

The utility of the measure µN stems from its connection to the trace of a function f

of the matrix WN (i.e. f(WN) = V f(Λ)V ⊤ where V ΛV ⊤ is the eigen-decomposition of

WN (see [108]). In particular,

1

N
trf(WN) =

∫
R
f(λ)dµN(λ)

where the left side is the trace of the matrix f(WN). Letting f(λ) =
1

λ−z for z not in the
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spectrum of WN yields the so-called Stieltjes transform of µN , i.e.,

sN(z) =
1

N
tr
(
(WN − zI)−1

)
=

∫
R

dµN(λ)

λ− z
.

By (3.4), we have sN(z) → ssc(z) almost surely as N → ∞ where ssc is the Stietjes

transform of µsc that satisfies (see Appendix 3.6.3 for the derivation)

ssc(z) =

∫
R

dµsc(λ)

λ− z
=

−z +
√
z2 − 4

2
(z ∈ C+). (3.5)

The matrix WN in (3.1) discusses so far represents noise and its spectrum does not

carry any structure beyond that of the semicircular law (3.2). There are no outlier

eigenvalues in the limit and all eigenvectors are delocalized.

To make use of this random starting point in applications, we add a “signal” to the

random matrix WN that takes the form of a few “spiked” eigenvalues.

3.3.1 The spiked Wigner matrix model

We suppose that we observe a symmetric N ×N data matrix YN of the form

YN = BB⊤ +WN (3.6)

for the scaled Wigner matrixWN per (3.1) and where B is a full rank matrix of dimensions

N × r for some fixed (rank) r. The low dimensional component

LN = BB⊤ (3.7)
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of the data YN is a symmetric, positive semidefinite matrix which has rank r and dimen-

sions N ×N . In particular, we write its nonzero eigenvalues as follows.

λ1(LN) ≥ · · · ≥ λr(LN) > 0

These eigenvalues, when they are outside of the support [−2, 2] of the spectrum of

WN , are often referred to as spikes. As LN is latent, it is a natural question if they may

be estimated from the spectrum of YN , which is observed.

The following theorem generalizes the corresponding results of [109] and [110] to our

Wigner random matrix setting. For their approach to apply, one of the matrices WN or

LN must be assumed (at least) to be orthogonally invariant.

Theorem 3.3.1. Suppose that λj(LN) → ℓj > 1 for j = 1, . . . , r. Then, for λj(YN)

denoting the jth (with j ≤ r) largest eigenvalue of YN ,

lim
N→∞

λj(YN) = ℓj +
1

ℓj
(3.8)

almost surely. Moreover, if ℓj ≤ 1 then λj(YN) → 2 almost surely.

Remark 3.3.2. The condition ℓj > 1 is anologous to the BBP threshold. We mention

in passing that we allow ℓj = ∞ in which case the behavior of λj(YN) is consistent in the

sense that λj(YN)/ℓj → 1 as N → ∞ almost surely.

In the applications we have in mind, Theorem 3.3.1 is applied to obtain estimates of

the unknown spiked eigenvalues λj(LN). By (3.8), for large N ,

λj(YN) ≈ λj(LN) +
1

λj(LN)
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which becomes an equality in the limit N → ∞. Consequently,

ℓ2j − λj(YN)ℓj + 1 ≈ 0

with an equality in the limit so that

ℓ̂j,N =
λj(YN) +

√
λ2j(YN)− 4

2
(3.9)

forms a consistent estimator of ℓj > 1.

Remark 3.3.3. If we choose the smaller root
λj(YN )−

√
λ2j (YN )−4

2
, then from Theorem 3.3.1,

we have in the limit ℓj =
(ℓj+ℓ

−1
j )−

√
(ℓj+ℓ

−1
j )2−4

2
=

(ℓj+ℓ
−1
j )−(ℓj−ℓ−1

j )

2
= ℓ−1

j , which contradicts

to ℓj > 1.

3.3.2 Spiked eigenvector inconsistency

Having derived estimators (e.g., (3.9)) for the spiked eigenvalues, it is natural to

ask if the same can be accomplished for eigenvectors. We shed insight into the bias of

eigenvectors, and in Section 3.4 we derive superior estimators. Note,

E(YN) = LN = BB⊤ (3.10)

since YN = LN +WN per (3.6) and the entries of the scaled Wigner matrix WN have

zero mean. As the estimation of the spiked eigenvalues and eigenvectors entails a low

dimensional approximation of YN , we write

YN = HH⊤ +GN (3.11)
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where H is a N × r full rank matrix of eigenvectors of YN corresponding to its r largest

eigenvalues (i.e., spikes). The residual GN satisfies H⊤GN = 0r and H
⊤H is a diagonal

matrix of the spiked eigenvalues λj(YN) for j = 1, . . . , r.

In view of (3.11), without loss of generality we assume the columns of B are orthog-

onal, so that any column β of LN = E(YN) is an eigenvector, i.e.,

E(YN)β = |β|2β b =
β

|β|
(3.12)

where the length squared, |β|2 = ⟨β , β⟩, is the eigenvalue corresponding to column β and

the unit length normalized version of the eigenvector is b. For the jth column we have

|β|2 = λj(LN). Similarly, for η a column of H in (3.11),

YNη = |η|2η h =
η

|η|
(3.13)

where |η|2 is the corresponding eigenvalue and h is the unit-length normalized eigenvector.

As before, for the jth column we have |η|2 = λj(YN).

In the notation we have set up above, Theorem 3.3.1 lead to the approiximation

H⊤H ≈ B⊤B + (B⊤B)−1

which becomes an equality almost surely in the limit N → ∞.

Comparing (3.12) and (3.13) justifies the statement that η is a biased estimator of β

(and similarly for h and b). The inner product ⟨h, b⟩ is the cosine of the angle between

h and b and is one way of measuring the inconsistency of principal component analysis.

Our next result concerns this quantity.
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From (3.5) and restricting ssc to z ∈ R+, we compute the derivative,

s′sc(z) =
z√

z2 − 4
− 1

2
. (3.14)

Theorem 3.3.4. Let h and b in RN denote the (unit-length) eigenvectors of YN and

LN corresponding to the jth largest eigenvalues λj(YN) and λj(LN) respectively with

1 ≤ j ≤ r. Recalling s′sc in (3.14) and ℓ̂j,N in (3.9), we define

ψN =
1√

ℓ̂j,N s′sc(λj(YN))
. (3.15)

Then, if λj(LN) → ℓj > 1 we have that ψ2
N → 1

ℓjs′sc(ℓj+1/ℓj)
∈ (0, 1] and

lim
N→∞

⟨h, b⟩2

ψ2
N

= 1 (almost surely). (3.16)

Moreover, ψ2
N → 1 when ℓj = ∞. Lastly, if ℓj ≤ 1 above or h and b correspond to

eigenvalues λj(YN) and λk(LN) for j ̸= k then ⟨h, b⟩2 → 0 almost surely.

That ψN is eventually in (0, 1) unless ℓj = ∞ tells us that the sample eigenvectors

h are incosistent estimates of their population counterparts b. The fact that ψN is

eventually bounded away from zero highlights that for ℓj > 1 the spiked eigenvalues

inform us that the true eigenvectors may at least partially be reconstructed. We next

seek to improve the naive estimator h.

3.4 James-Stein type estimator

Theorem 3.3.4 concerns the signal noise separation in (3.11) as would be performed

in principal component analysis. Combining these results with Theorem 3.3.1 allows us
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to develop limitting expressions for the matrix of inner products,

H⊤B (3.17)

between the sample eigenvectors H and the true matrix B. Indeed, the diagonal entries

of (3.17) are zero in the limit and jth diagonal entry is of the form

⟨η , β⟩ = |β||η|⟨h, b⟩ = ⟨h, b⟩
√
λj(LN)λj(YN) (3.18)

where η and β correspond to the jth columns of H and B respectively.

When ⟨h, b⟩ does not tend to 1 as N → ∞, the low rank recovery HH⊤ is a biased es-

timate of the true low-rank component LN = BB⊤. Since the limit of (3.17) is eventually

a diagonal matrix, unlike Chapter 2, the sample eigenvectors in H may be treated in-

dependently of one another to derive their corresponding James-Stein estimators. Thus,

we consider the shrinkage formula,

η(c) = ηc + g(1− c) (3.19)

for some shrinkage target g ∈ RN and shrinkage intensity c ∈ [0, 1]. In this context, one

can seek optimal values of c that optimizes the error metrics,

|η(c)− β|2 and
⟨η(c) , β⟩
|η(c)||β|

. (3.20)

The mean-squared error |η(c)−β|2 (or the Euclidian length squared) measures errors

in the eigenvalue |η(c)| (relative to |β|2) as well as the direction vector h(c) = η(c)/|η(c)|,

a unit length vector in RN (relative to b = β/|β|). The second metric in (3.20) concerns

only the angle between h(c) and b.
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The optimal values of c in (3.19) will depend on the unknown quanties ⟨h, b⟩ and

⟨b, z⟩ where z = g/|g|. Theorem 3.3.4 allows for consistent estimation of ⟨h, b⟩2, and we

will propose a solution to the fact that the sign of ⟨h, b⟩ is arbitrary (i.e., eigenvectors

are defined upto sign only). Consistent estimates of the inner product ⟨b, z⟩ will be

facilitated by the main result of Section 3.4.1.

3.4.1 A concentration of measure result

We derive a concentation of measure result that characterizes the impact that the

noise matrix WN has on the sample eigenvector h relative to b with respect to any

(indepent) direction vector z ∈ RN of unit-length.

Theorem 3.4.1. Let h and b in RN denote the (unit-length) eigenvectors of YN and

LN corresponding to the jth largest eigenvalues λj(YN) and λj(LN) respectively with

1 ≤ j ≤ r. Then, for any sequence of vectors g ∈ RN indexed by N = 1, 2, . . . , each

independent of h, and with z = g/|g|, we have

lim
N→∞

∣∣⟨h, z⟩ − ⟨h, b⟩⟨b, z⟩
∣∣ = 0 (almost surely). (3.21)

In words, this says that the angle of h away from the point z is at least as large as the

one between b and z. It is strictly larger provided that ⟨b, z⟩ is bounded away from zero

and |⟨h, b⟩| is eventually in (0, 1). The latter occcurs whenever the limit ℓj of λj(LN)

satisfies ℓj > 1 as in Theorem 3.3.4.

Figure 3.1 illustrates the relationship in (3.21) geometically.
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Figure 3.1: An illustration of the consequences of (3.21) with the angle between h and
z larger than the one between b and z. Source: [64]

3.5 Numerical Simulation

3.5.1 Stochastic block model with preferences

Recall in Sec 1.1.2 we gave a brief introduction of Stochastic block model, and studied

the eigen behavior of the expected adjacency matrix E(A). However, the classical SBM

assumes that all vertices within the same community have identical expected degrees.

This homogeneity assumption is often violated in real-world networks. For example, in

a scientific collaboration network, researchers naturally form communities corresponding

to research areas, but individual researchers differ substantially in their activity levels:

senior investigators and large research groups form many more collaborations than early-

career researchers. Such degree variability cannot be captured by the classical two-block

SBM, even when the block structure is correctly specified.

To incorporate degree heterogeneity while preserving the two-community structure,

we consider a preference-based SBM (heterogeneous SBM). Each vertex i is assigned a
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positive preference weight βi > 0 with normalization

N∑
i=1

β2
i = N,

∑
i∈V1

β2
i =

∑
i∈V2

β2
i (3.22)

Edges are then generated according to

P(Aij = 1) = aij =


pN βiβj, i, j ∈ V1 or i, j ∈ V2,

qN βiβj, i ∈ V1, j ∈ V2 or vice versa.

for the scaling

pN = p0/N and qN = q0/N.

We need N to be large enough to ensure pN , qN ∈ [0, 1].

This formulation allows vertices within the same community to have different expected

degrees while maintaining higher within-block connectivity (pN) and lower cross-block

connectivity (qN). Setting βi ≡ 1 recovers the classical two-block SBM, so the preference

model is a strict generalization.

To illustrate the behavior of the preference-based two-block SBM, we generate a

synthetic network using the parameters above. Figure 3.2 displays a realization with

N = 1000 vertices, within-community probability pN = 0.05, between-community prob-

ability qN = 0.005, and preference weights drawn independently from Unif(0.8, 1.2) and

normalized via 3.22. Two dense communities are clearly visible, with certain vertices

exhibiting higher connectivity due to the heterogeneous preference weights.
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Figure 3.2: A random graph generated according to the stochastic block model
G(n, p, q) with N = 1000, p = 0.05, q = 0.005, β ∼ Unif(0.8, 1.2).

For later spectral analysis, it is convenient to introduce the mean and variance of

each adjacency entry. Since Aij ∼ Bernoulli(aij) with parameter aij specified above, we

have

aij = E(Aij), ν2ij = Var(Aij) = aij(1− aij).

To quantify the overall fluctuation level of the random graph, we define the average

variance

ℓ2N =
1

N2

N∑
i=1

N∑
j=1

ν2ij, ℓN =
√
ℓ2N . (3.23)

Based on these quantities, we introduce the rescaled adjacency matrix

AN =
1

ℓN
√
N
A. (3.24)

The eigenvalue histogram of AN for the network in Figure 3.2 is shown in Figure 3.3.
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The spectrum of AN exhibits two spike eigenvalues that lie outside the bulk ones. These

two spikes arise from the rank-two structure of the mean matrix E(AN) associated with

the two blocks. The rest of the eigenvalues concentrate in a compact interval with a

semicircle-like shape. This separation between the signal eigenvalues and the bulk were

formalized in Section 3.3.1.

Figure 3.3: Eigenvalues of AN scaled from adjacency matrix of Figure 3.2.

To better understand the role of probability scaling in pN and qN , Figure 3.4 contrasts

two representative regimes.

The left panel corresponds to extremely sparse case with pN = p0/N
2 and qN = q0/N

2.

In this case, the graph consists mostly of isolated vertices, and the two latent communities

are no longer visually apparent. From a spectral perspective, the “spike” eigenvalues of

population mean E(AN) decays at rate N−1/2 and will vanish asymptotically. In contrast,

the spectral norm of the centered noise matrix WN = AN − E(AN) collapse to a point

mass at zero, with only two large, noise–induced outliers and no semicircular bulk.

The right panel corresponds to extremely dense case with pN = p0/
√
N and qN =

q0/
√
N . In this case, most edges occur with high probability, and the two latent commu-
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nities remain visually distinguishable but are connected by many cross–community edges.

Because the model allows self-loops and uses edge probabilities of the form pNβiβj and

qNβiβj, diagonal entries of A also appears to be non-zero with high probability. Therefore

we observe certain number of self-loops. From a spectral perspective, the spike eigen-

values of the population mean E(AN) grow at rate N1/2 due to the normalization factor

ℓN ≍ N−1/4, and therefore diverge as N → ∞. In contrast, WN continues to exhibit

semicircular bulk with support on [−2, 2].

Figure 3.4: Effect of probability scaling on the observed two-block structure in pref-
erence-based SBMs. Left: pN , qN = O(N−2). Right: pN , qN = O(N−1/2).

3.5.2 A numerical study on preference recovery

We now conduct numerical experiments to validate the theoretical predictions re-

garding the spike locations, eigenvector alignment, and semicircle behavior of the bulk

spectrum. We consider a two-community stochastic block model with

N ∈ {1000, 2000, 4000, 6000},

where the two communities both have size N/2. For each N , we generate five independent

replications and report the averaged results.
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The degree-heterogeneity vector β is sampled from Unif(0.8, 1.2) and then rescaled

to satisfy the normalization constraints. We fix p0 = 50 and q0 = 5, and generate

edges according to the heterogeneous SBM model with pN = p0/N and qN = q0/N . For

numerical stability we truncate edge probabilities at 1 when necessary.

We then verify the semicircle behavior of the scaled noise matrix WN = AN − LN

Figure 3.5 compares the empirical bulk spectrum with the semicircle density for each N .

Figure 3.5: Histogram of bulk eigenvalues of Wn for n = 1000, 2000, 4000, 6000

Lastly, we apply James-Stein shrinkage to h, and compare the performance of h

and hjs. Figure 3.6 displays the angle between h and b and also the angles between

hjs and b. We can observe that hjs and b has smaller angle comparing to h and b,

indicating hjs better estimates the performance direction. Furthermore, to evaluate how

accurately the empirical directions recover the latent preference vector, we consider the
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oracle reconstructions

β̂ = ⟨h, β⟩h, β̂js = ⟨hjs, β⟩hjs,

which quantify how well the PCA direction h and the James–Stein direction hjs align

with the true preference vector β. The quality of preference recovery is measured using

the relative ℓ2 error

∥β̂ − β∥
∥β∥

and the numerical results are summarized in Table 3.1. We can see under different graph

sizes, the James-Stein estimator reduces the relative ℓ2 error by approximately 43%, and

implies the James-Stein shrinkage enables more robust and accurate estimation of the

preference vector β.

Figure 3.6: Line plot of arccos(h, b) and arccos(hjs, b) for n = 1000, 2000, 4000, 6000.

3.6 Proofs for Chapter 3

We prove Theorem 3.3.1 below and Theorems 3.3.4 and 3.4.1 together after.

113



A Stochastic Block Model With Preferences and James-Stein Estimation for Spiked Wigner
Matrices Chapter 3

Table 3.1: Relative ℓ2 error ∥β̂ − β∥/∥β∥ for PCA and JS estimators.

N ∥β̂ − β∥/∥β∥ ∥β̂js − β∥/∥β∥ Improvement

1000 0.2025 0.1153 43.1%
2000 0.1947 0.1116 42.7%
4000 0.1977 0.1136 42.5%
6000 0.1982 0.1138 42.6%

3.6.1 Proof of Theorem 3.3.1

The former theorem concerning the eigenvalues is a corrollary of Theorem 2.9 in [110].

It implies that for the spiked eigenvalue behavior is determined by the transform,

m(z) =

∫
R

z

z2 − λ2
µ(dz)

where µ is the limit of the empirical measure µN of the singular values of the random

matrix. In particular, the limit of the j eigenvalue tends to the inverse the function m2

evaluated at 1/ℓj, the limit of the determistic sequence λj(LN) per our assumptions.

In our cace, this random matrix is WN of Section 3.3. There µN ⇒ µsc, the semicir-

cular law in (3.2). We prove in Section 3.6.3 below that, for the semicircular law,

msc(z) = −ssc(z) =
z −

√
z2 − 4

2
(3.25)

We therefore have the limit relation,

m2
sc( lim

N→∞
λj(YN)) =

1

ℓ2j
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from which we obtain, letting λj = limN→∞ λj(YN), that

λj −
√
λ2j − 4

2
=

1

ℓj

and since (ℓj+1/ℓj)
2−4 = ℓ2j−(1/ℓj)2 = (ℓj−1/ℓj)

2, the limit is identified as λj = ℓj+1/ℓj

as claimed. Since the largest value of the support for the semicircular law is 2, any jth

largest eigenvalue λj(YN) with j > r must converge to 2, again by Theorem 2.9 of [110].

3.6.2 Proofs of Theorems 3.3.4 and 3.4.1

As we will be taking inner product of sample eigenvectors with b = β/|β| for a column

β of B in (3.6) and since the columns of B are othogonal, it suffices to consider

YN = ββ⊤ +WN

i.e.., the simpler case of a single spiked model. Its eigen decomposition satisfies,

sh = YNh = β|β|⟨b, h⟩+WNh

= b|β|2⟨b, h⟩+WNh

where h is the eigenvector of YN with largest eigenvalue s (i.e. λ1(YN)). Then,

WNWNh = sWNh−WNb|β|2⟨b, h⟩

= s2h− sWNb|β|2⟨h, b⟩ −WNb|β|2⟨b, h⟩

= s2h−WNb(1 + s)|β|2⟨b, h⟩
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which leads to,

h = (s2I −WNWN)
−1WN b(1 + s)|β|2⟨h, b⟩ (3.26)

Since |h|2 = 1, we obtain the relation

1 = b⊤WN(s
2I −WNWN)

−1WN b(1 + s)2|β|4⟨h, b⟩2

By Theorem 3.3.1 we have λ1(YN) = s → ℓ1 + 1/ℓ1 as N → ∞ almost surely and

|β|2 → ℓ1 under our hypotheses. Letting ρ2 = (ℓ1 + 1/ℓ1)
2, the limit of s2 we have

limN→∞⟨h, b⟩−2

(1 + ℓ1 + 1/ℓ1)ℓ21
= lim

N→∞
b⊤WN(ρ

2I −WNWN)
−1WN b

Since the eigenvectors of the matrices WN , WNWN , and ρ
2I −WNWN all have the

same eigenvectors. Thus,

limN→∞⟨h, b⟩−2

(1 + ℓ1 + 1/ℓ1)ℓ21
= lim

N→∞
b⊤WN(ρ

2I −WNWN)
−1WN b

= lim
N→∞

1

N
tr
(
bb⊤WN(ρ

2I −WNWN)
−1WN

)
We deduce that,

limN→∞⟨h, b⟩−2

(1 + ℓ1 + 1/ℓ1)ℓ21
= lim

N→∞

1

N
tr
(
WN(ρ

2I −WNWN)
−1WN

)
= lim

N→∞

∫
R

λ2

ρ2 − λ2
µN(λ)

= lim
N→∞

∫
R

( ρ2

ρ2 − λ2
− 1
)
µN(λ)

=
1

ρ
msc(ρ)− 1 = −1

ρ
ssc(ρ)− 1
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where the transform msc was defined in (3.25).

Collecting the terms above with ρ2 = ℓ1 + 1/ℓ1 and noting the expression for s′sc in

(3.14), we obtain after collecting the terms that,

lim
N→∞

⟨h, b⟩2 = 1

ℓjs′sc(ρ)
. (3.27)

Recalling that ℓ̂1,N → ℓ1 and λ1(YN) = s → ρ concludes the proof of (3.16).

Taking the dot product with b on both sides of (3.26), yields

1 = ⟨b, (s2I −WNWN)
−1WN b⟩(1 + s)|β|2 (3.28)

While taking the dot product with the vector z in the statement of Theorem 3.4.1, and

following steps simular to the ones above,

lim
N→∞

⟨h, z⟩ = lim
N→∞

z⊤
(
(s2I −WNWN)

−1WNb(1 + s)|β|2⟨h, b⟩

= lim
N→∞

1

N
tr
(
zb⊤(s2I −WNWN)

−1WN

)
(1 + s)|β|2⟨h, b⟩

= lim
N→∞

⟨b, z⟩ 1
N
tr
(
bb⊤(s2I −WNWN)

−1WN

)
(1 + s)|β|2⟨h, b⟩

= lim
N→∞

⟨b, z⟩⟨h, b⟩ 1
N
tr
(
bb⊤(s2I −WNWN)

−1WN

)
(1 + s)|β|2

= lim
N→∞

⟨b, z⟩⟨h, b⟩⟨b, (s2I −WNWN)
−1WN

)
b⟩(1 + s)|β|2

Applying (3.28) concludes the proof of Theorem 3.4.1.
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3.6.3 Proofs of Section 3.3

We compute the transform,

ssc(z) =

∫
R

1

x− z
dµ(x)

=

∫ 2

−2

1

x− z

1

2π

√
4− x2dx

= − 2

π

∫ π

0

sin2 θ

z − 2 cos θ
dθ

=
1

π

∫ π

0

cos(2θ)− 1

z − 2 cos θ
dθ

=
1

π
(I2(z)− I0(z))

where In(z) =
∫ π
0

cos(nθ)
z−2 cos θ

dθ and I0(z) =
π√
z2−4

. Note that

cosnθ cos θ =
1

2
(cos((n+ 1)θ) + cos((n− 1)θ)),

we divide both sides by z − 2 cos θ and integrate on [0, π], we have

∫ π

0

2 cos θ cosnθ

z − 2 cos θ
dθ =

∫ π

0

cos((n+ 1)θ)

z − 2 cos θ
dθ +

∫ π

0

cos((n− 1)θ)

z − 2 cos θ
dθ

The LHS equals to

∫ π

0

(
z

z − 2 cos θ
− 1

)
cosnθdθ = zIn(z)−

∫ π

0

cosnθdθ,

and the latter term equals to 0. Therefore

zIn(z) = In+1(z) + In−1(z).
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Next, write cos θ = 1
2
(z − (z − 2 cos θ)), we have

I1(z) =

∫ π

0

cos θ

z − 2 cos θ
dθ

=
z

2
I0(z)−

π

2

=
π

2

(
z√

z2 − 4
− 1

)
.

(3.29)

Therefore,

I2(z) = zI1(z)− I0(z)

=
zπ

2

(
z√

z2 − 4
− 1

)
− π√

z2 − 4

= π

(
z2 − 2

2
√
z2 − 4

− z

2

)
=

π√
z2 − 4

(
z −

√
z2 − 4

2

)2

(3.30)

and

ssc(z) =
1

π
(I2(z)− I0(z)) =

√
z2 − 4− z

2

Now we move on to m(z). We have

m(z) =

∫ 2

−2

z

z2 − λ2

√
4− λ2

2π
dλ

Let λ = 2 cos θ, dλ = −2 sin θdθ, so

m(z) =
2z

π

∫ π

0

sin2 θ

z2 − 4 cos2 θ
dθ =

2z

π
I.

Note that

I =

∫ π

0

1− cos2 θ

z2 − 4 cos2 θ
dθ = I1 − I2,
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and

I2 =

∫ π

0

z2−(z2−4 cos2 θ)
4

z2 − 4 cos θ
dθ

=
z2

4
I1 −

π

4
,

we are left to calculate I1. Now note that

z2 − 4 cos2 θ = z2 − 2(1 + cos 2θ) = (z2 − 2)− 2 cos 2θ,

so

I1 =

∫ π

0

1

(z2 − 2)− 2 cos 2θ
dθ

=
1

2

∫ 2π

0

1

(z2 − 2)− 2 cosu
du

=
1

2

2π√
(z2 − 2)2 − 4

=
π

z
√
z2 − 4

.

Therefore,

m(z) =
2z

π
I =

2z

π

(
4− z2

4

)
I1 +

z

2

=
z(4− z2)

2π

π

z
√
z2 − 4

+
z

2

=
z −

√
z2 − 4

2
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[26] J. Baik, G. Ben Arous, and S. Péché, Phase transition of the largest eigenvalue
for nonnull complex sample covariance matrices, . arXiv preprint math/0506683.

[27] A. Bloemendal, A. Knowles, H.-T. Yau, and J. Yin, On the principal components
of sample covariance matrices, Probability theory and related fields 164 (2016),
no. 1 459–552.

[28] I. Todhunter, Spherical trigonometry, for the use of colleges and schools: with
numerous examples. Macmillan, 1863.

[29] G. B. Folland, A course in abstract harmonic analysis. CRC press, 2016.

122



[30] G. B. Folland, Real analysis: modern techniques and their applications, vol. 40.
John Wiley & Sons, 1999.

[31] B. Oksendal, Stochastic differential equations: an introduction with applications.
Springer Science & Business Media, 2013.

[32] I. L. Dryden, Statistical analysis on high-dimensional spheres and shape spaces,
The Annals of Statistics 33 (2005), no. 4 1643–1665.

[33] M. D. Donsker, Justification and extension of doob’s heuristic approach to the
kolmogorov-smirnov theorems, The Annals of mathematical statistics (1952)
277–281.

[34] N. Cutland and S.-A. Ng, The wiener sphere and wiener measure, The Annals of
Probability (1993) 1–13.

[35] C. Spearman, ” general intelligence” objectively determined and measured.,
American Journal of Psychology 15 (1904), no. 2 201–292.

[36] L. L. Thurstone, Multiple factor analysis., Psychological review 38 (1931), no. 5
406–427.

[37] L. L. Thurstone, The vectors of mind., Psychological review 41 (1934), no. 1 1–32.

[38] J. Bai and S. Ng, Determining the number of factors in approximate factor
models, Econometrica 70 (2002), no. 1 191–221.

[39] C. Subbarao, N. Subbarao, and S. Chandu, Characterization of groundwater
contamination using factor analysis, Environmental Geology 28 (1996), no. 4
175–180.

[40] S. Hochreiter, D.-A. Clevert, and K. Obermayer, A new summarization method
for affymetrix probe level data, Bioinformatics 22 (2006), no. 8 943–949.

[41] G. Chamberlain and M. Rothschild, Arbitrage, factor structure, and
mean-variance analysis on large asset markets, 1982.

[42] J. Fan, Y. Liao, and M. Mincheva, Large covariance estimation by thresholding
principal orthogonal complements, Journal of the Royal Statistical Society Series
B: Statistical Methodology 75 (2013), no. 4 603–680.

[43] I. M. Johnstone and A. Y. Lu, Sparse principal components analysis, . arXiv
preprint arXiv:0901.4392.

[44] W. Wang and J. Fan, Asymptotics of empirical eigenstructure for high
dimensional spiked covariance, Annals of statistics 45 (2017), no. 3 1342–1374.

123



[45] J. H. Stock and M. W. Watson, Forecasting using principal components from a
large number of predictors, Journal of the American statistical association 97
(2002), no. 460 1167–1179.

[46] J. Bai, Inferential theory for factor models of large dimensions, Econometrica 71
(2003), no. 1 135–171.

[47] P. Hall, J. S. Marron, and A. Neeman, Geometric representation of high
dimension, low sample size data, Journal of the Royal Statistical Society Series B:
Statistical Methodology 67 (2005), no. 3 427–444.

[48] J. Ahn, J. Marron, K. M. Muller, and Y.-Y. Chi, The high-dimension,
low-sample-size geometric representation holds under mild conditions, Biometrika
94 (2007), no. 3 760–766.

[49] S. Jung and J. S. Marron, Pca consistency in high dimension, low sample size
context, . arXiv preprint arXiv:0910.2930.

[50] D. Shen, H. Shen, and J. S. Marron, A general framework for consistency of
principal component analysis, Journal of Machine Learning Research 17 (2016),
no. 150 1–34.

[51] H. M. Markowitz, Portfolio selection, the journal of finance. 7 (1), the Journal of
Finance 7 (1952), no. 1 71–91.

[52] J. Capon, High-resolution frequency-wavenumber spectrum analysis, Proceedings
of the IEEE 57 (2005), no. 8 1408–1418.

[53] G. C. Hegerl, H. voN SToRcH, K. Hasselmann, B. D. Santer, U. Cubasch, and
P. D. Jones, Detecting greenhouse-gas-induced climate change with an optimal
fingerprint method, Journal of Climate 9 (1996), no. 10 2281–2306.

[54] M. Fiedler, Algebraic connectivity of graphs, Czechoslovak mathematical journal
23 (1973), no. 2 298–305.

[55] C. Stein, Inadmissibility of the usual estimator for the mean of a multivariate
normal distribution, in Proceedings of the third Berkeley symposium on
mathematical statistics and probability, volume 1: Contributions to the theory of
statistics, vol. 3, pp. 197–207, University of California Press, 1956.

[56] L. D. Brown, Admissible estimators, recurrent diffusions, and insoluble boundary
value problems, The Annals of Mathematical Statistics 42 (1971), no. 3 855–903.

[57] B. Efron and C. Morris, Stein’s paradox in statistics, Scientific American 236
(1977), no. 5 119–127.

124



[58] A. K. Gupta and E. A. Peña, A simple motivation for james-stein estimators,
Statistics & probability letters 12 (1991), no. 4 337–340.

[59] G. Casella and J. T. Hwang, Limit expressions for the risk of james-stein
estimators, Canadian Journal of Statistics 10 (1982), no. 4 305–309.

[60] S. M. Stigler, The 1988 neyman memorial lecture: a galtonian perspective on
shrinkage estimators, Statistical Science 5 (1990), no. 2 147–155.

[61] L. D. Brown and L. H. Zhao, A geometrical explanation of stein shrinkage, .
arXiv preprint arXiv:1206.3499.

[62] D. Fourdrinier, W. E. Strawderman, and M. T. Wells, Shrinkage estimation.
Springer, 2018.

[63] A. Shkolnik, James–stein estimation of the first principal component, Stat 11
(2022), no. 1 e419.

[64] L. R. Goldberg, A. Papanicolaou, and A. Shkolnik, The dispersion bias, SIAM
Journal on Financial Mathematics 13 (2022), no. 2 521–550.

[65] L. R. Goldberg and A. N. Kercheval, James–stein for the leading eigenvector,
Proceedings of the National Academy of Sciences 120 (2023), no. 2 e2207046120.

[66] A. Shkolnik, A. Kercheval, H. Gurdogan, L. R. Goldberg, and H. Bar, Portfolio
selection revisited, Annals of Operations Research 346 (2025), no. 1 137–155.

[67] K. Yata and M. Aoshima, Effective pca for high-dimension, low-sample-size data
with noise reduction via geometric representations, Journal of multivariate
analysis 105 (2012), no. 1 193–215.

[68] Y. Chen, A. Wiesel, and A. O. Hero, Robust shrinkage estimation of
high-dimensional covariance matrices, IEEE Transactions on Signal Processing
59 (2011), no. 9 4097–4107.

[69] J. Fan, Y. Liao, and M. Mincheva, High dimensional covariance matrix estimation
in approximate factor models, Annals of statistics 39 (2011), no. 6 3320–3356.

[70] J. Fan, W. Wang, and Z. Zhu, A shrinkage principle for heavy-tailed data:
High-dimensional robust low-rank matrix recovery, Annals of statistics 49 (2021),
no. 3 1239–1266.

[71] Y. Chen, J. Fan, C. Ma, and Y. Yan, Bridging convex and nonconvex
optimization in robust pca: Noise, outliers, and missing data, Annals of statistics
49 (2021), no. 5 2948–2971.

125



[72] L. Alessi, M. Barigozzi, and M. Capasso, A robust criterion for determining the
number of static factors in approximate factor models, .

[73] G. Kapetanios, A testing procedure for determining the number of factors in
approximate factor models with large datasets, Journal of Business & Economic
Statistics 28 (2010), no. 3 397–409.

[74] Y. Chen and X. Li, Determining the number of factors in high-dimensional
generalized latent factor models, Biometrika 109 (2022), no. 3 769–782.

[75] A. Onatski, Testing hypotheses about the number of factors in large factor models,
Econometrica 77 (2009), no. 5 1447–1479.

[76] S. Jung, M. H. Lee, and J. Ahn, On the number of principal components in high
dimensions, Biometrika 105 (2018), no. 2 389–402.

[77] S. C. Ahn and A. R. Horenstein, Eigenvalue ratio test for the number of factors,
Econometrica 81 (2013), no. 3 1203–1227.

[78] C. Lam and Q. Yao, Factor modeling for high-dimensional time series: inference
for the number of factors, The Annals of Statistics 40 (2012), no. 2 694–726.

[79] J. Fan, J. Guo, and S. Zheng, Estimating number of factors by adjusted
eigenvalues thresholding, Journal of the American Statistical Association 117
(2022), no. 538 852–861.

[80] M. Barigozzi and H. Cho, Consistent estimation of high-dimensional factor models
when the factor number is over-estimated, . arXiv preprint arXiv:2002.08226.

[81] T. Cai, Z. Ma, and Y. Wu, Optimal estimation and rank detection for sparse
spiked covariance matrices, Probability theory and related fields 161 (2015), no. 3
781–815.

[82] V. Q. Vu and J. Lei, Minimax sparse principal subspace estimation in high
dimensions, .

[83] T. T. Cai, D. Xia, and M. Zha, Optimal differentially private pca and estimation
for spiked covariance matrices, arXiv preprint arXiv:2401.03820 (2024).

[84] B. Nadler, Finite sample approximation results for principal component analysis:
A matrix perturbation approach, The Annals of Statistics 36 (2008), no. 6
2791–2817.

[85] D. Paul and A. Aue, Random matrix theory in statistics: A review, Journal of
Statistical Planning and Inference 150 (2014) 1–29.

[86] E. P. Wigner, Random matrices in physics, SIAM review 9 (1967), no. 1 1–23.

126
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