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ABSTRACT OF THE DISSERTATION

Deep Learning Methodology and Theoretical Analysis for Change Points, Spatiotemporal

and Contaminated Data

by

Jialiang Geng

Doctor of Philosophy in Statistics
University of California, Los Angeles, 2025
George Michailidis, Chair

Many modern statistical problems are inherently nonparametric, including a variety
of problems in change point detection, graph models, and robust statistics. Previously,
the literature is abundant and well studied in parametric and even linear cases in these
problems. And for nonlinear cases, many problems remain open and unresolved. In my
dissertation, I would like to bridge this gap by leveraging deep learning techniques to solve
these nonparametric statistical problems.

Moreover, with the rapid development of deep learning techniques and machine learning
theory, we can now conduct asymptotic analysis in a variety of different neural network
spaces. And this allows us to thoroughly analyze the convergence rate of the algorithm using
these networks.

My first project proposes an offline methodology in change point detection capable of
both regression-type problems and multivariate time-evolving data, and provides rigorous
theoretical analysis with guarantees for detecting change points and bounding the distance
between true and estimated points, covering both independent and dependent sub-Gaussian
data sets.

My second project focuses on the graph model and proposes a novel methodology for

modeling the time-evolving data, having the capability to predict both existing points with
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previous data known and new points with previous data unknown. The proposed model also
included an asymptotic analysis of the model convergence rate. Two datasets are used to
demonstrate the model performance.

My third project proposes a novel two-step neural network-based model structure com-
bining nuclear norm penalization and output truncation, which is robust to various data
contamination mechanisms. The asymptotic analysis on the convergence rate of proposed
algorithms is given as well, and the numerical experiments in both synthetic and real datasets
are included to demonstrate the model capabilities

In my dissertation, I also include an additional project that I collaborate on with Scientists
at the Mayo Clinic. We propose a novel redundancy removal methodology that works on the
indexing, archiving, and searching of high-resolution medical images and saves storage and

search costs significantly.
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Chapter 1

Introduction

In many fields, including change point detection, graph neural networks, and robust learning,
prior research has predominantly focused on linear and parametric models. Recently, there
has been growing interest in the asymptotic analysis of neural networks, given their capacity
to model complex, nonparametric relationships. However, much of the existing literature
on neural networks emphasizes engineering techniques and network architectures, often
overlooking theoretical foundations. There remains significant potential for developing
robust algorithms in these nonparametric domains, particularly those supported by rigorous
theoretical guarantees. For change point detection, plenty of parametric methods have been
studied, including exhaustive search [18], penalized cost approaches [44,52]. Many of these
detection algorithms also come with Probabilistic guarantees on the number and locations of
the change points detected (asymptotic consistency) for specific parametric models, such as
mean shift time series models [34], nonlinear time series models with structural breaks [33],
vector autoregressive models [13,79], regression type models [12,35], random graph and
stochastic block network models [15,22]. The deep learning based methodology has also
been used in change point detection. For instance, [85] has proposed a sequential detection
procedure using a predefined detection window and a generalized likelihood ratio test, where

the likelihood is approximated by a simple feed-forward neural network. For graph neural



networks, much work has been put in the time series evolved in an interconnected graph
structure. Like the change point detection problem, much of the research focuses on parametric
and even linear dynamics in temporally evolving mechanisms. Motivated by problems arising
in social network analysis, [104] has introduced the network vector autoregression (NAR)
model, which captures temporal dependencies in each node’s time series not only through its
own past values but also through those of its neighboring nodes. There have been selected
approaches to extend the above framework to capture nonlinearities. For example, threshold
vector autoregressive (TVAR) models [91] generalize their univariate counterparts [89] to the
multivariate setting, allowing different linear dynamics to govern the evolution of a vector
time series depending on the regime determined by an observed threshold variable. lots of
theoretical property developed via learning theory including [68] and [80]. In another stream
of literature, the integration of deep learning methodologies with network-based approaches
has revolutionized temporal dynamics modeling in recent years. Graph Neural Networks
(GNNs) represent a powerful class of neural network architectures specifically designed to

process data structured as graphs [97].

And, with the rapid development of neural networks and their learning theory, we are
now capable of researching the asymptotic properties and providing the theoretical guarantee
for our proposed algorithms in these nonparametric problems. The paper [80] has provided

an asymptotic analysis of the feed-forward neural network minimizer

~

R(f = fo) = E[(f(X) = fo(X))’] < C"¢,Llog’n
where Y; = fo(X;) + €,6; ~ N(0,02).0 = 1,2...n and f = argmin 3.7 (V; — f(X,))%
This direction has guaranteed the existence of a minimizer. However, in reality, we usually
cannot have strong enough assumptions of the model to guarantee the existence of the global

minimizer, and we still want the model to have some kind of asymptotic properties once

the loss converges. The paper [68] has proposed a novel graph network MPNN that can be
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adjusted to multiple types of graph neural network structures and provides a theoretical
guarantee when the loss function is converged. With such innovation in deep learning theory,
we can go deep into the asymptotic properties of various algorithms that use neural networks.
Recently, we have also seen the recent development of learning theory and analysis in the
Huber-like loss function optimization, including [93] and [73], which shed light on the research

and development of novel methodologies in algorithms robust to data contamination.

In my dissertation, in chapter 2, we will propose a novel two-step changepoint detection
algorithm that uses feed- forward neural networks to detect single and multiple changepoints
in multidimensional time-evolving data, as shown in algorithms 1 and 2. In the first step,
the neural network is trained over a prespecified window of the data, and its test error
function is calibrated over another prespecified window. Then, the test error function is used
over a moving window to identify the change point. Once a change point is detected, the
procedure involving these two steps is repeated until all change points are identified. It is
applicable to both regression-type problems and multivariate time-evolving data. A rigorous
theoretical analysis with guarantees for detecting change points and bounding the distance
between true and estimated points is included and covering both independent and dependent
sub-Gaussian data sets. We compare our algorithms with other widely used algorithms,
including KLCPD |[20], Double Cusum [25|, and Sparsified Binary Segmentation [26]. And

our proposed algorithm shows superior performance over those algorithms.

In chapter 3, we will propose a novel methodology for modeling the time-evolving graph
structure that leverages both the spatial and temporal information. The spatial and temporal
information is modeled by separate graph neural networks and combined by addition. And
most importantly, the algorithm can predict the node response for both existing nodes (nodes
whose node features and node response before current time point t are available) and new
unknown nodes (whose previous node features and node response are not available) at each
time point ¢. We provide the asymptotic analysis theorem that derives the convergence rate

of the algorithm. We demonstrate the performance of our algorithm on two real datasets,



Miami housing and AQI data in the cities of China, and show the performance advantage
over other existing methodologies.

In chapter 4, we will propose a two step neural network-based algorithm that combines
the nuclear norm penalization, which encourages a low-rank neural network structure, and a
series of neural networks with output truncation to get a neural network estimator robust
to data contamination. The nuclear norm penalization generates a low-rank estimator that
captures the main part of the model, and truncated neural networks are further used to fill
the gap between the low-rank estimator and the target. We also provide the asymptotic
analysis of the convergence rate. The proof of the theorem also uses a similar 8 Holder
smoothness property in chapter 2 and 3. We also evaluate the algorithms on both synthetic
data and real datasets for both regression and classification scenarios.

In chapter 5, we will introduce the research that is collaborated with the researchers at
the Mayo Clinic: Dr. Hamid R. Tizhoosh and Dr. Saghir Alfasly. And we will propose the
ARReST (Antagonistic Redundancy Reduction Strategy), an oppositional approach that
leverages redundancy among dissimilar classes to minimize the number of image patches
that need to be indexed. ARReST optimizes storage, reduces computational costs, and
accelerates image search, making retrieval more efficient, which will alleviate the high cost of

high-performance storage problems in digital pathology.



Chapter 2

Neural network based change point

detection algorithm

2.1 Introduction

In this chapter, we will propose a two-step offline change point detection algorithm and

provide asymptotic analysis of the accuracy of the detected change points.

The problem of change point detection has a rich history across various disciplines,
including statistics, econometrics, signal processing, and machine learning, owing to its
wide range of applications in areas such as quality control [55], economics, finance, and risk
analysis [103|, medical diagnosis [60], social network analysis [51], and linguistics [54, 95].
Change point detection methods are typically categorized according to the task in hand:
online methods aim to detect changes in the data distribution/dynamics, as soon as they
occur based on streaming data, while offline methods aim to retrospectively detect changes,
when all data are available for analysis. The former task is also referred to in the literature as

event or anomaly detection, while the latter task is also sometimes called signal segmentation.

Various detection algorithms have been developed for a number of parametric models in

the offline setting, including exhaustive search [18], penalized cost approaches [44,52], and
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approaches based on screening and ranking criteria [70]. Many of these detection algorithms
also come with probabilistic guarantees on the number and locations of the change points
detected (asymptotic consistency) for specific parametric models, such as mean shift time series
models [34], nonlinear time series models with structural breaks [33], vector autoregressive
models [13,79], regression type models [12,35], random graph and stochastic block network
models [15,22]. Meanwhile, evaluating different change point detection algorithms is equally
important. The paper by Truong et al. [90] provides a comprehensive overview of offline
change point detection methods for multivariate time series, discussing both consistency
properties—such as asymptotic consistency—and evaluation metrics, including the Hausdorff

distance and F1 score, many of which will also be employed in this work.

The rapid advancement and widespread adoption of neural network architectures have
underscored the need for change point detection methods specifically tailored to these models,
as most existing approaches are designed for parametric settings. However, the current
literature in this area remains limited and has primarily focused on the online change point
detection problem. For instance, [85] has proposed a sequential detection procedure using a
predefined detection window and a generalized likelihood ratio test, where the likelihood is
approximated by a simple feed-forward neural network. Similarly, [57] has reformulated the
detection problem as a classification task, employing neural network architectures to train a
classifier. In [29], change point detection is carried out using a novel deep neural network
(DNN) structure called the Pyramid Recurrent Neural Network, which integrates recurrent
neural networks (RNNs) and convolutional neural networks (CNNs); the output is then passed
through a binary classifier to determine the presence of a change point. Another approach,
presented in [19], combines singular spectral analysis with auto-associative neural networks,
using residuals and a specified threshold to detect change points. Lastly, [38] incorporates
preprocessing steps such as normalization and recursive singular spectral analysis with a
neural network-based autoencoder, where the reconstruction error serves as the detection

criterion under a predefined threshold.



On the other hand, to the best of our knowledge, change point detection methods in
the nonparametric offline setting for time-evolving data have primarily focused on detecting
distributional changes, rather than shifts in the underlying time-evolving mechanisms. For
example, [9] has proposed a kernel-based model selection framework that minimizes a penalized
kernel least-squares criterion, enabling the detection of an unknown number of change points.
Similarly, the method in [105] introduces a robust offline time segmentation approach by
combining dynamic programming, cost-based optimization, and also provides theoretical error
guarantees. The work in [62] has proposed a nonparametric approach that leverages machine
learning classifiers, such as random forests, to construct a classifier-based log-likelihood ratio
for detecting multiple change points in time series data. The paper [2] has proposed a
Cumulative-Sum (CUSUM) algorithm for detecting change points in multivariate time series,
but focusing on changes in the spectral characteristics of the data, rather than the more

common mean or variance shifts.

However, deep learning-based methodologies remain relatively sparse when applied to the
offline change point problem. The work in [20] has used a deep kernel parameterization and an
auxiliary generative model to optimize the power of the corresponding test statistic, enabling
effective detection of diverse change types even in the presence of limited samples. [58|
has proposed a data-driven framework for offline change point detection by training neural
networks to automatically approximate popular testing procedures and provided theoretical

guarantees on their error rates.

These papers primarily focus on detecting changes in the data distribution rather than
shifts in the underlying time-evolving mechanisms, and many lack theoretical analysis
regarding asymptotic consistency. Further, some of them —e.g., [2,62]- only address the single
change point problem. Therefore, the goal of this work is to develop a detection algorithm
that leverages feed-forward networks to identify changes in time-evolving data. The main
contributions are: (i) the development of a nonparametric framework leveraging feed-forward

neural networks to detect single and multiple change points in multidimensional time-evolving



data, as shown in algorithms 1 and 2. (ii) applicability to both regression-type problems
and multivariate time-evolving data, (iii) a rigorous theoretical analysis (Section 2.4), with
guarantees for detecting change points and bounding the distance between true and estimated
points, covering both independent and dependent sub-Gaussian data sets.

The remainder of the paper is organized as follows: Section 2.2 sets up the problem under
consideration and introduces the nonparametric criterion function. Section 2.3 describes
the two-step algorithm, while Section 2.4 provides the theoretical guarantees for it. Finally,
Section 2.5 presents numerical experiments based on simulated data that showcase the role
that various assumptions play in the performance of the algorithm, while Section 2.5 illustrates

the algorithm on selected real-world data sets.

2.2 Problem Formulation

The setting under consideration is as follows: Let Y;,i = 1,-- | Ty, be a response/output
vector of dimension h and X;,i =1, Ty, a vector of dimension p of covariates/attributes,

related through the following predictive model:

Yi=fi(Xi)+e, 11<i<T (2.1)

where 79 <1 < Tn11,70 = 0, Tn11 = Tsum correspond to the N change points and Ty, is the
number of total time points available. It can be seen that the model f; is applicable for a
segment of time points and changes to another one f;;; at the change point 7; + 1. The
model function f;, R? — R" is assumed to be measurable and composed of several functions
(technical details provided in the Supplement). This framework can also cover non-linear
multivariate autoregressive time series models. For illustration purposes, consider the linear

Vector Autoregressive (VAR) model:

Y; = Ale;_l + ...+ quY;_q + €, Tj—1 S 1 S T (22)
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where Y; € R" and A;; € R"" 1 < < ¢ is the transition matrix. Considering the ¢ lags of
Yias X; =Y <k, we get Y = f](Xz) + ¢; where f] = fJ(AU) which can be covered by the
proposed framework (additional technical details provided in Section 2.5).

Criterion function: The following criterion function is used in the detection algorithm:
E(t) = Y2 Y — f(X,)|]?, where f : R0 — RPE+ corresponds to a fully connected feed-
forward network defined as: f =Wro, Wi_10y, .. Wio,, Woz, with L being the number
of layers of the network, W; the p;; x p; weight matrix for layer j = 1,---, L, v; € R
the bias vector and o, (7) = max(0,r — v;) the ReLU activation function. Note that py = p
and pr1 = h, while ||.|| denotes the ¢5 vector norm. The criterion function measures the
squared error loss between the actual and fitted values and mimics analogous criteria used
in change point analysis for traditional parametric statistical models. Further, the neural
network is trained over a certain time period (to be specified in section 2.3), and then the

criterion function is evaluated over a window of size T, whose starting point is a generic time

point t. The length of the time window 75 is also specified in Section 2.3.

2.3 Detection Algorithm

To build intuition and clarify the core ideas, we begin by presenting the detection algorithm
in the simpler setting of a single change point—a problem that, while more tractable, has
garnered significant attention in the literature (see, e.g., [12,28]). This case serves as a
stepping stone toward understanding and extending the methodology to the more realistic
and challenging scenario of multiple change points.

The proposed detection algorithm proceeds in two main steps. First, we train a feedforward
neural network and evaluate its test error across the time index to construct an error-based
criterion function E(t), defined over ¢t = 1,..., Tyum, as described in Algorithm 1. In the
second step, we compare the values of E(t) against a pre-specified threshold to determine

potential change points, which are then identified at time points where the criterion exceeds



the threshold. This decision step is outlined in Algorithm 2.

2.3.1 Single Change point detection

Suppose that the signal is generated according to the following mechanism

Yi = fO(xz)I(Z < T) + f1<mz)l(l Z T) + €i7i = 17 e >Tsumv (23)

where z; € R, fo, fi : RP — R! are the signal generation functions, ¢; is mean zero, finite
variance iid noise, Ty, is the the total number of time points observed and 7 € {1, -+, Tyum }
denotes the change point. It can be seen that at 7 the data-generating mechanism switches
from fy to fi. The generated data based on the fy and f; mechanisms are shown in Figure
2.1, comprising Ty, = 1000 total observations, with the true change point located at 7 = 500.
Suppose that a feed-forward neural network is trained on an interval of length 77 (a tuning
parameter) with training window size, while the error criterion function is evaluated over a
test window of length T5. If the error criterion function E(t),t € ((j — D)Ix+1: jT5,j =
1+, [Tsum/To] does not exceed a prespecified threshold (specified in the sequel), then the
window is moved and the error criterion function computed again, until a change point is
identified. When a change point is identified then a new feed-forward neural network is
trained and the process repeated. The parameters T} and T5 are selected by the user. In
the illustrative example in Figure 2.1, 77 = 100 and 75 = 100. It can be seen that the error
remains low in the interval (100, 500), as indicated by selective evaluations of E(t) (yellow
stars), while it jumps in the (500,600) window. Then, a new model is trained, which leads to
a reduction in the values of the E(t) function.

The first step of the algorithm generating the error function E(t) is presented in algorithm
1. Given a time point ¢, let X[t — Ty : t|, Y[t — T} : t] be the input and the output signal from
time ¢t — T} to t, of dimension T} x p,T} x h, respectively. A feed forward network fg is fitted

for this input-output pair and the citerion function F(t) is calculated by the test error for

10



time window (¢,t 4+ T3). The detection step for the single change point case is rather simple;

Algorithm 1 Test Error Generator

1: System Initialization

2: Input data Xy, prediction Y; = f;(X;) + &, t = 1,2,..., training window size T, test
window size T,, maximum training step 7', neural network function fg with trainable
parameter 6.

3: fort="1T,,2,...,T do

4:  Compute the loss: X
Lo=|Y[t—Ty:t] — fo( X[t — T : 1])|]?
5:  while 6 not converged do
6: Update parameters: 6 <— ADAM(Ly)
7. end while
8:  Record test error:
Elt] = ||Y[t:t+To) — fo(X[t: t + T3
9: end for

10: Output test error function E(t)

namely, select the time point ¢ that maximizes the function E(t) as the estimated change
point. Specifically, 7 = argmin F(t),t =T} : +1,- -+, Tyum- In the illustrative example, we
have that 7 = 500. Probabilistic guarantees for the accuracy of the location of the identified

change point are provided in Theorem 1.

0 Change Point De_tectio_n: Error Criterion E(t) Across Time

{#{ — Signal

Yr E(f)

Pre-change Interval
Post-change Interval

E(t)

05 t=200 t=3$00 t=400 t=500 t=400

00 . - - - - - 00
] 200 400 600 800 1000

Time

Figure 2.1: Example for generating E(t)
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2.3.2 Multiple Change points

Detection becomes more challenging with an unknown number of change points. The choice
of window size is crucial—if multiple change points fall within the same training or testing
window, some may be missed. To address this, we introduce a detection window with a
tunable size parameter T3, and a detection threshold ¢ to distinguish between windows that
contain a change point and those that do not. Strategies for selecting the tuning parameters

T5 and ¢ are detailed in Sections 2.3.3 and 2.4.

In the modified detection step, for each time point ¢, we define a detection window
(t — T3,t + T3) centered at ¢, and compute E(t) within this window. If the difference between
the maximum and minimum exceeds a pre-specified threshold ¢, a change point is detected
at the time that maximizes E(t) within the window. The detection window then shifts to
a non-overlapping region. Theoretical guarantees for the accuracy of the estimated change
point, as well as guidance for selecting window sizes and thresholds, are provided in Section

2.4.

For example, consider a test error curve with a single peak at time point 50 in Figure
2.2, with a peak threshold ¢ = 4, and fix the detection window size T3 = 15. Before time
t = 44, the range of the error function within the detection window remains below ¢, as
illustrated by the first blue arrow, so the window advances. Between time points 44 and
54, near the peak, the range exceeds the threshold (second blue arrow), and the time point
maximizing the test error within the window is recorded as a change point. After detecting a
change point, the detection window jumps forward by its full width to avoid overlapping with
previous windows, thereby preventing repeated detections of the same change point. This

strategy is further discussed in the next section.

The detailed detection strategy is described in algorithm 2

12



Algorithm 2 Multiple Change Point Detection
1: System Initialization
2: Input error function E(t), detection window size T3, n = 1, detection threshold ¢, total
time points Tyum.
3 fort=1,2,..., Ty do
4:  Calculate

= max(t—Tg,o)gggﬁin(HTg,Tsum) EG) = EG)

5. if ¢; > ¢ then

6: T, = arg MaXmax(t—T3,0)<i,j <min(t+T3,Tsum) E (l)

7: n=n+1

8 t=1t+ 313

9: end if
10: end for
11: Output: 7,...,7n.

2.3.3 Selection of the window size and detection threshold

Given the model defined in equation (2.1) with total time points Ty, the single change
point case is straightforward, as we can simply select t = argmax; F/(t). However, in the
case of multiple change points, selecting appropriate window sizes for training, testing, and

detection becomes crucial.

To simplify the process, we set the training, testing, and detection window sizes as
Ty =T, =Ty and T3 = 2T, for some base window size T. Similar to standard assumptions in
the literature ensuring that the true change points have sufficient distance from the boundaries
of the observation period in the data, we also require that the change points are not too
densely distributed over the time horizon Ty,,. Specifically, there should exist a minimum
separation between change points to avoid overlap within a single detection window and to

ensure sufficient data for the neural network to train effectively.

Under this setting, the window size T governs the maximum number of change points
that can be reliably detected, with the upper bound N < % Further details are provided

in Theorems 2

For independent and identically distributed data with finite variance, a good choice is
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To = VTwum. For data sets with higher-order moments or sub-Gaussian distributions, a
smaller window size may suffice. In contrast, for time-dependent data, a larger window is
typically required (see Section 2.4).

Additionally, in the multiple change point setting, we require a sufficiently large detection
threshold ¢ to distinguish windows that contain change points from those that do not.
The threshold should be smaller than the minimal model signal strength M1,, and we use
o= %M 1, in our implementation. This implies another key assumption: the signal strength
M1, must be sufficiently large to be distinguishable from random fluctuations in the absence

of change points. The precise configuration is discussed in Theorem 2 in Section 2.4.

2.4 Theoretical Analysis of the Detection Algorithm

Recall that Ty, denotes the total number of time points available, as defined in Section 2.2.
The parameters 17, T, and T3 refer to the training window size, testing window size, and
detection window size, respectively. The symbol ¢ denotes the detection threshold. We

further assume that there are N + 1 total change points, with 7o = 0 and 711 = Tium-

The following assumptions are imposed to establish probabilistic guarantees for the

proposed detection algorithm.

Assumption 1 (Signal Strength). The change in the signal strength of the model is bounded

above and below, as
M1; S E[[[fja(X) = fX)P] £ M2 <00, j=0,--- N

where f; is the model function defined in Equation 2.1, and M1;, M2; is some constant.

Define M1, = min; M1; as the minimum model change signal. We further assume:

M1, > 4ho?,
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where 02 denotes the variance of the noise, and h > 0 is a constant.

This assumption ensures that the signal change between successive models is sufficiently
large compared to the noise level, allowing the detection algorithm to reliably identify change

points.

Assumption 2 (Minimum Distance Between Change Points). Define I' = min;—o _ n |Ti11—7|
as the minimum distance between consecutive change points. We assume there exists a

constant Cy and function b such that

where typically b(Tsum) = vV Tsum-

This assumption provides a lower bound on the separation between true change points,
balancing the distance and the magnitude of model change. Such trade-offs between signal
strength and spacing are standard in the literature (see, e.g., the review paper [90]). The
assumption also implicitly requires change points to be sufficiently far from the boundaries,
which enables the model to be pretrained before the first change point and retrained after

any detected changes. This is a common requirement in change point detection analysis.

Assumption 3 (Model Smoothness). Each model function f; can be written as a composition

fi =94°94-10--0g1 0 go, where each component g; is a S-Holder smooth function.

This assumption guarantees the smoothness of the model function, which ensures that the
neural network can accurately approximate the true model. A detailed definition of S-Holder
smooth functions is provided in the supplementary Section A.1.1.

The next result establishes guarantees regarding the performance of the proposed detection

algorithm for a single change point, which is of independent interest.

Theorem 1. Consider a single change point cases based on the model in equation 2.1 and the

error criterion function E(t) = ZfitTo |f(X;) = Yi|[2. Recall that we set Ty as the training
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Figure 2.2: Illustration of the detection process based on the error criterion E(t)

sample size and test size with the neural network f trained ont — Ty < i <t. Then, there
exists a ty, such that E(ty) — E(t) > ¢ defined in Section 2.3 for all t.
Further, let T = argmax; F(t) with T denoting the true change point. Then, there exists a

constant C', such that
CTy

o< —220
|T T‘ - M1—2h0'2’

(2.4)

%, for some constant C; depending on the number of moments of
0

f()—ie., E||f:(X)|'] < 00,1 > 2- and with probability 1 — Cre~*T0 for some constants Cy

with probability 1 —

and Cy, if the output of functions f;(X), f(X) is sub-Gaussian based on input data X.

Theorem 1 establishes that Step 1 of the detection algorithm will identify a detectable
peak in the error function near the true change point 7. Moreover, the estimated change
point 7, detected by the algorithm, will be sufficiently close to the true change point. As a
result, once a change point is detected, the subsequent detection window—shifted by one
full detection window size—will not overlap with the previously detected change point. This
ensures that each true change point is detected only once by the algorithm.

Next, we consider the case of multiple change points and provide probabilistic guarantees

for the proposed detection algorithm regarding the estimated number and locations of them.

Theorem 2. Consider input data X, t = 1, | Tsum with the output signal y, generated

according to model in equation (2.1). Further, assume that assumptions 1, 2 and 3 hold.
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Case 1: Let E[||fi(X)]|'] < oo for 1 > 2, select a constant p € (0,1) and define the
function in assumption 2 as b(Tsym) = *“"NTsum- Then, assuming that the data are iid,
the combination of Algorithms 1 and 2 with Ty = TP = (Mo—i)p "V Toum for large 1, detection

window size 21y and detection threshold described in section 2.3.3, yields as Ty — 00,

. M1,
P(N=N M1|r — 7| < Ot
( ’z':mf.},(zv i =il < CMl* — 2ho?

1

Tslm}b> — 1 (2.5)
Case II: Assume tid input data, and that the output of model function f; and neural network
f is sub-Gaussian. Further, define the function in assumption 2 as b(Tsm) = </10g(Tsum)-
Then, the combination of algorithms 1 and 2 with Ty = TP = (MCAh)plog(Tsum), detection

window size 2Ty and detection threshold described in section 2.3.3, yields as Ty, — 00.
P(N=N M1, — 7| < C ML, (Toum) )| — 1 (2.6)

- ’zznll,a),(N *|Tq Ti Ml* - 2h0'2 Og sum .

Case III: Assume that the input data are dependent and in addition, the following condition
holds: |Cov(f;(X), f;(X))| < ¢ < 1,i # j for some constant c. Further, assume that
E[||f;(X)]]?] < oco. Select two constants p,v» € (0,1) and define function in assumption

2 b(Tsum) = “"NTsum- Then, the combination of Algorithms 1 and 2 with Ty = TF =

(A%’* V2 (Tyum) P71, detection window size 2Ty and detection threshold described in section 2.5.3,

yields as Ty, — 0.

R M1,
P(N:N,‘max Ml -7 < C

e
axy ML, — 2ho? > o (2.7)

Remark: The theorem establishes that, across different data regimes—i.i.d., sub-Gaussian,
and dependent—with high probability, the number of detected change points matches the
number of true change points. Furthermore, the distances between the estimated and true

change points are bounded with high probability. A key assumption underlying the theorem

17



is the existence of a lower bound on the spacing between consecutive change points. This
spacing condition is crucial for ensuring detectability of the change points and also determines
the maximum number of change points that can be reliably detected, given the total number
of observed time points Ty,,. In the case of sub-Gaussian data, the theorem additionally
provides a tighter error bound on the distance between estimated and true change points. It
also enables the detection of a greater number of (potentially denser) change points within the
same observation window. This improvement leverages the concentration properties of sub-
Gaussian input data to strengthen the theoretical guarantees and enhance the performance
of the detection algorithm. Finally, for dependent data, the rate for localizing change points
is inferior than that of independent data, since the dependence impacts the “effective" sample

size available in the analysis.

2.4.1 Remarks

The different assumptions in Theorems 2, impose different lower bounds on the minimum

distances between true change points, depending on the characteristics of the data set.

For independent data sets with finite [-th moment of the model output (for sufficiently large
1
[), the minimum spacing between consecutive change points can scale as Tinn, . Consequently,
1——L
the number of detectable change points scales as Teun/' ™" for a fixed total number of time

points Tyum-

For sub-Gaussian data sets, the required minimum spacing can be as small as log Ty,

allowing the detection of a greater number of change points for the same Ty,.

In contrast, for temporally dependent data, the lower bound on the minimum spacing is

at least Tslu/fl, thereby limiting the number of detectable change points to at most v/7Tyum.
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2.5 Performance Evaluation Experiments

In this section, we present several experiments to illustrate the performance of the proposed
algorithm and examine the sensitivity of the results based on the posited assumptions

underlying the theoretical results.

2.5.1 Synthetic Data Experiments

We focus on experiments with synthetic data and consider the following three settings: the
first two involve i.i.d. responses and predictors (Y;, X;) generated by different nonlinear
mechanisms, while the third setting involves time series data, where the predictors X;
correspond to past lags of the response variables.

Following the regression model in Equation (2.1), the input data X; is generated from
an i.i.d. normal distribution A(0, I), where X; € R and the output Y; € R*. The noise

term ¢; is sampled i.i.d. from N(0,0%I), with o = 0.4 and I denoting the identity matrix.

Feed-forward network generated data Each model f; is implemented as a three-layer
feed-forward neural network. In each layer, the fully connected weight matrix is given by
W; + W;;, with no bias term, and is followed by a ReLU activation function. Here, W; is
a fixed matrix shared across all model functions for layer 7, while Wj;; is a sparse matrix
unique to model f; at layer ¢ = 1,2,3. The dimensions of the weight matrices are as follows:
W, Wy € ROOA0 17, 117, € R0 and s, s, € R109*290 The entries of IW; are drawn
from N(0,1), while entries of W;; follow a sparse distribution defined as Sparse(0.1) - V(0, 1),

where each entry is nonzero with probability 0.1 and zero otherwise.

Random forest generated data Each model f; is trained as a separate random forest
regressor mapping from R to R?™. To generate f;, we first define a nonlinear function
g : R — R2% (constructed using the feed-forward network described above with weights

W; + Wi;). Then, for each input X;, we compute Y; = ¢(X;), and train the random forest fi
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by minimizing the squared loss: f; = argminy || f(X;) — Y;||2. The final response is given by

Yi = f;(X).

Mutlivariate time series autoregressive data The third data set is generated from a

Vector Autoregression (VAR) model with ¢ lags, given by:

Vi =AY+ +AyYi g +e, 11 <t<Ty, (2.8)

where each Y; € R?*™ and A;; € R0 for 1 < i < ¢ are the transition (regression
coefficient) matrices.

This model can be reformulated as a special case of the nonlinear regression model in
Equation (2.1). By flattening the predictor as X; = (Y;,Y;_1,...,Y;_4+1) and defining the

extended noise vector € = (€, ..., €_q41), We can write:

Zi = BjZi 1 + €,

where ) )
Alj A2j Aq]
1 0 0
B; = : (2.9)
o ... T 0

and [ is the 200 x 200 identity matrix. Here, different models f; are represented by different
matrices B;, and B;Z,_1 = f;(Z;_1). Thus, this flattened VAR(¢) model is a specific instance
of the general regression framework with dependent inputs, and its consistency is covered

under Theorem 2.

In our experiments, we use a VAR(4) model. The coefficient matrices for the different
models are generated according to the procedure described in [4].

Table 2.1 reports the performance of the proposed algorithm on the baseline simulation
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Table 2.1: Results on synthetic data experiments

Model Distance Between CPs N d,_; dy_g Proportion (N = N)
Feed-Forward Network Data 300-1500 30 17.68 0.0 1.0
Random Forest 300-1500 30 17.30 0.0 1.0
VAR(4) Flatten 900-1500 30 20.89 0.0 1.0

experiments. The neural network employed in the training step is a fully connected feedforward
one with two hidden layers, each comprising 256 units and ReLLU activation functions. The
change points 7; are generated randomly. The “distance between change points” refers to the
range used by the random generator to determine the separation between successive change

points, as required by Assumption 2. The parameter N denotes the number of change points.

For each combination of distance range and number of change points N, we generate 10
synthetic datasets and apply the proposed two-step algorithm. The performance is evaluated

using the following metrics:

10

N
R . 1 .
dT_%zl—OZdi(T—T), where d;(17 —7) :sz_;lTj—Tj|,

=1

with 7; and 7; representing the jth true and estimated change points, respectively. The

estimated change point 7; is chosen as the closest detected point to 7; Further, we report

10

_ 1 ~
dyy-x1 =15 21N = Nil
=1

where N is the number of change points estimated in the ith repetition, and Prop(N =N)

is the proportion of the 10 repetitions for which N; = N.

The next set of simulation experiments illustrates the accuracy of the detected change
point locations and the number of detected change points across different types of data sets.

The first comparison focuses on independent versus dependent input data.

In the independent setting, the inputs are generated from an i.i.d. normal distribution
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Table 2.2: Independent vs dependent input

model Distance between cps N d,_» J| N_H| Prop(N = N)
Independent input data 200-300 30 18.76 0.3 0.7
Dependent input data 200-300 30 88.14 7.7 0.0

N(0, I), while in the dependent setting, the inputs are generated using a VAR(1) model. To
ensure a fair comparison, both types of inputs are normalized to the same scale for each X;.
The model function f; in both cases is the same feed-forward neural network architecture
used in the previous set of experiments.

To facilitate the comparison, we consider a relatively narrow range for the distance between
change points, set between 200 and 300 time points.

The results in Table 2.2 show that the detection algorithm achieves better perfor-
mance—measured by a smaller average distance to true change points and a higher proportion
of correctly detected change point counts—when the input data are independent rather than
dependent. This observation aligns with the theoretical results established in Theorem 2.

Further, Theorem 2 highlights how the distributional properties of the model outputs
influence algorithmic performance. Table 2.3 presents presents a comparison between sub-
Gaussian and non-sub-Gaussian model outputs. For both data sets, the model function f; is
implemented using the same feed-forward neural network structure. The weight matrices W;
in each layer are generated from a normal distribution A(0, 1) across both settings. However,
the perturbation matrices W;; differ in their distribution: for the sub-Gaussian case, entries
are generated as Sparse(0.1) x N(0, 1), while for the non-sub-Gaussian case, entries follow
Sparse(0.1) x Uniform(0, 1). To ensure a fair comparison, we fix the model change signal

across both settings. Specifically, we enforce that for all : =1,2,..., N,

Ep(x) [Hfz(X) - fi—l(X)Hz} = 50.

Table 2.3 shows that the detection algorithm achieves better performance when the model
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outputs are sub-Gaussian, aligning with the theoretical guarantee obtain in Theorem 2.

Table 2.3: Non sub-Gaussian vs sub-Gaussian

model Distance between cps N d,_» J‘ N_R| Prop(N = N)
Non-subgaussian data 200-300 60 29.76 3.5 0.2
Subgaussian data 200-300 60 15.95 0.2 0.8

In certain cases, the goal is to estimate change points with higher precision by minimizing
the distance between the true and estimated change point locations. For data sets where
the output possesses a sufficiently large number of moments [/, reducing the test window size
Ty can enhance the accuracy of change point localization. This effect is demonstrated in
Table 2.4. The input, output, and model function used in the corresponding experiment are
identical to those in the feed-forward network setting described in the first simulation. As
shown in Table 2.4, decreasing the window size Ty results in more precise estimation of the
change point locations.

Table 2.4: Precise train

model Distance between cps N d._» Ty
First train 300-1500 10 20.46 50
Precise train 300-1500 10 843 20

Finally, the theorem’s assumption that the signal must be significantly larger than the
standard deviation of the error term o is essential, as demonstrated in the proof provided
in the supplementary section. Figure 2.3 illustrates the impact of ¢’s magnitude on the
algorithm’s performance. This relationship is evaluated using three metrics: the average
distance between true and estimated change points d,_;, the average difference between the
number of detected and true change points CZ‘ N—N| and the proportion of instances where the
exact number of change points is detected Prop(N = N). We observe that as the magnitude of
o increases, the detection algorithm’s performance deteriorates significantly, highlighting the

critical importance of the signal magnitude assumption in ensuring algorithmic effectiveness.
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Figure 2.3: Performance metrics vs o

2.5.2 Experiments with Real Data Sets

Next, we present the results of applying our detection strategy to a variety of real-world

datasets.

The first data set consists of data from 43 individuals with bladder tumors, where each
value represents the copy number of specific gene mutations for each segment of each individual.
The data set contains 2216 segments [16]. Using the same detection strategy as in the VAR
model, we apply a window size of Ty = 50 ~ v/2216. Our two-step algorithm detected 17
change points in this data set. Figure (a) in Figure 2.4 illustrates the number of mutation

copies related to bladder cancer, with the detected change points marked by stars and vertical

dashed lines.

The second data set contains the log-weekly returns for 29 stocks comprising the Dow
Jones Industrial Average (DJIA). The dataset spans 1138 time points, from April 1990 to
January 2012, where each time point represents one week [49].For this dataset, we use a
window size of Ty = 30 ~ v/1138. Our two-step algorithm successfully detected changes near
the years 1998, 2000, 2002, and 2008, corresponding to significant events such as the 1997
financial crisis, the collapse of the technology bubble, the stock market downturn of 2002,
and the financial crisis of 2008. Figure (c) in Figure 2.4 shows the log weekly returns for the

10th stock used to calculate the DJIA index, with detected change points highlighted.

The third data set, sourced from [14], consists of 743 time points, where each time point
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represents a month. The 1-dimensional output represents the log-difference in monthly GDP,
while the 122-dimensional input comprises various economic indicators, including stock market
data, real personal income, and US treasury bond returns. This dataset spans several key
recessions in U.S. economic history. Our algorithm detected change points corresponding to
events such as the 1973 oil crisis, the 1980 recession, the dot-com bubble of 2000, and the

great recession of 2008, among others.

10th individual GDP monthly 10th stock in DJIA

Log weekly returns

Log difference of GDP monthly

2] ko ok kk k L =

[ O R A A A B A
-250 O N T T W T U U .

o 500 1000 1500 2000 1360 1870 1980 1390 2000 010 2020 1992 1996 2000 2004 2008 012
Index Time Time

(a) The genes mutations of Cancer  (b) log difference of GDP (c) DJIA Stock market index
patients

Figure 2.4: Real data

2.5.3 Comparison with commonly used algorithms

We compared the proposed detection algorithm with other popular change point algorithms,
including KLCPD [20], Sparsified Binary Segmentation [26] and double CUSUM in [25].
The synthetic data used for this comparison are generated according to a VAR(5), a
Non-linear VAR [66], and a multiple species Lotka-Volterra system of coupled differential
equations. The VAR(5) model is defined similarly to the model in Section 2.5 equation (2.8)

and has dimension 200.

The non-linear VAR model described in citeNonlinearVAR is defined as:

q
= Axiy + ZAipi(frtfi +€) (2.10)

=0
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where

fo=Tifir+Dafio+el (2.11)

Here T';, ¢/ are the coefficient matrices and the error process for a VAR(2) model f; and A and
¢; are the coefficient matrix and error process for the non-linear VAR model x;, respectively.
Further, A; is the coefficient matrix for the non-linear lag terms in the model and p; is the
corresponding non-linear function. In the experiment, we set the number of lags to ¢ = 6, the
dimension of f; to 10, and the dimension of z; to be 200. We also set the frequency parameter

to r = 3 aiming to skip direct connections between the consecutive components f;, f;_1.

The data from the Lotka-Volterra model (denoted as LV in 2.5) described in [66] are

generated according to the following differential equations:

dz? ) . ) .
dﬁ = ax' — fx' | E | v —a(@)1<i<p (2.12a)
jEPa(x?)
_dyj = 5yj g - fy(yj) 1<57<p (2.12b)
dt , T '
kePa(y?)

where z* corresponds to the population sizes of prey species and g’ is the population sizes of
predator species, a, 3,9, are the fixed parameters controlling strengths of interactions, and

the Pa(z?), Pa(y’) are the sets of Granger-causal variables of x, 1.

The distance metrics used in the evaluation are: (i) the regular distance d,_; used in
Section 2.5, (ii) the sum version of the Hausdorff distance
dH—W = Imax Z |Ti - 7A'J| (213)

€T N
ﬁET\Ti—%j\<=mink |Tk—7A'j|

, and (iii) the product version of the Hausdorff distance

dp_p = max | | 7i — 75 (2.14)
€T R
7A'i€T|T7;—7A']'|<=mink ‘Tk—f'j‘
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where T, T correspond to the set of true and detected change points, respectively. For the
comparison, we also report precision and recall. In addition, we use two modified versions of
the Hausdorff distance. While many algorithms achieve strong performance in terms of overall
distance and accuracy, they often tend to produce multiple estimates clustered around a true
change point. In practice, this behavior is problematic, as it is unclear which estimate should
be selected when the true change point is unknown. By introducing these refined metrics, we
penalize such behavior, ensuring that an algorithm cannot achieve high performance simply
by overestimating around true change points. This allows for a more informative assessment
of both the accuracy and robustness of different change point detection algorithms. In the
experiments, the distances between successive change points are randomly generated from a

uniform distribution over the interval [1200, 1500].

The results of the comparison experiments are presented in Table 2.5. The Table reports
five evaluation metrics for each combination of detection method and dataset. Our proposed
method outperforms the three competing approaches on two of the datasets. For the Nonlinear
VAR dataset, however, the Double CUSUM method exhibits better performance for selective

metrics.

2.6 Conclusion and Discussion

The paper introduces a two-step framework for offline change point detection using feed-
forward neural networks, combining model training with an error-based detection step. The
method comes with theoretical guarantees on the number and locations of detected change
points, including bounds on estimation error and exact recovery conditions. Extensive
experiments on both synthetic and real-world datasets validated the method’s accuracy and
robustness. The algorithm performs well in various simulated settings, including feed-forward
networks, random forests, and vector autoregressive models. In real-world data—such as

genetic copy number variations, DJIA stock returns, and GDP indicators—it successfully
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Table 2.5: Comparison of Methods on Various Models

Method Data d, dy_w  dy_p precision recall
ML model Nonlinear VAR  118.16 134.0 31.7 0.675 0.70
Sparsified Binary Segmentation Nonlinear VAR ~ 157.94  400.2  284.5 0.362 0.975
Double Cusum Nonlinear VAR  90.00  130.20 8.9 0.704 0.925
KLCPD Nonlinear VAR  499.36  302.7 1108.5 0.09 0.05
ML model LV 87.84 132.90 48.2 0.58 0.75
Sparsified Binary Segmentation LV 480.84  391.0  5803.7 0.11 0.65
Double Cusum LV 561.25 850.0  273.70 0.0 1.0
KLCPD LV 1601.09 2094 inf 0.0 0.0
ML model VAR 20.05 32.5 32.5 0.90 0.875
Sparsified Binary Segmentation VAR 480 391.0  5803.7 0.11 0.65
Double Cusum VAR 561.25  850.0 273.70 0.0 1.0
KLCPD VAR 862.64  284.0 inf 0.09 0.1

identified meaningful structural shifts. Compared with existing methods like KLCPD and
Sparsified Binary Segmentation, the proposed approach showed superior performance on

most data sets.

While the framework is adaptable to architectures like RNNs or CNNs, current theoretical
results do not extend to these models. Future work could address this, as well as improve
precision under temporal dependence by leveraging structures like martingales or Markov
chains. Scalability to large datasets and online detection is another promising direction,

especially for real-time applications in finance or anomaly detection.

In summary, our framework offers a principled and effective solution for offline change

point detection, with strong empirical performance and clear paths for future development.
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2.7 Proofs

2.7.1 Proof of Theorem 1

We start by noting that some of the auxiliary lemmas used in the proof and presented
in the Supplement for completeness, assume that the output of the neural network to be
one dimensional. However, in the detection algorithm is h-dimensional. To mitigate this
difference, we consider each feed-forward network employed as f = ( fl, e fh), where each

fk € F(L,p, s, F) represents a network defined the same way as in Lemma 5 and similarly

fo=(f§, ..., f&) whereff € G(q,d, t, 3, K). Then,

h
Ep, [l () = foCOIP] = Y Ep[(fu(X) = f5(X))7] (2.15)
k=1

where each term in the sum is controlled by the resutls in Lemma 5 and the sum will also be

controlled with multiplication by A.

For the single change point case in Theorem 1, 7 is the estimated change point where

T = arg max;(F(t)). Start by assuming that Ty > C|r — 7*| for some constant C.

Then, if 7* > 7:

7+To T*+To
E(r) — E(r) = > fHX) = YilP = > IfA(Xx) = Y|P > 0, (216)

where f! € argminger . > i (Yi = f(X;))? and f2 € argminge g p.p > icre (Yi =
F(X))?
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Hence,

T* T4+TH
S NP =Yl + ) NIFHXG) = Yl
- ‘r+;0 T*+To
—Z:Hf2 Y|P = > IAX) =Yl =0
i=7+Tp
T* ) T+T0o R R
S ) =Yl + > (1A = Vil = (12 (X)) = Vil ?)
B B T*+Ty
= DAY =Yi|P =0 (2.17)
i=17+Tp

Denote by I; = ZZ_T A.,}(Xi) — YQHQ, I, = ZZT:TTO( |JETl(Xz) - Y;Hz - ||f72(X1) - Y;Hg) and
L= | F2 (X)) — Yl 2

For I;:

11<Z|!f Xl + 11¥; = fo(X)II7)

Xi)l?

< (1" = TER[(1(X) = fo(X)*] +

Lemmab

< 01¢TLlog2 T(T"—71)+ h0'2(7'* —7) (2.18)
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For I5:

T+T1)H .
= D (IF06) = VP~ 172(X) — ilP)
CauchylInequity T+70 o1 2o 1 29
LS 06 — 2. OGN + F2.05) — 2l
Cauch;;r;quity ~ 1
< WoEflmf;(X) P01+ o)
0
T+TH
(ZHJ” X2+ ]172. (X >—fo<X@->H?+2HYi—fo<Xi>\|2)
T\ JeaThorLiog? T
T+T0o
(ZHJ” X+ 172 (X >—fo<Xi>||2+2|m—fo<Xi>\|2) (2.19)

MinkovskyInequity 5
< eaTor Liog? T

\IZF X)l[2 4 11/2.(X:) = fo(Xa)l 2

i=7*

N S 2ll¥ = AN + 201 fo(X0) — A(XDP)

i=T*

< \JCrTuprLiog! T(\ /2142 172 (X) ~ HXIE]+ o) -

N S 2ll¥ = AN + 2l fo(X0) — A(XDP)

i=T*

i=T7*

Lemma5 470 1
\/ CyTyérLlog? T<\/ 205TodrLlog® T + 4| Y 2Toho® + 2Mo T, + o ))
0

S QCQToquL 10g2 T + \/202¢TL 10g2 ThT()O' + \/QngbTL 10g2 TM2T0
< Cy(My, Cy, L) Ty log? T,

where (Y is a constant given M,, Cy and L.
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Iy = Z 172.(X3) = Yil?
o T*+To R
| D UAo(X) = AP = If2(X0) = (Xl = [[A1(X:) = Yil[?)
> (1" = TEg[(fo(X) = LX) = (7" = DEL[(f2(X) = fi(X))7]

1 Lemmab 9 9
> (7" =71)(M; — ho” — Cs¢rLlog™T) (2.21)

T — T -

— (7" = T)E[e?] + of

By the previous equation I + I > I3

CiprLlog® T(t* — 1) + ha® (7" — 1) + Cy(My, Co, L)TEérlog® T

> (" —71)(M; — ho? — Cy¢rLlog? T)
C4(M2, CQ, L)T0¢T 10g2 T

T —71| < 2.22
‘ | o M1 — 2ho? — (Cl + Cg)(bTLIOgQT ( )
Similarly, if 7 > 7%, we can prove (details provided in A.1.4):
C167L10g>(T) + To(2ho? — My + min,_,_ g, pi =)
T — 7 — (2.23)

- M, — 2ho? — Cs¢rpLlog? T — o(1)

Here, if |7 — 7*| > /1), there 3 C5 constant, such that Tj min;—; LplM < C5Ty

..... T—T

2Toho? — TyMy + CsTy + CiprLlog(T) - CsTy + C1¢rL1og*(T)
M, — 2ho? — Cs¢rLlog® T = M, —2ho? — C36rL10g* T

| < (2.24)

|7 — 7

Next, if |7 — 7| > CTp, and if 7 > 7.

T+To ~ T*+To
Blr) = B) = 3 IR0 =Wl = 3 (60— vl
- Lemmab

< 2T,CopLlog® T + 2Tyho* — MiTy < 0 (2.25)
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If on the other hand 7 > 7*

T+To A T™*+To .
E(r) = E(r%) = Y _|If}x0) = YillP = ) 2 () - Yil)?
Lemma

5
< 2T,Céhg, Llog®(Ty) + 2Thho® — MiTy < 0 (2.26)

Hence, a contradiction that E(7) > E(7%).
In summary, there exists constant C'5, C, with probability 1 — :%

C5Ty

*_ <—
=l < M, — 2ho?

(2.27)

According to the proof in section 2.7.1, the probability

7+To
P(I 1) - ACOIF - TENAX) - AL > 5) < G2 s

0

given V¢, C'is a constant depending on ¢. For other approximations in the proof, the technique
is similar. This probability will be further specified in the proof of multiple change point

cases in the next Section, given the different assumptions of the model and data.

2.7.2 Proof of theorem 2

Let Tj be the test window size. 7; denotes the i estimate change point. By the proof of a

single change point,

Cy,(M2)Toyr,—r) log? | Tis1 — 7
M1; — 2ho? — Cjry,, -y L1og? |71 — 7]
CsTo + Cioy. 1,T,LIOQ Tit1 — Ty
510 1P)ri sy i L 10g™ (] ;1 ) T
Mlz - 2h02 - C3¢|Ti+1—Ti|Llog ‘Ti‘i’l - Ti|
(M2)Todrlog? T CsT, Llog*(T
< max (sz( i)To¢r log CsTy + CroprLlog™( )7\/7_10)

|7; — 7| < max(

Cs
< R —
- CMlz — 2ho?

M1, — 2ho® M1; — 2ho? Ty (2.29)
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By Lemma 9, with probability 1 — ,, —= if the data X are independent, and 1 — C for

O

dependent X, the above inequity will hold.

For X independently distributed and sub-Gaussian, by Lemma 7, the probability will be

1 — Ce GTo,

Inside the algorithm 2, define Ty = /T = o(T ), and for each peak found, define the

peak window as CgTy = C Ty and ¢ = — 2ho?. Then, inside the interval

N5
[min(t — CgTy, 0), (t + CsTp)] when detecting peak at time ¢, there is one and only one change
point with high probability depending on the type of input and model because windows of
the nearby two peaks detected [min(t' — C¢Tp,0), (t' + CsTp)] which containing the relative
true change points will not intersect with it. Also, the next detection window will be at least

one detection window size CgTy away from the previous window, and will not detect the

previous change point for the second time.

Next, we must also show that near each change point, the algorithm identifies a peak in
the error function. Given any change point 7;,1 <@ < V.

Let f,,_or, € arg Minfe 7z p0m) Soper o ||V — F(X0)| %,

k=T;—1

ety € argmingerppor Yoponl, 1Y — F(X0)I%,

fro € argminge s par) Sope, | |YVi = F(X0)|2,
Froomy € argmingerppor) Yopia® ||V — f(X3)|[* and

friram, € arg minfe 7(1p.s, F) Z;QLZTO |Ye — f(Xy)]|?. To detect a peak near the true change

point, the following result holds:

min(E(7;) — E(r; — Tp), E(7;) — E(7 + 1))
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which implies

Ti+To Ti
min( Y (Vi = f(XOIP = D Y= fron (XOIP,
k=15 k=7;,—Tpy
7i+To R 7;+2Tp )
DoV = £ XDIP = D 1Y = fram (X))
k=7; k=7;+1T¢
i o (2.31)
>max(| Y Ve = faonXOIP = D Yk~ froan (X))
k=7;—To k=ri—2Tp
7+2To 7+3To
A W= Fram(X)IP = D IYe = Frsan (X))
k=7;+To k=7;+2Ty

Let Ji = S0 11Ye = fr(Xo)|? = 30, gy [1Ye = froen (X012,
Ty = SR IV = fr (Xl = 202220 1Ye = Frovn (X,
|Zk ey 1Yo = Fron (X1 = 20520 o 11Ye = frimamy (X)) and

Jo= | 2 WYa = o (XN = S0 11Ye = frvon (Xa) |12
For J;:
Ti+10 ) Ti R
= M= X = D Y = fren (X[
k=T; k=1;,—Tp
7i+To 7+To R
> 3 (1 (Xe) = LX) = 1Y = fra (X1 = D Ifi(Xe) = fra (X[
k=T; k=T;
— Y (W= LX)+ (X)) = frn 1)
k:Ti—TO
Theoremb

Z 0(1) + MllTO — ClTongi_Ti_lLlOgQ(Ti — Ti_1>

— CyTo¢r,—r,,—mp L1og(1i — iy — Tp) — 2Tpho” (2.32)

The proof for the terms Jy, J3, J; are similar and is provided in the Supplement (see

Section A.1.4).

By the previous equation, Top < T' < 7; — 7;_1, min(Jy, Jo) = Jo, max(Js, Jg) = Jy. To let
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min(Jy, Jo) > max(J3, Jy) which is Jo > J4.

o(1) + M1, Ty — 2Tyho?* — CiTo¢r,—r, Llog*(1; — 75_1) — CyTo¢r, Llog?(Ty)

> o(1) 4 2Tpho? + C Todr, Llog? Ty + CoTydor, Llog®(2Ty) (2.33)

To satisfy the condition above,

o(1)
M1; — 4ho? — Cér, Llog?(Ty)

To > (2.34)

This will be satisfied as Ty — oo when Ty, — oo and then the algorithm will detect a

c

T for

and 1 —e

peak near the true change point with probability 1 — T% (or 1 — —CTo)

some constant C depending on the type of input and model. And when ¢ = MTl — 2ho?,
Jo — Jy > ¢ thus finishing this part of proof.

Next, we proceed to compute the probability of accurate approximation. Based on the
given assumptions, we can complete the proof by considering the cases separately.

For independent variables (Case I), each change point is detected by the algorithm

c
—1 -
7y

Consequently, with probability at least (1 — =%5)V, the

with probability at least 1 — e
0

algorithm will detect all N change points —and only those N—with the distance between
each estimated and true change point being properly controlled.
C )N CN > 1 C’jjsurn > CYOYjsum

1
— — __ o —Y-sum _ " p(p—1)
5 Ty =1 TP T Tyt T T 2 1= Cola™ " | = 1 (235)

The proof for Case II and Case III is similar and included for completeness in the

Supplementary Section A.1.4. This completes the proof of the Theorem.
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Chapter 3

Graph Neural Network-Based
Nonparametric Temporal-Spatial Graph
Model

3.1 Introduction

In this chapter, we will discuss and propose a nonparametric temporal-spatial neural network-
based graph network model that can handle both existing node points and emerging new
node points. In many real-world applications, one often seeks to model a large collection
of time series that are interconnected through an underlying network structure. Motivated
by problems arising in social network analysis, [104] has introduced the network vector
autoregression (NAR) model, which captures temporal dependencies in each node’s time
series not only through its own past values but also through those of its neighboring nodes.
Building upon this framework, [99] has proposed a general formulation that encompasses
various extensions of the basic NAR model for numerical time series, while [10] adapted the
NAR framework to accommodate count data by developing a Poisson-based version of the

model.
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However, these models assume that the temporal dynamics are linear or captured by a
simple parametric statistical model. There have been selected approaches to extend the above
framework to capture nonlinearities. For example, threshold vector autoregressive (TVAR)
models [91] generalize their univariate counterparts [89] to the multivariate setting, allowing
different linear dynamics to govern the evolution of a vector time series depending on the
regime determined by an observed threshold variable. These models are particularly well-
suited for capturing regime-switching behavior and their statistical properties and estimation
procedures have been extensively studied in works such as [91] and [61]. Even though such
models exhibit richer temporal dynamics, they are still linear within time segments. Beyond
the basic TVAR model, various generalizations have been proposed in the statistical literature
to account for richer nonlinearities and dynamic structures. The multiple regime TVAR
models allow for more than two regimes separated by multiple thresholds, extending the
binary switching nature of the original TVAR model [37]. The smooth transition vector
autoregressive (STVAR) models, such as those proposed by [84] and further developed in [64],
relax the abrupt regime-switching assumption by allowing transition between regimes to
occur smoothly based on a continuous transition variable. Another notable extension includes
Markov-switching vector autoregressive (MS-VAR) models [39], where regime changes are
governed by a latent Markov process, providing a probabilistic framework for modeling regime
transitions. Additionally, models such as the SETAR-VAR (self-exciting threshold VAR) and
TVAR with exogenous thresholds (TVARX) introduce additional flexibility by incorporating

lagged endogenous or exogenous variables as thresholding mechanisms [21,61].

In another stream of literature, the integration of deep learning methodologies with
network-based approaches has revolutionized temporal dynamics modeling in recent years.
Graph Neural Networks (GNNs) represent a powerful class of neural network architectures
specifically designed to process data structured as graphs [97]. Their application to time
series analysis has emerged as a promising frontier, offering novel solutions to capture complex

temporal dependencies, spatial correlations, and nonlinear dynamics simultaneously [98].
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Temporal Graph Networks (TGNs) [63,77|, provide a framework for deep learning on
dynamic graphs by representing them as sequences of time-stamped events. TGNs incorporate
memory modules and message-passing mechanisms to capture the temporal evolution of node
and edge features. Spatio-Temporal Graph Convolutional Networks (ST-GCNs) combine
graph convolutions with temporal convolutions to model spatial dependencies between time
series and their temporal evolution [100]. Graph Attention Networks (GATs) have been
adapted for time series by incorporating attention mechanisms that dynamically weight the
importance of different nodes and time steps [92,102]. Finally, the integration of Neural
ODEs with GNNs has led to continuous-time models capable of handling irregularly sampled

time series data [72].

In this paper, we will propose a novel method leveraging both the spatial and temporal
information. Similar to the ST-GCNs and GMAN [102], our method uses the summation
of the temporal embeddings and spatial embeddings as the embeddings in the formulation.
However our method updates the node output at each time point ¢t and does not convolve
along the entire time axis, and also the summation of temporal and spatial embeddings
happens at the final layer, not at each layer. And unlike the TGNs where the update are
formed in events at each time point ¢ and passed via message function to nodes and edges,
our methods assume each node are updated at every time point ¢ with both node feature and
previous node output information from their neighbors and themselves. And unlike the GDEs,
our method will focus on the discrete temporal mechanism. Finally, the key components that
differentiate our proposed method with these methods are the capability to update not only
the existing but also new unknown node points at each time point ¢. Moreover, our method
uses a mixture of GNN and feed-forword neural networks where each network component in
our network is composed by multiple layers and each layer is formed by multiple feed-forward
layers followed by a GNN layer. In this paper, we will provide the theoretical asymptotic

analysis of the algorithm we developed as well.
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3.2 Problem formulation

Notation: For any given matrix X € R™*" and X, ; indexed by i and j, X; represents
the vector composed of all the value in ith row. For a given matrix A, Ali:j,.] represents a
submatrix including rows from the ith row to the jth row inclusively. For any = € R, |z]
represents the largest integer less than or equal to it. For any matrix or vector X, || X]||o
represents the 0 norm, which is the number of nonzero elements, ||X||, represents the
infinity norm, which is the maximum absolute value in all elements. For function x —
F(@) ]| floolloo = 8UD|jzyo=1 | f(¥)]o- For any multidimension function with r variables and
d dimension f : R” — R% we use annotation o, : R” — R" as the Relu activation function

with the bias vector v = {v;}/_; € R". Given r dimension vector y = {y;}/_, € R",

max(yl — Uy, O)

ma‘X(yQ — U9, O)
OvY = Uv(y) =

max(y, — v, 0)

Consider a time evolving network/graph (V;, E;), with node set V; C Z, and edge set
E; CV, x V,. The connectivity between nodes is a captured by a weighted adjacency matrix
Ay ={a;j,1,5 € Vi}, with a;; = 0, if edge (7, j) € E:. The term time evolving means we assume
at each time t, there are n; (which can be 0) new points denoted as Iy = {i}i—m,+1.me+2....my+ne
where m; = |Vi_1|,m; =0,V =0, V,41 = V; U I;11. In other words, the data of points in I
are only available after time t. Let N (i) = {j € V; : (i, ) € E:} denote the neighborhood of
node i (all nodes connected to i and N (i) = N(i) U {i} the extended neighborhood that also
includes node i. Further, with every node i € V,, a feature vector z; € R? and time evolving
response X;; € R are associated with. We define X; = { X4, bicmytni, Xt € Rt < T is the
node response of all available points at time ¢ and z = {2;}i<pm,., 2i € Réseature ig the d Feature
dimensional node feature and zi.,,, represents the available node features at time ¢. 7" is the
total number of time points, my, n; is the existing and new points at each time t. We assume

new points are added to the existed node points for each time t while X; 1., = { X4, }ievi .
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represents the node response of existing points (points whose previous data is available) at
time ¢ and Xy, +1:m+n, = {Xti }ier, represents the node response of new points which means
their data is not available in the past. Here we have m; + n; = m;,1, which denotes that the

new points will become the existing points for the next time point ¢ + 1.

Here we define a new function space G(q,d, t, 3, K, E). For function g € G(¢,d,t,3, K, E),
we have g : R™*din — R"*dout mapping n node input with dimension d;, to n node output
with dimension d,,; and g = Agk, 0 Apk,_;...0 Agky to be a composition of 8 Holder smooth
functions where ¢ +1 € Z represents number of layers, each function k; is a multidimensional
B-Hélder smooth function(a higher order version of Lipchitz function) and d = {d;}%*} € Rt
and t = {tz}fill € R control the dimension and domain of input and output space of
each function k; : R™*% — R”Xdi“,dq = dyut, dg = d;;, where n is the number of nodes and
S; C Rt C R™*4i t; < d, is the domain of this function, d; is the input dimension and d;,
is the output dimension of each layer. Ap = D 3AD™3 represents the graph structure where
A = A+ I is the adjacency matrix with weights and additional self-loop and D is the degree
matrix of A. Then the Ay matrix is the normalized adjacency matrix with weights. Then for
each layer, the neighborhood information is passed to the center. For example, define value
Y = Agkj_i 0...Agko at layer j and Y = {Yi}?il for each node i, then the ith element of
Apk;(Y) is (Apk;(Y)): = 2 tenq) Wrikj(Yi) where wy; is the normalized adjacency weight
on edge between node i and node k and passed information of neighborhood of node i to

node 1.

The p-Hoélder smoothness [80] in one dimension function is defined as functions whose
partial derivatives exist up to || order and are bounded and the partial derivatives of order
| 8] are B — | 5] Holder. Then define the ball of 5-Ho6lder smoothness functions with radius K

where K controled both the Hélder radius and domain .S; of each function k; which is actually
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a t; dimensional ball with radius K:

DK ={f DR 5B S 0t S0 sup LI OTWI gy

. B—15]
a:lal<f ailal—=| 8] TYEDTAY [z — Yl
(3.1)

where 0% = 0%...0* with o = (ay, ..., ;) € N” where 0% denotes the «; partial derivative

on the i'" dimension and |a| := |a|;. We define the function space G(q,d,t, 3, K, E) to be:

G(q,d,t,8,K,E) :={g = Agk,o Agky_10...0 Agky o Agko :
i = (kij)j o [ai, 0% — @iy, b Ky € C{f"([ai,bi]“, K) (3.2)

where |a;| < K, |b;| < K, t; < d;, Ap = D_%Af)_%}

2 is the normalized adjacency

where d := (dy, ..., dgs1),t = (to, ..., tq), B = (Bo, .-, By), A, D™
matrix and degree matrix according to weighted edge E respectively.

The details are in section 3.6.3

Consider a time-evolving model G = (g1, g2, g3) defined on this graph structure where
both existing points and emerging points depend on both features and responses of their

neighborhood nodes. We start from the existing points which will get the feature updated

for each time t. The update equation is defined as

Xii = G(Xyo1, 21me )i + € = 93( X1 1me )i et = 1,200 my, Var(e,;) = o?

for existing points (3.3)

where m; is the number of existing points at each time t,

g3 : Rmxt 5 R™xl € G(q,d,t,3, K, E), and o is the standard deviation of the error term.
By the definition g3 = ARk} o AG'ES... o ALK, where A" is the adjacency matrix with
weights in points set {1,2,...,m;} and k? is the 3-Holder smooth function. When t changes,

the set of &} function will not change while the normalized adjacency matrix A%5* will update

42



due to incoming new node points. As a result, for simplicity, we use g3 to represent all the

transformation functions updating the existing points for each time t.

Note that here we use the edge E as one of the parameters in the function space
G(q,d,t,3, K, E), but here actually the edges keep updating at each time t and we use F;
represent the real time evolving edges set. On one hand, at each time t, the data of n,
more new points is available and normalized adjacency matrix A™ = D, : (A)D, : will get
updated when the A, D, get updated. However, the structure of function space remained
the same and 3-Hélder function k3 remained the same as well. So we use E represent the
edges for simplicity. On the other hand, this also means for nodes in I;, the data will only be

available starting from time t. In another word, our model is capable of capturing incomplete

data.

We can use the neighborhood information and the previous response for existing points.
However, we don’t have that for new emerging points. If we want to make our model capable
of predicting response of new node points, we need to include that update mechanism as well.
Consider each time t, we will have n; new points we’ve never seen before. To predict the
node response of new points, we need to leverage both feature information and node response
of the neighborhood nodes. Given the connection information of the new points, the node

response of the new points generated at time t is defined by the equation

Xt = G(Xio1, 21y )i + €6 = 91(21me )i + 92(Xim1,1my )i + €0ist =My + 1,000 my + ny,

Var(e,;) = o for new points (3.4)

For new point cases, the function ¢, go are slightly different from existing point cases.
Here g; = e o vy 0 uy, uy : RM*reature s RMeXdreature 4y € G(q,d, t, 3, K, E) and nonlinear
function v : R™*dseature — RMXL o) 0y = Ag[my + 1 : my + ny, vy where Agli : 7, ]
represents the ith to jth rows of normalized adjacency matrix inclusively. For new points

go = €1 0090 g3 and vy : R — R where the g3 is shared between existing and new points
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and the new points response is the summition of the weighted sum of predicted neighbor
existing points and features. Define G(X;_1,2) = ¢1(21.m,) + 92(X;—1) for new points and

G(Xi-1,2) = g3(Xi—1,1:m,) for existing points and X;; = G(Xs_1, 2); + €.

3.3 Algorithm

The algorithm has the capability to predict both existing and emerging points. For new
emerging points, we need both their adjacency information with existing points and their
feature information.

Before we dive into the details of the algorithm, we will introduce a new network func-
tion space H(L,p, s, F, E,r) where each function is a mix of graph convolution network
and fully connected network with relu function. For each h € H(L,p,s, F,E,r), it is
composition of r components and each of component contains one GCN layer and sev-
eral feed forward layers. Specifically, we have h = [, o [,_1... o l; and each component
li(z) = AEWLlialeiWLli_laULlfl...WLlFle,@' = 1,.r; Ly, = 1,L;, = L where AW,
represents the graph convolution network layer and remaining represents fully connected
network layers. The number of weight matrices is L which also represents the total number
of GCN layers and feed-forward layers combined. The parameter p = {p;}~, represents
the dimension of each weight matrix. For weight matrix W, € RPi*Pi+t 4 =1, ..., L and bias
vector v; € RPi ¢ =1, ..., L, we have Zfzo [|W;llo + |vjlo < s to control the sparsity. For the
entire function h, we have |||h|||le < F' to control the L., norm. If we set Ag = I, then
the function space degenerates to fully connected network space H(L, p, s, F,r). The details
again will be presented in section 3.6.3.

We define a graph network model H = (hy, hy, hs) = Hy, where ¢ = (11,1, 13) are the
trainable parameters. For existing nodes, we define network hg = hy, € H(L,p, s, F, E,r)

with trainable parameters 13 where hy, : R™*1 — R™tx1

For new points, we define hy = Aglmy + 1 : my + ny, Jhy,, he = Aglmy +1 : my +
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Algorithm 3 Node Prediction

1: System Initialization

2: Input node result X;;, node features z;, Edge E}, nodes V; = {i}i=1 2. m;+n,,New points
set Iy = {my + 1, my + 2...,my + n; },total time T, number of epochs Epoch.

3: for e=1,2....Epoch do

4. for t=1,2,..'T do

5 )gt,lzmt = h3(Xy-1) R

6: Xt,mt+1:mt+nt =M (lemt) + h2<Xt,1:mt)

7.

8

9

end for

LOSSZ[:%,%,% = Zt Zz’e[(t) HXt,i - Xt,i”
:  while 93 not converge do
10: ’17[}3 — ADAM(,C¢3)
11:  end while
12:  if I; # () then

13: while v, 15 not converge do
14: Yy <~ ADAM(Ly,)

15: ¢2 — ADAM(,CwZ)

16: end while

17 end if

18: end for

19: output ]’Ll, hg, hg

N, )Ry, © hy, With trainable parameters 17, 1, and shared trainable parameters ¢s. hy,, hy, €
H(L,p,s, F, E,r) are graph network and hy, € H(L, p, s, F,r) are feed forward network where

h’lﬂl : Rmthfeature — Rmthfeature and th : RmtX1 - RmtX1

Inside the existing points algorithm, the existing points is updated for each new time point
by function hz. We can just update only these points when there is no emerging points as well.
And this pretrained hz function can also be reused in the new points algorithm. And here
we define predictions Xt,i = H(Xi—1, 21:my) = {Hp(Xe—1 1:m0s Z1ome )i Yi<mptnss t = 1,2, ..., T and
Hy(Xe—1,1m0 21y )t,1:me = h3(Xi—1,1:m, ) for existing points, Hy(Xie—1,1:m, s 21 )t,(me4+1):(metne) =
hy(21:m,) + ho(Xt—1.1.m,) for new points. As a result, H(X:i—1, 21.m, )i = h3(Xi—1,1:m, )i for ex-

isting points and H(X;_1, 21:m, )i = M1 (21:m, )i + P2 (Xt—1,1.m, ); for new points.
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3.4 Theorem

Given the time-evolving mechanism, we can use the graph neural network to approximate it.
And the error of the approximation is bounded when certain assumptions are satisfied.
We will start from the general case that for any function from function space G, we have

a mixture network function from function space H to approximate it.

Theorem 3. Given input dimension d;, and output dimension dy,, let g € G(q,d,t, 3, K, E)
and g : R din — R*dout qnd define a network function space H(L,p, s, F, E,r) and Graph
network h € H(L,p, s, F, E,r), where h : R"*%in — R"dout s q mized graph convolutional
network and fully connected network with relu activation function. If we have n node features
and node response (X;,Y;),i =1,2....n where X; € R%n Y, = g(X1.,)i + €, Yi € dowr and h*

is the empirical minimizer of the equation Y i (YV; — h(X1.0)i)?

E[(h*(z) — g(2))’] < C¢nLlogn®

287

Where ¢, = max n TETn , B = H?+1(ﬁz A1)

0,004 ‘

Once we have the general form of the asymptotic analysis of the graph network, we can
move to time evolving mechanism. Let (€2, F,P) be a probability space and let T C R be an
discrete index set T C {0,1,2,...}. A filtration is a family {F;}ier of sub-o-algebras of F
satisfying F, C F; whenever s < t.

Here the risk R is defined as

R(h*, g, T) = E[Y  Ep, [h*(X;) — g(X0)*| F] (3.5)

teT

Theorem 4. Given Graph network H = (hy, hy, hs) and and H is the empirical minimizer
of the equation Zt Lo (X — H(Xo1, 210, )i)?, where Xy = G(Xi—1, 21m, )i + €i and
prediction X“ = H(Xy, 21.m, )i defined as H(Xy_1, 21.m,) = h1(21:m,) + h2(Xy1) for new

points and H (X1, 21.m,) = h3(Xi_1) for existing points. Assume the new points set is not
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empty and with additional training on new points and updating of parametersy, s, H is

. o : T
now also the empirical minimizer of the equation ) ,_, Z;z;ffrl()(m — H(X 1 1imys Z1my )i) 2

Then there exists constant C, for any given non empty T C Z+

T
R(G, H, T)eaist < Coy, m,L10og> Y my (3.6)
t=1
. T
R(G,H,T)new < Coy,n,Llog>» " ny (3.7)
t=1

Where R(G, H, T) epist = E[Yer Bievi  [G(Xio1, 2tm, )i — H(Xi—1, 21m, )i 2| 2] and
R(G,H,T)pew = B> cr Eier, [G(Xi-1, 21m, )i — H(Xy—1, 21:m,)il*|Fi] Then for predictions,

we have
T
B> Eier[Xii — Xo?| ) < Coy,m Llog? > my + o (3.8)
teT t=1
T
E> Eievi, [Xii — X0l A < Coy,n, Llog? > ny+ 0 (3.9)
teT t=1

However, some graph networks do not meet the assumption, but according to the theorem

5, we can still get the convergence of the problem if the empirical loss converges.

Theorem 5. Let h be a multilayer Graph neural network, and L = L(h,Y) is the loss
function with Lipchitz constant L, or in other words, h € L, 1. Y is the target variable that
h approzimated. If we have iid sampled node feature and their target (X;,Y;),i =1,2...,m.

278 L2
Sup (Bomy(h,Y) — Rony(h, ¥))? < ZLONElST

h€Lypip,L m

2 (3.10)
2TI2C ( L, L1+log(N) (exp(_N)N3T1/2)> ,

m AN NP

where Reyp(0,Y) = L3 L(0(X;),Y;) is the empirical risk, Rey,y(0,Y) = Ex y[L(X,Y)]
is the expected risk on all possible nodes feature X and target Y, and the terms are defined as

described in the context of the theorem.
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This theorem from paper [68] ensures the true loss will converge when the empirical loss

converges. Then we have the theorem 6 bounding the real error by the empirical error.

Theorem 6. For any given non empty T C Z+ and training data TCT, giwen Graph network
H = (hy, hy, hs) and and H is the empirical minimizer of the equation Yot 2ot (X —
H(X;-1, 21:m,)i)?, where Xy ; = G(Xy—1, 21.m, )i+€i and prediction Xm = H(Xy, 21.m, )i defined
as H(Xy 1, 21:m,) = h1(21.m,) + ha(Xy_1) for new points and H(X;_1, 21.m,) = h3(Xy_1) for
existing points. Assume the new points set is not empty and with additional training on
new points and updating of parametersi, s, H is now also the empirical minimizer of the

equation Y, 4 St (Xii — H(X4_1, 21:m,)i)?. Then there exists constant C,

i:mﬁ-l

C

R(G H, T pew < e + R(G, H, T pew + 207 (3.11)
| Zteﬂ‘ nt|
R C R . )
R(G,H,T) + R(G, H, T)epist + 20 (3.12)

I —
exist > | Zte’ﬁ‘ mt|

where empirical risk on existing points lfi(G, H, T)emist = % Yot m% Yo G(Xi—1s Z1imy )i—
H(X; 1, 21.m,)i)? and true risk on eristing points
R(Ga Ha T)exist - E[Zte’ﬂ‘ EiGstfl [G(Xt—la zl:mt)i - H(Xt—h Zl:mt)i]2|~z-t]} empirical risk on
new points
i=me+1

E(G, H, T)new = ﬁ Y it nit Zmﬁnt [G(Xi_1, 21m, )i — H(X4_1, 21.m, )i)?* and true risk on new
points R(G, H, T pew = E> " cr Bier, [G(Xi1, 21m, )i — H(Xi—1, 210m, )i)*| F]

3.5 Experiments

In this section, we will use the real-world data to justify and demonstrate the performance
of our algorithm and compare our proposed algorithm with a variety of common existing

algorithms.
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3.5.1 Miami Housing

One dataset we use is the property price data in Miami [69], the data contains columns
including the year of the property, the area of the property, the price, location(longitude and
latitude), and distances to the closest stores, etc. Here the Price is used as X;;, which is
the node prediction target while the year of the property is the time ¢, and the rest of the
columns are features z;.

The Figure 3.1 shows the location plot of the house price data. We can observe from
the plot that most of the houses are condensed in blocks and communities. And by domain
knowledge, we know the house prices in North America are highly similar in the same
community. So it is very natural to use the graph network structure to model the house

price according to the location of the property. For real data, we still assume that the hidden

25.750 4

25.745

25.740 1

LAT

25.735 4

25.730 4

—-80.260 -80.255 -—-80.250 -80.245 -80.240 -80.235 -80.230
LON

Figure 3.1: Location plot of house price data

function u exists from the neighborhood feature to the central node feature, but we will
not include it explicitly in the algorithm. In our model, the graph structure of the data is

determined by location. Essentially, the element of weighted adjacency matrix a,; of node i

49



and j is calculated by a;; = exp~%i and the distance is calculated by Haversine formula

| — Vi . A=A
d;; = 2r arcsin (\/sin2 (VJ 5 V) + cos(v;) cos(v;) sin? ( ] 5 )) (3.13)

where v;, \; are the latitude and longitude of the location.

And then we would like to demonstrate the model’s capability in this dataset, and so
we would like to use some other methodologies as comparisons. One of the comparison and
benchmark we want to present is that this model can outperform the simple regression model.
The simple regression from feature z to price X;,; does not provide an accurate prediction
of the price. Meanwhile, the property price is variable along time t while the feature z is
invariant to time, which does not provide enough information to update the price. We used

Xgboost as the regressor here.

Arima We use the Auto-Arima function in Python as one of the benchmarks of our model.
The function will automatically search for the best Seasonal Arima model on the data
based on AIC criteria. The Seasonal Arima model, denoted as SARIMA (p, d, q) x (P, D, Q)s,
extends the classical ARIMA framework by incorporating seasonal dynamics. Here, p, d,
and ¢ represent the orders of the non-seasonal autoregressive, differencing, and moving
average components, respectively, while P, D, and () denote the orders of the corresponding
seasonal components, with s indicating the seasonal period. The general model formulation

is expressed as:

©p(B*) ¢p(B) (1 — B)'(1 = B*)y, = Oq(B*) 04(B) 1, (3.14)

where B is the backshift operator such that B*y, = v;_j, v, is the observed time series at
time t, ¢,(B) and 6,(B) are the polynomials corresponding to the non-seasonal autoregressive
and moving average terms, respectively, and ®p(B?®) and O¢g(B*) are the polynomials for

the seasonal autoregressive and moving average terms with seasonal lag s. The operator
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(1— B)4(1 — B*)P captures both non-seasonal and seasonal differencing to induce stationarity.

The error term &, is assumed to be white noise.

Xgboost To demonstrate the importance of temporal and spatial information in our model,
we used Xgboost as one of the benchmarks. The Xghoost only uses the feature information

of each point to predict node response.

Temporal-spatial model with feature known Since the node features, including building
type, distance to the store and etc., are usually known before the house is built in housing
data. We would also like to demonstrate that the algorithm is capable of reaching a higher
performance in predicting new nodes when features are already known. And we just need

to adjust the feature extraction network hy to hy, to let it take node features of new points

Z(m+1):(me4ng) -

HT/)(Xt—l,l:mty Zl:mt)t,(mt—&—l):(mt-l-nt) = hwl (Z(mt—i—l):(mt—i—nt)) + h2<Xt—1,1:mt)

Without node feature To demonstrate the necessity of node feature data, in the bench-
mark example only spatial, we exclude the node feature information from the following

equation and compare the result with the original model

Hi/}(Xt—l,l:mzv Zl:mt)t,(mt+l):(mt+nt) - h?(Xt—l,lzmt)

However, if we only use the neighborhood price data, the training results are still not good
enough as they lack the feature information to update and predict the price of existing points

and new points.
The benchmark results (prediction loss in test dataset) are presented in the table 3.1
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Existing points new points

Temporal-spatio model with feature known 0.44 0.112
Temporal-spatio model 0.44 0.124

Xgboost 0.46 0.46

Without node feature 0.44 0.126

Table 3.1: Benchmark with different algorithms

3.5.2 Air quality data in China

The second real dataset we use is the daily air quality data in China in 2018 [94]. The
feature we include in this dataset is the daily weather data from 2018. Different from the
housing data, air quality is seasonal, so we also include the seasonal temporal variable in the
features, including day of the week, and month of the year. Similar to the housing price data,
the original air quality data and weather data only has the Longitude and Latitude. We
calculate the Euclidean distance by the Haversine formula for each pairs of points and get
the adjacency matrix A = (a;;) = exp™%i.

The Figure 3.2 shows the location plot of air quality index data. We can observe from the
plot that the air quality observation sites are not as condensed as the house price data and
some of the cities are far away from others. The base map here is from openstreetmap [71]

Also, since the air pollution in China are usually related to the heating demand in cold
time, the AQI data is seasonal as displayed in figure 3.3

As we want to demonstrate the model’s performance in graphs with the emerging mecha-
nism. The same to the house price data, we sampled 40% points at the start date 2018/01/01
as the initial data points and started from them. Each day, we sample additional 3-6 new
data points. The figure 3.4 shows the sampling process of the first 4 days, including the
initial sample, and presents them in different colors.

Since the graph networks are usually more than a single layer, the messages used to
predict node responses are also not 1-Hop neighbor information; it has the capability to

capture more distant node information. The figure 3.5 demonstrates the 1,2,3-hop neighbors
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Figure 3.2: Location of observation sites in air quality index data

of some selected center points.

Here in the benchmark for AQI data, there is an additional Temporal-spatial model
on outliers regime. Since the cities in China are not evenly distributed and some cities are
far away from others, the prediction of AQI in such cities is usually not as accurate as in
other cities, as they do not have enough neighboring nodes to calibrate the prediction. In the
benchmark table 3.2, we displayed the results in such outlier cities as well.

The figure 3.6 also demonstrates how the location affects the prediction error.

Existing points new points

Temporal-spatio model 0.33 0.27
Temporal-spatio model on outliers 0.33 0.34
Seasonal Arima 0.35 NA

Xgboost 0.42 0.42

Without node feature 0.5 0.35

Table 3.2: Benchmark with different algorithms
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Time-Evolving Air Quality Data
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Figure 3.4: Emerging air quality data
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Graph message transmission structure
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3.5.3 Data details

According to the algorithm, we can leverage the information from both feature and price
data of neighborhood points and apply the graph neural network with hidden features. We
start the training process by selecting a random set of properties as the initial data and
keeping selecting random locations in the data as the newly built property for every year,
representing the update of existing points and new points. Define the the node set as V' and
we have V; Cc Vo C ... Vp = V. We randomly sampled 40% of the dataset at t = 1 as initial
existing node points set V7, and at each time point ¢, we randomly sample 3-6 points from
the dataset at time ¢, namely [;,; defined in section 3.2.

For the Miami housing data, we select the housing price and features from 2010 to 2020
and use the first 8 years as a training set and the rest two years as a testing set. For Air
quality data, we used the weather data, including precipitation, wind speed and etc, as node
features and air quality data (in AQI index) as node responses. The data is from 360 days
in 2018. We use the first 330 days as training data and the remaining 30 days as a testing

dataset.
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3.6 Proofs

3.6.1 Annotation

For any two number x and y, z > y means x is much greater than y, < y means there
exists a constant C unrelated to x and y, such that x < Cy and x ~ y means there exists
constant C', Cy unrelated to x and y, such that Ciy < x < Chy.

o(t) denotes limHo@ = 0 when o(1) denotes lim; ,oo(1) = 0. For any real number x, |z
denotes the largest integer strictly smaller than x.

For vector v = (v;) with dimension n, [v]|; or [|v|]y is Y., |vil, |v]o or ||v]|o denotes the
number of non-zero elements of v,|v| or |[v]| is /S, v7 and |v|s or [[v]| is .rinaxn\vi]. For

L

am x nmatrix W = (W,;;), |[W|le = max  |W;;| and ||[W||o denotes the number of
1= 1= ,m

=1,..,n;7=1,...

non-zero entries of W.

3.6.2 Assumption

Given model fjy, we assume it is measurable and composition of several functions where
g=kyoky10..0k ok (3.15)

Here k‘l = (l{iz])j . [Gi,bi]di — [ai+1,bi+1]di+1 while kigl([aiﬂ,biﬂ]) - [ai,bz-]ti C [ai,bi]di and
la;, b;])"" to be domain of k;;. Obviously, as k; = (ki, ki, ..., kig;,,) ,ti < d;. Here dy = p and

dq+1 - h

3.6.3 Lemma

First, define a type of function called S-Holder smoothness whose partial derivatives exist up

to | 8] order and are bounded and the partial derivatives of order || are § — | 3] Holder.
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Then define the ball of 5-Holder smoothness functions with radius K as:

DK ={f: DR =R Y [lo°fla+ S sup DT IW

< K}
: B—18] -
a:lal<p ailal=|8) BYEP®Y 7 — Yo

where 0% = 90“1...0%" with a = («y, ..., ) € N” where 0% denotes the a; partial derivative
on the i dimension and |a| := |a|;. We assume g;; is S-Holder smoothness then we define

a function space to be:

g(q, d, t,ﬁ, K, E) = {f = AEk}q o AEkq—l 0...0 AEkl o AEkO :
ki = (kij)j © ai, )% = [air, bis )" Ky € Cﬁ"([ai,bi]“, K) (3.16)

where |a;| < K, |bi| < K, Ap = D"2AD 2}

where d := (do, ..., dg+1),t == (to, ..., tg), B = (Bo, ..., By), A, D% is the normalized adjacency
matrix and degree matrix according to weighted edge E respectively.
Then we start to define the function space of network functions. First, we define a network
function space with bounded parameters as:
H(L,p,E,r) :={f R - RPH! o — f(z) =1, 0l,_1...01 :
_1+1

ZZ(JJ) = AEWle'O-ULli WLliflo-lei—l"'WLli xT (317)

.....

Where p = (po, ..., pr+1) € N*72, L is number of layers of the network, W; is the p;1 X p;
matrix, v; € RP and o0,,(7) = max(0, 7 — v;) is the ReLU function. Then f : RP° — RPL+
defined above is a neuro network with ReLLU activation. Here py = d;,, and pry1 = dows-

Let ||| f|oo||oo be sup-norm of the function  — |f(x)|s. Add the sparse condition to the

60



parameters and define the network function space as:

H(L,p,s,E,r):=H(L,p,s, F,E,r):=
L (3.18)
{f e HLp,E): Y Wl +lvslo < .1l floolloe < F
=0
Then, start to approximate the convergence rate. First, let
q

gr=1JwiA1 (3.19)

And define convergence rate as:

EES max n Pitti (3.20)

where n is the size of the training set where the network is trained.

Lemma 1. Let g € G(q,d, t, 3, K, E) and define a network function space H(L,p, s, F, E,r).Let
Y; = g(X1.)i + € as defined above andh, € argminpen(Lp,s, Fr) Oy (Y — B(X1.)i)? be an
empirical risk minimizer and satisfied conditions below:

(i)F > max(K,1)

()31 loga(4t; V 4B;)logen < L < ny,

(ii)nd, S mini—y, 1 p;

(1v)s ~ np,logn

There exists a constant C” only depending on q,d,t,3,F such that

R(hn = g) = Ey[(ha(X) = 9(X))’] < C'¢nLlog’n
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3.6.4 Proof of Lemma 1 or Theorem 3

Lemma 2. For any function g € C5([0,1]%, K) and any integers m > 1 and N > (8 4+ 1)? v

(K + 1)e?, there exists a network

heH(L,(d,6(d+ [B])N,...,6(d+ [B])N,1),s,00),
with depth
L=8+ (m+5)(1+ [logy(dV )]),

and number of parameters
s < 141(d + B+ 1)*TN(m + 6),

such that

1h — Illzeqoyy < K +1)(1+d° + B2)6IN2T™ + K3PN-5

Proof of lemma 2

Based on the proof in [80] and add the graph structure Ag
Given a function g € G(¢,d,t,8, K, E), then f = Agk, 0 Agk,—1 o ... 0 Agk, o Agky.
For each of the component Agk;, where k; = (k;j);, kij € Cgi([ai,bi]ti,Kij). Then use the

normalization trick

0 C; = ( 21K 1) + 57 Cq = k’q(QKq_llL’ — Kq—l)‘

00222—%4‘5,

where ¢; = (¢;;); and 2K;_12 — K;_; means that we transform the entries by 2K;_jz; — K;_4
for all 5. Clearly,
g:AEqu"'OAEk’O :AECQO"'OAECO. (321)
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Using the definition of the Holder balls C’g (D, K), it follows that ¢j takes values in [0, 1],
coj € Cp([0,1)°,1), ¢ € CL([0,1]", (2K;—1)%) fori=1,...,¢—1,
and
Cqj € Cf]([(), 1), Kq(ZKq—l)Bq)'

Without loss of generality, we can always assume that the radii of the Holder balls are at
least one, that is, K; > 1.

Then by the above lemma, there exists a network

heH(L,(d,6(d+ [B])N,...,6(d+ [B])N,1),s,00),
with depth
L=8+ (m+5)(1+ [logy(dV 5)]),

and number of parameters
s < 141(d + B+ 1)*TN(m + 6),
such that
17— cijll ooy < (2K +1)(1 + d? + B2)6IN2™™ + K3N-1.

Then
1Agh — Apcy|lpmoyn) < (2K + 1)(1+d? + f2)6°N2™™ + K3° N4,

because Ag is the normalized weights.
Then given any component of function g € G(q,d,t, 3, K, E) k;,
there exists h € H (L, (d,6(d + [B])N,...,6(d+ [B])N,1),s, o0, E),

|Aph — Apkij|| Lqoae < 2K + 1)(1 + d* + )6/ N2™™ + K3*N-4.
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where l{fz = (l{?”>]

Following the proof in the supplement of paper, the lemma is proved.

3.6.5 Main proof of Theorem 4

Then

R(gg, h;, T)em’st - E[Z ]EiEVt—l [(93(Xt*1)i - h3(Xt*1>i>2|‘F-tH < C¢ZtT:1

If

Define

and

where

Let

o . O
H™ be the function X; ,+1:m4n, =

for new nodes,then

T my

* : o \2
If b = arg H;lénz Z(Xm hs(Xi-1):)

t=1 =1

teT
T Tt
H* = arg minz Z(Xtﬂ- — H(X; 1, 21m,)i)?
H t=1 i=1
T nt
hf = arg H}ILiHZ Z(gl(zlzmt)i - hl(zlzmt)i + €t,z‘)2
=1 =1
T nt
2 argﬂ}lén;;(%( t,1: .) 2 t,1: ) €, )

Xt,l:mt = h;(Xt—l) let H;ke*vt71 = Xt,l:mt

T
thlogz(Z my)
t=1

H*™ (X1, 21:m,) = DY (21:m,) + h5(h3(Xi-1))

T
R(G,H*,T) < R(G, H*,T)and for hi, R(h], g1, T) < C”gf)zir:lm[/logz Znt, for hj,
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T T
R(h}, g2, T) < Cl¢zlentLl092 Z ng then R(G, H*, T)pew < Copsr o, Llog® Z 7
t=1

t=1

T
E[Eielt(Xt,i - Xt,i)2|]:t] < R(G, FI, Tnew + ]EtET,iEIt(Eii) <o’+ C,¢Z{:1ntUOQQ Z iy
t=1

T
E(Eicv,_,(X1i — X0.0)*|F) < R(G, H, Teaist + Erericv, (€,) < 0 + Closr m Ll0g® Z my
=1

3.6.6 Proof of extended theorems: Theorem 5 and Theorem 6

Let G = (V, E) be a weighted graph and g be a MPNN [68]. For each ¢t € {1,...,T}, we
define the MPNN @(Gt) as the mapping that maps input graph signals f = f© € RV*F to

the features in the t-th layer by

OF RN o RNXF -y f 0 = (FO)Y

7

where f) € RV*Ft are defined sequentially by

sz] t 1) f(t 1))

f.(t) =yt (f.(t_l) m(t))
for every i € V.. We call O := @g ) a message passing graph neural network (gMPNN).

Given a MPNN © as defined in Definition 2.1, the output Og(f) € RV*IT is a graph
signal. In graph classification or regression, the network should output a single feature for
the whole graph. Hence, the output of a gMPNN after global pooling is a single vector
OL(f) € R, defined by

|
:NZ
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a 0
Let g = g4 w and Let W= where W, is the weight matrix for feature z;. Here
0 w,

define the ¢(z) = W and 9 (z) = relu(z).
For new points E[E;ey, (Xm - Xt,i)ZyJT_;E] = E[Eicr, [(h1(21:m, )i + hQ(Xt,lzmt)i - Xt,i)2|ft]

< EEicr,[(91(z1m,)i — P1(212m,)i)°1 2] + ElBier, [(92(Xe me )i — ha(Xe1am, )i)? | 2] + E(eF,)

1 & ; 1
— Z hl Zl mt i+ hZ(Xt,lzmt)i - Xt,i)z + O(E) + 202

m

For existing points E[Eicy, , (Xis — Xi.0)Fi] = E[Eiev,_, [hs(Xe1im, )i — Xe.0)2|F]

< E[Eiev,, [(95(Xi-1)i — hs(Xe-1):)*| F] + E(e},)

1 & 1
—Z hg Xt 1 Xt,i)2+0(_) +20’2
m i1 m
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Chapter 4

A two-step neural-network based
nonparametric estimator with nuclear
penalization and network output
truncation robust to different data

contamination mechanisms

4.1 Introduction

Data corruption mechanisms of interest are due (i) to happenstance - for example, small
distinct subpopulations of data are incorporated in the core data set [59,75] or measurements
are incorrectly recorded due to device malfunction [56,96|, erroneous record keeping [36,81],
or due to self-reported inaccuracies [30,76]- and (ii) to malicious activity by adversaries (see,
e.g., [1,5,24,31,83,88,101| and references therein). The learning task of interest is that of

estimation of the parameter of a predictive model (regression or classification).

While the field of robust statistics has explored contamination for fixed-dimension models
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[40,41,45-48,67, 78|, robustness in high-dimensional settings remains underexplored despite

its critical importance in large-data applications.

To elucidate the key issues and ideas, consider a data set D = {(y;, z;) }I;, wherein y; € R
is a response/outcome and x; € R? a predictor vector corresponding to the it observation.
One is interested in estimating the parameter 5 € R? of the following linear regression model:
TS xiTﬁtrue +¢&; (more complex predictive models are discussed in the sequel). The statistical
and machine learning literature on robust regression largely focuses on the following data
contamination mechanisms:

e Error/Informative contamination model. Observations {(y;,x;)}!, are identically
distributed with Fi,,. (described next) as the common distribution. We posit (y, z) ~ Firue,
if y = 27 Birue + €, where z and ¢ both have mean zero, and are independent. The common
error distribution under Fi,e, denoted by Fy e, is assumed to be a heavy-tailed distribution.
Such heavy tailed errors commonly arise in actuarial and financial applications [74]. The
classical contamination model of Huber [41] is also a special case when F. ¢ is a discrete
mixture of a normal distribution and another heavy tailed distribution. Observations with
heavy-tailed errors are considered contaminated or outliers. While the signal 7 Biue remains
intact, the noise is amplified. These observations still contain useful information about B e

and should be adjusted for proper estimation.

e Strong/Non-informative contamination model. Observations {(y;,z;)}", are
identically distributed, where the common distribution can be described as follows: with
probability 1 — 0, (y;, z;) ~ Fie, with ¢; following a sub-Gaussian distribution, while with
probability § > 0, (y;, x;) follow an arbitrary contamination distribution denoted by F,,;. In
this setting, contaminated observations may have errors dependent on the predictors and, in
extreme cases, provide no information about B, €.g., if y = 0 (or € = —27 Bi14e). Predictor

values may also be corrupted.

The first mechanism can arise when data corruption occurs due to happenstance, while

the latter one when data corruption occurs due to malicious activity, as discussed above.
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4.2 Problem formulation

max(y; — vy, 0)

. . . . maX(yQ — V2, O)
Annotation Given r dimension vector y = {y;}/_, € R", o,y = 0,(y) = :

max(y, — vy, 0)
and o = o( represents the ReLu activation function. Define nuclear norm of a matrix A as

| Al = >, 0i(A) where o; is ith singular value of matrix A. Given any real number a, |a|

represents the largest integer that is less than or equal to a. N represents integer set.

Consider a regression problem with total time points 7" and input dimension d;, and
output dimension d,,; and with error distribution @);,7 = 1,2,...7T with contamination rate

m]:OO

e. Here the distribution @); is heavy-tailed or even problematic, which means E,.q,[e
with probability €, given a sufficiently small error parameter quantifying the magnitude of

contamination ¢

Let’s define a function space we will use later, this function space can be found on [80].

Define the ball of g-Hélder functions with radius K as

0°f(x) — 0%
CHD )= F DR SR S st 30 sup TSR G
x.y€ X — ¥l

ailal<p aclal=181 "%,

<K,
where 9% = 9 .- 9% for multi-index o = (ay,...,aq) € N? and |a| :== 3¢ ;. This
property is similar to Lipchitz.

We then assume the true model function f is the composition of such kind of S-Hélder

functions:

f=9,0G,-10--0g 0 go,

where

d
g [ag, b ™ = [age1, be )™, g = (94)52), (=0,....q,

with unknown parameters dy and ¢. Here dy = d;y,, dg = doys represents the input and output
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dimension of model function.

Assume each g, is f,-Holder with radius K,. Let ¢, be the maximal number of variables
on which each g;; depends, and suppose t, < d,. Since gy; is also t,-variate, so, we restrict

the function to its true domain and the true underlying function space becomes

g(Q7d7t7/67K) = {f =3gq©---9490 ‘ ge = (gej)?gll>

965 € €' (2 bi)" 1) [lac]cs [Pl < K} (41)

We define the parameter vectors as follows:

d:= (do,...,dq+1)7 t .= (to,...,tq), /6:: (ﬁo,...,ﬁq), K= (Ko,...,Kq),

and define the effective smoothness index by
q

;=60 [ Ben).

k=(+1

Now let’s define the data contamination model as
Y, = f(X))+Qi,i=1,2,...,TE[Q;] <9,X; € Rln Y, € Rlowt (4.2)

where € represent the rate of contamination and f : R? — R? and The true regression function

fe€g(qdt,B,K).

Define the dataset Dy = ((X;,Y;),i = 1,2,...,T) where X; represents the input data and

Y; represents the output data.
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4.3 Proposed Method

We will propose a two-step machine learning methodology. The first step is to approximate
the main part of the model function f by a neural network with nuclear penalization.
Define neural network f =Wro(Wp_ -0 (Wio(Woz))+--+),2 € Rlin | where F} =
Wio(Wio(..Wrx)). Note that this network does not contain any bias vectors. Given
the batch size B, we group the data in batch (X(;_1)p.in, Yj-1)Bin).J = 1,2, ... L%J where
X-npas = (X1, X(-1)B+1, .- - Xjp—1) and Y;_1)pup = (Yj-)B, Yj-)B+15- -+, YiB-1)-
Instead of penalizing the nuclear norm of the weight matrix, we actually penalize the nuclear
norm of each layer output F;. Note that here the layer output is based on each batch. We
set the loss function £ = Ly = ||Y{;_1)B.jB — f(X(j,l)B:jB)H + Zle [ F1 ]«

Algorithm 4 Nuclear penalization step

1: System Initialization

2: Input data X; and output data Y; ¢ = 1,2, ... ,number of epochs N and number of points
T batch size B, neural network function f with trainable parameter 6.

3: for epoch =1,2,...,N do

4: forj=1,2,..., L%j do

5: Compute the loss:

L
Lo = Y-1psm — F(XGnmss) + D 1Fll.
=1

6: while 6 not converged do

7: Update parameters: 6 «+— ADAM(Ly)
8: end while

9: end for

10: end for

11: Output Trained network function f with parameter 0

Then we will define a special feed-forward network space. For an integer L > 1 and
p = (po,p1,---,pL,Pr11) € NFT2 let F(L,p) denote the class of DNNs with L hidden layers

and p, nodes on hidden layer ¢, for { = 1,...,L, and any f € F(L,p) has a composition
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structure:
f(X) =W;o (WL_1 RENo (WlO' (W()X + 1_10) + ul) + 4 uL_l) +u;, XE€ Rdi" (43)

where W, € RPt+1%Pe gre weight matrices and u, € RP¢! are shift vectors for £ =0,..., L.
The following function space is based on F (L, p) and with sparsity penalization to prevent

overfitting.

L
F(L,p,s) = {f € F(L,p): D [Wello + [ucllo < s,

=0

max Wil Vucllee < 1, [fllo < C} (4.4)

where || - [|» denotes the maximum-entry norm of a matrix or vector (i.e., sup norm), and
| - [0 denotes the number of non-zero entries. The sparsity level s > 0 controls the number of
nonzero weights and shift vectors. C' controls the range of network f.

To simplify the notation, we write F (L, p, s) as simply F in what follows.

To further prevent overfitting, we add another parameter to this function space v to

control the maximum of the Ly norm of the weight matrix.

L
F(L,p,s,7) ={f € F(L.p): > _[Willo+ [[uello < s, Jax [[Welloo V|l < 1,
=0

-----

This new function space that controls the Ly norm will contribute to the local strong
convexity(details will be in the proof) and we need the estimator ferF (L,p,s,7). Once we get
the nuclear norm penalized estimator f = fé with parameter é, we start from this estimation
of model function and boost it with additional neural network f, € F(L,p,s),k=1,2,...,n.

Then we are going to minimize Lo, = > [|Y;— Fr(X;) = F(X;)||2 with respect to their training
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parameters 0y and clip them with range (—M, M) which means fk(Xi)Cl,-pped]I(||fk(Xi)HOO) =
Msgn(fr(X;)). In the following sections, we will use fj, to represent the clipped or truncated
minimizer for simplicity.

The selection of clipped threshold M is also very tricky. Actually when we have the
trained network f, we can plot the distribution of Y; — f (X;) and find the truncated or clipped

point at quantile 0.99. The theorem 8 will guarantee the existence of such a clipped point.

Algorithm 5 Truncated network step

1: System Initialization

2: Input data X; and output data Y; ¢ = 1,2,..., number of epochs N and number of
points T',batch size B, truncated neural network function fk with trainable parameter
O,k = 1,2,...n and clipping threshold M. Trained nuclear norm penalized neural
network f

3: for epoch =1,2,...,N do
4. for j=1,2,...,T do
5: for k=1,2,...ndo
6: Compute the loss: R R
Lo, = IV — fu(X;) — F(X))]?
7: while 6, not converged do
8: Update parameters: 0 <— ADAM(Ly, )
9: end while
10: end for
11: end for
12: end for
13: Clip the truncated minimizer fj by range (-M,M)
14: Output trained truncated network function fk, k=1,2,...,n with parameters 0,

4.4 Theorem

In this section, we will discuss the asymptotic analysis of the estimator. First, the nuclear
norm penalization ensures the tail bound of the estimator, then the truncated estimator will
fill the gap between the true value Y; and previously estimated model function value f (Xi).
Before that, we need to define the truncated loss function and gather some assumptions

needed.
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Define truncated neural network fi, fs, ..., f,, clipped at (-M,M), and truncated loss function
Liruncatea = T21(||z|| < M) + M?1(||z]| > M), then ¥ (z) = VLiuncatea = 21(||z]| < M)

Before we discuss asymptotic analysis theorems, we will need some assumptions.
Assumption 4 (A(1)). The true regression function f € G(¢,d,t, 3, K)

This assumption restricts the space of model function to be measurable and composition
of several functions fy = g4 0 g4—10...0 g1 0 go where each component function g; are S-Holder

function.

Assumption 5 (A(2)). The truncated estimator fi € F(L,p,s), where L = log(T"),

s < (TY)YO*D and mini—y ;. p < (T%)YOFD for 6 = ming_o 4 25‘? and v > 0.

This assumption restricts the function space of the neural network. The number of layers

and the number od hidden neurons grow as the dataset size grows.

Assumption 6 (A(3)). The loss function Liyncatea(:) i an absolutely continuous convex

function on R? with derivative ©(+) := V Liyruncatea(:) existing almost everywhere.

Assumption 7 (A(4)). There exist finite constants x and ¢; such that for all x € R? and
"] < &,

[9(z +2) =¥ ()] <

This assumption ensures the absolute continuity of the derivative of the loss function.

Assumption 8 (A(5)). There exists a finite constant ¢y such that

suzT)Ellw(Qj +u) = (Q))|* < eoflull, as flul = 0.
Jj<

This assumption ensures the Lipchitz condition of the expectation of the derivative of the

loss function on the error distribution.
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Assumption 9 (A(6)). sup,.rE{1(Q;)’} = O(T") for some constant v > 0, and
E{#(Q;)} = 0. There exist finite constants vector J; € R?, j =1,...,T such that

0 < inf §; <supd; < 00
JsT j<T

and

sup [B{0(Q; + w)} = djul = o(w), as [Jull = 0.
Jj<

This assumption restricts the turbulence of the loss function derivative in the middle part

of the error distribution, which should be controlled by the number of data points.

Assumption 10 (A(7)). The input data in dataset Dy = {(X;, Y;)} X; follow the distribution

P where for any given €, there exists a d, such that Px.p(|| X]| > 0) <e

This assumption is also important because it restricts the distribution of input data with

some regularization.

4.4.1 Low rank approximation

In this section, we will discuss the two theorems ensuring the existence and robustness of the

nuclear norm penalization minimizer and the tail-bound property.

Theorem 7. Given the model function f € G(q,d,t,8,K) (Assumption A(1)) and the
nuclear norm penalization over each layer in feed forward neural network f € F(L,p,s,7)
without bias vectors, we will get a robust minimizer fmbust € F(L,p,s,7) close enough to
the true minimizer f* = argming ,C(f, f) given that the input data distribution is not heavy

tailed (Assumption A(7))and v sufficiently small, then for any 6 and any given X; € Dy
P(||f*(X;) — fmbwt(Xi)H > 0) — 0 uniformly as T — oo (4.6)

Theorem 8. Given the model function f € G(q,d,t, 3, K)(Assumption A(1)) and the nuclear

norm penalization over each layer in a feed forward neural network space F(L,p,s,7), for
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any € > 0, there exists an constant M and with the global minimizer f € F(L,p, s.y) we have
Ex,~p(lY; = f(Xi)| > M) < e (4.7)

And then for the robust minimizer fmbust € F(L,p, s,7y) we have
P|Y; = fropust(X3)|| > M) — 0 uniformly as T — oo (4.8)

The next theorem gave an asymptotic analysis of the truncated network estimator

fi € F(L,p,s) and the mean estimator ED .

Theorem 9. Given the trained nuclear norm penalized network function f and truncated
network function fy € F(L,p,s) clipped in range (-M,M), with assumptions A(1)-A(7), then

for any given 0

PEx,.p(||Vi — f(Xi) = fo(X)|| > 6)) = 0 as T — oo (4.9)

n

~

P(Ex,~p([Y; = f(X) - R(X)[| >0)) =0 as T — o0 (4.10)

S|

b
Il
—

where Y; = f(X;) + Q;

Remark The theorem 9 provides asymptotic analysis of both a single truncated neural

network estimator and the mean of multiple truncated neural network estimators.

4.5 Experiment setting

In this section, we will use different types of contamination mechanisms and apply our two-
step algorithm. We will compare our algorithm with feed-forward network with regularization

and normal feed-forward network. In experiments on synthetic data, we use predefined
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feed-forward network with one hidden layer as the model network function f. We define
f(z) = Wy(o(Wyiz)) where Wy € RI0*20 11, € R20%20 3 € R0 then f: R0 — R, We
also define dataset D = {X;,Y;},7 = 1,2,3....,10000 and Y; = f(X;), X; € R Y; € R%.
Each element in X;, Wi, W, are sampled from the standard normal distribution. Here,
din = 100, dyye = 20. In the experiments, we use 80% of the total data points(8000 points) as
training data and used the rest 20%(2000 points) as testing data to calculate the test loss.

Case 1: Cauchy contamination Here we use the noise following Cauchy distribution
to contaminate the output.

Set the e = 0.01,each entry of Q; ~ eCauchy + (1 —¢)N(0, 1)

Case 2: Random Flip Here we apply a frequently used contamination mechanism. We
randomly flip the output value with a given rate.

Set the e = 0.02, Q; = —2f(X;) with probability ¢ and @); = 0 with probability 1 — e

Case 3: Input noise In most of the experimental settings, the noise or the contamination
is added to the output. Here, we use the contamination added to the input. We add random
noise to each entry of the selected input data with random selection probability e.

Set € = 0.2, Q; = f(X; +€ex,) — f(X;) where ex, € R'® and each entry ofex, ~ N(0,0.22)
with probability € and ); = 0 with probability 1 — e.

Case 4: Input noiseé$ Random Flip Here we use both the contamination added to
the input and random flip of the output value with a given rate.

Set €1 = 0.02,65 = 0.2, Q; = — f(X;+ex,) — f(X;) where ex, ~ N(0,0.2?) with probability
€162, Qi = f(Xi+ex,)—f(X;) where ex, ~ N(0,0.2%) with probability (1—¢;)es, Q; = —2f(X;)
with probability (1 — €;)e1,Q; = 0 where ex, ~ N(0,0.2%) with probability (1 — €;)(1 — €3)

Case 5: Input noiseéd Cauchy contamination Here we use both the contamination
added to the input and the Cauchy distribution contamination.

Set €1 =0.2,e0 = 0.01, Q; = f(X;+ex,) — f(X;) +e2Cauchy + (1 —e2) N(0, 1) where ex, €
R and each entry ofey, ~ N(0,0.2%) with probability €;, Q; = eaCauchy + (1 — 2) N(0, 1)

with probability (1 — €)
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The results are presented in the table 4.1 Here in the table header, MLP is the feed-
forward network with 2 hidden layers (Baseline) MLP+T is the same MLP + Truncation
step, MLP+R is the same MLP with L, Ly regularization and dropout, MLP+R+T is
the same regularized MLP-+R plus Truncation step, Low Rank is the Output of low rank

step (step 1), Two step is Our proposed algorithm.

MLP MLP+T MLP+R MLP+R+T Low Rank Two Step

Input noise 10000) 99.4(0.2) 101.2(0.2)  100.4(0.3)  99.6(0.6) 98.8(0.6)

Input noise&Flip 1000)  99.9(0.1)  100.2(0.4)  100.0(0.4)  99.4(0.3)  99.3(0.4)

Input noise &Cauchy Contamination 100(0) 98.9(2.7) 102.72(14.0)  99.4(13.5) 96.0(6.7)  91.0(7.5)
Flip 10000)  99.8(0.1)  100.3(0.4)  100.0(0.3)  99.6(0.5)  99.3(0.4)

Cauchy Contamination 100(0)  99.8(2.2)  112.0(9.1)  104.4(41)  100.8(1.6) 97.4(0.4)

Table 4.1: Benchmark with different algorithms and contamination scenarios

We also test our algorithm on real datasets. One of the datasets we benchmark is Bike
share data [32], which includes the weather and seasonal conditions as features and the total
number of bikes in the system as the target. Similarly, we use the test loss in MLP setting as
the baseline and we divide the test loss in other settings by this baseline results and present
them in percentage. The results can be found in table 4.2

Here since the target is the total number of bikes, which should always be positive,
so it is unrealistic to flip the target. The rest of the contamination is included. In the
input noise scenario, we set the noise added to variable X is set to a normal distribution
N(0,0.16%). In the input noise combined with Cauchy Contamination scenario, we set the
input noise as N(0,0.12?) combined with 0.9Cauchy contamination on the target. In the

Cauchy contamination-only scenario, we set the contamination to be 0.9Cauchy as well.

MLP MLP+T MLP+R MLP+R+T Low Rank Two Step

Input noise 100 97.2 87.5 85.5 86.0 85.0
Input noise &Cauchy Contamination 100 98.5 100.4 99.0 98.5 97.9
Cauchy Contamination 100 98.9 105.0 104.2 97.5 97.3

Table 4.2: Benchmark with different algorithms and different contamination scenarios in Bike
Sharing data

Besides the regression task, we also test our algorithm in the classification task. Here we
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use the Cifar-10 data [53] and set the input noise scale to 0.3. Because we want to include

enough noise, but too much noise might make the network learn nothing.

MLP MLP+T MLP+R MLP+R+T Low Rank Two Step

Input noise 36.4 40.1 35.8 41.2 36.2 41.5

Table 4.3: Benchmark with different algorithms and different contamination scenarios in
Cifar-10 data

We can also add some convolutional layers before the MLP to increase the accuracy for
classification tasks. Here the table 4.4 demonstrates the performance benchmark when we
add the convolutional blocks.

The low rank neural network we are using here is defined as f(z) = Wso (Wa(o(WyConv(z))))
where W, € R208x512 7, ¢ ROI2X512 7, ¢ ROI2XI0 5 ¢ R32X32X3_ (Copy » RIZXIX3
R2%48 then f : R — R2?°. And the penalization is put on the nuclear norm of Fy =

WiConv(z)), Fy = Wa(a(W1Conuv(x))), F3 = Wso(Wa(a(W1Conv(z))))

MLP MLP+T MLP+R MLP+R+T Low Rank Two Step

Input noise 57.6 58.1 54.0 58.0 57.6 58.5

Table 4.4: Benchmark with different algorithms and different contamination scenarios in
Cifar-10 data with CNN layers

4.6 Supplements

4.6.1 Experiments setting

We use random seeds (randomly selected) 2,42,152,362,572 for each setting and get 5 results for
each setting, and calculate the mean and standard deviation. Since the different contamination
with each different seed may result in completely different error expectation, we set the MLP
as the baseline, and divide the test error of other experimental settings by the MLP test

error and average across the 5 different seeds to get the mean and standard deviation.
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4.7 Proofs

4.7.1 Proof of Theorem 7

In this paper, the loss function of the first step is defined as either L, loss or cross-entropy
loss with nuclear norm penalization. We assume that the population risk is convex to ensure
tractable minimization. Moreover, in order to ensure identifiability of the parameter 6%, we
impose two standard regularity conditions from paper |73] on the population risk. These
properties are defined in terms of the error of the first-order Taylor approximation of the

population risk, i.e. defining,
7(91, 92) = ”R(@l) — R(eg) - <VR(02), 01 - 62>,

where R(0) = Ex[L(0, X)]

we assume that

Ty Tu
S160 = 6all3 < (61, 62) < 161 — 6. (4.11)

The upper bound is easy to get given f € F (L,p, s), then Hessian matrix of R(6) H(R) ~

E[H(L)] = E[JTJ] where J = g—g = (aanL’ avgf,l’ . ;Wfl) By Gaussian-Newton approxima-
tion. Because each element in W; matrix is bounded by a universal constant C, the Jacobi
matrix J is then bounded, given that the input data is bounded and so is the Hessian matrix.

Then by Taylor expansion, the upper bound holds.

Let £(0) = L(0) + 22|0]|3 + A. S5 o || Fill« where Ly is the Ly loss. Minimization of || Fy.
is equivalent to minimization of the ||Wj||.,l = 1,2,..., L. Also, since the neural network
f € F(L,p, s,7), it is equivalent to penalize the L, norm of parameter ¢

When 6 is sufficiently small given by the constraints ||f|| < dy. Then, in the ball
U={0:]0] <6} neural network f(z;0) ~ A(f)x + b(f) becomes approximately affline

which is strong convex so that we have £(#) is p-strongly convex over U for some p > 0.
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That is,
V2L(#) = pul forall ¢ cU.

Thus, we can claim the strong convexity of loss function.

Here we introduce the gradient estimator and the resulting contraction parameter.

Definition 1. A function ¢g(0;D,,d) is a gradient estimator, if for functions o and 3, with

probability at least 1 — 9, at any fixed € € O, the estimator satisfies the following inequality:

lg(0; Dr,0) — VR(0)|2 < (T, 9)]|0 — 6%||2 + B(n, o). (4.12)

Definition 2 (Stability). A gradient estimator is stable for a given risk function R : © — R
if for some ¢ € [0, 1),

a(B,d) < 17— ¢.
We denote by « the following contraction parameter:

277T€7-u <

+na(B,9),

K:=14/1
Te + Ty

and note that x < 1. With these definitions in place we state our main result on the stability

of gradient descent:

Lemma 3. Suppose that the gradient estimator satisfies the condition in (11) and is stable

_2
To+Tu’

for the risk function R : © — R. Then Algorithm 1 initialized at 6° with step-size n =
returns iterates {ét};‘rzl such that with probability at least 1 — § for the contraction parameter

k above we have that,
Ot * 1190 * 1 N
16 = 0"l < 5416 = 0"l + ——B(B, ).

The first term is decreasing in T', while the second term is increasing in 7. This suggests

that for a given B and ¢, we need to run just enough iterations for the first term to be
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bounded by the second. Hence, we can fix the number of iterations N* as the smallest positive

integer such that:

_ 0 _ px*
¥ o, (L),

B(B, )
Then 6! — #*

To prove the theorem 7, firstly, given a sufficiently large batch size B, we have

B-1

C
S VL0, X ypeis Vi npei) ~Ex VL2 < 7 (4.13)

1=0

1

||g(9;,D(jfl)B:jBa5)_VR(9)||2 = ||§

Then we have a(B,d) = 0, 8(B,§) = &, and we have 16t — 6%||5 < ][0y — B]]2 — 0

Once we have the convergence of the parameters 6" — 6*. We can claim the network f

converged to true minimizer f*.

4.7.2 Proof of Theorem 8

Given the network with nuclear penalization for each layer:

f(z) = Wio(Wao (.. Wyrz)) (4.14)

Define M = max; || f(X(j_1);5)||«if 3X;, such that, ||f(X,)|l2 > M, then ||f(X;)]|} =
(F(X), (X)) < Hf(X(j_l)B:jB)H* « f(X;) = M2, a contradiction Also, IM* such that
E[||Y;||co > M*] = €, thus finished the proof

4.7.3 Truncated network

Define network fi, fo, ..., fn clipped at (-M,M), We will firstly prove this multivariate version

of lemma in paper [93|
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Lemma 4. Under Assumptions (A1)—(A6), we have

d T
1 i i vy — 0 v
=D T(FG) = PN = 0, (1) 77 1og" (1))
i=1 j=1
where v > 0, and
2 *
f = min 56.
£=0,....q Ty
Proof of lemma 4
Given network f = (f1, f2,..., f9) where each output entry fi is a small network with output

dimension 1 and model fuctionf = (f!, f2,..., f?) where each entry f* € G(q,d,t,3,K)
is a one dimension function. Then for each small network, we define loss function £; =

Liruncated(X) = Lipuncatea(Ti), then L = xI(||x]] < M) We need to prove the A(1)-A(6)

/

assumptions hold for all entries. Here the w;, d;;, z;

! represents the ith entry of vector u, §;, «’.

(A1) The true regression function f € G(q,d,t, 3, K).

(A2) The truncated estimator f € F(L,p,s), where L = log(T"), s =< (T*)"/+) and

..........

(A3) The loss function £;(-) is an absolutely continuous convex function on R with derivative

() := LL(-) existing almost everywhere.

(A4) There exist finite constants k£ and ¢; such that for all x € R and |2}| < &,

[(x + 27) — ()| < e

(A5) There exists a finite constant ¢y such that

sup E|(Q; + w;) — 0(Q;)? < calus|,  as Jus| — 0.

J<T
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(A6) sup;p E{¥(Q;)*} = O(T) for some constant v > 0, and E{1/(Q;)} = 0. There exist

finite constants ¢;, j = 1,...,7T such that

0< mf 523 < sup d;; < 00
I<T

and

sup [E{(Q; + 1)) — dyul = ofus).  as [uf = 0.
J>

Then we can check each assumption again. A(1) is satisfied automatically so as is assumption
A(2). By the definition of multivariate convex function A(3) is also satisfied. For assumption
A(4) and A(5), similarly, for each i, we set only ith entry in vector x, x’, namely x;, x} as
nonzero. Set only ith entry of u as non zero. Then by the assumptions, the A(4) and A(5) are

satisfied. For Assumption A(6), We can just set J; to be vector with only ith entry positive.

Then by the lemma

=37 = PR < 0, (1) 10g(1))

T = PO = 1 30 3 = P2 < 0, (1) 7 logh (1))

7j=1 =1

Assume for each minimizer f, there exists a corresponding minimizer f where fi(X;)I(Y;—

~

F(X3) < M) = fo(X)L(Y; — f(X;) < M) under loss L.
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T

DOV = F(X0) = fulX))2 =) (Y; — F(X0) — fulX0)L(Y; — F(X;) < M)

i=1 =1

+ (Y — F(X) — f(X)2(Y; — (X)) > M)

=2 (Vi = f(X0) = X)LV = f(X) < M)+ (¥ = f(X0) = (X)) *TY; = f(X0) > M)
= D_(Yi = f(X0) = fu(Xa)*I(Y; = F(X3) > M)+ L(Y; = F(X0), fulX0))

= L(Y; — f(X3), fi(X3)) + O(M)e (4.15)

As a result, when we have f, = arg min ;, ZiT:l(Yi — f(Xi) = fo(X))% fr = f on
I(Y; — f(X;) < M), f, minimize the loss £. Then we have L°" [f + fi — fl. =
0, ()71 10g°(")) and £ S0, 1 + £ X0y fi = fll = Oy (1) 777 log (1)),

Then, by the chebyshev’s inequity, %ziTzl If+ fx = fll2 = 0,(1) + Ex,p[(YVi — f(X;) —
Fe(X3))?), as a vesult, P(Ex,wp(|Y; — f(Xi) = L 30, fiu(X))| > 6)) — 0 as T — oo, similarly,

we can prove this also hold for mean estimator % Py fr
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Chapter 5

ARReST:Antagonistic Redundancy
Reduction in Patch Selection of Whole
Slide Images for Efficient Indexing and

Retrieval in Histopathology

5.1 Introduction

In this chapter, I will discuss a project collaborating with Scientists at Mayo Clinic.

With the increasing number of whole slide images (WSIs) in digital pathology and the
growing need for efficient search and retrieval of WSI archives, effective indexing has become a
critical necessity [87]. Currently, all unsupervised patch selection methods, such as Yottixel’s
mosaic [50], SPLICE [3], and SDM [82], employ a “divide" approach to manage the gigapixel
scale of each WSI. These methods break down WSIs into a small, representative set of patches
that facilitate indexing and retrieval. However, significant bottlenecks and challenges remain
in this field. An effective WSI search engine and indexing strategy must account for storage

requirements, cost efficiency, and the ability to perform fast comparisons during both the
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indexing and search processes.

Storage costs and management are critical concerns in digital pathology [7,42|. Several
studies have highlighted the significant expenses associated with handling and storing WSIs
[6,43]. The size of each WSI varies depending on magnification and resolution [11,27],
typically ranging from 5 to 30 gigabytes per image. With the continuous digitization of new
WHSIs, it is estimated that storing them in an indexed archive, referred to as the Atlas, could

require 50-150 petabytes annually [8], making it highly inefficient.

Existing unsupervised methods, including Yottixel’s mosaic [50], SPLICE [3], and SDM
[82], extract a representative set of patches from each WSI, reducing indexing storage to
approximately 5-10% of the original WSI size. While this is a significant improvement, the
resulting storage demand—estimated at 5-15 petabytes—remains prohibitively large. Given
that the cost per petabyte varies across institutions, the financial burden on hospitals can be
substantial. Therefore, any further reduction in indexing storage would be highly valuable,

facilitating the broader adoption of digital pathology and efficient retrieval solutions.

In the meantime, the comparison of embeddings is also a problem for most of the automated
search systems. They usually employ the calculation of the distances between embeddings
from incoming WSIs and embeddings in the repository which often includes exhaustive
pair-wise calculation and can be very time-consuming. For example, if the incoming WSI is
divided and passed through the foundation model and obtains m embeddings, there would
be m x n comparisons for each pair of embeddings when compared with another WSI with
n embeddings. Then, each amount of the reduction in the embeddings can result in n less

comparisons.

The main contribution of this paper is that we proposed a similarity matching procedure
in the search engine which include the removal of redundancy by finding the similar patch
embedding pairs from two WSIs with different classes and creating the redundancy repository
used as a reference removing the redundancy from the patch embeddings of incoming WSIs.

This new approach not only decreases the storage requirement but also accelerates the
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comparison process in retrieval stage. The rest of the paper will be organized like this:
Section 5.2 will give a brief introduction of current search, retrieval, indexing system, section
5.3 will introduce the proposed similarity matching method in detail and Section 5.4 will

show the results evaluated in public TCGA datasets.

5.2 Background knowledge

One of the main issue in digitalized histopathology is the lack of efficient approach to extract
information from and deal with the large size WSIs. The current baseline is the search engine
proposed in paper [50]. The next few subsections cover the background knowledge of the
entire workflow of Patch selection, retrieval and indexing algorithms which applies to many
popular algorithms including this baseline Yottixel algorithm. Given the Atlas WSIs with
labels, we will break them down into patches and apply the patch selection algorithm to pick
a representation set of patches for each WSI and employ further embedding and barcoding
methods. Then the incoming new WSIs will go through the same workflow and get predicted
labels by leveraging the saved information of Atlas WSIs.

The proposed method in this paper which will be discussed in detail in the next section
reduces the storage further by reducing the size of the representation set of patches for each
WSI and decreases the searching time after reducing the redundant patches in the incoming

WSIs as well.

5.2.1 Tissue segmentation

The first step is preprocessing the WSI, we remove the non-tissue segments like pen marks or
white background. We apply n x n grid boxes in the WSIs and calculate the tissue coverage
within each box. We exclude all the boxes with less than 30% of the tissue. We can call each

of the remainder of the boxes a patch of this WSI.
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5.2.2 Patch selection algorithm

Currently, the most popular approach to extracting information from WSIs is to divide or
break the WSI image into patches and only select a small representation sample of each WSI.

This step is called patch selection. Many such algorithms have emerged recently.

Yottixel used to be the state-of-art patching algorithm, the main idea of Yottixel is two
step clustering. The first step is the Kmeans clustering based on the color histogram, second
step is to sample by the spatial information. With a fixed inner cluster sample rate, extract

the patch closest to each cluster centroid.

SPLICE or Sequential Patching Lattice for Image Classification and Enquiry used the
color histogram to perform a sequential sampling. After each sample, the similar patches are

removed from the sampling pool to encourage diversity of the sampling.

5.2.3 Foundation model embedding

After selecting the representation sample of each WSI, we use a pre-trained or fine tuned
model, or most of the time, the foundation model, to extract feature embeddings from each
patch. This step saves the storage and also makes the further BOB encoding, retrieval and

indexing easier and simplifies the similarity score calculation as well.

5.2.4 BOB barcoding

Binary encoding is a common practice in many algorithms, which alleviates the storage
burden and increases the retrieval speed. The MinMax Algorithm from paper [86] maps
the feature embeddings using the sign of 1d deviation to the binary code which enable fast
distance analysis by calculating the Hamming distance instead of the Euclidean distance

directly from embeddings.
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5.2.5 Top k majority voting prediction

In this step, we retrieve the information from Atlas embeddings and use it to predict the
label of incoming WSIs. For each incoming WSI, we apply the previous workflow and got
its BOB barcodes. We calculate the distance between it and barcodes of each WSI in Atlas,
which is defined as the median minimum Hamming distance of all the barcode pairs between
the incoming and selected Atlas WSI. We extract k closest Atlas WSIs barcodes and find

their labels. After majority voting, we then predict the label of the incoming WSI.

5.3 Proposed Methods

The main idea behind the method is that if we select two representation patch embeddings
from two WSIs from different classes and compare pairwisely, the pair will have more similarity
when both patches are from normal tissue compared to those from abnormal or cancer tissue.
This motivates us to propose a new methodology for the redundancy removal process. Usually,
we don’t have the labeled normal tissue as the training repository to be used to identify the
normal cases in each cancer class. However, when we have the labeled class for each type of
cancer, then we can use the pairwise comparison trick to create a repository and use this
repository to remove the redundant normal patches from each WSI.

The first step is to implement similarity matching and create a redundancy repository
from this process. Given the labeled WSIs (W;, L;) where W; represents the WSI and L;

represents the label. We use a patch selection algorithm to break down each WSI into

goee

of a WSI and n; is the sample size of WSI W;.

The figure 5.1 demonstrates the idea of similarity matching. For each WSI, the patch
selection algorithm(like Yottixel, Splice, SDM,etc) will be applied to it and create a repre-
sentation set of patches and then passed through a foundation model to get embeddings P;.

Then we keep selecting two patched and embedded samples from two WSI with different
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labels and get a pairwise similarity score. Then, we remove the pair of patched embeddings
whose similarity score lower than q quantile of the whole similarity score repository from
both patched samples and store it separately as a redundancy repository. For a better
understanding of the framework, we will omit the embedding process in the figure and show

directly the similar patches(usually both are normal) are removed.

lass A

Unsupervised Patch
Selection

¥ ClassB

Finding Similar Patches

Redundancy Atlas

Figure 5.1: Workflow to establish an atlas of redundant patches. Two WSIs from different
classes (e.g., two different cancer subtypes) are selected first. an unsupervised patch selection
method is applied to select some patches. These patches then are compared to find similar
patches (common between class A and B). They are subsequently added to the Redundancy
Atlas.

Once we get the redundancy repository R and updated atlas patch embeddings and labels
(f’i, L;), a common downstream approach is to encode these embeddings as BOB Barcodes
B, for further storage saving and more efficient distance calculation as the hamming distance
calculation in barcodes are generally faster and more straightforward compared to other types
of distance.

The algorithm 7 shows the details of the downstream process and testing procedure. For

each incoming WSI W;, we pass it through a patch selection algorithm to get representation
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sample patches and then employ a foundation model mapping pathes to embeddings P; € P
of each WSI. Then for each patch embedding P, € P;, we calculate the similarity score
between this embedding and every embedding R; in the redundancy repository R. If the
similarity score is less than the q quantile of Similarity Score repository S,, we remove this
patch embedding from the representation sample. Then we get the updated patch embedding
15,~ and its BOB barcode BZ The next step is to use the atlas BOB Barcodes, labels and
patients id (]?')Z7 L;, G;) to predict the label with top k majority voting.

The Figure 5.2 demonstrates the whole pipeline of the search engine and indexing method

we develop.
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Figure 5.2: The structure of the search engine when an Atlas is used after matching patch
embeddings with a Redundancy Atlas eliminates irrelevant patches.

5.4 Results

In this section, we will compare the search capabilities of the extracted embeddings before and

after the redundancy removal by similarity matching. We use the Yottixel as the baseline and
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patching algorithm, and use 20x magnification and patch size 224 x 224. For the foundation
model to extract deep features or embeddings, we use UNI net, which is a pretrained vision
encoder for histopathology (100M images, 100K WSIs) developed on internal neoplastic,

infectious, inflammatory, and normal tissue and also made publicly available [23].

We use the 5 folds cross validation to evaluate the performance of both circumstances.
In each fold, Both embeddings are evaluated by the “leave-patient-out" test. To ensure the
comparison between two WSIs from the same patient should not happen, this technique
requires all the WSIs from one patient only be in a single fold, and the distribution of labels
in each fold are as similar as possible. We implement it by Stratified-Group K fold cross
validation technique. Within each fold which will be the test dataset and the rest of the folds
will be the atlas. Basically, each WSI in the test dataset will be patched and embedded, and
compared with all the embeddings in the redundancy repository, and calculated similarity
score. The embeddings have a low similarity score with any of the embeddings in the
redundancy repository will be removed. After that, we will get the barcodes of the remaining
embeddings and calculate the distance between the barcodes of the embeddings with the
barcoded embeddings in the Atlas. Then the top 1,3,5 WSIs will be extracted from Atlas,

and we then get the predicted label for the WSI by majority voting.

The data we use is The Cancer Genome Atlas or TCGA [17] with 11,679 WSIs. We subset
it by different organs. Table 5.1 shows Accuracy, Macro Average of F1 score, and Weighted

Average of F1 score before and after similarity matching in the Top-1, MV3 and MV5 cases.

Compared to the original version of Yottixel, in organs, it shows improvement in accuracy
and F1 score. For all the organs in TCGA, it shows the savings in storage. Especially, for
some organs like the Adrenal glands and Testicles, the saving is significant (30-60%). This
demonstrates the capability and potential that ARReST can save storage in patch selection
and retrieval and indexing time while maintaining the same level of retrieval and indexing

performance.
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Table 5.1: Before redundancy removal versus After redundancy removal.

Accuracy Macro Average
Top-1 MVa@a3 MVa@as Top-1 MV@3 MvV@s

Datasets Before After Before After Before After Before After Before After Before After Saving
Cervix 52 53 60 60 61 62 28 27 30 28 25 28 24%
Lung 63 64 66 66 67 68 23 22 24 21 22 20 17%
Testicles 51 56 56 59 60 60 35 39 39 41 44 42 33%
Colon 86 86 86 87 86 86 54 55 57 59 54 55 6%
Esophagus 91 92 90 92 91 90 62 62 62 62 62 62 8%
Eye 51 49 51 49 51 48 42 41 45 42 36 32 5%
Pancreas 82 81 87 88 88 88 41 43 47 49 45 48 12%
Bladder 85 83 87 87 87 88 68 65 69 69 70 70 3%
Rectum 84 84 85 86 87 88 62 64 57 59 53 55 15%
Thymus 34 34 38 36 40 36 27 28 35 33 35 32 12%
Stomach 44 44 49 49 50 48 31 32 34 34 36 34 7%
Skin 85 88 90 91 91 91 32 20 31 19 23 19 12%
Chest/abdom. 59 57 67 67 70 69 34 31 36 34 36 34 4%
Thyroid gland 71 72 78 76 79 7 48 48 49 43 48 43 4%
Head neck 82 84 85 85 84 85 45 37 39 25 29 25 16%
Soft Tissue 46 46 47 47 46 a7 44 38 45 39 42 38 23%
Adrenal glands 79 81 79 82 80 81 41 34 39 33 34 29 60%
Uterus 75 74 76 75 74 75 53 50 52 52 47 46 9%
Breast 73 74 79 80 81 80 27 25 31 29 31 29 7%
Kidney 92 91 93 93 92 92 79 76 78 76 72 69 10%
Brain 63 63 65 65 65 66 41 42 44 44 44 45 13%

5.5 Discussion and Conclusion

In this study, we propose a novel approach, Antagonistic Redundancy Reduction or ARReST
aimed at improving the efficiency of indexing and retrieval in whole slide image (WSI) search
engines used in digital pathology. By leveraging redundancy reduction among dissimilar
classes, our method significantly reduces storage requirements while maintaining the same
level of, and in some cases enhancing, retrieval accuracy. The results of our experiments
on TCGA datasets demonstrate that ARReST effectively minimizes the number of stored

patches without sacrificing the performance of the search engine.

The most significant insight we can get from this approach is that a large portion of normal
patches are usually redundant, which appears across multiple WSIs regardless of cancer type.
By eliminating these redundant patches early in the process, our method significantly reduces

the number of stored patches and maintain the same level of performance.

Beyond storage savings, the proposed approach also speeds up the search process. Since
fewer patches need to be compared, retrieval times decrease, making the system more practical
for large-scale applications. This is especially important in clinical settings where rapid and

accurate retrieval of WSIs can support diagnostic workflows.

However, there are some limitations to our approach. The effectiveness of redundancy
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removal depends on the similarity threshold, which might not be optimal for all datasets.
Some tissues have greater morphological variation, meaning that an overly aggressive removal
process which could risk losing useful information. Future improvements could involve
adaptive thresholds that adjust based on dataset characteristics or deep learning models to
refine similarity detection.

In summary, ARReST provides a practical and effective way to enhance WSI search
engines by reducing redundant storage and speeding up retrieval. By addressing both storage
constraints and computational efficiency, this method could help digital pathology scale more
effectively as WSI archives continue to grow. The future work could focus on more adaptive
and precise similarity matching methods including deep-learning-based similarity measures

and the extension to medical imaging outside the field of histopathology.
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Algorithm 6 Create redundancy repository

Require: Patches embeddings P; = {F;;};=i2. n,, labels L;i=1,2,...n. Similarity Score
function f, prespecified quantile q.
1: Initialize Normal repository R < [|, Similar Score repository S <« ]
2: for 1 <+ 1 ton do
3: for j < 1tondo

4: if i # j then

5: for P, € P; do

6: for P;,, € P; do

7: Append f(Py, Pjm) to S
8: end for

9: end for

10: end if

11:  end for

12: end for

13: get q quantile of S: S
14: for i < 1 ton do
15:  for j < 1 ton do

16: if i # j then

17: for Py € P; do

18: for P;,, € P; do

19: if f(Pu, Pjm) < S, then
20: Append Py, Pj, to R
21: Remove Py, Pjy, from P;, P;
22: end if

23: end for

24: end for

25: end if

26: end for

27: end for

28: return Redundancy repository R, updated patch embeddings P;i=12,..n
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Algorithm 7 Remove redundancy and testing with top k majority voting

Require: Incoming Patches embeddings P = (P;) with P; = {P;;};-12, »,. Similarity Score
function £, q quantile of Similar Score repository S: S, Redundancy repository R, patches
embeddings repository (as BOB barcodes) with labels and patients id (B;, L;, G;),i=1,2,..n

1: Initialize
2: for P, € P do
3: for Py, € P; do
for Patch embedding R; € R do
if f(Pi, R;) < S, then
Remove P, from P;
Break
end if
end for
10:  end for
11:  Get the updated embeddings P;
12:  Get BOB barcode ]~3Z from updated embeddings 151
13: Do majority vote of the labels Ly, ..., L) from k closest BOB barcodes from repository

By, .., B(k) which do not share the same patient id with B; and predict label L;
14: end for ) R
15: return Updated patch embeddings P;,i=1,2,....n and predicted labels L;
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Chapter 6

Conclusion and future directions

In this dissertation, I discuss the application of deep learning techniques and learning theory
in different nonparametric statistical problems. In this chapter, I will briefly discuss the
drawbacks and limitations of the proposed methods in my dissertation and discuss the possible

future directions of my research.

In chapter 2, we propose an algorithm leveraging the neural network test error to detect
the change points in an offline setting and ensuring the detection accuracy of the number
and location of the change points in the data. However, one of the limitations comes from
the nature of offline settings. We have to wait until all the data is available and then start
to implement the algorithm and make detections retrospectively. In reality, many scenarios
require instant detection and are less tolerant of detection delays. The proposed algorithm
has the potential to be extended to the online setting because the detection does not need to
be started until all the error is calculated and can be a dynamic process. In future studies,
we can focus on transforming the algorithm and theoretical results and adapting them in the

online setting as well.

The graph model discussed in chapter 3 leverages both spatial and temporal information
and consists of two components, one for predicting the existing node points, which is a

common problems in my literature. And another is for predicting the new node response
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whose previous data and features are not available. The proposed methodology also comes
with a theoretical analysis of the convergence rate and experiments on two real datasets.
Currently, the model simply add the spatial and temporal information. In future studies, the
improvement and modification of the model structure are necessary to keep improving the
model performance and let it capable of handling more complicated datasets. For example,
we can always incorporate a multilayer structure where each layer is the combination of
temporal and spatial messages.

The two step estimator that is proposed in chapter 4 combines the nuclear penalization
and the neural network truncation and is robust to various data types in both synthetic
and real scenarios. One of the potential drawbacks is that the truncation step loses too
much information in the tail. Some contamination mechanisms, like heavy distribution
contamination, usually only corrupt a very small proportion of the data. The truncation
step, however, just clips all the information, including the useful information. That is
part of the reason why the algorithm does not get performance as good as in other data
contamination mechanisms. In the future study, I would like to modify the network structure
in the truncation step and include some traditional frameworks like Huber loss, specific to

the Heavy distribution contamination cases.
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Appendix A

Supplement for chapter 2

A.1 Supplement of paper: Neural Network-Based Change

Point Detection for Large-Scale Time-Evolving Data

A.1.1 [-Holder smoothness

First, we need some assumptions and also demonstrate the features of the model functions f;
which are composed of several functions: f; = g, 0 g,—1 0 ...0 g1 © go. We need to define a
type of function called S-Holder smoothness whos partial derivatives exist up to 3] order
and are bounded and the partial derivatives of order | 3] are 5 — |/5] Holder. Then define

the ball of S-Holder smoothness functions with radius K as:

ClD,K)={f:DCR =R > |[0*fllect

a:lal<B
10700 = 250)

syeDaty |z — yll W

< K} (A1)

a:lal=[5]

where 0% = 0“1...0% with a = (ay, ..., a;.) € N” where 0% denotes the «; partial derivative

on the " dimension and | := |a|;. We assume g;; is 3-Holder smoothness then we define
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a function space to be:

G(g,d,t,8,K) ={f=9,0094-10...091090: g = (gij); : @i, b = [@i1, i)™,

gij € Cﬁi([ai,bi]t",K) where |a;| < K, |b;| < K} (A.2)

where d := (dy, ..., dg41), t :== (to, ..., ty), B := (Po, ..., B;). This function space is the domain

of our model function.

A.1.2 The function space of the neural network

Next, we define the function space of the neural network functions. First, we define a network

function space with bounded parameters as:

F(L,p):={f: R - R+l x — f(x) =Wro, W10y, _,.. W10, Wox :

where p = (po, ..., pr+1) € NET2) L is the number of layers of the network, W is the pj 41 X p;
matrix, v; € R and o, () = max(0,r — v;) is the ReLU function. Then f : RP — RPr+1
defined above is a neural network with ReLLU activation. Here py = [ and py,1 = h.

Let ||| f]ool|oc denote the sup-norm of the function  — |f(z)|w. Adding a sparsitu

condition for the parameters to define the neural network function space as:

L
]:<va78) = ]:(L7p’S7F) = {f S ]:(va) : Z||WJ||0+ |vj|0 < S’|||f|oo|‘oo < F} (A4)

§=0
The following quantities play an important role in the technical developments. First, let

q

gr=1Jwir1 (A.5)

i+1
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and subsequently define

¢p = maxn Fith (A.6)

where n is the size of the training set of the neural network.

A.1.3 Useful Lemmas

The following two lemmas in [65,80] are leveraged in the proof of the main theorems. The

model function space and the network function space will be defined as above.

Lemma 5. Let fy € G(q,d, t, B, K) and define a network function space F(L,p, s, F).LetY; =
fo(Xy)+e€; as defined by model2.1 where X is independent andf € arg MiN e F(Lps,F) D iy (Yi—
f(X;))?be an empirical risk minimizer and satisfied conditions below:

(i)F > max(K,1)

(ii)> "7 logy(4t; vV 45;) logon < L < ney,

( m)n¢n f, min;—i . pi

(iv)s ~ ng, logn

There exists a constant C” only depending on q,d,t,3, F such that

R(f — fo) = Ep[(f(X) = fo(X))?] < C"¢Llog’n

Lemma 6. Let fy € G(q,d,t, 3, K) and define a network function space F(L,p, s, F).Let
Y = fo(Xi) + € as defined by equation2.1 in section 2.2 where X is dependent andf €
argmin ez psr) O iy (Y — f(Xi))?be an empirical risk minimizer and satisfied conditions
below:

(i)F > max(K,1)

(ii)> "7 logy(4t; vV 45;)logon < L < ngy,

(tii)ngy, S ming_y 1 p;

(iv)s >~ neo, logn
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There exists a constant C” only depending on q,d,t,3, F such that

R(f — fo) = Ep[(f(X) = fo(X))?}] < C"¢,Llog® n

For the proof of our theorems, we also need 3 common concentration inequalities:

Lemma 7. Given X, ..., X,, i.i.d subgaussian, then for Vo > 0, there exists constant Cy,Cy

greater than 0.

P (|)_( — pl > (5) < Cpe e

where = E[X;] and X = 137" | X;

=1

Lemma 8. Given X1, ..., X,, independent and from the same distribution, then if E(| X;|P) <

00, there exists a constant C>0,

Lemma 9. Given X1, ..., X,, dependent and from the same distribution, then if |cov(X;, X;)| <

c <1 and E(|X;|*) < oo, there exists a constant C>0),

C

P(IX —pl>0)<—
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A.1.4 Additional Details Regarding the Proofs of the Main Theo-

rems

Additional details of proof of theorem 1

Similarly, if 7 > 7*:

T+ ™+To
Br) - B() = YA - YIP - YR - YIP = 0 (a7

Where le € arg min e r(Lp,s,F) Zr*gigr(Yi — f(Xi))? and fTZ* € argMifer(Lp,s,F) Zigv*(yi -

f(X3))?
And then
7+To T*+To 7" +To
> X Y||2+Z £ (X0 V3P~ Z 12 (X3) = Vi[>~ ZHf )=Yi[[* >0
i=7*+Tp
: T*+To T+To R
—Z\If2 Yl!2+z (IFH ) =Yil P =12 (XD =Yl )+ > IfHX)=Yil[> >0
i=7*4+Tp
(A.8)
Here let I; = Zﬂim LX) = Yil|% I = ST (I FH(XG) = Yal)2 = || f2(X) — Y3l [?) and
Iy = |If2(X0) = Vil
For I;:
T+TH . R
L< Y (I = AGHIP + Y = A7) < (77 = 1ER[(FHX) = Au(X)7]
i=71*+Tp
T+T0 Theoremb
Z 1Y; = f1(X HQ < Cl¢T,T*Llog2(T—T*)(T—7-*)+h02(7-_7*)
T*+TH

< nlrun pilog(t — %) + ho* (1 — %) < ho* (1 — %) + (1 — 7%)o(1) (A.9)

77777
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For I5:

T*+To

= > (12X =Yl = 1172 (X0) - YilP)

=T

T*+To 7*+To

<2)w X))+ |1 A(X) = Y3l ?) §jw2 — Y| |?

g%@ﬂﬁ@%ﬁﬂ)ﬂ+%m+ﬂ%j

T*+TH

- Z 1(fo(X3) = f1(X0)) + (FA(X0) — fol X)) + (fu(X:) — YD)

< TE. [(fHX) — f1(X))] + Toho?
T*+Th

- Z (Il fo(X X = [1F7(X5) = fo(X)IIP = || f1(X) = YiII?)

Theoremb

< ToCi¢rrLlog? (1 — 7%) + 2Toho® + Crgr Llog*(T) — To Mo

log? (T—T)

<T r{un Di + 2Tpho? — TyMy + CiorL1og®(T) (A.10)

.....

For I5:

lef — Y[ = ZH Xi)) + (fo(Xa) = [1(X0)) + (f1(X0) = Y3)I?
>Zl|fo X)llP = 11/2:(X5) = fo(Xa)lIP = 11f1(X) = Yil[)

> (1= 7)Ep[(fo(X) = (X)) = (7 = 7)E4 [(f2(X) = fu(X))*] = (7 — 7)E[e*] + o(1)

Theoremb

> (1 —7)(M; — ho® — C3¢rLlog®T) (A.11)

106



By the previous equation —I3 + Is + I; > 0

1 _
(1 —7)o(1) + ho*(T — %) + TO mln pl—og (T )

-----

-+ 2T0h0' + Cl¢TL10g (T) — TOM2

> (1 — ) (M — ho® — Cs¢rpLlog®T)
2 2 log?(7—7*)
2Tyho? + CyorLlog™(T) — ToMy + Tomin;—y 1, pi .

- < ——"-- >/ ~ - - T (A.12)
M1 — 2ho? — C3¢TL 10g T— O(].)
Additional details of proof of theorem 2
Details of Js:
Ti+To A 74210 R
= M= X = D Y = frn (X[
k=1; k=7;+T)y
7i+T0 7i+To )
> ) ([ finr(Xn) = F(XOIP = Y5 = fin (X)) = D) — fr (X))
k=T; k=r;
7+2T0
= Y (U= XD+ fisr (X) = Fram (X))
k=7;+Tp
Theoremb

O(l) + MlZT() — ClTongi—n,lLlOgQ(Ti — 7_2'—1) — CQToquOLlOgQ(To) — 2T0h0'2
(A.13)

Details of Js:

Ti 7i—To
Js=1 > W= FnXOIP = D 1Ye— fran (X0
k:Ti—TO k:Ti—2To
= 2 £ 2
< Y (e = FXOIP + |1£:(Xk) = Frmm (X))
k=1;— To

+ Z (1Y = Fi(XOII” + |1 fi(Xk) = Frimam (Xi)[P)
k=1;—2T)

Theoremb

S 0(1) + ClTO¢Ti—Ti71_2TOL logz (Ti — Ti—1 — 2TO)

+ CyTobyr, v, 1y Llog®(1i — 711 — Tp) + 2Tpho® (A.14)
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Details of J,: For Jy:

7i+2To 7i+3T0
Ji=1 > W= franX)IP = D Yk = frron (X0)P
k=7;+To k=1;+2Tp
7;+2To
< D (Y= FnXOIP + 1 fra (Xe) = Frovn (X))
k=T;+To
7,+3T0o
> (V= fern (XD + 1 fon (Xn) = Froon (X))
k=71;+2T),
Theoremb

< o(1) + 2Toho? + O Topr, Llog® Ty + CoTodor, Llog®(2Ty) (A.15)

Proof of Case II and Case III: For independent and subgaussian function output(Case
II:), for each changepoint, with probability at least 1 — Ce=“170 the algorithm will detect
the changepoint. Then, with probability at least (1 — Ce=“1T0)N the algorithm will detect
all N changepoints and exactly these N changepoints and the distance between the estimated

change point and the true one will be controlled.

T.
—O4T 4T, sum
(1—06 10) — CNe™ 10>1_COTC1T0
CToum C
>1- —1-—— 1 (A16)
02 log( sum)Tsum log(Tsum)

For dependent variables Case III:, for each changepoint, with probability at least 1 — 7,
the algorithm will detect the changepoint. Then, with probability at least (1 — T—O)N , the
algorithm will detect all N changepoints and exactly these N changepoints and the distance

between the estimated change point and the true one will be controlled.

C CN Cﬂum C TSUHI
(1—-=)N>1-—>1- >1-— =2
1o 1o TTh Ti+e
CO sum Yl
Z 1 - > 1 - OOTSUH;PP+1 _> 1 (A.l?)
T frum e
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Figure A.1: QQplot

A.1.5 Deviation from normality of the model output

The following figure illustrates the normality of the data outputs: the Q-Q plot on the
left corresponds to the non-sub-Gaussian data, while the plot on the right represents the

sub-Gaussian case.
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