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ABSTRACT: We report a combined theoretical and experimental study of the water octamer-
h16. The calculations used the ring-polymer instanton method to compute tunnelling paths
and splittings in full dimensionality. The experiments measured extensive high resolution
spectra near 1.4 THz, for which isotope dilution experiments and group theoretical analysis
support assignment to the octamer. Transitions appear as singlets, consistent with the instanton
paths, which involve the breakage of two hydrogen-bonds and thus give tunneling splittings
below experimental resolution.

■ INTRODUCTION

The advent of far-infrared or terahertz vibration−rotation
tunneling (VRT) spectroscopy1−5 stimulated numerous ex-
perimental and theoretical studies of water clusters addressing
the dimer, trimer, tetramer, pentamer, and hexamer, which we
will not attempt to review here. The water octamer has been
the subject of a number of theoretical investigations since early
simulations by Tsai and Jordan,6,7 Stillinger and David,8 and
Brink and Glasser.9 The “melting” transition in this finite
system was analyzed by Wales and Ohmine in terms of the
underlying potential energy landscape,10 and rearrangement
mechanisms were characterized between a number of low-lying
isomers.11 More recent work has shown that the solid-like and
liquid-like forms of this cluster can be distinguished using an
order parameter based on bond orientation.12,13 Both empirical
potentials6,7,11,14−16 and studies that include explicit treatment
of the electronic structure17,18 identify two particularly low-
energy cuboidal structures with S4 and D2d symmetries, which
dominate the solid-like phase. For example, with the TIP4P
potential,19 these two isomers are the only ones possessing any
significant occupation probability below about 160 K.10,12,13,20

In the liquid-like phase, a large number of noncuboidal
structures are sampled, along with higher energy cu-
boids.7,10,13,21−23

The S4 and D2d isomers have been partially characterized by
mid-IR vibrational spectroscopy,24−26 and the stability of these
octameric structures is further reflected by their presence in a
diverse range of crystal structures.27−31 Various theoretical
studies have investigated properties ranging from photo-
absorption,32 electron attachment,33 and the behavior in
nonpolar cavities.34 The evolution of the thermodynamic
properties20 and the underlying potential energy landscape35

have also been investigated as a function of a static applied
electric field. At high field strengths, extended structures
become favorable, and the average number of hydrogen-bonds
decreases. Various size-dependent properties36 have been
considered, such as the ionic product of water37 and charge
separation.38

In the present work, we employ a new ring-polymer
instanton method39,40 to estimate the magnitude of tunneling
splittings in the S4 and D2d isomers of the water octamer. The
pathways that correspond to the largest splittings are identified,
and these values are found to lie below the resolution of current
experiments. Both the S4 and D2d isomers are therefore
expected to behave as semirigid symmetric top molecules. This
new information is used here to tentatively assign a partial band
observed near 1.4 THz to VRT transitions in the water
octamer.

■ THE RING-POLYMER INSTANTON METHOD
Here we summarize the ring-polymer instanton method,39,40

which was used to compute approximate tunneling splittings
and tunneling pathways. The basis of the approach is that the
tunneling splittings can be obtained from the limit41−43
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where Q(β) and Q0(β) are the partition functions of the system
with and without inclusion of tunneling, β = 1/kBT, E0 is the
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ground state energy of the system in the absence of tunneling,
and Eν are the energy levels that result from tunneling between
the G degenerate potential wells of the system, corresponding
to nonsuperimposable permutation-inversion isomers.
The ring-polymer instanton method approximates the ratio

in eq 1 by representing Q(β) and Q0(β) using ring-polymer
phase-space integrals, and then evaluates the integrals by
steepest descent about the dominant “instanton” tunneling
paths.44−47 These paths become infinitely long in the limit
β→∞, and there are an infinite number of them, describing all
the possible ways in which the system can follow paths between
different sequences of minima. However, a straightforward
application of graph theory allows one to obtain the tunneling-
splitting pattern from the tunneling matrix, W, defined by

=λμ λμ λμhW A (2)

in which the adjacency matrix A describes the number of paths
connecting well λ to well μ (where λ,μ = 1,...,G), and
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The action, Sλμ, is obtained by minimizing βNℏUN(β,x), in
the limits β → ∞ and βN → 0, where βN = β/N and the
potential energy,

∑ ∑

∑

β
β

= +
ℏ

× − + −

+ −

λ

μ

= =

=

−

+

U V x x
m

x x x x

x x

x( , ) ( , ..., )
2( )

[( ) ( )

( ) ]

N
i

N

i i f
j

f
j

N

j N j
i

N

i j i j

j j

1
,1 ,

1
2

,
2

1

1

1, ,
2

1,
2

(4)

is that of a (fictitious) linear polymer, consisting of a sequence
of N replicas of the f-dimensional system, each described by a
set of coordinates {xi,1,...,xi,f} and potential energy surface
V(x1,...,xf). The replicas are joined by Hooke’s-law springs and
extend along the tunneling path. In practice, β and N are
treated as convergence parameters, and the linear polymer is
gradually cooled down until the resulting action Sλμ has
converged. Sλμ then corresponds to the dominant “instanton”
tunneling path connecting wells λ and μ. The factor Φ in eq 3 is
obtained as explained in ref 39, and describes the effect of
fluctuations around each dominant path. The paths and the
resulting matrix elements hλμ are computed for all “feasible”
tunneling paths connecting the various minima.48 A path is
deemed to be unfeasible if the action Sλμ is too large to produce
an observable tunneling splitting pattern. This regime can be
deduced either by inspection of the potential surface (e.g., if the
only available path involves the breaking of several hydrogen-
bonds), or by running an approximate calculation with only a

Figure 1. Conflated snapshots of instanton tunneling paths (kinks) for the water octamer. The paths show the (a) D2d(ADD), (b) D2d(DAA), (c)
S4(ADD), and (d) S4(DAA) rearrangements, and were computed as described in the text.
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relatively small number of beads and a low value of β. The
energy levels, Eν, and hence the tunneling splitting pattern, are
then obtained by diagonalizing W.
The main approximation made in the instanton approach is

that fluctuations around the instanton tunneling paths can be
treated harmonically (i.e., the “steepest-descent” approxima-
tion). However, the crucial anharmonicity along the tunneling
path is included in full. An additional approximation is that the
rotational motion is approximately separable from the
tunneling motion. Hence the approach will break down when
there is strong dependence of rotational quantum numbers on
the tunneling motion (e.g., in acceptor tunneling in water
dimer).40 The instanton method is therefore expected to give
order-of-magnitude estimates of the tunneling splittings and to
be useful for predicting the dominant tunneling paths and the
structure of the splitting pattern. However, in tests on water
dimer and trimer,40 the instanton approach performed
significantly better than this, giving results that were in almost
quantitative agreement with experiment for (D2O)2 using the
HBB2 potential of Bowman and co-workers.49

■ THEORETICAL PREDICTIONS FOR THE WATER
OCTAMER

The water octamer has two low-lying wells, which have the
cuboidal D2d and S4 geometries shown in Figure 1. The
presence of the S4 symmetry element in both isomers ensures
that there are only two distinct H2O monomer environments:
one in which the monomer donates two hydrogen-bonds and
accepts one (ADD), the other in which it accepts two and
donates one (DAA).50 The instanton tunneling paths and
splitting patterns were computed for both isomers, as described
below.
Instanton Tunneling Pathways. The TTM3-F51 flexible

water potential was used, which has been shown to give
estimates of the correct order of magnitude for tunneling
splittings in other water clusters.40 This potential correctly
identifies the two lowest minima with point groups D2d and S4;
the D2d isomer is only 0.005 kJ/mol lower in energy, while
other isomers lie much higher.6,7,10,11,52 The harmonic
frequencies were calculated for both isomers and produce
harmonic zero-point vibrational energies within 5% of the
values obtained from benchmark calculations.18

There are many possible tunneling pathways in the water
octamer, and we analyze the number of symmetry-related wells
using the molecular symmetry group. This group is the
subgroup of permutation-inversion operations corresponding
to pathways that are deemed to be “feasible”, which means that
they correspond to tunneling matrix elements hλμ that give rise
to observable tunneling splittings.48,53 Because of the mass
terms in eq 4, any pathway which involves significant
displacements of oxygen atoms will correspond to large values
of the action Sλμ. The same is true for pathways that break
covalent bonds and thus pass over high barriers or for pathways
which necessitate the rearrangement of many hydrogen-bonds
as would an interconversion between the S4 and D2d isomers.
Such high action pathways are deemed unfeasible and are
excluded from the calculation. The pathways that can be
considered feasible in water octamer are those that rotate
individual monomers, exchanging the two hydrogen atoms.
These paths connect pairs of the symmetrically related
potential wells associated with each D2d or S4 isomer. As
explained above, there are only two nonsymmetry-related
monomer environments for each isomer and therefore, as

either of these monomers can rotate, only four distinct
pathways need be considered: two for D2d and two for S4.
The four relevant pathways were optimized using the

modified limited-memory Broyden−Fletcher−Goldfarb−Shan-
no (L-BFGS) algorithm54,55 in OPTIM56 which minimized the
objective function given by eq 4. The first derivatives of the
potential energy surface V(x) were evaluated analytically, and
the second derivatives (needed only once per minimization to
calculate Φ) were obtained numerically. The initial starting
point for each of the instanton tunneling paths was taken to be
a path in which half the beads were placed at a position xλ,
located in well λ, and the other half at a position xμ in well μ.
The optimizer rapidly pulled the central beads out of the wells
and distributed them over the barrier. The computation was
straightforward for this system because none of the paths were
found to involve significant rearrangements of the oxygen
atoms.40 The number of replicas, N, and imaginary time-
duration, βℏ, were chosen to be large enough to converge the
actions Sλμ to within about 1%. This level of convergence was
sufficient to determine the order of magnitude of the tunneling
matrix elements hλμ, and hence the splitting patterns.
The resulting instanton tunneling pathways are illustrated in

Figure 1, and Table 1 gives the computed values of the

quantities Sλμ, Φ and hλμ. The values of the tunneling matrix
elements obtained are too small to give rise to experimentally
measurable splitting patterns (see next section), and thus we
did not try to obtain more accurate convergence of hλμ, which
could have been achieved by converging with respect to N and
β, as in ref 39, and also by using a better potential energy
surface.57

The reason that the values of hλμ are relatively small is clear:
at least two hydrogen-bonds have to be broken along each of
the four tunneling paths. This effect leads to high values of the
actions, Sλμ, and hence to small tunneling splittings. The DAA
transitions are slightly more labile, probably because they do
not move the free hydrogen atoms so far into the center of the
cluster. The pathways are similar to the bifurcation pathways in
water trimer, except that the latter break only one hydrogen-
bond,58−60 and thus have actions about half of those of the
octamer.

Tunneling Splittings. Although the tunneling splittings are
too small to be measured in current experiments, it may be
useful for future studies to describe the resulting tunneling
splitting pattern, which is easily obtained by diagonalizing the
tunneling matrix W of eq 2. It is also useful to analyze the
structure of this matrix using the molecular symmetry
group.48,53 For this analysis, we will refer to a “structure” as a
particular molecular geometry, and a “version” as a particular
labeled permutational isomer.61 Versions are said to be
“adjacent” if they are directly connected by a single kink on
the potential energy surface. The largest tunneling splittings

Table 1. The Action, Sλμ, Fluctuation Factor, Φ, and
Tunneling Matrix Element, hλμ, Defined in Eq 3,
Corresponding to the Four Tunneling Pathways Shown in
Figure 1 and Calculated Using N = 32 and βℏ = 5000 a.u.

pathway Sλμ (a.u.) Φ (a.u.) −hλμ (cm−1)

D2d(ADD) 33.98 23 3.9 × 10−11

D2d(DAA) 29.67 118 1.4 × 10−9

S4(ADD) 33.93 25 3.7 × 10−11

S4(DAA) 28.99 123 9.8 × 10−10
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usually correspond to “degenerate” rearrangements,62 which
connect distinct permutation-inversion isomers of the same
structure.
The adjacency matrix A, and hence the splitting patterns,

were calculated using the MS program,63 which constructs the
molecular symmetry group from a minimal set of generator
operations. However, in this case, the adjacency matrix has
quite a simple structure, and it was not a difficult task to check
the result by labeling the 256 wells that are connected and
identifying the adjacent wells directly. The tunneling matrix W
is then constructed using the calculated matrix elements for
kinks between adjacent versions.40,61,64 For the S4 isomer we
consider the additional generator operations, ADD and DAA,
corresponding to exchange of protons in either an ADD or a
DAA molecule. Because the instanton calculations indicate that
there are two equivalent paths in each case, due to clockwise or
anticlockwise rotation, we take the same value of h for each
one, which is equivalent to using a single generator with matrix
element 2h.
Considering either ADD or DAA, there are four symmetry

equivalent operations corresponding to the four ADD or DAA
molecules. The resulting molecular symmetry group contains
64 operations and has 13 classes: two of size 1, one of size 2,
five of size 4, and five of size 8. These operations link versions
in sets of 16, and each version is linked to four others by
tunneling pathways, giving the splitting pattern

− −h h h h8 (1), 4 (4), 0(6), 4 (4), 8 (1)

where the degeneracies are in brackets. Here h is either hADD or
hDAA, as appropriate, and the energy level spacing is doubled by
the two equivalent pathways corresponding to each monomer
rotation. The largest eigenvalue simply reflects the connectivity
of the reaction graph, and the symmetrical spacing about zero
indicates that the graph contains no odd-membered rings.65

When both ADD and DAA are included, the molecular
symmetry group expands to 1024 operations, which link
versions in sets of 256. The group has 88 classes: four of size 1,
six of size 2, sixty of size 4, four of size 16, six of size 32, and
eight of size 64. Each version is connected to eight others, so
the largest eigenvalue in the tunneling problem is 16h if each
monomer has two proton exchange pathways, each contribu-
ting a matrix element h. In this case, the splitting pattern is

−

− − −

h h h h h

h h h

16 (1), 12 (8), 8 (28), 4 (56), 0(70), 4 (56),

8 (28), 12 (8), 16 (1)

In fact, the instanton calculations suggest that hDAA > hADD. If
we distinguish the two matrix elements then the splitting
pattern, with degeneracies in brackets, becomes

+ +
− −
+ +
− −

− − − + −
+ − − −
− − − + −
+ − − −
− −

h h h h h
h h h h
h h h h h
h h h h h
h

h h h h h
h h h h

h h h h h
h h h h

h h

8 8 (1), 8 4 (4), 8 (6),
8 4 (4), 8 8 (1),
4 8 (4), 4 4 (16), 4 (24),
4 4 (16), 4 8 (4), 8 (6),
4 (24), 0(36),

4 (24), 8 (6), 4 8 (4), 4
4 (16), 4 (24), 4 4 (16),

4 8 (4), 8 8 (1), 8
4 (4), 8 (6), 8 4 (4),

8 8 (1)

DAA ADD DAA ADD DAA

DAA ADD DAA ADD

DAA ADD DAA ADD DAA

DAA ADD DAA ADD ADD

ADD

ADD ADD DAA ADD DAA

ADD DAA DAA ADD

DAA ADD DAA ADD DAA

ADD DAA DAA ADD

DAA ADD

This sequence corresponds to the case when hDAA is assumed
to be an order of magnitude or more greater than hADD. Setting
hDAA = hADD recovers the pattern for identical matrix elements,
and setting either hDAA or hADD to zero recovers the single
generator pattern. The symmetrical splitting about zero again
indicates that the corresponding reaction graph contains no
odd-membered rings.65

For the D2d isomer, adding either the generator for ADD or
DAA to the rigid molecule group produces a molecular

symmetry group of order 128 with 20 classes: two of size 1, one
of size 2, nine of size 4, five of size 8, and three of size 16.
Versions are linked in sets of 16 by these operations, and the
reaction graph has a connectivity of four. The resulting splitting
pattern is the same as for the S4 isomer.
When both ADD and DAA are included, the molecular

symmetry group expands to order 2048, with 119 classes: four
of size 1, six of size 2, 30 of size 4, 31 of size 8, 28 of size 16, 10
of size 32, six of size 64, and four of size 128. These operations
link versions in sets of 256 giving a reaction graph with
connectivity 8. The splitting pattern is again the same as for the
S4 isomer. Further details of the molecular symmetry groups are
omitted for brevity, but are available from the authors. Using
the values of the matrix elements hDAA and hADD given in Table
1 for either isomer in eq 5 yields a tunneling splitting pattern
for which the difference between the highest and lowest energy
levels is of order 2 × 10−8 cm−1. This is too small to be resolved
by existing experimental techniques, and because interconver-
sion between the isomers is also unfeasible, we expect both the
D2d and the S4 isomers to exhibit spectra corresponding to
semirigid symmetric top molecules.

Experimental Measurements on the Water Octamer.
The Berkeley Terahertz Spectrometer66−68 was used in
conjunction with a variable field Putley-mode (VFP)
detector69−72 in an effort to locate VRT transitions of the
water octamer in the previously unscanned region between 1.35
and 1.8 THz. Jet-cooled H2O clusters were formed in the usual
way by bubbling argon at a backing pressure of 17−18 psi
through a reservoir of distilled room-temperature H2O, and
subsequently expanding the saturated carrier gas through the
pulsed planar supersonic expansion source discussed in refs
69−72. Argon was used as the primary carrier gas in these
experiments in order to maximize the chance of observing
tunneling fine structure, since it produces narrower residual
Doppler linewidths than He or Ne. The data collection scheme
was used as described in refs 69−72. and each data point
collected represents an average over 32 gas pulses.
Figure 2 displays what is tentatively assigned as a spectrum

belonging to the h16-water octamer, comprising 77 weak lines
centered at about 1383.32 GHz (46.11 cm−1) and measured
with an average signal-to-noise ratio of 8:1, with the most
intense transition reaching 30:1. Transition frequencies and
relative intensities are presented in the Supporting Information.
A single far-infrared laser with a center frequency of 1397.1186
GHz (46.6029 cm−1 CH2F2) was sufficient for observing all of
these transitions. Similar to the transitions observed for other
water clusters generated in Ar expansions,1,69−72 the lines
measured in this band had a full-width at half-maximum of 700
kHz. However, unlike other such bands, the transitions were
spaced very close together (often within 2 to 3 MHz). The
microwave frequency modulation depth was varied in order to
resolve any possible tunneling splittings in the individual lines
of this band. However, all observed transitions appeared as
singlets with no discernible fine structure.
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In order to provide some evidence for the identity of the
spectral carrier, isotope dilution experiments were per-
formed.1,69−72 Three strong transitions were chosen from the
cluster of lines for this experiment, and each of these peaks was
tested five times with five different H2O/D2O mixtures; 98%,
97%, 96%, 94%, and 92% H2O, as well as with a pure H2O
sample, using distilled H2O in conjunction with D2O
(Cambridge Isotopes, 99.9% pure). The relative intensities
for each isotopic mix were averaged, and the results were
plotted in Figure 3. The number of water molecules in the

spectral carrier was calculated to be eight at 95% confidence.
Therefore, the results of the isotope experiment indicate that
these transitions belong to a rovibrational transition of the h16-
water octamer.
In an effort to extend this band, a range of over 2 cm−1 (60

GHz) was scanned on either side of the originally measured
transitions. While numerous lines belonging to argon−water
clusters were measured in these data, none of the peaks yielded
the same isotope experiment results as the transitions discussed
above. Therefore, while it appears likely that the observed
spectra comprise the first VRT transitions observed for the

water octamer, any additional lines for this band almost
certainly lie below the current experimental detection limit of
the spectrometer.
As described above, calculations predict a symmetric top

spectrum for both the D2d and S4 structures; the O−O
distances between the two tetramer rings that comprise the
octamer are calculated as 2.83 Å,24,25 longer than two of the
four connections (2.64 Å) within the individual tetramers.
Interestingly, the same DFT calculations predict a prolate
symmetric top for the S4 structure, but an oblate top for the D2d
geometry, as a result of switching the location of the long and
short hydrogen-bonds in each of the two tetramer subunits.
Initially, it was not clear whether some of the observed very

dense spectral structure was a result of complicated tunneling
splittings, but the calculations presented earlier in this paper
strongly suggest that such splittings are too small to be
observed in the present experiment. Hence, our focus in
assigning the spectra shifted to the rotational structure of a
symmetric rotor. Assuming the inertial structure of the water
octamer to be a semirigid symmetric top, then the measured
spectrum presented in Figure 2 is likely to be the most intense
region of the Q-branch. As a test of this model, the rotational
constants calculated by Gruenloh et al.24,25 were used to
simulate a vibration−rotation band for the D2d structure, the
lowest energy isomer of the two cubic water octamer structures.
The simulated transitions were calculated using a Watson S-
reduced Hamiltonian, including up to sextic distortion
constants and Boltzmann weighted intensities with a temper-
ature of 5 K, typical for water clusters formed in Ar molecular
beams; transitions were calculated for J and K values from 0 to
15. The excited state rotational constants, as well as the
distortion constants, for these simulations were estimated using
the same ΔA, ΔB, and so on values determined by Liu et al.73

for the water hexamer. The results of this simulation for the D2d
structure are shown in Figure 4. Since the calculated b- and c-
type spectra are identical, the latter are not shown in this figure.
Because the observed lines span a region of only 350 MHz, it

is assumed that if this rovibrational band did indeed arise from
a symmetric rotor structure for the water octamer, then the
measured transitions most likely belong to the Q-branch, since
the Q-branch for symmetric rotors is typically very compact.
Furthermore, Q-branch transitions are usually more intense
than P- or R-branch lines, and since no other transitions
corresponding to water octamer lines were observed, these
features are most likely the strongest transitions in this band. A
magnified plot of the simulated symmetric rotor Q-branch
region for both a-type and b-type transitions is shown at the top
of Figure 4 for comparison with the experimentally measured
lines. As illustrated in this figure, the a-type Q-branch spectrum
does not actually match the line density of the observed
transitions nearly as well as the simulated b-type spectrum.
Hence, while the actual line spacing of the simulated b-type Q-
branch does not match well to the experimental lines, it is most
likely that this new band belongs to a b-type (or c-type)
transition. These simulations were also useful in predicting the
possible locations of the P- and R-branch progressions in the
data set. Accordingly, the entire simulated band for the b-type
transition of the water octamer is plotted at the bottom of
Figure 4.

■ DISCUSSION
A new rovibrational band, centered at 1383.32 GHz (46.11
cm−1), has been measured with the Berkeley Terahertz VRT

Figure 2. Stick spectrum of the 77 transitions, measured to sub-MHz
precision. All transitions appear as singlets, without resolvable
structure, as shown for one transition in the inset. Frequencies are
given in GHz.

Figure 3. The results of the isotopic substitution experiment for the
partial band centered at 1383.32 GHz (46.11 cm−1). Each of the five
data points represents the average for three different measured
transitions. The slope of this graph indicates that the spectral carrier is
the water octamer.
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Spectrometer. While isotope dilution experiments on several
lines of this band have provided reasonably convincing evidence
that it belongs to the h16-water octamer, much of the spectrum
most likely still lies below the experimental detection limit.
Symmetric top simulations performed for the lowest energy
(D2d) structure suggest that this band could belong to a b- or c-
type transition. The overall agreement in line spacings between
the simulated spectra and the experimentally observed
transitions was not good, but this model employed excited
state parameters from water hexamer spectra, which may not be
representative of this octamer transition.
It is probable that the observed lines are part of the strong Q-

branch transitions of a symmetric rotor, and that the P- and R-
branch lines, which may be separated from the band origin by
several gigahertz if Coriolis effects are present, have not yet
been measured due to their comparatively low signal-to-noise
ratio. However, since the D2d and S4 structures of the water
octamer lie so close in energy, it is possible that both are
observed in the molecular beam and that both have vibrations
in this area. This possibility would further complicate the

assignment of the transitions measured in this region, and a
detailed analysis would certainly require a more complete
picture of the remaining lines of this band.

■ CONCLUSIONS
A set of transitions observed near 1.4 THz in a supersonic
expansion of H2O in argon are tentatively assigned to a Q-
branch of the water octamer-h16 on the basis of isotope
dilution experiments and a detailed analysis of expected
tunneling splittings, which lie below the current experimental
resolution. This result implies a simple relationship between the
number of hydrogen-bonds broken and the magnitude of the
tunneling splitting, so that it should be easy to predict which
water clusters will give an observable splitting pattern and
which will not. For example, we expect that the water heptamer
and nonamer should show tunneling splittings, but it is unlikely
that the dodecamer will.
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