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Abstract

Supersymmetry and the S-matrix
by

Timothy James Trott

The functional form of the S-matrix is heavily constrained by both causality and unitar-
ity to the extent to which it may be substantially reconstructed without computational
recourse to a field-theoretic action, thereby avoiding complications arising from gauge fix-
ing and field-variable redundancy. In this context, simplifications provided by supersym-
metric theories have been fruitful in guiding these methods and enabling perturbatively
deeper computations.

In this thesis, on-shell, unitarity-based S-matrix methods are generalised to supersym-
metric theories of massive particles. An on-shell superspace for massive supermutiplets
is developed and used to classify all three-particle interactions consistent with supersym-
metry in gauge theories in four dimensions. In N' = 4 super-Yang-Mills theory, this is
used to compute scattering amplitudes for BPS particles using on-shell recursion.

The impact of causality on the contact couplings parameterising effective theories are
then considered. Dispersion relations are used to constrain the space of these couplings
for several simple interactions relevant to extensions of the Standard Model of particle
physics. It is shown how these bounds unify as components of the same constraint under
supersymmetry.

Finally, as the observable world lacks supersymmetry, a possible intermediary ex-
tension of the Standard Model called the Twin Higgs, bridging a minor hierarchy of
scales between the Higgs potential and a UV completion, is considered. In particular,

the impact of numerous new, light, invisible particles on the spectrum of temperature

%



anisotropies of the Cosmic Microwave Background is calculated as a function of the twin
electroweak scale. The observable impact of a possible dilution of the twin particles
relative to their Standard Model counterparts by the decay of a particle reheating the

universe is then projected.
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Chapter 1

Massive On-Shell Supersymmetric

Scattering Amplitudes

We introduce a manifestly little group covariant on-shell superspace for massive particles
in four dimensions using the massive spinor helicity formalism. This enables us to con-
struct massive on-shell superfields and fully utilize on-shell symmetry considerations to
derive all possible N/ = 1 three-particle amplitudes for particles of spin as high as one,
as well as some simple amplitudes for particles of any spin. Throughout, the conceptual

and computational simplicity of this approach is exhibited.

1.1 Introduction

The spinor helicity formalism has been a key ingredient in developing a purely on-shell
formulation of S-matrix computations in four dimensions. This is because helicity spinors
may be used as a complete description of the data of external scattering states (that is,
their momentum and spin polarisation) without recourse to the unnecessary non-linear

gauge redundancy of polarisations used in the Feynman rules. This can be coupled with



Massive On-Shell Supersymmetric Scattering Amplitudes Chapter 1

on-shell methods, such as recursion and generalised unitarity, to perturbatively build the
internal S-matrix structure out of on-shell units that bypass the need for the fictitious
degrees of freedom that frequently arise in standard field-theoretic methods. However,
the dream of a fully on-shell formulation of particle physics is far from realised.

Helicity spinors have been adapted to describe the kinematics of massive particles
previously in (1H5). This generally involved decomposing time-like momenta into two
null vectors and then proceeding with massless helicity spinors to describe each of these
in some way. However, the element of arbitrariness in this decomposition often convo-
luted the method, as sought-after patterns could easily be obscured by an inappropriate
choice. Furthermore, this choice of direction often involved a spurious breaking of Lorentz
invariance in the amplitudes.

An advance on this formalism was made in (€), where the spinors of the null vectors
were organised into representations of the little group for massive momenta, SU(2). This
symmetry represents the redundancy in the spinor description of momentum, analogous
to the U(1) redundancy in the massless case. However, it may also be utilised to describe
the polarisations of the external massive states, or better, to directly use symmetries to
build amplitudes that have the required transformation properties of the external states
under their individual little group rotations. While there was never a gauge ambiguity
in the polarisations of massive particles in the Feynman rules, non-existent time-like
components still source tension in a symmetric treatment of a 4-vector description of
these fundamentally 3-vector objects (recent use in effective field theories was given in
(7)). Massive and massless particles may thus be treated on equal footing within the
spinor helicity formalism.

Supersymmetry (SUSY) offers an idealisation that, in theories of massless particles,
has enabled the utility of on-shell methods to be drastically extended. It is thus natural to

look to supersymmetry as a testing grounds for on-shell methods for massive particles. We
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therefore here amalgamate the little group-covariant helicity spinors for massive particles
with the formulation of an on-shell superspace in which external scattering states are
grouped into supermultiplets without reference to an external spin direction. This makes
the relations between the amplitudes imposed by the supersymmetric Ward identities
(SWIs) transparent while simultaneously preserving the polarisation structures. See ()
for a review of on-shell superspace for massless particles. An on-shell superspace for
massive particles was first constructed in (9)) and we will rediscover their results along the
way, albeit re-expressed in the covariant formalism. This helps to organise the amplitudes
into Lorentz-covariant terms that are simpler to interpret, identify and construct.

After laying the foundation by writing the superalgebra in a little group covariant
form and constructing covariant supermultiplets, we turn to A/ = 1 theories to exhibit
the usage and utility of this formalism. We construct from first principles all possible
three particle amplitudes, the most primitive on-shell scattering data, that are consistent
with these symmetries and involve particle spins no greater than one. We also make
some comments on how SUSY generally constrains interactions with higher-spin states.
The on-shell supersymmetry allows us to simply catalogue the most general possible
interactions given only the spectrum of a theory. It is also easy to further specialize by
incorporating additional on-shell data such as the presence of a parity symmetry relating
some component amplitudes to each other, or the absence of self-interactions for a vector
in an Abelian theory. By studying the high energy or massless limits of superamplitudes,
we may obtain the necessary dependence of the couplings on the masses of the external
legs if the states are to be identified as elementary superfields.

This paper is structured as follows. In Section 2 we present the little group covari-
ant on-shell SUSY algebra. This allows us in Section 3 to construct massive on-shell
supermultiplets as coherent states of the supercharges in any reference frame. In Section

4 we discuss general features of superamplitudes and strategies for their construction,

3
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including the implementation of parity symmetry. We exhibit all of this technology in
Section 5 to construct elementary three particle amplitudes for flat space N’ = 1 theories.

We then conclude.

1.2 Little Group Covariant Superalgebra for Massive
Particles

The general super-Poincaré algebra extends the Poincaré algebra to a graded Lie
algebra in 4 dimensions through the introduction of A/ fermionic generators Qu4, QLB,
where «, 3 are SL(2,C) indices and A,B = 1...N count the number of left-handed
spinor supersymmetry generators. The Lie brackets of the generators of supersymmetry

- or supercharges - with the generators of translations (P,) and rotations/boosts (M, )

are (following (10))

[QaAaPu] = 07
v _i Y TV VR B
[QaAv M* ] - 46 (Uaaaﬁg O-ado-ﬁﬁ')Q/U
{Qaa, Q) = =205 (" ) Py, (1.1)

{Qan,QsB} = Zapeas,

tA 1By _ AB_
{Q4 ’QB }=-Z €ap

The automorphism group of the supercharges preserving the anticommutation relations is
the R-symmetry group and will be discussed further in what follows. The ‘central charge’
Zap = —Zpa = —(Z4P)* is allowed for N' > 1 and typically breaks the R-symmetry to
a subgroup.

We will be interested in the construction of superamplitudes, which package together

scattering data for entire representations of the super-Poincaré algebra. Before discussing
4



Massive On-Shell Supersymmetric Scattering Amplitudes Chapter 1

this, we will first rewrite the superalgebra using the massive spinor helicity language.
This allows the spinor indices to be stripped out of the supercharges, leaving an elegant,
frame-independent formulation of the algebra from which massive representations can be
simply constructed. This provides an aesthetic improvement over previous treatments
(11) in addition to setting up our discussion of superamplitudes.

In Appendix we present a lightning review of massive spinor helicity in which
we also develop our conventions and provide relevant and useful identities. The reader
can find there further introduction to the subject and the elementary mechanics which
will not be remarked upon in the main text.

The external particles in a scattering amplitude are acted upon by the super-Poincaré
generators as separate tensor factors of the scattering state. Each symmetry generator
may therefore be represented on a scattering amplitude as the sum of its action on
each external scattered particle. This will allow us to study symmetry generators and
transformations on each leg separately. We will use spinor helicity variables to represent
these generators, because these encapsulate the on-shell kinematic data for each leg. For
massive particles, this means exhibiting the SU(2) little group symmetry by expressing
the symmetry generators acting on each particle ¢ in an appropriately covariant fashion.
By construction, the momentum eigenvalue of particle 7 is p?ﬁ = pl! af}ﬂ = ‘iI >d [i Ilﬁ . We
can likewise define on-shell, little group covariant supersymmetry generators for each leg

by projecting the supercharges onto the spinors of a given particle

I o _1
Qz,A \/§m1

['Qia],  alf= \/§1m~ (irQ"), (12)

where the factor of mass m; of the particle makes them dimensionless. Note that we

are defining these operators as being restricted to single-particle momentum eigenspaces.
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For convenience, the inverse relations are given by
Qiaa = —\/§|11]a(]z{,4 QZ,B = \/§qu <zl‘ﬁ~. (1.3)

The factor of 1/4/2 is just a normalisation convention and has been chosen here so that

the little group covariant supercharges satisfy the anticommutation relations

I 1J,B 1J B 1 J IJZ‘AB t1,A _1J,B IJZ'AB
b 27 9 9
{qi,mqi } = —¢€ 5A7 {qi,Auq@',B} = —¢€ —sz‘ ) {qi » 45 } =€ _2;7% .
(1.4)

These hold only on a particular single-particle momentum eigenspace, the labeling of
which we leave implicitly subsumed in the particle label ¢. Here Z; is the particle’s
central charge. Also of note is that, as a result of the way the massive spinors transform
under conjugation, (gr.4)! = —¢74 and (¢})! = ¢/*. As usual, the SU(2) little group
indices may be raised and lowered using the Levi-Civita symbol. When the external legs

are massless, the supercharges ((1.3) become
Qian = —V21i],, 4ia Q:fg = —V/2¢/" (2l - (1.5)
The little group covariant supercharges satisfy the algebra

{qi,A,qIB} =54 (1.6)

and the other anticommutators are zero.

The stripping of the helicity spinor effectively exchanges manifest chirality for man-
ifest spin polarisation (of which helicity is often a natural and useful example). For
massless states, these are identical and each chiral spinor supercharge can only either
raise or lower a state’s helicity. However, for massive states, the supercharges in the form

6
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of chiral spinors will do a superposition of both, for the usual reason that chirality and
helicity /polarisation are no longer identical. The little group here describes the freedom
in choosing a spin direction as a state label, which determines how the chiral spinor
supercharges are decomposed into supercharges characterised by polarisation.
In the simple case in which all legs carry a single, electric central charge, Z; 4p =
Z; Qap, where Z; € R while Q p = —Qp4 is a symplectic 2-form:
0 —I

Qap = , (1.7)
I 0

N
2

where 0 is the %/ X & zero matrix, while I is the identity of the same size. Specifically for
N =2, Qup = €ap, Z; may be complex (corresponding to two central charges) and this
central extension is general. The supercharge labels A, B give a manifest representation
of a symmetry group that acts on ¢4 (and on ¢4 in the conjugate representation) while
preserving the algebra (2.3)). If Z45 = 0, this would be SU(N) (or U(N)), while for
the central charge considered above, this would be broken to USp(N). The symplectic
2-form Qap may then be used to convert USp(N') tensor representations (such as the
supercharges) into conjugate representations (i.e. raise and lower the explicit R-indices)
in the way that the Levi-Civita tensor does for SU(2).

For |Z;| < 2m;, the relations (2.3) may be simplified. Unlike for massless particle
representations, the generators g; 4 and their conjugates ¢'*4 may mix because their

index heights may be changed by €;; and Z 5. This allows for a rotation into a basis

that canonicalises the anticommutators. This basis is given by

1 2m; \ 2 | Zi| 2\ z AB
_I I 7 % 7, iB,I
I _ ! 1—4/1— (=0 24! . 1.8
4.4 VD . (|Zz|) (Qmi> 2m; 4 ( )




Massive On-Shell Supersymmetric Scattering Amplitudes Chapter 1

2 2
where D = 2((2”“) — 1) (1 —4/1 = (ﬂ) ) The g, 4 and their conjugates then satisfy

| Z;| 2m;

the anticommutation relations without a central charge:
7 =1IB G _tI,A _1J,B
{qf,A,qJ } =—e"o%,  Adaals} =0, {qj gl } = 0. (1.9)

In such cases, representations of the supersymmetry algebra may be constructed with
a structure identical to that of the case with Z; = 0, although such multiplets still
carry central charge (and this would still appear in relating cj{) 4 and cjiI’A to Qqa and
Qg B for these states). Henceforth, this redefinition of the particles’ supercharges will be
implicit in subsequent discussions of SUSY representations with central charges satisfying
|Z;] < 2m,; and the bars on the diagonalised supercharges will be omitted.

The relations illustrate the symplectic R-symmetry of the massive representa-
tion. While has a manifest USp(N) R-symmetry, because the supercharges can
mix with their conjugates while preserving the SU(2) little group symmetry, the full
R-symmetry group is actually determined by all of the automorphisms that preserve the
anticommutation relations . Grouping the supercharges into a 2N length vector
a, = (in,qu’B), where a = A for a < N and a = B+ N for a > N, may be
combined into the relation

{dl..qly} = €7 Qa. (1.10)

Here Qg is a 2N x 2N symplectic 2-form. Thus the anticommutator is effectively itself
a symplectic 2-form and the R-symmetry is enhanced to USp(2N) (12)). However, it
is often broken by interactions. The enlarged R-symmetry does not occur for massless
representations of the SUSY algebra because the non-zero supercharges have definite
opposite helicity and cannot mix.

The case |Z;| = 2m; is the special BPS limit. This typically occurs for elementary
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particles which obtain mass through Higgsing of a vector multiplet (13). The redefinition
of supercharges that give the canonical anticommutation relations described above fails
in the BPS limit. This is because, for these representations, half of the number of
supercharges are eliminated through the reality constraint

-1
2m,~

¢ia = Ziapal7 - (1.11)

The phase of Z; may be absorbed into a redefinition of the supercharge. Calling this

time G sa = q;rae”®8%)/2 the BPS condition reduces to

gt = —(ZTIA qijaA = —QZJA- (1.12)
This condition again preserves the supersymmetry algebra. Clearly, BPS states are
annihilated by the combination /4 + (jg 4 For the central charge considered above with
Zap x Qap, the multiplet is 1/2-BPS as it is annihilated by half of the supercharges.
Configurations with multiple central charges are also possible in which some smaller
fraction of supercharges annihilate the state.

The explicit SU(N) symmetry of the SUSY algebra, which is broken to USp(N)
by the central charge of these massive single particle states, is therefore the massive
R-symmetry group expected for a theory with half of the number of supersymmetries.
A 1/2-BPS state in N-SUSY may be represented as a massive non-BPS state of N'/2-
SUSY. For example, for the simplest spontaneous symmetry breaking pattern in N/ = 4
SYM, the massless SU(4) R-symmetry is broken to USp(4) when the central charge is
generated. As the former is unbroken by dynamics and imposes stringent selection rules
on scattering amplitudes at the origin of the moduli space, the latter should also be

respected by the dynamics and organise the transition matrix structure away from the
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origin. See (14) for further discussion. Further elaboration upon the representation of
BPS states in scattering amplitudes has been recently made in (15).

More generally, with more complicated configurations of active central charges than
the simple case discussed above, for each 1/2-BPS leg there is nevertheless an SU(N)
R-basis in which the central charge can be rotated into the form Z; 45 o< Q45. In such a
basis, the representation of the leg’s supercharges is just as described. However, as this
basis is different for each leg, the linear combinations of supercharges that annihilate each
state may differ by a SU(N) rotation matrix, which must be accounted for when adding
together the total supercharges. The R-symmetry group will also be broken further
beyond USp(N), but this will still be a symmetry restricted to the algebra of a single
leg’s supercharges.

Finally, the BPS bound itself, |Z;| < 2m;, may be derived for these scattering states

from the fact that the operator,

T
1 1
(%’,IA + 2m'Z‘,Aqu,?> (%’,IA + Qm'Z‘,ACQ;ﬁ) (1.13)

being a sum of squares, must have non-negative spectrum. Using the algebra (2.3]), (1.13))

simplifies to ¢; 14 (¢, m)T (1 — (|25;|§2> The BPS bound follows by simply requiring that

this be non-negative.

1.3 On-Shell Supermultiplets

We seek here to construct scattering amplitudes for supersymmetric theories, so need
to understand the structure of supersymmetric scattering states. Scattering data is sim-
plified considerably by the grouping of component states into coherent states of the

supersymmetry algebra, known as ‘on-shell superfields’. For these scattering states we

10
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may describe their collective S-matrix entries using superamplitudes, which manifest
both the supersymmetric Ward identities in a simple manner.

For massless theories, on-shell superfields have been established as a convenient or-
ganisation of the representations (I6]). The on-shell superspace was first conceived of in
(I7) for N = 4 super Yang-Mills (SYM) and was employed later in (I8) to formulate
the supertwistor space representation of tree-level scattering amplitudes in these theories
(it is worth noting that an off-shell superspace formulation of N' = 4 SYM does not
yet exist). In particular, for N'= 4 SYM, it makes transparent the classification of the
amplitudes into sectors of a fixed order of helicity violation, which close under both super-
symmetry and R-symmetry (I9-21). This enabled the formulation of the super-BCFW
shift (19; 21) and the subsequent construction of all tree amplitudes and loop-level in-
tegrands in the limit of large gauge group dimension (22-24), as well as the elucidation
of the dual superconformal symmetry and dual twistor representations of amplitudes on
complex projective space (20)). See (8)) for a review of these topics. Amplitudes in theories
with fewer supersymmetries have also been formulated in an on-shell superspace in (16)),
where on-shell superfields for A/ < 4 massless theories were constructed. We refer the
reader to these papers and the review for details of the construction of superamplitudes
for massless theories, and now turn to the construction of massive supermultiplets.

General on-shell superspaces for massive states have been previously developed in (9)).
However, the manifestation of the massive little group for the external legs will allow us
to improve upon the presentation of this exposition, as well as providing flexibility to
choose a spinor basis best suited for the study of particular phenomena, such as high
energy limits or complex momentum shifts. Much of the subsequent discussion here will
parallel that of (9)), with the improved organisation offered by the little group. This has
been utilised more recently for N' = 4 super-Yang-Mills in (25)) and will be elaborated

upon in this context in (I14)).

11
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From , the massive supersymmetry algebra is that of N fermionic oscillators,
where N = 2N if the representation is not BPS, but can be reduced by up to a factor of
1/2 if shortened. Supermultiplets may be represented as coherent states which are eigen-
states of IV ‘lowering operators’. To build these states we introduce Grassmann variables
which transform in the little group of each particle 17;‘}[, as well as their conjugates 77;{4.
The labels here match those of the supercharges qi{ 4- In this section, we will restrict
our attention to multiplets which are not BPS, in which case the oscillator index may
be identified with a supercharge R-index (‘A’ in the symbols just introduced). Following
the conventions of (8), all particles will be represented as outgoing scattering states. We
will reverse the heights of R-indices relative to this reference.

To ensure little group and R-covariance, either all of the g; ;4 or all of the ql’? will
be chosen as the lowering operators. These will have some Clifford vacuum states, (9|
and <m, which are annihilated by either set. Generally, any linear combination of g; 74
and q}? for each such pair can be chosen as annihilation operators, the choice of which
corresponds to the selection of a particular state in the multiplet as the Clifford vacuum
in the superfield representation, but a choice that yields the most manifest symmetries
is arguably desirable.

An entire supermultiplet may be encoded as a coherent state
(mil = (Q et (1.14)

where 77{?1 are anticommuting Grassmann algebra generators. As is clear in this definition
and will be made manifest below, the entire superfield transforms coherently under little
group transformations with the same little group weight as the Clifford vacuum. The
action of the supercharges on the states generalizes the action for massless particles

described in (R)), where little group and R-indices of the supercharge must be tensored

12
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together and then decomposed. These are eigenstates of the annihilation operators,
satisfying (n;] ¢/* = (n;] (=n;"). The Grassmann Fourier transform may be used to

define a basis of conjugate states. It is defined with its inverse respectively as:

(n'] = /dwn S (] (] = /dw it (| (1.15)

The fact that both the two different n and n' representations for the same supermultiplet
exist and are related by the Fourier transform will be useful in constraining the form of
superamplitudes.

In the 7 basis, the supercharges act as (assuming for simplicity the absence of central

charges)

(il (04Q™) = =204 Yt (0] (m;] [02Qa] = V2 [04] % (n] (1.16)

where small |#4) and ‘9’4} parameterise a linearised supersymmetry transformation. The

supercharges may therefore be represented as linear operators on the superamplitudes

YN @a=VIS g (1.17)

I

or on individual legs:

0
8772?1.

A
a1 =—-nt  da=- (1.18)

Supersymmetry transformations of both types act simply on these coherent states:

ietlgha

(] €507 = e (| (| e A = (y +ig] (1.19)

13
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Here, £ = [QAZ' 1} and 5;1 = <0 il > parameterise the supersymmetry transformation pro-
jected onto the spinors of leg ¢ of the appropriate chirality. The action of the supercharges
encoded in give the supersymmetric Ward identities relating the components.

As established in Appendix [1.A.T] massless limits are most naturally taken in the he-
licity basis for the massive little group (in which momentum is chosen as the quantisation
axis). We will adopt the convention that this frame is chosen unless specified otherwise,
so that little group indices always denote helicity by default.

By construction, the massive on-shell superfields do not depend upon a preferred
frame of reference. However, as a result, the difference between massless and massive
representations of the supersymmetry algebra is firmly ingrained in the formalism, as
the massive (non-BPS) states non-trivially represent a larger algebra. In the massless
limit, following the rules established in , the form of the spacetime supercharges
(1.17) requires that the massive Grassmann variables are mapped onto the massless ones
as 1;— — 1;. Here n; is the massless Grassmann variable used to construct the massless
on shell superfields (as in e.g. (16])). For reference, massless coherent states are defined

here as

(mi] = (Q] etam’ (1.20)
<mT Z/dNne”A”L (n]. (1.21)

Massless analogues of the previous formulae may be obtained similarly.

However, for non-BPS states, the massless limit of the spacetime supercharges ((1.17)
reduces the number of supercharges represented on the multiplet in half, leaving the
definitions of the spinor-stripped supercharges qm and q;r , ambiguous. As a consequence,
expressions obtained upon taking the massless limit directly on coherent states or their

matrix entries will involve a residual Grassmann variables denoted here as 7, + — 7.
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This does not represent the action of a supercharge, but does delineate a division of the

massive superfield into separate massless representations.

1.3.1 Superfields

The coherent state construction generically gives component fields in reducible rep-
resentations of the little group and R-symmetries, which need to be disentangled to
locate the field content. The structure of these vary significantly with the number of
supersymmetries.

We consider first the simple case of N' = 1. The states in the multiplet are gen-
erated by acting ¢/ on the Clifford vacuum and then decomposing the resulting little
group tensors into irreducible representations, which will be further constrained by the
needed fermionic antisymmetry of the supercharges. Choosing the Clifford vacuum to
be a scalar ¢ = (€, the resulting states are then y/ = — (Q| ¢’ and ¢/ = — (Q|¢'¢’ =
el (Q| _quKqK . Because the tensors are antisymmetric, the state &I S = el qz; is decom-
posed into a single scalar degree of freedom. The states of the chiral supermultiplet may

therefore be arranged into coherent state

1 -
®=¢+nx — 5771771¢ (1.22)

All states in the multiplet must have identical internal quantum numbers (except for
possible U(1)g charges). If the multiplet is self-conjugate, then the fermion is Majorana
and the scalars are permitted to have opposite R-charges. Otherwise (as is necessary if
the field is in a complex representation, like a quark in superQCD), an anti-superfield is
required with conjugate internal quantum numbers which may be constructed similarly.

Component fields can be extracted from the full superfield via Grassmann derivations.
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In this simple case we have the mapping

¢ =P| (1.23)

nr=0’

which generalizes straightforwardly to other theories. By the equivalence of Grassmann
differentiation and integration, the derivatives may be replaced by integration. The
Grassmann differential operators above can be used to extract component amplitudes in
the usual way as for massless superamplitudes.

In the massless limit, the superfield decomposes into components that may be de-

scribed by opposite helicities:
O — Oty + O (1.24)
with
Ot = x40, O = +nx. (1.25)

The limit is taken by simply replacing n. — 7 and 1, — 7 in . Here 7 is the
Grassmann number that would represent the supercharge that acts non-trivially on the
massless multiplet, while 7 is the variable corresponding to the trivially-acting compo-
nent.

Similarly to the extraction of component states above, each resulting massless super-
field may be extracted by either setting 7 = 0 (®~ in this example) or differentiating
with 3% (—®* here). This likewise allows for the extraction of massless superamplitudes
from limits of massive ones.

We can next construct a vector superfield by starting with a fermionic Clifford vac-

uum. Because the two spin components of the fermion belong to different supermultiplets
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(that is, the vector multiplet does not contain its C'PT-conjugate states), a little group co-
variant representation necessitates that two multiplets be combined to create an on-shell
superfield that itself transforms in a non-trivial representation of the SU(2) little group,
where each multiplet contains states of opposite spin projections. Here, this amounts to
combining two Clifford vacua into an SU(2) fundamental representation to describe the

two polarisation states of a fermion’s degrees of freedom. The superfield is
1 .
W=\ +p'H +n,w!)) — §anJAI, (1.26)

where the components have already been decomposed to give the spin-1/2 fermion
highest-level state A, while we have both a real scalar H and a massive vector W)
at the first level. We can extract the different irreducible representations of the little
group via %%IWI = H, and % (%WZ + aimWJ> =W,

Taking the massless limit again, the massive vector supermultiplet decomposes into
the two helicity components of a massless vector superfield and those of a massless chiral

superfield as

W — Gti + o* W™ — G + 979,
Gt =g  + At G =X +ng, (1.27)
1 1 -
OF =X (WL H) @ = (—oWE - H) 4k
Ui /2 /2 Ui
The longitudinally polarised vector, W = v/2W (), combines with the scalar H to give
the two real scalar degrees of freedom in the massless chiral superfields.
For N' = 2 without a central extension, we essentially just have two copies of the
N = 1 superalgebra. There is only one supermultiplet to construct here, namely that

which starts with a scalar Clifford vacuum, as any other choice takes us into supergravity.
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The other familiar N = 2 supermultiplets are short multiplets. Expanding the coherent

state and keeping the R-indices gives the superfield

1 1 .
Q=+l — 577?77? (" dam) + easWU) + gnIBmBn"Adfi +mnimnsé.  (1.28)

Each term has been decomposed into irreducible little group and R components (remem-
bering that €45 may be used to raise and lower the SU(2) R-indices). The Grassmann
order 3 and 4 terms respectively represent a pair of chiral fermions related by R-symmetry
and a scalar. The fermion zﬂﬁx may be extracted by the action of the Grassmann deriva-
tives for each of the Grassmann variables except n;'. Fermion statistics of the Grassmann
generators implies that the Grassmann order 2 terms must be symmetric in either little

group or R indices, hence the little group triplet vector and R-triplet scalars. The scalars

1.9 9

®(ap) may be extracted by the action of 5 G OyTE > while the vectors WU/ are extracted
I

0
onga’

N = 4 super-Yang-Mills.

by

N[

8—3; This superfield will be discussed further in (14) as a short multiplet in
I

Of course, higher-spin representations - either fundamental supergravity multiplets
or composite superfields - may be constructed using the same methods. For example, a

general massive N’ = 1 superfield S of spin s has the form

Stz = pilos) 4 p(igplatos) 4oy GIIT2s) %WJQEUL-JQS), (1.29)

where 1, ¢, ¢ and ¥ are its component states in order of increasing spin. In the massless
limit, this decomposes into pairs of separate superfields each containing either one ¢ state
(with helicity between —s and s) or one b state (the superfield having helicity between

—s+ % and s + %) For reference, a massless higher spin superfield with Clifford vacuum
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of helicity h is
5" =t 4 et (1.30)

where ¢ and ¢ are the component states.

1.4 Constructing and Constraining On-Shell Super-
amplitudes

We wish to write down superamplitudes which package together the scattering data
for full representations of the super-Poincaré algebra and allow for amplitudes of compo-
nent states to be projected out in a simple manner. In this form the SUSY Ward identities
will be simply represented. We first discuss general features of superamplitudes in
with a focus on three legs, and then lay out useful strategies for building them in [I.4.2]
with a focus on N' = 1. In we discuss the imposition of parity symmetry at the

level of the superamplitude. We assume in this section the absence of central charges.

1.4.1 SUSY Invariants and the n,n' Bases

Invariance under supersymmetry implies that each n-leg superamplitude, A,,, must be
annihilated by the supercharges. In the 7 basis defined in Section the multiplicative
action of Q' implies that QTA, = 0 is solved if and only if A, is proportional to the delta

function
n

N n
1
s =] (Z @37y mimgs + 5 me{}an> : (1.31)
A=1 %

i<j
A straightforward calculation using momentum conservation shows that this delta func-

tion is also invariant under supersymmetry transformations by )4,. However, as these
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transformations are not multiplicative, this does not exhaust the constraints from @
transformations.

If we had instead put all of our external states in the ' representation, the Q super-
charges would act multiplicatively and the Ward identity Q.4,, = 0 would instead imply

that the amplitude is proportional to the delta function

H (Z ZI]J T”LAnjA + 3 memmm> . (1.32)

1<)

e~ —

The Fourier transform of this delta function, 6GV)(Q) = [ ﬁ AV ple=nimlasCN)(Q), is
also a supersymmetric invariant in the 7 basis, as can beZ:sleen by commuting Q, Q'
through the exponential. For amplitudes with massive particles, including three-leg am-
plitudes, this Fourier transformed delta function is always of degree at least as large as
SEN(Q).

Exceptions do exist in situations involving three-particle superamplitudes between
BPS states in theories with extended supersymmetry. This will be elaborated upon
further in (14), but we will merely comment here that, in these cases, some subset
of the supercharges degenerate. The supersymmetric invariant in will instead be the
product of all of the distinct supercharges. This is similar to the case of three massless
particles, where, for example, special kinematics can imply that if the square brackets

are nonvanishing, then <QTAQTA> = 0. The supersymmetric invariant must instead be

N
taken as H [23] < Q™) = TI ([23]ni* + [31] n3' + [12] n3'), with |g) a reference spinor
=1

satisfying (gi) # 0 for all ]z}, which matches 6V (Q).
The existence of the different 1 or n' bases for the same superamplitude yields a
restriction on its maximum Grassmann degree from knowledge that the delta functions

are the lowest Grassmann degree invariants. This restriction is especially important
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for the construction and classification of three-leg superamplitudes. For any number of
massive external particles, we can always write a three-leg superamplitude in either basis
as

As|, = 6*V(QN F () e

Asl,r = 6N(Q)F(n')

where F, F are so far undetermined and are also functions of momentum spinors. Naively,
these functions could have maximum Grassmann degree N (M + 3), where M is the
number of massive legs, since this is the number of independent Grassmann variables we
have.

However, from above we know that the Grassmann Fourier transform relates fields
in the n basis to those in the n' basis and thus such a transform of all legs relates
the superamplitude in the two bases. That is, @E = A3|nf. The Grassmann Fourier

transform roughly returns the set complement of the n's in the original expression from

the total number of ns (a full discussion of the Grassmann Fourier transform may be

| =nOr+s)—ov - F), =

—_~—

found in Appendix [1.A.2)). So we end up with [Ag

| n n

N(M + 1) — [F],, denoting by [X], the Grassmann degree in 7 of some polynomial X.
However, the Grassmann degree of A3|n* is at least 2/, because this is the minimal
Grassmann degree for the SUSY invariant to which it must be proportional. Hence we
have the inequality

[F], < N(M —1) (1.34)

Of course, the same reasoning holds with F replaced with F. E|

'As remarked previously, the situation is modified in the case of three massless particles because
there is a SUSY invariant with Grassmann degree N. In this case, SUSY directly implies that the only

possible Grassmann structures are 5(2N)(QT) and 0(2N)(Q). The case in which the particles are BPS is
also exceptional and will be explained in (14)).
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This simplifies our task of constructing general three-leg superamplitudes as we need
only understand the structure of appropriately invariant functions of Grassmann degree

2N at most.

1.4.2 Strategies for Enumerating Amplitudes without Central

Charges

The main goal will be to construct three-leg superamplitudes in all simple supersym-
metric theories with spins < 1. We presently discuss the procedure in brief and outline
a number of simplifications.

Now that we only have a small number of Grassmann orders to worry about at most,
our task will be to construct the function F' which multiplies the SUSY invariant delta
function for various theories. This function is constrained by the little group covariance of
the amplitude, which is set by the external legs as in the A/ = 0 case. Supersymmetrically,
it is constrained by the Ward identities, since half of the supercharges act derivatively.
An important benefit of our representation of the supercharges is that they are of
uniform degree in 77 and consequently these constraints do not mix up different Grassmann
orders. This simplifies the procedure so that we may construct the amplitude order by
order in 7.

At each order, the F factor consists of a sum of monomials in Grassmann variables. As
the delta function is little group invariant, each of these terms must carry the little group
representations of the superfield legs. The Grassmann variables themselves transform in
non-trivial little group representations, so must be combined with coefficients built out
of spinors in such a way as to give the necessary representation of the superamplitude.
The possible combinations of spinors that satisfy this then correspond to the possible

terms that are permitted by supersymmetry and Lorentz invariance. For example, a
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superamplitude with three massive spin-1/2 legs will have an F' factor with a single spin
index for each leg (F*/253). An example of a candidate term with Grassmann degree 1

I Ja K3 My

is then ¢ M, where the Grassmann variable from leg 1 contains a little group

index for that leg, while the coefficient’s tensor structure is then determined by that of
FI7K and MM -

Each Grassmann variable carries either a fundamental SU(2) index for a massive leg or
a helicity weight of magnitude 1/2 for a massless leg. The rank and helicity weight of the
representations of the possible coefficients are determined by the possible combinations

of Grassmann monomials with the required little group structure. We define the ‘total

little group weight” h of a superamplitude to be

h = ) 25 + Y 20k, (1.35)

massive legs massless legs

for spin s; (helicity h;) of the massive (massless) leg i.

Each coefficient of the Grassmann monomials must involve an even number of con-
tracted spinors (as the superamplitude is a Lorentz scalar). This implies that terms with
an even number of Grassmann variables cannot arise if h is odd for the amplitude. Like-
wise, if the amplitude as a little group tensor has even h, only even Grassmann degree
terms are consistent.

The possible tensor coefficients of the Grassmann monomials may be constructed
similarly to the way in which S-matrix amplitudes are constructed in (6). The coefficients
like ¢/12K3M1 ahove may be expanded in a tensor basis spanned by a massive spinor of
our choice for each of the required little group indices. We are then left to construct,
for each monomial, an SL(2,C) Lorentz tensor with the correct little group weight for
the massless legs and massless Grassmann variables, which we may do by identifying a

tensor basis and enumerating the possibilities as done in (6)).
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A similar procedure to that used in (26) may be used to determine F'. As F' is ambigu-
ous up to the addition of terms < Q' (as these are annihilated by §(QT)), arbitrary linear
combinations of this supercharge may be added to simplify the superamplitude. The
two components of each supercharge can be used to eliminate two Grassmann variables
entirely from F' (for example, the two little group components of a particular massive
leg). We may then apply the supersymmetry constraint QF = 0 to relate the spinor
coefficients of different Grassmann monomials to each other.

An exceptional feature appears in the special case of a three-leg amplitude for two
massive, equal-mass particles and one massless particle. In this special kinematic config-
uration, one finds that there is an additional object that can carry the little group weight

of the massless particle. Following (), this is

1 qp23)
m o (1.36)

X

where 3 is the massless leg, m is the mass of legs 1 and 2, and |g] is an arbitrary reference
spinor defined so that [¢3] # 0. In this unique case, the special kinematics of the legs
implies that p;-ps = — (3| p1 |3] = 0 and so p; |3] o |3). The constant of proportionality is
x, which, as a SL(2, C) scalar, nevertheless carries helicity weight 1 of leg 3. In no other
kinematic configuration of massive legs in a 3-particle amplitude does such an alignment
of massless spinors occur in which the relative orientation is described by a single scalar.
This is the reason that is independent of the reference spinor, despite its necessary
appearance in inverting +p; |3] = 2(3), and also the reason that such a helicity-weight
carrying scalar object doesn’t exist in other kinematic configurations.

With this general method established, we turn to the construction of elementary

amplitudes in simple SUSY theories, after first digressing to discuss parity.
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1.4.3 Parity

While not obligatory, many theories exhibit parity (P) symmetry. We here explain
how this acts upon on-shell superfields, from which relations between superamplitudes
in a parity-invariant theory may be deduced. Details about the construction and spin
quantisation of spinors can be found in Appendix C of (27).

As for general chiral spinors, parity acts on the super-Poincare group as (28))
PP,P'=P!P, PQ.,P'=iQ"  PQLP'=-iQ". (1.37)

where Py = diag(1, -1, -1, -1).

The action of parity on the coherent states may be determined by its action on
the Clifford vacuum and on the spinor-stripped supercharges ¢, defined in . It is
important to remember here that these have been implicitly defined with restriction to a
particular momentum eigenspace. The operators ¢; and qiT , through their particle labels,
implicitly also carry momentum labels. Under the action of parity, they are mapped to
their representations on different momentum eigenspaces.

For massless legs, noting that

[Pp) =—€¥[p]  |Ppl=e¢"*|p)

(Ppl =e*[p|  [Ppl=—e"% (] (1.38)
for a phase ¢, the action of P on the supercharges ¢; and q} is derived from 1) to be
Pg;PT = —iei“’q;r;i PqiTPJr = ie “qp;. (1.39)

Here, P2 denotes leg ¢ with inverted 3-momentum. Note that helicity spinors are defined
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up to a convention-dependent, arbitrary overall phase, which must be implicitly made in
the definition of the spinor-stripped supercharge. This effectively determines an arbitrary
phase multiplying the (complex) Grassmann variables 7 in the coherent states, which,
as will be shown below, can be defined to absorb these factors in the parity-conjugate
superfield.

The existence and action of P is a model-dependent property. Depending upon the
theory, supermultiplets may be self-conjugate or mapped to distinct supermultiplets.
Massless spinning particles must be mapped to states with opposite helicity, which are
usually part of a distinct supermultiplet. However, because of , massless scalars
and massive spinning particles, at least when selected as Clifford vacua, must also be
mapped to states of distinct weight (in the same or possibly different multiplets) for
consistency with SUSY. For theories with this property, the action of P on a massless
coherent state may be determined as follows. Taking for example the left-handed chiral

multiplet @~ in ((1.25) and explicitly labeling its 3-momentum p),

O P = (¢5| P1Pet7 Pt
~ oot -
= Gy ($-g| "7 = 07 (1.40)

n
€ —

calling the Grassmann variable of the parity conjugate coherent state nT_ﬁ = ie"ny,
absorbing the phase from the transformation of the supercharge. Here, the d+ denotes
Grassmann Fourier transform of the chiral superfield ®* in ((1.25) (which, in general,
need not have any other necessary relationship with ®~). Finally, (, is an intrinsic

parity assigned to the scalars (note that the Clifford vacuum is not a parity eigenstate).
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Similarly,
BIPI = (D, (1.41)
GiPT = (G (1.42)
G;P'=(-G*; (1.43)
where the Clifford vacuum for ®* maps under parity as <)\;5 Pt = (s <)\:ﬁ (and anal-

ogously for the other coherent states). The factors of (x are possible phases associated
with intrinsic parity of the Clifford vacuum. For example, in SUSY QED, the action of
parity on the photon’s multiplet would introduce a factor of (;+ = —1 in because
of the intrinsic parity of the photon.

For massive legs, the null vectors that constitute the little group decomposition of

the massive momenta transform in the same way as ([1.38)) under 3-momentum inversion:

P =) |Pp") =1p]

Pl == (PR == (1.44)

Helicity reverses under parity because, while spin is invariant, the quantisation axis (de-
fined as the 3-momentum) reverses. The massive little group components are expressed
with respect to some external quantisation axis, rather than the 3-momentum, so should
not change under parity. This is the reason that the phases that accompanied the trans-
formation of the massless helicity spinors (and subsequently the supercharges) do not

arise here. The massive supercharges therefore transform as
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Calling nT_ﬁ ; = M1, the action of P on a massive chiral superfield is

OPY = ¢y <<5’_ﬁ e = (0 (1.46)

_13‘7

where, depending upon other quantum numbers, ® may or may not be equal to ®.
The scalar Clifford vacuum is importantly mapped to the scalar of opposite weight in
the other superfield: ¢ — ¢/. For a massive vector, the transformation is similar but
with fermionic Clifford vacuum mapped to the other fermionic degree of freedom in the

multlplet Wlth the same polarisation
WIPT = W ! 1.47
P Cxl —p ( . )

where again W' may or may not be distinct from W.
Parity invariance of a theory implies equality of the superamplitudes of a set of
particles with that of their parity conjugates. Given the results above, this may be

stated as

An(Xpy, Xy - Xp,) = (H 3 / d*np; e%i,fn%) AXE XE L XE ), (1.48)
=1

where XT is the parity conjugate superfield of X (while we have written the Fourier
transforms in in the form specific for massive coherent states, they should be
reinterpreted as their massless analogues for each massless leg). In other words, to relate
couplings between superamplitudes in a parity symmetric theory, any superamplitude
A (X, Xy s - - - X, ) must be equal to that obtained by taking the superamplitude of the

parity conjugate multiplets, Fourier transforming and then reversing the 3-momenta using

1.38)), (1.39)), (1.44]), (1.45)) and the relations between Grassmann variables niﬁ ;= Mg

and nT_ﬁ = ie"’n;. Kinematic-dependent phases appearing in (1.48)) from the use of (|1.38
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and (1.44) may be dropped, representing arbitrary phases in the polarisations of the

external legs.

1.5 N =1 Three-Particle Superamplitudes

In this section we systematically construct the possible three-particle superamplitudes
for scattering of A/ = 1 chiral and vector superfields and identify the types of theories
to which they would belong. We furthermore discuss the dependence of the couplings on
the masses of the different legs, how they behave in different limits and how they may
appear in “tree-unitary” theories (29). We also present some simple results for higher
spin multiplets. In Appendix [I.B] we additionally present some well-known results for

higher leg amplitudes recast in the little group invariant helicity spinor language.

1.5.1 Three Chiral Supermultiplets

We begin with the case of three massive chiral supermultiplets, and will then find the
cases with massless chiral supermultiplets via appropriate limits. Our representation of
the massive chiral superfield is given in . This three-point superamplitude has the
general form

A(®1, ©2, ©3) = 6@ (QN F (1), (1.49)

where, from Section [1.4.1] F(n}) is at most a second degree polynomial and, since it has
total little group weight h = 0, contains only even orders in 1. Since the Ward identities
do not mix different Grassmann orders, we may construct each i-th order Grassmann
term F') separately.

We will illustrate the general procedure by explicitly deriving the superamplitude from

first principles using the method described in Section [1.4.2] From little group scaling,
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F©O) is fixed to be a constant which we call A. The second-order function can be simplified
by using the supercharge conservation constraint imposed by the delta function, QT = 0.

We can use this to eliminate any dependence on 737, which then leaves us with

F® =p [112J] min2g +c¢ <112J> Mines + d1771177{ + d27721775- (1'50)

The Ward identity QF® = 0 is a first-order Grassmann equation and results in two
independent spinor equations (bmgy — 2d;) |1I } + cpo |1I > = 0 and similarly with 1 < 2.
The independent constraints may be found by contracting with [1;| and (1;]ps, which
allows one to solve for d; in terms of b and find ¢ = 0. Along with the same procedure
for the other equation, this yields

1
F® = ([112‘]} Mty + 5 (manuy + mmzmé)) : (1.51)

The full superamplitude is then

1
A((I)l, CDQ, @3) = 5(2)(QT) |:/\ +b ([112J} NrMeg + 5 (m27]1[7’]{ + mmgmé))} . (152)

When all of the legs are identical the superamplitude can be written in the manifestly

exchange symmetric form

A(®1, By, @3) = 0P (Q1)

v

1<j

We have here redefined the coupling b to make it dimensionless.
There are three special cases to consider corresponding to the number of different

massless legs. Firstly, the massless limit m; — 0 may be taken directly on (1.52) to
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produce the most general expected superamplitudes

A(D], By, @3) = M@ (QN) (1.54)

A(®T, o, @3) = =05 (Q1) ([127] 1oy + mom:) . (1.55)

These expressions are independent of whether my = m3. We have assumed that the
coupling b is unaffected by the limit, which is self-consistent.
Similarly, taking the subsequent limit that ms — 0 results in the superamplitudes for

two massless legs:

while A(®F, ®F,®3) = 0. It is again being assumed that the couplings present no
obstruction to this, which is clearly self-consistent.

In the high energy limit, the superamplitude does not diverge with inverse
powers of a mass scale because of the special 3-particle kinematics. Note that [iTj7] ~
O(m?/E) or (i"j) ~ O(m?/E) as m — 0 for some (complex) energy, depending upon
the kinematic configuration that is converged to (individual spinor mass limits can be

found in ((1.115])). The superamplitude converges to (at leading order in energy)

A((I)h CI)27 (I)3> — A(q)l_’ CI)2_7 (1)5) - A(CI)T, CI);_’ q);)ﬁlﬁ2ﬁ3 (157)
A(Q7, @5, ®5) = AdP(Q) (1.58)
AR}, @F, ®F) = —b'61(Q), (1.59)

where ®* are the massless superfields in the notation of (1.25). For the latter kinematic
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configuration, the delta function is
0M(Q) = (23] my + [31] ;o + [12] s, (1.60)

which is a Grassmann order 1 supersymmetry invariant that is the Fourier transform of
5@ (Q) in the n' basis. In the first term of , [ij] — 0, while in the second, (ij) — 0.
The (—) sign accompanying the second term arises because the Grassmann variables 7);
must anticommute past the fermionic ®; states.

Note that if the limit that all particles are sent massless at the same rate is instead
taken, then (|1.57)) is exact, rather than merely leading. The fully massive superamplitude
contains helicity violating couplings that, in the high energy limit, scale as mass-
dependent constants and cannot be expressed as a massless superamplitude.

This massless limit is to be expected from field theory, where the three scalar compo-
nent amplitudes contained in the two surviving superamplitudes are expected to vanish
in the massless limit according to the superpotential. Also of note is that the massive
superamplitudes are totally determined by two parity conjugate sets of couplings.
That there are no others is not completely obvious from a Lagrangian derivation, where
the possibility of spontaneous supersymmetry breaking has to be explicitly checked for
a given holomorphic superpotential. Here, constraints from unbroken supersymmetry
are more directly applied. It automatically follows that candidate holomorphic super-
potential terms, such as tadpoles and quartics that would naively give interactions that
do not conform to the structures derived here, must induce spontaneous supersymmetry
breaking.

The only remaining massless superamplitudes are those of superfields with mixed
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helicity. These are determined by symmetries to be (up to a coupling constant)

A(@F, 05, 05) = 5@)(@*)@ A(®7, 05, 05) = M@)ﬁ. (1.61)

However, these superamplitudes have peculiar locality properties. While non-divergent
in the real momentum limit, they are also non-zero, being unsuppressed by helicity
conservation (30). These are the supersymmetrisations of the helicity conserving scalar-
fermion-fermion 3-leg amplitude found in (31)). Consistent factorisation properties of
4-leg amplitudes were used to rule this out. Notably, while consistent with symmetries,
they do not appear in the massless or high energy limit of the massive superamplitudes.

The theory of a single chiral supermultiplet has an accidental parity symmetry. This
is a model-dependent and needn’t be a general property of this three particle superam-
plitude. However, we take the opportunity to comment that parity may be imposed as
described in Section to relate the two otherwise independent couplings. Ignoring
the possible non-trivial intrinsic parity phases, this gives b’ = A, in agreement with the

massless and massive cases. The Wess-Zumino three-leg superamplitude is then

APy, By, B3) = A6P(QT) [1 - 3Lm (Z i3] miamj + mzi:mmf)] : (1.62)

i<j

It would be interesting to find an on-shell condition from which the accidental par-
ity is derived as an outcome. One would have to study higher leg amplitudes in this
theory with only a single chiral supermultiplet in order to derive this feature. In this
regard, it would also be interesting to find how holomorphy of the superpotential is rep-
resented in the S-matrix. In the case where all particles are massless, each holomorphic
composite operator in the superpotential contributes a contact interaction inducing a

(super)amplitude that is holomorphic in helicity. The rest of the S-matrix is presumably
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then generated by consistent factorisation involving these. Mass mixes states of different
helicities, so produces a violation of this pattern of helicities induced by the holomorphic
contact interactions. The on-shell superspace significantly clarifies the pattern, the foun-
dations of which were described in (I]) at the level of “seed” M HV component amplitudes

with the fewest legs.

1.5.2 One Massless Vector

We next turn to the case of two chiral supermultiplets interacting with a massless
vector multiplet. This includes matter interactions in supersymmetric gauge theories
(like superQCD). Because of this, in this section we refer to the chiral supermultiplets as
quarks and the vector fields as gluons. Specifically in superQCD, the states of the quark
supermultiplets arrange into the following on-shell superfields:

_ 1 _
Q=Q,+nQ" - 577177[@1%

_ = _ 1 =
Q= Qu+m@Q — Jnn'Qn, (1.63)

where Q are the quark and Q are the antiquark states. The L and R subscripts identify
each of the squarks. The arrangement of the states is to be contrasted with the field-
theoretic off-shell superfields. However, while we will use the symbols Q and O to denote
the chiral superfields in what follows, we will not be committing to identifying them with
any particular theory beyond what we will find to be possible to construct.

It is easily shown using the methods of Section that a three-leg superamplitude
between two massive chiral multiplets and a massless vector multiplet is impossible unless
the chiral multiplets have equal mass. This case is distinguished by the existence of z,
which will allow for expressions with the required little group scaling to be constructed.

The Gt and G~ superamplitudes have total little group weights h = 2 and h = 1
34



Massive On-Shell Supersymmetric Scattering Amplitudes Chapter 1

respectively. The superamplitude for the positive helicity gluon superfield is simplest to

construct as little group scaling immediately gives the unique form
A(Q1,G5. Q) = 52(QN 2, (1.64)

where x is defined in and ¢ is the coupling constant (which may have suppressed
dependence upon possible internal quantum numbers of the states). For the negative
helicity superamplitude, little group scaling, supersymmetry invariance and the Grass-
mann counting rule of Section determine the superamplitude up to a single coupling

constant b:
_ 1
A(Qy, Gy, Q3) = 6@(QNba (,72 + 5 ([217] s + [237] ngf)) . (1.65)

That the superamplitudes are determined here by a single coupling constant is a
reflection of the fact that the anomalous magnetic dipole moment of matter fermions
in N = 1 gauge theories is exactly zero (32). Supersymmetry determines the fermionic
coupling to the gauge bosons from the scalar coupling, which has only one possible
Lorentz structure. As a consequence, the supersymmetry implies that the matter-photon
interaction is entirely characterised by the electric charge monopole.

Thus far we have not actually assumed anything beyond particles 1 and 3 having
equal mass. However, these superamplitudes are antisymmetric under exchange of the
two matter fields 1 <+ 3 (through z). As the superfields Q and Q are bosonic, this implies
that they must be distinct (the same argument applies to couplings of matter to massless
vectors without supersymmetry as well).

Parity may additionally be imposed. Assuming that the @ and Q multiplets are

both self-conjugate under P (the minimal assumption), this implies that b = g. Parity
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invariance was an assumption used in the derivation of the Lie algebra structure of the
matter couplings from consistent factorisation (6 [33]), which is unaffected by the quark
masses (with massless matter, C'P also suffices, which justifies it for chiral gauge theories).
It would be interesting to clarify the role of the discrete symmetry needed to relate the
amplitudes on each side of the factorisation channel. In Yang-Mills field theory, this
symmetry is accidental. In the examples below, we always find parity emerge in the high
energy limit of massive amplitudes, as well as the massless limits of individual legs, in
the terms that match onto sensible amplitudes of massless vectors.

It is interesting to note that the USp(2) massive R-symmetry of the SUSY algebra is
broken in this theory because the gaugino couplings distinguish between the two squark
states. The identification of the squarks as L and R is determined by the helicity of
the gaugino that couples to them (the squarks are then oppositely charged under the
residual unbroken massless U(1)g). This is ultimately a reflection of the breaking of the
USp(2)g by parity symmetry, which distinguishes between the two squarks. This would
be restored in an N = 2 gauge theory, where the gauginos are Dirac fermions.

The coupling of higher spin multiplets to photons follows a similar pattern. The

superamplitude for the case of the positive helicity massless vector is
A(ggll...IZS)? G;-7 SéJl-..JQS)) — 5(2)(QT)T(Il..AIQS)(Jl...JQS)' (166)

SUSY places no further constraints upon T(1+126)(/1--725) "\which can be constructed as
in (6) just as a general amplitude for a photon coupled to a massive spin s state. This
implies that the coupling to photons of the spin s+% states in the multiplet is determined
by that of the spin s state. For a massive particle of spin s, there are 2s+41 such multipoles

representing each possible independent Lorentz structure in the coupling. Following (),
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these are
. 1 2s ; e 25—1 | ,
T d26)(J1eeJ2s) ;(CO ilj;[l [1( i)g(‘]j)] + Eaj ilj_zll [1( i3(Jj] [1 23)2} [3(]25)2}
7 c 2s—2 7 2s
+ ot [T 098] T 92 372 +...).  (167)
ij=1 i,j=2s—1

for coupling constants ¢;. The additional multipole moment for the coupling of the s + %
state is therefore determined here entirely from the lower multipoles by SUSY. This is
the generalisation of the protection of the magnetic dipole moment for supersymmetric
matter fermions to higher spin states. We will see another explicit example of this in
Section [I.5.5] where the electric quadrupole moment of the massive vector within the

spin-half vector superfield is determined by the lower multipoles.

1.5.3 One Massive Vector

We next consider the three-leg superamplitude of two massive chiral multiplets and
a massive vector multiplet, as may occur in a Higgsed gauge theory. Repeating the

procedure as in previous sections, we can reduce the amplitude to

mgdg + m2d1 [211J]
mime

d
A(Qs, W217 Q) = 59)(@”(%2 <211J> mJs — Ui

+ L <213K> N3k + ] [2131(} 773K)
Mo Mo

(- vy (L )
d
_ dlné + m272n3 [21‘ Ps3 |2J> 772J>. (168)

This leaves two undetermined couplings d; and ds after imposing supersymmetry invari-

ance. The two forms stated are useful for taking massless limits ms — 0 and ms — 0
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respectively.

Taking the vector massless differs depending on whether the chiral multiplets have
equal mass. In the case m; # mgs, one recovers solely the three-chiral superamplitudes
(1.54) with b = dy(m32 — m?)/(mym3) — di/my and A = d; (this mass scaling has been
anticipated in the definition of d;, as well as the assumption that it is non-zero and finite
in this limit), where d,, = dy/my must be finite (and hence must be suppressed by some
other mass scale). This is consistent with our finding above that there was no consistent
three-leg superamplitude for a massless gluon and two unequal mass chiral multiplets.

More interestingly, if m; — mg at a rate |m; — mg| ~ O(mgy) as my — 0, then
non-zero superamplitudes involving massless vector multiplets may be recovered if dy
remains a dimensionless constant. The reference spinors that appear in the factors of
x do so through the spinor limits in . This leaves the parity-symmetric terms in
the superQCD amplitudes with b = g = ds, as well as the three-chiral superamplitudes
mentioned above. As alluded to above, parity in the vector coupling emerges in this
special limit.

If we instead take the third leg massless, we find smoothly

A(Q1, Wy, Qs) = A(Q1, Wy, 05) + A(Q1 W3, )il (1.69)
d

A(Q1, Wy, ®3) = ml;h(s(?)(@) (32" ([317] n1y + mums) (1.70)

AQu WA @) = 2521 23] (1.71)

which are alternatively determined purely from symmetries. These expressions hold
regardless of whether m; = my or not. It is being assumed here that d; and dy do not
vanish or diverge in this limit, which is self-consistent (they may still differ from their

counterparts in (1.68)) by terms of O(ms)).

Taking the further m; — 0 limit of these superamplitudes requires d; ~ my in (|1.70)
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and yields
1
mo

AT, Wy, @3) = 6@ (QN— [2"1], (1.72)

where we have omitted the coupling and provided the dependence on mass necessary to
realize the final massless limit smoothly (so d; ~ 1/msy and ds constant). The case in
which the chiral multiplets have the same helicity is forbidden by symmetries, so does
not appear in the limit. Taking finally ms — 0, only the transverse polarisations interact
non-trivially (see comments about the superamplitudes of mixed helicity chiral supermul-
tiplets in Section [L.5.1]). It is easily verified that A(®T, Wi, ®3) — —A(®], G5, 3 )i
and A(®F, W, ,®;) — A(®],G,5,®;). This is expected from the Higgs mechanism if
the massive vector is coupled to massless matter.

In the high energy limit (taking all masses small simultaneously at the same rate),

then it can be verified that

A(Qla W+7 Q3) — A((I)+7 G+7 CD?)ﬁlﬁQ + -’4<q)+7 q)+7 (DJr)ﬁlﬁl’) - A<(I)77 G+7 q)+)7¢]2ﬁ3

A(Qlu Wiv QB) — _A((I)+7 Gi? (I)i)ﬁl + A(®77 (I)ia (I)7>ﬁ2 + A(q)77 Gi? q)+)ﬁ3' (173)

In the W limit, the coupling ds is the cubic coupling among chiral multiplets, while d;
is the parity conjugate coupling. The couplings of the chiral multiplets to the massless
vectors are dermined by linear combinations of these weighted by combinations of the
masses.

The possibility of distinct couplings d; and ds allows for parity violation in the massive
superamplitudes and accounts for the way in which the massive amplitudes can combine
together states of different helicities that would otherwise be described as having different
interactions. Despite the observation that chiral multiplets coupling to massless vectors

must have the same mass, there is not inconsistency with the massive multiplets having
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different masses in the high energy limit.

1.5.4 Two Vector Superfields

We next turn to three-leg superamplitudes with two vector superfields and one chiral
superfield. Starting with the case of one massive leg, we first look at a massive chiral
superfield decaying into two massless vectors. The case where the massless decay prod-
ucts are instead both matter fields was addressed in Section while no consistent
superamplitude may be constructed if the massless multiplets are chiral and vector. Only
the superamplitudes with massless vector multiplets of the same helicity are non-zero,

following from the rules of Section [1.4.2] These are (calling m the nonzero mass)
b
A(GT, @, G5) =0P(QNa (13)  A(G, 8, Gf) =0P(Q")— 31 (1.74)

These superamplitudes would arise, for example, in a theory involving the quantum field
couplings [® WaWp|F, for (off-shell) chiral superfield & and super-Yang-Mills curvatures
Wy g for some Abelian gauge groups (in other words, a massive supersymmetric axion or
dilaton-like coupling). Demanding P invariance would imply that a = b (if the massive
chiral multiplets in each superamplitude are antiparticles, then the couplings may be
related by C'P instead). The couplings a and b have the expected inverse mass dimension
of an irrelevant interaction. Assuming that, as defined in (1.74)), they have no further
dependence on the mass of the heavy chiral multiplet, then the massless limit may be
taken while holding them fixed (if they instead scale as e.g. o 1/m, then this would

obstruct the limit). This gives

A(GT,®7,G5) =0D(QNa(13)  A(GT,®7,GT) =6 (Q)b[13]. (1.75)
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and the other components are zero.
The superamplitudes for a massive vector multiplet decaying into massless vector and
chiral fields may be found similarly. Those that are permitted by the symmetries are (up

to coupling constants)

AW, Gy, @5) = 6@(QN)— [172] [23] (1.76)

1
m

AW, Gy, @5) = 62(QT) (172) (1.77)

All other helicity combinations are zero. The other allowed decay channel for a massive
vector multiplet was found above in ((1.72)).

The massless limits of the superamplitudes and converge to the super-
amplitudes . Both of these massive and massless superamplitudes may have a
common origin, for example in the axionic coupling suggested above, where one of the
vectors may become massive through the Higgs mechanism. As in previous cases, the
coupling constants for and may be related by parity.

Finally, we note that it is not possible to find a superamplitude describing the decay
of a massive vector multiplet into two massless vector multiplets, which is an expression
of the Landau-Yang theorem.

Continuing to the two-massive-leg case, one may construct superamplitudes for mas-
sive chiral and vector supermultiplets with a massless vector, which are independent of

whether the massive multiplets have the same mass or not:

A(®, Wi, G5 ) = adP(QT) (2'3) (1.78)

A(®1, Wy, G3) = 002(QT) [2'3] ([31J} My — % [32%] nzK) (1.79)

2

Taking individual legs massless, one recovers solely those amplitudes already remarked
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on above. The high energy behaviour of these superamplitudes is poor, scaling inversely
with some mass scale contained within the couplings a and b.

Next, the superamplitudes for two massive vector multiplets and one massless chiral
multiplet may be similarly determined. Using the definitions of the massless chiral super-

multiplets in (1.25]), the usual arguments determine the three-particle superamplitudes

to be
AW, @ W) = sP(QYFY o 215 g + 2 (1.80)
AW @3, W) = 0P(QN Y, (1.81)

where
Flf = af (1737) + a5 [1737]. (1.82)

These are again independent of whether the massive legs have equal mass or not. Taking
the massless limit of the first leg, the coefficients in the @~ superamplitude, d;, should
have no mass dependence in order to smoothly match onto amplitudes and .
For the ®* superamplitude, both coefficients must scale as d§+) ~ my to return to
and . The couplings in both cases must be suppressed by a higher mass
scale. Taking the third leg massless instead, the expected limits are obtained only if
d§+) ~ 1/mg, so altogether dfﬂ ~ my/mg to leading order in m; and mg if the limits
are to be both non-trivial and unobstructed. However, in either of these cases, the
resulting superamplitudes must be suppressed by other mass scales and, in this sense,
are “effective”. In contrast, taking both legs massless simultaneously is possible without

introducing new mass scales. In this respect, these superamplitudes are merely a special

example of the case in which the chiral multiplet is also massive, which will be explained

42



Massive On-Shell Supersymmetric Scattering Amplitudes Chapter 1

next.
Finally, the all-massive superamplitude for two vectors and a chiral multiplet is de-

termined to be
AW, @2, Wi) = 6P(QY) (FGY + FEY), (1.83)
where

Fof = a(173%) +d' [173%] (1.84)

1
F(I;f - (b/ <1I3K> +b [113KD {[1]‘42‘]} mamn2g + 5 (mznlmf + mmgNnéV) . (1.85)

In the limit that the chiral multiplet becomes massless, the coefficients match on
to those of and as b — d§+)/m1, b — d§+)/m1, a — d§‘) and o' — dg_).
Making the matter massive does not really affect the structure of the interactions beyond
their collection into the single superamplitude. The results from taking a single vector
massless instead are similar as for and and will not be elaborated upon
further.

More interesting instead are the high energy limits. The superamplitude (|1.83)) con-
sists of two parity conjugate pairs of couplings. The couplings a and b represent “effective”
couplings (like those of the axion/dilaton mentioned above or loop induced interactions
in a perturbative field theory) that must be suppressed by some additional mass scale
(and similarly d; and dj in the case with a massless chiral multiplet). On the other hand,
a’ and b (or df and d;) correspond to couplings of a Higgs boson to massive vectors,
where the Higgs belongs to a chiral multiplet (and is not part of the multiplet eaten by
the vectors with the Goldstone boson). This happens when the quartic coupling of the

scalar potential originates from the superpotential (“F-term”).
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To illustrate how the superamplitude ([1.83)) scales in the UV limit, assume that
a' = a/v and V' = b/v? for some mass scale v of order the leg masses and call constants

¢; = my; /v for leg masses m;. The leading terms in the limit are then

A(er (1)27 Wé+) - A((I)Tv (1)2_7 G;—)ﬁi% - A(Gii_> CDQ_’ (I)T)ﬁl - .A((I)T, (1)3_7 (I)ii_)ﬁ2

A(Wf’ (I)2> Wé_) - _A(GT’ (I)'l", (I):;)ﬁlﬁZﬁZS + A((I)Ta (1)2_7 G;)ﬁ?) (1'86)

and similarly for parity conjugate states. All terms in the first line depend upon the
coupling a and each term proportional to 7); is accompanied by a factor of ¢;. In the
second line, the first term depends upon be;ics, while the second has coupling constant
acs. Again, this pattern of couplings reverses for the parity conjugate limits.

However, there are also subleading terms that vanish in the massless limit that cannot
be placed into massless superamplitudes. These represent the effective Goldstone boson
couplings to the Higgs.

A supersymmetrised version of the argument used in (6l) to demonstrate the Higgs
mechanism may presumably be made from constructing a four-leg vector superampli-
tude from demanding consistent factorisation into 3-leg superamplitudes ({1.83]) on each
factorisation channel. Notably, an exceptional case occurs when the Higgs couples to a
massive and massless vector boson in a three-particle superamplitude, as in and
(1.79), which will induce unitarity-violating superamplitudes in the high energy limit in

tree-level processes.

1.5.5 Massive and Massless Vector Multiplet Interactions

Let us begin with amplitudes with two massive vector superfields and one massless
vector superfield, which has two distinct cases of interest. The first is A(W!, G,WJ),

where the two massive vector superfields W and W have the same mass. This arises
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in many examples, such as the adjoint Higgsing of a simple gauge theory by a single
vacuum expectation value (vev), which does not feature any 3-leg amplitudes entirely
of massive vectors. In this case, the vectors are conjugates, which is the reason for our
choice of notation, although we do not need to assume this at this point. The second is
AW, G, W), where the two massive states are distinct and of different mass. These
can occur, for example, in field theories with generalised Chern-Simons terms (34-36]),
where at least one of the vectors is Abelian and has a Stuckelberg mass, whereas another
of the vectors may be separately Higgsed.

As in the superQCD case above, the positive helicity gluon superfield amplitudes are

determined very simply. In these cases one finds

T arorB( 9 g—nh
A(W{,GJ,W3):5(Z)(QT) [1I| [3J’ (%GQIBJF - \2]a|2]5> (1.87)

AW, G3 W) = 6P(Q) a [172] [372] (1.88)

where, in both cases, the number of free parameters matches that in the non-supersymmetric
amplitude for two massive fermions and one massless vector (6). As in all previous ex-
amples, we have here neglected to show that the coupling constants g and h may have
internal quantum number structure. In the first case , the combination of terms
with coupling ¢ corresponds to a massive vector ‘minimally coupled’ to the massless vec-
tor. As has been foreseen in the definition of dimensionless couplings in (1.87)), in the
limit that m — 0 or, equivalently here, at energies > m, these terms converge to their
expected massless counterparts.

The term proportional to h would have the perturbative interpretation of an anoma-
lous magnetic dipole moment for the massive vector (or electric dipole moment if it has
a complex phase). This term has poor behavior in the UV limit for certain helicity

configurations, which is the reason for the tree-level universality of the magnetic dipole
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moment h = 0 for elementary particles (37). Note that supersymmetry has set fixed the
possible quadrupole structure of the massive vector boson amplitudes that may otherwise
exist as a further independent Lorentz structure in the vector boson component ampli-
tude (6} [38]). This derivation makes obvious the way that supersymmetry determines the
vector amplitudes from their fermionic counterparts.

Finally, appears to be symmetric under exchange of particles 1 and 3 (z +— —x
under this exchange - see ) However, because the superfields are fermionic, the
vector multiplets must be distinct.

In the second example , the coupling a has mass dimension —2. However, unlike
for the minimal coupling terms in the case above, the kinematic factors of the component
superamplitudes corresponding to the + helicity states (such as A(W*TGTW'")) contain
terms that merely scale as ~ O(m;) in the massless limit (see equations in Ap-
pendix for massless limits of spinors). The amplitude must therefore diverge in
the high energy E limit as E'/M for some mass scale M. Correspondingly, the examples
of field theories cited above that feature these amplitudes are only effective up to a UV
cut-off.

We can likewise find the negative helicity superamplitude purely from little group
covariance and supersymmetry. From the same arguments as in the SQCD case, the

Grassmann polynomial must only contain an order-one term.
o 1
A(Wll7 GQ_a Wf’)]) = 5(2)(QT) [1I| [3J‘ﬁ FQaﬁ (_m_1an [1K2} + 772) . (189)

The tensor Fy,p is then determined from the little group representations of the legs. In
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the equal mass case, this gives a superamplitude with two free parameters:

_ ) o ! h' 1
m m m
(1.90)
Exchange (anti-)symmetry between W and W may be manifested by adding terms pro-

portional to QT to give

/

_ 3/ ey B g/ h
A(W{7 GQ >W3) - 5(2)(QT) [11’ [3J‘ (Exfaﬁ + ﬁlﬁ |2]a |2]5)

1 1
X (—%nm [152] + 1y — 518K [3K2}> : (1.91)

If parity is a symmetry of the theory under consideration, then this relates the super-
amplitudes of AW, G’,WJ) as discussed in Section . Assuming that the vector
multiplets are self-conjugate, this requires that ¢ = g and ' = h.

For the case where m; # mg, the only option which has the correct scaling is Fhop =

b(ps312))a(ps|2))s. Our amplitude in this case is

AW, G3 WET) = sP(QN [11| ps12) [37| ps [2) (_m%””{ [152] +n2>

=0@(QNb(172) (372) (—milmx [1%2] + ng) (1.92)

where the coupling b has been redefined in the second line to absorb some factors of mass.
If parity is a symmetry of this theory, then one finds b = am; /ms.

In the massless limit, the superfields are expected to decompose as shown in ([1.27]).
In anticipation of the superamplitudes of the massless components being matched onto
by the massless limit of the massive superamplitude, we first determine these directly
from symmetries. The constraints of complex three-particle special kinematics, little

group scaling and ‘locality’, in the sense that the three-particle amplitudes do not scale
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as negative powers of momentum, determine that the superamplitudes of the massless

supermultiplets are (neglecting coupling constants):

[12)°

A(GY,63.6G5) =V Q iz (1.93)
A(Gy,G3,Gy) = 5(%(@3% (1.94)
Aty 61,0 =30@Q) (1.95)
A®F, G, ;) = 5(1)(62)%. (1.96)

Other superamplitudes between other possible combinations of massless superfields are
also possible, but do not arise in taking the massless limit of .

Choosing a particular helicity configuration in (1.87), the massless limit may be taken
using the limits presented in Appendix and identified with the superamplitudes

above. The limits may be calculated explicitly to be

AW, G5 W3) =0, AW, GEW,) — A(GT, G5, Gy) (1.97)

A(va G;_, W;) — _A(Gii-7 G;’ G:’:)ﬁl + A(q)l_7 G;, q)i—’f)ﬁ& (198)

and similarly for AW, , G5, W;) Similar results may be shown for the limits of (1.90)).
This demonstrates how the supersymmetrisation of the Higgs mechanism operates
by combining well-defined UV amplitudes of massless chiral and vector multiplets into

single superamplitudes of massive vector multiplets in the IR.

1.5.6 Self-interacting Massive Vector Supermultiplets

A similar analysis may be performed to determine the possible structure of three-leg
superamplitudes of massive vector superfields. A general expression will include several
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special cases, such as when the vectors have equal mass and belong to the same species, as
well as the case in which there is only one type of superfield, which must be constrained
so that there are no vector self-interactions.

Just as for the cases considered previously, supersymmetry implies that the amplitude
has the form

1
"4<WII7 Wéja Wf) = 5(2)(QT)F1”KM (771,M +— [1M2N} 772,N>- (1.99)

ma

This is the extent to which supersymmetry determines the amplitude. The next step is
to determine the number of independent Lorentz structures that can appear in F}75M,
Altogether, there are 6 such independent terms (up to others related by the Schouten

identity and kinematic relations):

FTEM — ¢y (1135 [271M] + ¢y [1135] (271M) 4 ¢5 [1737] [271Y]

+ey (1735) (271M) 4 ¢5 (2735) €M + ¢ [2735] /M. (1.100)

One of the independent terms in this superamplitude represents a Higgs coupling,
where the Higgs has a “D-term” quartic and is part of the chiral multiplet eaten with
the Goldstone boson. In the Abelian Higgs theory, this is the only structure in the
superamplitude. This may be identified by extracting the component amplitude of three
vectors and setting it to zero. The component amplitude is

1
my

14(‘/‘/1111'27 2(]1‘]27 3K1K2) — F111J1K1M (511\3[ <3K22J2> _ [IMQJQ] <3K21[2>) ’ (1101)

where external spin indices are implicitly symmetrised over. After simplification this
reduces to five independent spin structures. Demanding that these vanish implies that

o =c3=c4 =0, cg =0 and ¢5 = —mycq, thereby reducing the number of independent
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couplings to one. The corresponding term in the superamplitude is then

AL WE) = e16(QN) (((—ma (2785) € + (1735) [2717]) g

o (ma (1135) € — (2735) [1124]) gyy), (1.102)

which is manifestly antisymmetric under the exchange 1 <» 2. This constitutes one of the
six independent contributions to the superamplitude and is itself the three-particle
superamplitude for the Abelian Higgs theory.

This contains component amplitudes of the form that would be expected in Abelian
Higgs theories. For example, calling H; the scalar components of the supermultiplets,

then

0 /1 0 0
As(WhT H, WK = I <§€J1J26n7> T AW Wyt Wit

= —cymg [1735] (173%). (1.103)

Completion of the identification of this with a Higgs amplitude would require that ¢; be
inversely proportional to some mass scale and that ¢; ~ 1/m?2 as m3 — 0 (and likewise
for the other masses, repeating this argument with the identities of particles 1,2 and 3
permuted). These are the component amplitudes expected in the Abelian Higgs theory
and, given the assumption that there are no vector self-interactions, N/ = 1 supersym-
metry implies that there is only a single Lorentz structure and coupling consistent with
this.

The remaining five couplings each describe superamplitudes with vector boson self-
interactions. The triple gauge coupling vertex of three massive vectors has been studied
extensively in the past in the context of the electroweak bosons of the Standard Model.
An effective Lagrangian describing the independent Lorentz structures has been given
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n (39). The superamplitude represents the supersymmetrisation of this. Super-
symmetry restricts the seven independent couplings of (39) to five. The two prohibited
terms are those originating from F? terms (for Yang-Mills curvatures F' of the vectors),
just as for massless amplitudes.

Of the five remaining structures, one can be attributed to the Yang-Mills (tree) cou-
pling. Just as for the Higgs couplings, the expected Yang-Mills vector self-interaction
term may be identified by matching the component amplitude to the expected
expression. Doing so imposes ¢3 = ¢4 = 0, ¢g = maco and identifies the gauge coupling
as ca = —2¢g/(mymg3). The Higgs coupling ¢5 = —mgyc; remains free. This structure, in
addition to the Higgs coupling above, are distinguished as having UV limits that converge
to massless three particle superamplitudes at leading order.

The remaining four couplings have poor UV scaling and correspond to field theoretic
operators upon which gauge invariance is not linearly realised. Two of these (that are
C'P-odd) may be identified with the generalised Chern-Simons terms mentioned earlier
(or are generated at loop-level by anomalies), while the other two correspond to the
remaining two types of operators that may be constructed from vector multiplets with a
single derivative. Of these, one corresponds to the anomalous magnetic dipole moment
in the massless limit of one leg in and . Its C'P-odd counterpart, in the
massless limit, provides the same Lorentz structure, but with a different phase in the
coupling. The other two couplings vanish in the limit of a massless leg on-shell.

Further conditions may be used to constrain or interpret the couplings, such as re-
quiring good UV limits and properties of higher leg amplitudes. Two simple examples
are provided by demanding that this amplitude matches onto either of the two cases
discussed in Section [1.5.5]in the limit that m; — 0.

For the case where we leave my # ms, we demand that converge to and

(1.88) for each helicity configuration of the massless vector multiplet. As long as the
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couplings do not scale as ~ 1/my, this requires that c3 = —a and ¢; = —b, up to terms
o« mi. One of the terms with couplings ¢; and ¢y vanishes (which depends upon the
helicity choice for index I) while the other degenerates with the c¢5 and c¢g terms and so
cannot be independently determined. Finally, the couplings ¢5 and ¢g (up to inclusion of
possible contributions from ¢; and ¢y as just described) match onto the terms in (|1.80)
and and may be identified with the couplings d; and d,.

In the case where the two remaining masses approach equality, my, ms — m as
my1 — 0, we can demand that the coefficients of approach and . This
determines the coefficients to be ¢; = ¢ = —¢'/(mim), ¢ = h/m? and ¢4 = h'/m?,
while it is required that ¢’ = ¢ in the massless amplitudes (so parity must be an acci-
dental symmetry if h = b’ = 0). These may be easily checked using the spinor limits
provided in Appendix Again, matching onto the superamplitudes with massless
vectors, the remaining couplings must be ¢5 = —cg = ¢’/my, but may additionally have

extra terms that would be determined by matching onto the amplitudes with massless

matter (1.80) and (1.81). Unlike the previous case, these limits ensure that the mass

scale of the couplings is given by m and my, so that, if h = A’ = 0 (as is true at tree-
level in perturbative gauge theories), the amplitudes would have the good UV limits
arranged by the Higgs mechanism (6). Note that, as expected from , the super-
amplitudes have limits AW, Wy, W) — A(GT, Wy , WE)i + A(®F, Wy, WE) and
AW W WY — A(G, W, W) + A(P7, Wy, Wi )i, and involve terms that pick
up the extra Grassmann variable 7; for the massless superfield. A similar analysis can be
performed by instead my — 0 or ms — 0 in order to find further consistency conditions
on the couplings to match onto the superamplitudes in the previous sections, but we
refrain from providing the results here. These are consistent with the identifications of
the couplings made above - that is, c3 and ¢4 are associated with the couplings that de-

termined the anomalous magnetic and electric dipole moments in the limits of a massless
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leg, while linear combinations of ¢, ¢z, ¢5, ¢ correspond to the tree-level (“D-term”)
Higgs and Yang-Mills couplings, while c5 and cg also contain the other non-Yang-Mills

contact interactions, such as those induced from Stuckelberg axions and anomalies.

1.5.7 Higher Spin Amplitudes

While the number of possible Lorentz structures in three-particle amplitudes typi-
cally grows significantly with the spin of the interacting particles, the case of a heavy
particle decaying into two massless products is especially simple. As described in (),
the amplitude for a spin s massive particle ¢ to decay into two massless particles ; and

o with respective helicities hy and hs is uniquely

s+ha—h1 2s
A(@?la 9012127 _:(311...125)) -G [12]5+h1+h2 H [3([11} H [SIJ)2] 7 (1104)
=1 j=s+ha—h1+1
where G is some coupling constant of mass dimension [G] = —(2s + hy + hy — 1). The

notation is intended to indicate that all of the spin indices for the massive field are
symmetrised over. It is being assumed that angular momentum selection rules permit
this process to exist.

The supersymmetrisation of this is just as simple. Promoting ¢ to massless super-
multiplets with Clifford vacua of helicities h; and likewise ¢ to the corresponding

massive multiplet ((1.29)), then the three-particle superamplitude is also fixed as

1 _
A, 252, 557 )) = —a@(@QN A(pl", b2, 64 ")

mgs
1 17; 27% 1---425
=@6<2><Q*>A<f? NSNS (1.105)

where mg is the mass of the heavy multiplet.

The superamplitude for scattering of four massless particles by exchange of a massive
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spinning particle may be constructed analogously to the non-supersymmetric case ().

Supersymmetry fixes the superamplitude to have the form

1

(34)

1
ha—3

hi soha yohs yoh hi  hy ¢hs—3
A(211722272337244) = 5(2)(QT)A(()0117§0227£33 2754 )7 (1106>
s 1 _1
where the component amplitude A(@]", ph?, 5;,” % §Z4 ?) may be constructed out of the
spinning Gegenbauer polynomials corresponding to the exchange of higher spin reso-
nances, just as for the non-supersymmetric case ().
On a massive resonance, the superamplitude respects a supersymmetric factorisation

into three-particle superamplitudes. For example, in the s-channel,

1

= hs sh
mAR(SfP(h...Izsb s, 204,

A(Zlfl, Zgz, 233’ 224) — /dQHPAL(E}l“y 27212’ SI(DIL..IQS))

(1.107)

where the intermediate superfield has Grassmann variables %, and the Grassmann inte-
gral accounts for the sum over all states in the multiplet of the intermediate resonance.
It has been chosen to represent the massive multiplet as outgoing in A, and incoming in
the other factor. The incoming superfield is then represented as the analytic continuation
of an outgoing multiplet. Crossing relations imply that this must be the antimultiplet,
hence the bar and the opposite height spin indices. The component antiparticles occupy
opposite levels in the superfield.

The factorisation of the superamplitude is easily demonstrated as consistent
with expectations from . Because of the simplicity of the three-particle superam-
plitudes, the Grassmann integral may be trivially evaluated using [ d?np6®(Q1)d? (Qh) =
ms6@(QF), where QTL and QE are the supercharges associated with each respective sub-

superamplitude above in ([1.107)). This requires use of the analytic continuation rules for
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spinors and Grassmann variables given in (14)), which here imply that QI _p= —QI p for
state ¢ of momentum P. The two representations of the three-particle superamplitude

(1.105)) can then be substituted to confirm that (1.107)) is given simply by ({1.106]) with the

exhibited component amplitude factorised into the component three-particle amplitudes

shown in (1.105]).

1.6 Conclusion

We have here initiated the study of the on-shell properties of supersymmetric theo-
ries by developing the on-shell superspace formalism in which states are described in a
supermultiplet by their asymptotic quantum numbers - momentum, total spin and polar-
isation - without the need to commit to a frame of reference. This was used to construct
massive supermultiplets and represent these in scattering amplitudes of supersymmetric
theories, concentrating here on A/ = 1 theories. Purely from the foundational principles
of quantum mechanics, special relativity and supersymmetry, we constructed all of the
possible elementary on-shell three-point amplitudes for multiplets of spin no greater than
1.

A more exhaustive study into the extent to which S-matrix postulates constrain
supermultiplets and their interactions at weak coupling is warranted. Further constraints
upon theories from assumptions about IR properties, such as factorisation or behaviour
in the high energy limit, remain to be investigated.

It would be interesting to more broadly catalogue theories characterised by their
spectra and interactions from conditions on IR properties and see whether they conspire
to imply emergent symmetries or uniqueness properties (6; 31 40). For example, con-
sequences of supersymmetry on emergent properties of theories constructible from soft

limits were recently investigated in (41)). We do not foresee difficulties in extending our
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analysis to scattering states of higher-spin composite superfields or including multiplets
of supergravity or Kaluza-Klein modes (see recently (15} [42; [43) for a possible application
to black holes).

To progress beyond single particle representations and 3-leg amplitudes, some guid-
ance for systematically constructing higher order (loop and leg) amplitudes from infrared
(on-shell) properties would be desirable, such as on-shell recursion. However, because
the validity of massless recursion is often sensitive to the helicity of the shifted states,
the effective combining of massless states of definite helicity into massive particle rep-
resentations of the (super-)Poincare group poses a potential obstruction. Prospects for
overcoming this are most promising in N' = 4 SYM where, for massless amplitudes, a
myraid of constructibility properties have been discovered. Vestiges of these may remain
present on the Coulomb branch, in particular the dual (super)conformal symmetry. In
(14) we formulate a massive super-BCEFW shift and prove its validity for the construction
of all Coulomb branch tree superamplitudes. The constructibility of Coulomb branch su-
peramplitudes seems to arise from a surprising ‘nonlocality’” present in the three-particle

superamplitudes. This remains an interesting avenue for future work.
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1.A Conventions and Useful Identities

1.A.1 Spinor Helicity for Massive Particles

We here summarise helicity spinors for massive particles and its consequences, taking
the opportunity to establish the conventions and notation that we adopt throughout this
article and also to present useful identities. The reader is referred to (8) for review of
the spinor helicity method for scattering processes of massless particles, the conventions
of which, in addition to (10), we (mostly) adhere to and will not restate.

Introducing helicity spinors with SU(2) little group structure has consequences for
the description of the internal and external structure of scattering amplitudes. Internally,
as mentioned above, the starting point is that massive momenta (as representations of

the spin group SL(2,C): p = pto,) may be decomposed into two null momenta as
Z ) o' (1.108)

, trans-

The two pairs of left- and right-handed spinors indexed by I, |p;] and <p]
parently respect an SU(2) symmetry that may be identified with the momentum’s little
group. These SU(2) indices may be raised and lowered in the usual way to convert

between representations and their conjugates:

W', =" il Ipide =210 p7], - (1.109)

Under conjugation, the spinors transform as

("D =1pry ("D =—1Ipi]. (1.110)
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Fundamental tensor representations have lowered indices. We take all scattering states
here to be outgoing, so naturally have raised internal indices (including little group)
corresponding to the polarisations of the conjugated states.

As usual, det(p) = —p? = m? for mass m. As the spinors in are conjugates,
det(p) = det(|p]) det({p|) = |det(|p])|*>. The choice of the phase of det(|p]) is free, so
det(|p]) = m may be chosen without loss of generality (although see (44)) for interpretation
of the mass and its complex phase as the extra components of a 6d momentum and its
consequences for dual conformal symmetry). The spinors then have bilinear products

with themselves
(p'p”y = me'’ [p'p’] = —me"’, (1.111)
obey the Weyl equations:

plp'] =-mlp")  plp’)=-mp']

Plp=m®|  @'p =mp| (1.112)

and the spin sums:

prlo [P =mal Apila (P = Pag

) ('] =—mo§ ) '] = —p™. (1.113)

The little group index effectively labels the two possible solutions to each of the Weyl
equations, which may be rotated into each other by a Wigner rotation.
Externally, the S-matrix transforms as a tensor under the little group of each of

its external particle legs, being an array of transition matrix entries between states of
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different spin configurations. An external state of spin s has polarisation wavefunction
that can be described by a rank 2s symmetric tensor of the little group SU(2). States
of a particular polarisation m, may be extracted from this by choosing the symmetrised
component of the tensor with mg + s indices aligned with the spin direction and s — m
indices opposite and then normalising. For example, a massive vector particle is described

L) with m, = —1,0,1 states respectively given by

by symmetric polarisation tensor 7'¢
T, %(TJ“_ - T_+) and T7F. See (45) for tensor methods to describe spin. We
(mostly) restrict to particles of spin < 1 in this work, although a significant part of
the versatility of this formalism is its ability to elegantly describe amplitudes of massive
states of any spin.

The possible structures that may appear in the S-matrix and are consistent with
Lorentz invariance are determined by the number of independent combinations of external
state polarisations that can be made. The systematic construction of these was described
in (6). Rather than build external polarisations directly from the tensor products of
massive spinors (e.g. T2 = |p(h] |p’)]), a direct on-shell construction of elementary
amplitudes can be performed instead by using the massive spinors to construct a tensor
basis with respect to which the S-matrix may be decomposed. Spinors of either chirality
(or both) may be used to do this. The coefficients of these basis tensors then represent
polarisation-stripped Lorentz tensor amplitudes, in which the possible independent terms
may be built out of external momenta and massless spinors. The helicities of massless
legs then determine the amplitude’s U(1) little group scaling for each massless particle.
As a simple example, the S-matrix entry for the decay of a massive vector V; into two

massless right-handed fermions s and 13 is determined uniquely by symmetry to be
AV, 42, 4h3) = g( [1( ™ [112>\°‘2> x |2, 13, = g [112] [1223] (1.114)
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for some coupling constant g. This method of deducing little group structures built out
of spinors is used repeatedly throughout this work in constructing superamplitudes.

Part of the utility of this formalism is that the little group indices are an internal
degree of freedom and allow for the polarisation to be projected onto any external spin
frame or axis. The procedure for doing this is discussed in (6). In practice, we find
that it is clearest to abuse notation and, once such an external frame is specified, simply
reinterpret the little group indices as referring to components along this direction. In
particular, as it is often most useful, especially in taking massless or high energy limits,
to choose spin frames for each particle aligned with their momenta (so that the little
group indices simply become helicity indices), we will leave this choice implicit unless
stated otherwise.

In this case, the spinors have massless limits

] =1 p] =0

py—=0  |p)y——1p) (1.115)

where the spinors without little group indices are the usual spinors for massless momen-
tum p. More precisely, the spinors that vanish do so O(m). The limits may be expressed

as

1 -1
d P = o Tl = <<qipl> (1.116)

where the remaining spinors |¢| and |¢) become the reference spinors and are ambiguous
in the massless amplitude, as their direction arrived in taking the limit is arbitrary (up to
requiring [gp], (gp) # 0). In practice, it is often possible to take the limit while avoiding

the introduction of the reference by using momentum conservation and other identities.
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For 3-leg amplitudes involving the factor x, the following identities are useful:

_ 1lglp2[3) _ mig3)

m[g3]  {alp2]3] (L)

and
x [327] = (32"), =z [317] = —(31"), (1.118)
[1727] _ (1127) N [1/3] [2J3}’ (1.119)

T T m

where p3 is the massless leg and p; and py are the massive legs, while |¢| and |¢) are

arbitrary reference spinors, not necessarily related, that satisfy [¢3] # 0 and (¢3) # 0.

1.A.2 Grassmann Calculus

The Grassmann variables may be imbued with SU(2) little group indices n;. In this
case, Grassmann differentiation may be defined in the usual way: 6%177 J = ,9%771 = o7,

However, this requires that the index height on the derivative be raised or lowered with

an extra (—) sign: 8%, = —¢ Jlaim. We note for convenience the identities
Y (e =1 1.120
2 877] 87’]" (277J77 ) ’ ( )
1 K
nny = _§€]J77K77 : (1.121)

The little group invariant Grassmann integration measures are defined here as

1 1
d*n = §€IJd77[d77J d?nt = —Qe”dn}dnfj (1.122)

where [dnm’ = 6/ and [ dn}n“ = 7. The index placement on the differential is a
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property of the differential and not of the variable being integrated - that is, dn; = d(n?).
The strange positioning of the index is needed for this operation to be the same as
differentiation and is an occurrence of the general topsy-turvyness of Grassmann numbers.
Also, as for the derivative, dn’ = —e!’dn; (and likewise for the conjugate).

The Grassmann Fourier transform of some function f(n) of a Grassmann variable 7

is defined as f and these are related by

) = / e f(m) f) = / dntem! F). (1.123)

The Fourier transform from the n' basis to the n basis in N' = 1 is effected by the
replacements

1 1
Lo =g’ o=t oy =1, (1.124)

For multiplets without a central charge, the Grassmann variables have massless limits in
the helicity basis

n- =N, Ny = (1.125)

Here, 7 represents the redundant variable left-over from the division of the massive mul-
tiplets into smaller massless multiplets that each represent the smaller massless SUSY
algebra. For the exceptional case of BPS multiplets, /) = n', while for anti-BPS multiplets

the limit picks up an extra negative sign.

1.B Comments on Higher-leg Amplitudes in SQCD

We here make some comments on various massive quark and multigluon amplitudes
and rederive them in the little group covariant notation. Again, the arguments presented

here are parallel to (9) and (19). Amplitudes stated here will be colour-stripped par-
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tial amplitudes, following the usual rules for Yang-Mills theories, as prescribed in e.g.
(46). This discussion is supplementary to further comments made in (14)) concerning the
relation between (S)QCD amplitudes and Coulomb branch amplitudes of N'= 4 SYM.

Firstly, the supersymmetric Ward identities provide relations and constraints between
component amplitudes that can be exploited. Supersymmetry transformations can be
found that set a Grassmann generator for a particular leg to 0. In particular, under the
action of —[0Q)], 1, is translated to n;; — i [0j;] for each leg j (if the leg is massless,
just omit the little group index). This can be used to set 7;; = 0, for some single leg
1 with polarisation in some direction given by [ in some little group frame, by choosing
[0] = =inis [i'] + Cli] (no sum over I is implied). Here, C' represents the remaining
unused degree of freedom in the supersymmetry parameter. Component amplitudes
that are obtained by integrating the superamplitude in the Grassmann parameters that
are translated are unaffected by this transformation, because the integration variable
can be likewise translated. After changing variables to absorb the supertranslation, the
resulting integrand is completely independent of 7,7, so integrating over it will give
0. The component amplitudes obtained by such projections must therefore be 0 by
supersymmetry.

Simple illustrative examples of this are the squark-antisquark and n-gaugino ampli-

tude and the squark-antisquark n-gluon amplitude.

A[QpAT - ATQ;] = /d2mH/dm/d2nn+2A[§, Gt...G",Q]=0 (1.126)

AlQpg -9 Q1) = /dZmH/dm/dQnmA[@, G ...G7,Ql=0 (1.127)

Identical arguments in the n' basis may be used to show that the C'P-conjugate ampli-

tudes are also 0. Identical arguments also demonstrate that amplitudes with additional
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squark and antisquark pairs (5& Q 1) are 0.

Vanishing amplitudes of massive quarks, states of non-trivial polarisation, may also
be obtained similarly. If all of the little group axes of the quarks are aligned, then
the transformation 7; ; — i[6;,] does not affect the Grassmann numbers with opposite
spin components to J - which is now the same direction for each massive field. Thus
the superamplitude integrated over only these components will be independent of the
Grassmann variable that is being eliminated, so must vanish. This derives the fact that
amplitudes with quarks and antiquarks all of identical polarisation are 0, as well as
those that include some number of gluons or gauginos of identical helicity. These include
amplitudes that are inherited by pure QCD at tree-level. The argument can be easily
combined with that used in the previous paragraph to extend these vanishing amplitudes
to those involving squarks.

The extra degree of freedom in the supersymmetry parameter can be further utilised
4]

to derive the vanishing of a further class of amplitudes. Choosing C' = — e ol (if j

is massless, omit its little group index in this expression), the Grassmann variable for
leg 7 does not shift under the supersymmetry transformation performed in the examples
above. This means that the variables 7; x need not be integrated in order to obtain a
vanishing amplitude. Thus one extra particle in any spin state may be added to any of
the amplitudes above and the result will still be 0.

Tree-level amplitudes involving a quark-antiquark pair and any number of gluons of
the same helicity have been previously determined in (3} /47)) and little group covariantised
n (48). A compact expression exists that may be derived inductively using BCFW recur-
sion by shifting the massless legs in the usual way (49). The superamplitudes to which
these amplitudes belong have the interesting property that they are fully determined by
a single component amplitude, which we show in Appendix B of (14) by projecting these

superamplitudes out from the massive N’ = 4 theory.
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Chapter 2

Constructing N = 4 Coulomb Branch

Superamplitudes

We study scattering amplitudes of massive BPS states on the Coulomb branch of 4d
N = 4 super-Yang-Mills, utilising a little group covariant on-shell superspace for massive
particles. Super-BCFW recursion for massive amplitudes is constructed and its validity
is proven for all Coulomb branch superamplitudes. We then determine the exact three-
particle superamplitudes for massive states. These ingredients allow us to explicitly
compute the four- and five-particle superamplitudes, which is the first non-trivial usage
of BCFW recursion for amplitudes with entirely massive external states. The manifest
little group covariance helps clarify both the role of special kinematic properties of BPS

states and the organizational structures of the superamplitudes.

2.1 Introduction

The most powerful on-shell properties are to be found with maximal N' = 4 super-

symmetry (at least for non-gravitational theories). Although a highly idealised model
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of QCD, numerous hidden structures beyond the maximal, rigid supersymmetry have
been uncovered and their role in nature remains to be ascertained. Some particular high-
lights include the computation of tree amplitudes at strong coupling by holography (1),
the duality of planar (large number of colours) amplitudes with Wilson loops (2H6)), the
discovery of dual (super)conformal symmetry (in addition to regular spacetime supercon-
formal symmetry) (7;])), Yangian symmetry and integrable structure (9), constructibility
of tree (10) amplitudes by BCFW recursion (11;12), loop integrands by on-shell diagrams
and full constructibility from leading singularities (I3} [14]) and the interpretation of am-
plitudes as volumes of polytopes (I5; [16]). Most of this work has focused on the origin of
the moduli space, where the states are all massless and the theory is conformal.

The structure of amplitudes of massive particles with A/ = 4 supersymmetry has re-
ceived comparatively little attention. These nevertheless provide a further testing ground
of the special symmetries and properties listed above and the extent to which they are
deformed but not destroyed by Higgsing. Previous studies of massive amplitudes on the
Coulomb branch have been made in (I7H20]), where a gamut of methods including soft
limits, supersymmetric on-shell recursion and solutions to the supersymmetric Ward iden-
tities (SWIs) were proposed and used to compute some simple examples. Subsequently,
some 4d tree-level amplitudes and loop integrands have been obtained by dimensional re-
duction from superamplitudes of the 6d N = (1,1) SYM theory, for which dual conformal
invariance has been established, despite the absence of conformality (21H25]). However, a
general procedure for explicitly constructing amplitudes beyond the fewest leg examples
was not developed. More recently, a CHY (26]) formula for all 6d N' = (1,1) massless
amplitudes was found and reduced to give a general formula for all 4d massive N' = 4
tree amplitudes (27), from which a few examples were extracted (a new proposal was
recently made in (28))). Partial use of the massive spinor helicity formalism discussed

here was made to extract some simple examples of amplitudes contained within the gen-
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eral formula. Nevertheless, much of the structure of these amplitudes thus far remains
unexplored. We will review this subject more thoroughly in Section [2.5]

To proceed onto the Coulomb branch, we first discuss an on-shell superspace for mas-
sive BPS vector multiplets. Purely through the use of on-shell properties and maximal
rigid supersymmetry, we construct the unique elementary three particle superamplitudes
of the theory. These superamplitudes of massive legs have ‘nonlocal” kinematic denomi-
nators analogous to that present in massless (S)YM, despite this feature not being present
in any of the component amplitudes. This arises as a result of the special complex kine-
matics of the BPS states and suggests that the massive amplitudes share in the special
constructibility properties of massless gauge theory. We confirm this by formulating a
massive super-BCFW shift and proving the constructibility of all Coulomb branch tree
amplitudes under it. Using this to fuse the four particle superamplitude from a single
factorization channel between on-shell three-leg superamplitudes, we are able to explic-
itly locate the second pole of the four-point superamplitude as coming from the singular
overlap of the two special kinematic configurations on either side of the factorization
channel.

The establishment of super-BCFW for massive legs allows for the systematic compu-
tation of relatively compact expressions for massive superamplitudes. To illustrate this,
we explicitly write down the five particle superamplitude for all-massive legs, which is
the first non-trivial usage of on-shell recursion to construct an amplitude of fully mas-
sive external states. The way in which the massless sectors of helicity violation combine
together when the states are massive is also shown.

This work is partnered with a companion paper (29) that discusses the on-shell prop-
erties of supersymmetric theories with massive particles (mostly with A/ = 1 supersym-
metry). This makes use of the adaptation of helicity spinors to describe the kinematics

of massive particles made in (30) with manifest little group covariance.
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This paper takes the following steps toward elucidating the structure of massive am-
plitudes in N/ = 4 SYM. We firstly review, in Section [2.2] the representation theory of
massive particles pertinent to the Coulomb branch of N” = 4. In Section 2.3 we introduce
the ‘non-chiral’ superspace in which the superamplitudes are naturally formulated and
explain the representation of BPS states (here massive elementary vector multiplets) in
on-shell superspace. In order to construct higher-leg amplitudes, we implement BCFW
recursion for massive superamplitudes in Section [2.4] and establish that all Coulomb
branch amplitudes are constructible in this manner. In Section [2.5] we commence the
calculation of massive scattering amplitudes. We find the three-particle superamplitudes
in subsection which features a ‘special kinematics’ of BPS states resembling that
of massless particles with complex momenta, as well as a surprising ‘nonlocality’ in their
superamplitudes. This enables us to recursively construct the four-leg superamplitude in
subsection m (with some computational details shunted to Appendix . In subsec-
tion [2.5.3] after a discussion of the supersymmetric ‘band structure’, we are able to use
the same technique to find the five particle superamplitude for all-massive states. We
then conclude. In Appendix we make some comments about projecting Coulomb
branch superamplitudes down to Yang-Mills theories with massive particles with fewer

supersymmetries.

2.2 On-shell superfields for massive particles

In (29) we construct on-shell superspaces for massive supermultiplets that are covari-
ant in the SU(2) little group, recently introduced into helicity spinors in (30). We here
briefly summarize the important results and refer the reader to (29) for further details,
especially its appendix of conventions and identities.

For N-extended SUSY, the supercharges carried by leg i, Q; o4 and in, satisfy the
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commutation relations

{Qinnas Qigpt = Ziapeas  {Q14.Q } =—Zes

{Qian, Q%) = —205(c" ) P, (2.1)

where P; ,, is the momentum and Z; 45 is the central charge, satisfying Z; ap = —Z; pa =
—(Z#P)*. The labels A and B are R-indices. On-shell, little group covariant supersym-
metry generators are defined for each leg by projecting the supercharges onto the spinors

of a given particle

—1 1
.I = ’L.I i y TA — <Z TA> , 22
4; A ﬂmz [ Q 714} q7,7I \/5 . IQz ( )

which satisfy the anticommutation relations

{q qTJB} _ _1JgB (gl 0 als) = _EIJZ'L',AB {qTIA qTJB} _ EIJZiAB
1,Ar 44 A 1,A) 44, B le ’ ) ) 44 le :
(2.3)

The index I denotes massive SU(2) little group component while m; is the mass of the
leg. For the simplest case, which will be considered here, Z; sp = Z; Q2ap for all 7, where
Z; € R while Q45 = —{)p4 is a symplectic 2-form

0 —1

Qup = . (2.4)
I 0

The case |Z;| = 2m; is the special BPS limit and will be relevant for states on the Coulomb
branch. For these representations, half of the supercharges are eliminated through the
reality constraint

-1
AT 2.5
Zml 7ABq’L,[ ( )
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The phase of Z may be absorbed into a redefinition of the supercharges ¢; and qiT . This
condition again preserves the supersymmetry algebra. BPS states are annihilated by

1A

the combination ¢/4 + ¢!

(the sign is determined by the sign of Z;). For non-BPS
representations with a central charge, linear combinations of supercharges may be found
that will satisfy the algebra with Z; 4p = 0. The representation theory of these
states is therefore unaffected by the existence of a central charge.

The explicit SU(N) automorphism symmetry of the SUSY algebra is broken to
USp(N) by the central charge of these massive single particle states, which is exactly
the massive R-symmetry group expected for a theory with half of the number of super-
symmetries. A BPS state in N-SUSY may be represented as a massive non-BPS state of
N /2-SUSY. For the simplest symmetry breaking pattern of the N'= 4 SYM Coloumb
branch, the massless SU(4) R-symmetry is broken to USp(4) when the central charge is
generated.

From , the massive supersymmetry algebra is that of N fermionic oscillators,
where N = 2N if the representation is not BPS, but can be reduced by up to a factor
of 1/2 if shortened. Supermultiplets may be represented as coherent states which are
eigenstates of N ‘lowering operators’. To build these states we introduce Grassmann
variables which transform as fundamental spinors of the little group of each particle 77;?1,
as well as their conjugates 171{4. The R-index on the Grassmann variables is truncated
for 1/2-BPS states to denote some subset of the A//2 supersymmetries that do not leave
the state invariant. We will use the fact that BPS states of N’ = 4 obey the same algebra
as the non-BPS state of N’ = 2, which simplifies its construction.

To ensure little group covariance, we choose all of the qu} as the lowering operators.

An entire supermultiplet may be encoded as a coherent state

(mi] = (Q el (2.6)
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where 77;‘}[ are anticommuting Grassmann algebra generators and (2| is the Clifford vac-
cum annihilated by q;rf}. These are eigenstates of the annihilation operators, satisfying
(mi q;-r’ ; = (mi| (—mir). The action of the supercharges on the coherent states may be

represented as

0
TA A I
%G1 = "Mir  Ga= 5 2.7

Supersymmetry transformations generated by ¢ and ¢ act simply on these coherent

states:
(| €S89 — e (), (] e = (i (2.8)
Here, &4 = [QAZ'I] and §LI = <8Az'[ > parameterise the supersymmetry transformation

projected onto the spinors of leg i of the appropriate chirality, for some Grassmann spinors
[0A| and <0A‘. The action of the supercharges encoded in give the supersymmetric
Ward identities (SWIs) relating the components.

Only elementary massive vector multiplets will be of interest to us in our investigation
of scattering amplitudes on the Coulomb branch of N' = 4. These are half-BPS, which
are equivalent to long N' = 2 vector multiplets. Expanding the N’ = 2 coherent state
gives the superfield

a 1 a 1 c a7 7
W = ¢+ il — 5771773(6”¢<ab> +eaWUD) §ebcn§’n,ﬂ7" VL minimanse,  (2.9)

See (29) for details. The R-indices a,b, ¢ are those of the SU(2)g of the N' = 2 SUSY
algebra. The states ¢, ¢ and G(ap) represent 5 scalar quanta, Yl and 1/35 represent the
degrees of freedom of two Dirac fermions, while W) represents the spin triplet of

massive vector states. This superfield and its massless limit will be discussed further in
Section [2.3.2)
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2.3 On-Shell Superspace for N = 4 Coulomb Branch

2.3.1 Non-Chiral Superspace

The massless supermultiplet of N' = 4 at the origin of moduli space is commonly
constructed in the ‘chiral superspace’ in which it is represented as a coherent state of n*
for SU(4) index A (e.g. see for review (31))). These carry massless U(1) helicity weights.
This leads to a superfield]]

Gt =gt '\ - %UAUBSAB - énAanc)‘ABC 'ty (2.10)
where the superscript on the superfield labels the helicity of the supermultiplet. This
contains the gluon g*, four chiral gauginos with positive and negative helicities A} and
Aapc respectively (the latter is totally antisymmetric in its R-indices and has only four
independent components) and three complex scalars Sup satisfying self-duality Sap =
TeapcpSTP.

However, we will find in what follows that for the supercharges to be represented as
homogeneously multiplicative or derivative on the superfields in the presence of massive
BPS states, we are led to construct the massless multiplets in the ‘non-chiral superspace’,
introduced in (24). To find the non-chiral superspace representation of the massless mul-
tiplet, we may perform a ‘half-Fourier transform’ from 73, n* to 77;» 771. This construction
is natural from the perspective of the dimensional reduction of 6d N' = (1,1) SYM to
4d N =4 SYM, as used in (24 25; 27) (also see (32) for developments of on-shell super-
spaces for similar 4d and 6d theories on brane world-volumes). The massless superfield
will now be a coherent state expanded in 7%, for a = 1,2, and 5} , for m = 3,4. The

manifest massless R-symmetry is thus reduced to SU(2) x SU(2), although the multiplet

'We express this in the form of (31)), defining the phases of the states to be those necessary to produce
this from the action of ¢; 4 on the Clifford vaccuum.
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remains SU (2, 2) invariant. This form was used for the non-chiral superspace of (25]).

However, this SU(2) x SU(2) is not a subgroup of the unbroken R-symmetry group
USp(4) (or USp(2,2) after the half-Fourier transform), so will be broken in the super-
amplitudes on the Coulomb branch. Instead, as will become clearer in our discussion
of BPS multiplets below, we will find it more useful to manifest a representation of a
U(2) < USp(4), under which the fundamental USp(4) vector decomposes as 4 — 2 & 2.
Then 7* and 7' = 7., both transform in the 2 representation of this U(2) subgroup.
In this notation, heights of the R-indices on the states in are reversed for A = 3,4
to show explicit U(2) invariance of the superfield. The supermultiplet in the non-chiral
superspace, first in the form of (25) with the manifest broken SU(2) x SU(2) and second
in the form with the (partially) manifest U(2), is

1 1 1 1
G:——Sm T)\—f—m _a/\—m__aa— ot o Tm
52 m T Thn T 5T Aam = 319 T STl g

a m 1 m._.a 1 a —m 1 m a
+n*nt, 8™ + 577%77* nAg + 7 mAT, — Z?ﬁnn* Na®S,"
= Sy + (77“&? - ﬁw)\;) + 1" Agzs — n'n’g + ﬁTlﬁT29+
a(z ~ ~11~12_a 1 a ~ — ~ — ~12 ~
+ 0% (77" S4a — 712 S5a) + PN NS + 57 1" (7% Ay — 7 Ayy) + 727 ' St
(2.11)

The latter form will be henceforth assumed, although this will not actually be very
important in what follows. In the former expression, index heights in each SU(2) sector
may be raised and lowered with the Levi-Civita symbol as usual. However, in the latter
form, G is charged under a U(1) < U(2) subgroup. Each Grassmann variable carries
a unit charge under a U(1) subgroup, while the states are also charged such that each
term above has an overall charge of +2 units. While possible to adjust the notation to
make the SU(2) < U(2) invariance manifest, we find that, in practice, the above form is
clearest (these expressions are mostly useful for identifying extraction functions to find
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component amplitudes).

The superfield is the massless counterpart to the massive superfield in ({2.9).
The correspondance between the massless and massive on-shell superspace variables will
be elaborated upon below.

The (complexified) R-symmetry generators for the USp(2,2) on the non-chiral super-

Space are

. e ) aa “ 0 0 a ~T(a
mb:Z:(ng W+ni8_77§’_25b> kabzzww pb:zl:ﬁf( 77?).

7 7 7

(2.12)

The symbols have been chosen to reflect the resemblance to the conformal group. All
massless legs i are summed over. The reader is referred to (25]) for a larger catalogue of
symmetry generator representations for the massless superfields in the non-chiral super-
space.

Pure N = 4 super-Yang-Mills theory has a supersymmetry-preserving moduli space
of vacua upon which the scalar components of the vector supermultiplets acquire a vev
and spontaneously break the gauge theory to some smaller rank unbroken subgroup.
We will generally consider the possibility of multiple breakings of the gauge group to
factors of [[, U(Ny). For simplicity, we will assume that the scalars’ vevs are of the
form (Syp) = @kvkéf:QAB for some v, € R. Here, i, and jp are gauge indices of an
unbroken U(Ny) subgroup. This breaking pattern induces a central charge Zap x Qap
and modifies the SUSY algebra to the form discussed above. The R-symmetry in this case
is broken to USp(4), which corresponds to the simplest case in which there is only a single

central charge. The vector superfields that become massive through this Higgsing are
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BPS states and are bifundamentals of two of the unbroken gauge group factors. Calling
these U(Ny,) X U(Ny,), then their masses are g|vg, — v, |, where vy, and vy, are the vevs
that break the generators corresponding the the vector superfields. Conservation of the
central charge then implies that, in any scattering process, the sum of the masses of the
particles (states of positive central charge) must be equal to the sum of the masses of
the antiparticles (states of negative central charge). This selection rule places an extra

kinematic constraint upon the amplitudes.

2.3.2 BPS States

In the BPS case, the supersymmetry generators satisfy the reality condition

. 1 ’
PQian = §Zi7ABQI7B , (2.13)

which implies when the little group symmetry is made manifest. This reduces
the effective number of left-handed fermionic generators from N to A//2. We use these
remaining /2 generators to construct ‘short’ BPS supermultiplets that are equivalent to
the ‘long’ massive supermultiplets of unextended N /2 supersymmetry. For the Coulomb
branch of N' = 4 SYM, the massive multiplets will all be short multiplets, which are
equivalent to the A/ = 2 multiplet given in (2.9).

There is a choice in how to represent the BPS SUSY algebra, which corresponds
to a choice of raising and lowering operators for our supermultiplets. This affects the
organization both of states and of superamplitudes in theories with BPS multiplets, such
as N' = 4 on the Coulomb branch. Given our intent, it seems natural that we should
make the choice which preserves manifest little group covariance of our BPS states. The
formulation of an A = 2 theory with BPS multiplets may be understood analogously, so

we focus predominantly here on what happens for N'= 4. A similar on-shell superspace
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for N' = 8 supergravity incorporating half-BPS black holes was recently constructed in
(33).
Firstly, on the BPS states, the supercharges satisfy qT[’A =

i —ql-[’A. It is at this point
that the breaking of the R-structure of the supercharges into the non-chiral form dis-
cussed above for massless representations becomes natural for describing the BPS states.
For N' = 4, after decomposing the supercharges into two separate pairs independently
transforming under the U(2) R-subgroup, the BPS condition equates supercharges of
one doublet with the conjugates of the other, which are in the same U(2) representation.

The massive BPS on-shell superfield may then be expanded in two little group pairs of

Grassmann variables n¢ (for a € {1,2}), just as for the massive N' = 2 superfield derived

above. The supercharges are then represented on these as qj‘} = —Gi1at+2 = —7;; and
ILa+2
G, = g/ = —3%1, for a € {1, 2}.

The anti-BPS superfields consist of the C'P conjugate states of the BPS superfields.
For the anti-BPS states, the same coherent state basis may be selected, although, as the
central charge has the opposite sign, the anti-BPS condition involves a relative negative
sign q;r fa — qu“. This leaves a relative negative sign in the representations of the super-
charges on the superspace compared to the BPS states. States at level n in the BPS
superfield are conjugate to states at level N'— n in the anti-BPS superfield.

While only a U(2) subgroup of the R-symmetry is manifest on the BPS multiplets,
the full USp(4) is still respected by the superamplitudes. The (complexified) USp(4) R-
symmetry generators (or, more precisely, USp(2,2)) represented on massive superfields

are

)

9 1 I 1 @ o1
Y A S S S Y
b Z A 87]2[ b 2 Z a/r](a ani}),l 2 Z I

(2.14)
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See discussion of the representation theory of the symplectic groups in (34). The (+)
in the k and p generators is for BPS legs and the (—) is for anti-BPS. Note that the
little group index on the Grassmann derivative is raised and lowered by —e rather than
817631 = |i4] %. The expressions for the generators on the massless legs in
should be combined with those stated above to obtain the representation of the

e, so e.g. |if]

full superamplitude.

The massless limit of the BPS superfield in the form produces the non-chiral
representation of the massless superfield , which makes clearer why this represen-
tation is natural when formulating Coulomb branch superamplitudes. In this limit, the

two supermultiplets are related as

Massive || ¢ | 9! wi’ Dab vl ¢

a

Massless || Sza | Ay, Ao | g5, S13 4+ Soa | Sia, S13 — Soa, Saz | AL, Apis | Si2

The massless limit of the N = 4 BPS superfield therefore amounts to breaking up the
little group indices, as we are familiar with in the non-supersymmetric case. We here send
n — n® n?d — 7' (where A here is the N = 2 R-index used in (2.9)). For the anti-BPS
states, as a consequence of our definition of the massive superspace variables given above,
the massless limit is modified to n1 — —#7®, as is required from the inverse relations
implied by . The R-symmetry generators clearly match onto (2.12]). The fact
that our covariant representation of the BPS state reduces to a mixed representation of
the massless coherent state with a scalar Clifford vacuum suggests that this mixed (or
non-chiral) representation may be useful for representing amplitudes on the Coulomb
branch of N' = 4. Previous works have instead (18 19)) implicitly worked with a massive
representation that manifested an SU(2) x SU(2) subgroupf] of the USp(4) R-symmetry

in which the massive little group was obscured. This representation led to massive

2This is a distinct subgroup from the broken SU(2) x SU(2) mentioned in the discussion preceding
@11).
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coherent states that appear similar to the first expression in , but with R-indices
broken into pairs (n',7%) and (n%7*) and the vector’s longitudinal mode replacing a
single scalar. Similar tension in manifesting R-symmetries and little group symmetries
in on-shell superspaces arises in 6d (22)). Here we note that the BPS states VW on the
Coulomb branch are not self-conjugate (being eigenstates of the central charge) and so
their massless limits are likewise complex.

The choice of non-chiral coherent state for the massless fields combines with the
coherent state bases for the BPS states to ensure that the total supercharges Q' and
Q442 act multiplicatively on the superamplitudes (while their conjugates act on each leg

homogeneously as derivatives). The full supercharges are therefore represented as

1 ) 0 ) 0 0 1 u I\ a . a a
EQ“ = I e 1] e, + K] one”’ %QT = =iy nir = 3" ngs + k) i,

1 -7 i ~Ta 1 2 . a . a a
—=Wa =17 ia - o + k ) —Qr = - + k: PR
\/§Q +2 } }77,1 }] ]773,1 |k 7y \/§Q li1) o, 1) 877?,1 | >577;Za

(2.15)

where legs labeled 4, j and k respectively enumerate W, W and G legs and are implicitly
summed over here. With the supercharges in this homogeneous form, the SWIs should
be simplified.

While not considered here for simplicity, it is also possible to consider further break-
ings of the R-symmetry on the N/ = 4 Coulomb branch, by moving the vevs of the other
scalar components away from the origin of the moduli space. As operators acting on
external legs of elementary vector supermultiplets, the central charge eigenvalues Z; 4p
may always be SU(4) R-rotated into a form Z; sp = 2,Q24p and the BPS condition is
unchanged. See (35H37)) for discussion. However, if the R-symmetry is broken beyond

USp(4), this rotation is leg-dependent and the form of the supercharges represented on
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the full superamplitude (and hence the SWIs) will be more complicated. On-shell rep-
resentations of BPS states with more complicated configurations of central charges were

recently discussed in (33) in the context of /=8 SUGRA for BPS black holes.

2.3.3 Superamplitude preliminaries

Our ultimate ambition is to construct an arbitrary n-point amplitude with both mass-
less and massive external states, A, Wi, Wa..., W;, Wji1...,Gg, Ggy1,...). As is con-
ventional in discussions of scattering amplitudes in gauge theories, we will be henceforth
implicitly describing colour-stripped partial amplitudes A,[Wy, G, G ... W,, Gy .. ],
in which the ordering of the external legs is fixed. The full tree-level superamplitude is
then obtained in the usual way by summing over all non-cyclic permutations of external
legs and multiplying each partial amplitude with a single colour trace over the gauge
group generators corresponding to each external leg in the order that they appear. See
e.g. (38)). In the case of interest here, some simple structure to the non-zero colour-traces
can be used to identify possible orderings of the massive and massless vector multiplets.

As discussed in (18), because of the bifundamental nature of the massive vector
multiplets with respect to the unbroken gauge group factors, partial amplitudes must be
of the form A, Wi, Gi, Gy, .. . Wij, Gy, Gy, ... Win,...]. Here, G; and G; are massless
vectors of different unbroken gauge subgroups SU(N;) and SU(N;) respectively, while
e.g. W;; has one fundamental SU(N;) index and one antifundamental SU(N;) index,
so must be ordered to the left of a string of G fields and to the right of a string of G;
fields. The strings of massless vectors (of possibly zero length) can only terminate at a
massive vector field with opposite index structure. Note that the overbar on the massive
vectors merely distinguishes those with negative central charge (“anti-BPS”) from those

with positive central charge. BPS and anti-BPS vectors need not alternately appear in
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the colour-ordered partial amplitudes for a general breaking pattern of the gauge group,
but both must be present. In the subsequent discussion, we will not bother to distinguish
between the vector multiplets belonging to different gauge subgroups, but will leave this
implicit and fully encapsulated in the stripped colour trace.

Having established the colour-structure of the superamplitudes, we are now able to
focus our attention on the more interesting kinematic structure of the superamplitudes
with massive multiplets. The first feature to note is that all Coulomb branch superampli-
tudes A,, will be of homogeneous Grassmann degree 2n in our representation. This is a
consequence of the U(1) factor of the explicit U(2) < USp(4) represented on the massive
on-shell superspace. This subgroup is generated by the trace of the mj generators in
and . As the vector bosons are R-invariant and the Grassmann variables
carry a unit of charge under this generator, the massive superfield must carry 2
units of this R-charge. As the component amplitudes must conserve this charge, the 2
units per leg in the superamplitude must be instead carried by accompanying Grassmann
variables.

In this non-chiral superspace, the helicity-violating sectors of the massless superam-
plitudes appear as terms with Grassmann variables divided differently between n* and
7' factors. This is clear from the contributions to the supercharges from the massless
legs in (2.15)), where QT2 and @, will not mix the sectors of definite helicity violation.
However, both types of supercharges act on the massive Grassmann variables, so this
structure is not respected by the massive legs. This is to be expected, because helicity is
no longer a frame-independent property for massive particles. We will discuss how mass
affects the sectors further below once we begin to compute higher leg amplitudes.

Finally, we adopt the convention that all particles are outgoing and that incoming
states may be obtained by crossing outgoing legs. Under crossing, an outgoing leg of

momentum p is analytically continued to an incoming leg of momentum —p and opposite
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central charge. The mass of the leg is unchanged, but a negative sign now accompanies
its appearance in the Weyl equation and the spin sums (see (29)) for relevant identities

in the conventions employed here). This is commented upon further below.

2.4 Massive Super-BCFW Recursion

2.4.1 Massless Super-BCFW

We will demonstrate below that supersymmetry fully determines the superamplitude
with three external states. With more legs, supersymmetry is not enough and further
properties of the S-matrix are required. To make progress in constructing higher-leg
superamplitudes we will make use of BCFW recursion at tree level (11; 12). A BCFW
shift on legs ¢ and j consists, at the level of momenta, of finding a (complex) vector r*
such that p; -7 = p; -7 = r-r = 0, and shifting the two momenta to pi' — p' = p' + zr#,
Py — P = pj — zr¥, with z a complex parameter. Note that this also necessitates
shifting the polarisations of ¢ and j as well, to maintain transversity. For massless legs,
both of these deformations may be formulated simply at the level of spinors. An [i, j)-
shift is realised on the spinors as |i] = |i] + z|5] and |) = |j) — 2 ]i) (so the shift vector
r = —|j] (i]). A shift is called valid if the amplitude vanishes as z — oo. Cauchy’s
theorem then relates the value of the unshifted amplitude to a sum over complex poles
of the shifted amplitude, which by tree-level unitarity occurs on on-shell factorization
channels.

The supersymmetric extension of on-shell recursion, known as super-BCFW (10; [39;
40), allows us to construct full superamplitudes recursively. It has been shown that any
amplitude of pure Yang-Mills and matter containing a negative helicity gluon is on-shell

constructible under a BCFW shift (41)). For ' = 4 at the origin of moduli space, the fact
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that the other states are related supersymmetrically to the negative helicity gluon suffices
to show that all superamplitudes are constructible using a supersymmetric extension of
BCFW (40). These arguments do not rely on the masslessness of the other legs of the
superamplitude and consequently this shows that any Coulomb branch superamplitude
which has two massless legs is on-shell constructible under a super-BCFW shift.

The supersymmetrised BCFW-shift involves the standard BCFW shift described
above supplemented with a shift in Grassmann variables to preserve the supercharge.
For an [, j)-shift, the Grassmann variables are also shifted to ##* = n + 27734 in the
chiral superspace. This may be derived by deducing the necessary shift in the super-
charge QZTA = V/2i) n#* carried by leg i resulting from demanding both that the total
supercharge be conserved and that the SUSY algebra be preserved (note that the
derivatively represented @); 4 must also shift).

The standard super-BCFW shift may be converted into a form where it may be used
in the non-chiral superspace. This can be obtained by half-Fourier transforming the
shifted superamplitude in the chiral superspace. To implement a [i, j)-supershift, the
momentum shift is unchanged from that described above, while the Grassmann variables
shift as 77 — nf + zn§ and 7:];‘1 — ﬁ;a — 2. Constructibility continues to hold in this
superspace, as the half-Fourier transform from the chiral superspace does not affect the

large z scaling of the superamplitude with shifted momentum.

2.4.2 Massive BCFW

While this standard super-BCFW shift is a powerful tool for constructing higher-
leg Coulomb branch superamplitudes, it leaves open the question of constructing fully
massive Coulomb branch superamplitudes. One path toward the on-shell construction of

such superamplitudes is to formulate a supershift on massive legs. BCFW recursion for
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massive legs has been introduced in (42)) and (43)). As in the massless case, the momenta
shift as

e AR A A (2.16)

where r has the same orthogonality properties as in the massless case. To construct the
shift vector r, we find a little group frame for each particle where we can write p; and
p; as linear combinations of the same two null vectors. Geometrically, these correspond
to the two null vectors being coplanar with both massive momenta. Finding this little

group frame requires solving

=[] (@] = :12 3G =1 G = %2 '] (2] (2.17)
J %
to find oy = a; = «a, where
a=—p;-p;+ \/(pz 'pj)2 — mfm? (2.18)
pi= @+ 5 1L =1+ 7 |1 (7 (2.19)

J

Up to a single ambiguous phase, the spinors of each leg may be related in this special

frame by

] - fm ] = = |71
2) = — |y |i1>:%|j2>. (2.20)

In this special little group frame, it is clear that we may take

r=i' (7% orr =57 (& (2.21)
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and satisfy the orthogonality requirements p; - r = p; -r = r-r = 0 (I7). It is clear
that r cannot be regarded merely as a function of the massive momenta p; and p,, as it
is determined by only a single helicity spinor associated to each. Its selection explicitly
breaks little group invariance of the legs, as its existence relies on this preferred null
vector decomposition.

The massive BCFW recursion may be illustrated on a simple example. Bhabha scat-
tering in scalar QED is a constructible example, provided that, in the Lagrangian picture,
there is a quartic scalar interaction with —%ez(¢*¢)2 for electric charge e (calling ¢ the
scalar field) (31)). The validity of the shift may be verified by derivation from the Feyn-
man rules, from which it can be shown that the shifted amplitude A(¢, ¢*, ¢, ¢*) — 0 as
2z — oo. This is not unexpected, as this amplitude is well-known to be constructible by
BCFW recursion when the scalars are massless, provided that the shifted particles have
the same charge. Unlike for spinning particles, massive scalars do not carry more degrees
of freedom than massless scalars. When the massive legs are spinning, the validity of
recursion is expected to be less general. The validity of massive BCFW for QCD ampli-
tudes with massive quarks was discussed in (43), which was spin-dependent. However,
the case of massive scalars here does not introduce any substantial change.

Shifting the scalar ¢ legs 1 and 3, the amplitude is determined as a sum over two

factorisation channels:

* % ' * -1, O
A(¢1a ¢2> ?3, ¢4) = A(¢17 ¢2v '71}512)?14(453’ D1 7_1@12) (1)
h=+,— -
A/ * 1.4 * -
+ A(¢17¢477§14)7A(¢37¢2777?§14) L2 (222)
h=+,— ’
where 7 is a photon and ]312 = —p; — po and P14 = —p1 — p4 are its (complex) momenta

in each factorisation channel. The intermediate photon’s helicity h is summed over. The
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unshifted Mandelstam variables are s = —(p; +p2)?, u = —(p1 +p4)? and t = 4m? — s —u,
for scalar mass m. The poles 249 are determined by finding the values of the shift
parameter z on which the shifted momenta are aligned on a factorisation channel, but
their identity will not be necessary here.

At this point, we review an exceptional feature which appears in the special case of
three-leg amplitudes with two massive, equal-mass particles and one massless particle,

such as A(¢y, ¢%,73). Introduced in (30), an additional object that carries helicity weight

of the massless particle exists that may be used as an amplitude building block:

[q] p213)

mE% n (2.23)

where 3 is the massless leg, m is the mass of legs 1 and 2, and |q] is an arbitrary reference
spinor defined so that [¢3] # 0. This special case arises because p, - ps = — (3| p2 |3] = 0,
implying that p |3] o |3). The constant of proportionality is x and carries helicity weight
1 of leg 3. It is independent of the reference spinor present in . See (29) for further
details, conventions and identities.

The on-shell three-particle amplitudes in (2.22)) are

em

Alr, 03,0 = (224

A(¢1, 3,73 ) = ema. (2.25)

Parity has been imposed. Denoting by #;; the value of the z-factor at the shifted mo-

mentum in the three-leg amplitude with massive scalars ¢ and j, then for the purposes
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here

A [q] P2 1512> m<PP12> A m<ﬂ(—p12)> [q] P4 ‘(_1512)>
T12 = - = = T34 = N = - (2'26)
m [QPH} (| p2 P12} (p| pa (—P12)} m [Q(—Pm)]

and similarly for 2,4 and Z3,. We leave implicit that these factors in are to be
evaluated on the pole z = 2" while the others are on the z = z{* pole. Here lg] and |p)
are reference spinors not aligned with the spinors of the internal momentum Piy. The
x-factors are independent of the reference spinors. With these expressions, the Bhabha

scattering amplitude is then

% % —62m2 JAflg j734 —e2m2 i’14 52‘32
A(¢17¢27¢37¢4) = < + ) + < + )

= (lddn|Pu) [P pile) | llps|Pa)) [Pe]ealo)
5 [qﬁu} <p(—1512)> [q(—Pu)] <p1512>

+ (2 4)

= e*(2py - pa) (% + %) =e?(2m* — t) (1 + 1) : (2.27)

S u

See below in for spinor analytic continuation rules for negative momentum. Here,
Py -ps = P -py = 0 on either complex pole ({(i,7) = (1,2), (1,4)}) imply that these
momenta anticommute as bispinors, while the Clifford algebra has been used in the step
in which the reference spinors cancel out when the two terms for each channel are added
together. This calculation is almost identical to the gluing argument of (30)).

Unlike in (super)-Yang-Mills, BCFW here merely automates the construction of the
amplitude from its two possible factorisation channels. However, unlike massless gauge

theories, the second factorisation channel of the amplitude does not automatically emerge

from the first. While the on-shell three-particle amplitudes contain “non-local” kinematic
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factors, these cancel in the sum over internal photon helicities, as explained in (30)), along
with the poles zii). This happens regardless of the mass of the scalar legs. Foretelling
further results below, at no point was the identity of the shift vector necessary in this
computation. As the only source of little group violation, it cancelled-out in the end,

being eliminated within each term in the BCFW expansion as part of the cancellation of

the kinematic denominators upon each residue.

2.4.3 Massive Super-BCFW

Massless super-BCFW recursion has been established in 6 dimensional (44)), (21)) (and
higher (45)) super-Yang-Mills. In 6d, the extra dimensions allow for extra directions in
which the shift vector can point. As a result, the possible shift vectors are parameterised
by an arbitrary variable in the massless 6d little group SU(2) x SU(2) (as it is effectively
like a polarisation vector of one of the states).

The Coulomb branch of 4d SYM is equivalent to the low energy limit of the 6d
theory after dimensional reduction on a torus (with fluxes providing the masses (46])).
The masses of the BPS states can be identified with the momenta in the compactified
directions. The form of the supershift constructed here corresponds to the dimensional
reduction of the 6d supershift defined in (21I)), having made the choice to align the six-
dimensional shift vector along the four non-compact dimensions so that the 4d shift
vector remains null. This reduces the possible 6d shifts to the two possibilities in 4d
discussed above. It is presumably also possible to construct a super-shift for the Coulomb
branch in which includes shifts to the masses. In the following, we will construct massive
super-BCFW in 4d purely from consistency with the symmetry algebra and the non-
supersymmetric shift constructed above.

In order to make the momentum shift supersymmetric, the supercharges of each leg
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must be deformed in order to preserve both the SUSY algebra (2.1) and the BPS con-
straint (2.3.2). Demanding that the total supercharge still be conserved, the supercharges

of the shifted legs become

1 4 1 z 1 4 1 z
EQi,a—m = %Qi,ﬁz + EAQ(H—Z EQMH = EQMH — §AQa+2
1 4 1 z 1 4 1 z
— Ot — —_fe L ZAQOT Qv = —_Qf* _ ZAQfe, 2.2
Ol = Q'+ 30 Qi = Qi - 2AQ (2.28)

The derivatively represented supercharges in ([2.15]) also shift.

The shift spinors above may be expanded in a basis of Grassmann variables (or their
derivatives) and spinors. The commutation relations and the BPS constraints may then
be imposed in order to determine the coefficients. We will give the supercharge shift
assuming that leg ¢ is BPS and leg j is anti-BPS. All other particle/anti-particle configu-
rations are also possible, but conservation of central charge implies that this configuration
will at least always be available in any superamplitude. Explicitly choosing the special
little group frame selected by the momentum shift and considering only r = |i'] (52| for

simplicity, the supercharges can be determined to shift as

2m;m; Va
AQyig = ———F |t ¢+ —n 2.29
Qa2 a+mym; }Z } (7731 + m; mg) ( )
2m;m; Va
AQTe — 2777 )52 a _ NV pa ) 2.30
Q e F >(mz " 77]1) (2.30)

The supercharges shift in the spinor directions singled-out by the momentum shift vector.
Note that these expressions may be converted into a form consisting of » multiplying a
little group invariant spinor expression. All little group violation may be contained to
the shift vector r.

In contrast to the massless case, the BCFW shift implemented at the level of spinors

and Grassmann variables has an ambiguity. This is because, while the shifted spinors of
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each leg are related through , there is no analogue for the Grassmann variables. It
is therefore possible to shift these by the Grassmann variables of the same leg, in addition
to those of the other. This affects the numerical prefactor multiplying the spinor shift.
Choosing the Grassmann variables to shift only by terms proportional to those of the

opposite shifted leg, the supershift may be represented as:

2] 21 miva <A~2 /2 2| MM

z]—‘z] Z—oz—l-mimj‘” 1 —<Z|+Z<j|oz+mimj (2.31)
A . mim; . A . o M/

31] :’]1]_2a+m;mj '] <]1 :<]1‘+Z<]2‘a+mim_j (2.32)
po = e, T po o, T

Mi1 =M1 o+ mim, N1 Nji2 =12 a + mam, N2 (2.33)

and the other components are unaffected. We are again only showing here the case for
the momentum shift r = |i'] (52].
The spinor-level shift of the massive legs may be re-expressed in a way that relates

the little group violation directly to the momentum shift vector:

ir] =l + 5 -plin) = 5 =—peli]

(@) = '+ 2;% [i'1p + S (i’ lops 1
i = i) + o) = il |
= G gl g o

Here, p = = (mim;/y/ (b - py)? = mim? ) v (+) for r = [i'] (2], (=) for r = |'] @), or

equivalently 7, = ﬁpad(pipj — pjpi)dﬁ.. The corresponding shifts of the Grassmann
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variables are

a a z S A “

ity = = g lisloli?) = Gilols")) .
a a z . N N '
M0 = M0 — omym, ([JJ|P|Z[> - (JJ|P|@I]>77¢,1,

where we have here again assumed that leg ¢ is BPS and leg j is anti-BPS, although shifts

with both legs of the same type are also possible and differ only in changes of signs both

in (2.34) and ([2.35). In the ensuing calculations, we will not actually need any of these
results beyond the existence of the momentum and supercharge shifts and their abstract
properties. Rather, we merely state them here for completeness.

All Grassmann dependence of the superamplitudes arise in the form of the super-
charges of each leg. Since the superfield legs are scalars, the supershift may be regarded
entirely as a shift in momentum and supercharge by the null vector r and chiral spinors
presented above in and . From this point of view, it is clear that the supershift
vector and spinors do not obstruct the freedom in choosing little group decompositions of
the momenta and supercharges of each unshifted leg. However, they provide a prefered
null direction which singles out the little group frames in which both the shift vector
and spinors have the especially simple forms , and , leading to the
apparent breaking of covariance in the spinor and Grassmann level shifts .
The shift spuriously breaks the little groups of the shifted legs by providing a special
direction in which the massive momenta may be decomposed. Use of super-BCFW will
therefore preserve little group invariance of the recursed superamplitudes up to explicit
appearances of the shift vector r. However, as this is the only source of the breaking
and the superamplitude itself must be invariant, all appearances of the shift vector must
ultimately cancel to leave a manifestly invariant expression. This is similar to the 6d

perspective, where the cancellation of the shift also inevitably follows from the arbitrary
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and spurious choice of direction that must be made in choosing it.
This issue does not appear for 4d massless superamplitudes, where the bispinor form
of the shift vector appears to manifestly break the U(1) little group invariance. Because

the residue on the complex pole scales as z,(f) o 1/r on each factorization channel i, the

combination z{”7 is a little group invariant function when r is constructed out of massless
helicity spinors.

As mentioned in (30), for general massive amplitudes, the combination of different
helicity states in the little group covariant formalism can obstruct on-shell constructibil-
ity, as not all helicity components have the correct large-z behavior. However, as will
be discussed in Section [2.5.1] supersymmetry forces the Coulomb branch three-leg su-
peramplitudes to contain the precise “nonlocality” needed for them to combine to give
the pole structure of the four-leg superamplitude. This first hint of simple factorization

properties remarkably extends to all Coulomb branch superamplitudes, as it turns out

that all such superamplitudes are on-shell constructible via massive super-BCFW.

2.4.4 Validity

While the underlying origin is likely a vestige of dual (super)conformal invariance
remaining on the Coulomb branch, we here leave an exploration of this to future work
and instead prove the shift validity by using soft limits to extend the known behavior at
the origin of moduli space. The idea that Coulomb branch component amplitudes may be
found from soft limits of massless amplitudes with scalar insertions was proposed in (18],
expanded upon in (19) and proven in (20). The precise map is explained clearly around
(4.3) of (19), but the details will not be necessary for us. All we rely on is the fact that
the Coulomb branch component amplitudes may be written as a sum over amplitudes at

the origin of moduli space.
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We may utilize this relation to show that a massive super-BCFW shifted Coulomb
branch superamplitude A [{5\11, 7%}, {ar, 7%}, ... | has the correct large z scaling for a
valid shift (where we are borrowing the notation of (40) to highlight both the momentum
spinors and Grassmann variables of each leg). The first step is to perform a z-independent

supertranslation which sets 7{;, 75; — 0:

A an 183, D 78k D nir s - }

= A[{an, 0}, Lo O}, Duar, 8y F (310) — (31} (236)

1

() = 5 (p2 | V] iy — oo [27] sy — ma [17) 4 [27) m5,) (2.37)
1

€= = (p U)oty = 2 gy e [V o 2] 05), (2:38)

where we have assumed that leg 1 is BPS and leg 2 is anti-BPS in our explicit solutions
for |C), |C], but an analogous procedure may be done for any two shifted legs with either
sign central charge. This is a supersymmetry transformation which relates all component
amplitudes to those with two of the lowest-weight states, which are here the scalars ¢.
The existence of such a transformation that sets the shifted Grassmann variables to zero
while not reintroducing z into the other Grassmann variables was first pointed out in the
massless case in (40).

Each massive component of is given by (19) as a soft limit of a sum of massless
component amplitudes with scalar insertions. Importantly, all the components of the
translated superamplitude have two shifted lowest-weight scalars ¢, so for any
massive component amplitude the sum will be over massless amplitudes with two shifted

lowest-weight scalars Ss4. Schematically, for any component of (2.36]) we have

A |:QA51, ¢22, .. ] ~ hmz A |:§34, Ovevs -« - 5 Pvevs §34, Ovev - - :| y (239)
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where the left side is a Coulomb branch amplitude and the right side is a sum over
amplitudes at the origin of moduli space with insertions of scalars e, = —%(513 —Syy) =
—%(S13), which are the massless scalar degrees of freedom which gain a vev on the
Coulomb branch. These fields are taken soft by the limit. Each massless amplitude on

the right side of (2.39) is obviously a component of some massless superamplitude

A [{j‘la 0}, {Avevs Tvev, f/\]:ev]” o Avews Mvev ﬁiev}7 {5‘27 0}, { Avevs Tvevs ﬁiev} e (2.40)

in non-chiral superspace, where the Grassmann variables of the two shifted lines have
been set to zero.

It was shown in (40) that all massless N' = 4 superamplitudes scale as 1/z in chiral
superspace and, as mentioned above, the half-Fourier transform to non-chiral superspace
does not modify the scaling. For any such superamplitude we may then perform the
massless version of the supertranslation above to rid the superamplitude of the shifted
Grassmann variables and bring it to the form of , where the shifted legs are lowest-
weight scalars. This removes any factors of z from the Grassmann monomials, so the
superamplitude scaling immediately implies that the individual components of
must vanish as 1/z. Then, from , the massive components, as sums of amplitudes
scaling as 1/z, must also scale as 1/z. The translated massive superamplitude in (2.306)
also has no z dependence in its Grassmann variables, and so we may argue in reverse and
upgrade the 1/z scaling of the component amplitudes to that of the full superamplitude.
Thus the massive super-BCFW shifted superamplitude vanishes at infinity and therefore
this is a valid shift.

This proves the validity of massive super-BCFW shifts of Coulomb branch super-
amplitudes. In concert with the aforementioned validity of super-BCFW when massless

legs are shifted, this shows that all Coulomb branch superamplitudes are super-BCFW
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constructible.

2.5 Scattering Amplitudes on the N = 4 Coulomb

Branch

The study of amplitudes at the origin of moduli space has revealed surprising struc-
tures and remarkable simplicity. The question of how much of this survives with massive
states is not only of intrinsic interest, but also has use in understanding the loop-level
properties of the massless theory. A first attempt to construct massive amplitudes and
trace the way that the massless amplitudes are deformed by Higgsing was made in ([I8]).
They used a superspace representation analogous to that traditionally used at the origin
of the moduli space, in which the full R-symmetry is manifest (although the little group
is not). Of particular note for the discussion here is that they were able to deduce that
the superamplitudes could be decomposed into distinct ‘band’ structures interrelated by
SWIs, analogous to the usual sectors classified by degree of helicity violation, as well as
find explicit expressions for the simplest cases of these. The use of soft limits discussed
above was also proposed, which was then expanded upon in (19) to reconstruct tree-level
amplitudes as a series expansion in mass.

After hints arising in loop computations (see e.g. (47;48)), dual conformal symmetry
was discovered in massless gluon amplitudes at strong coupling through holographic
computations in (I]), where it was shown that this was the conformal symmetry associated
with Wilson loops T-dual to the amplitude. As mentioned above, this symmetry has also
been discovered in the planar amplitudes at weak coupling, thereby suggesting some non-
perturbative property of the theory that may be accessible through analytic techniques.

At leading order, dual conformal symmetry is enhanced to superconformal and combines
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with spacetime superconformality into a Yangian symmetry (see e.g. (49) for review
of integrability in N' = 4 SYM). The breaking of dual conformality at loop level by
IR divergences is understood from the Wilson loop duality (50) and has been used to
fully determine the amplitudes with fewer than six legs (51). However, the extent of the
usefulness and survival of the enhancements in scattering amplitudes at loop-level is still
under investigation (52-56]), although some of the progress has made use of this at the
level of the loop integrands where infrared divergences can be sidestepped.

Loop-level investigations into dual conformal symmetry led to the suggestion of using
Higgsing as a way of regulating IR divergences in loop amplitudes between massless parti-
cles (57)). This was subsequently used in (58} [59)) to constrain the form of loop integrands
(an amusing application of this to computing the hydrogen spectrum in N' = 4 SYM
was shown in (60))). The resulting prediction of this symmetry that 1-loop amplitudes do
not involve triangle integrals (like their massless counterparts (61)) was verified in (17),
where a massive on-shell superspace was also set-up.

Following (24)), it was attempted in (25) to obtain massive amplitudes in N' = 4
SYM in 4d by dimensional reduction from amplitudes in 6d, N = (1,1) SYM. The 6d
SYM amplitudes also feature dual conformal symmetry at tree-level (as well as at loop-
level integrands), despite not being conformal themselves (22]) (this was also observed
in 10d N' = 1 SYM, which also reduces to this 6d theory (45)). The realisation of
this symmetry and the way that it is inherited by the massive 4d amplitudes, its possible
relation to the Yangian and its usefulness in providing a guiding structure for determining
the superamplitudes were discussed in (22) and (25)). The former used reduction of the 6d
dual conformal symmetry to establish that the massive N' = 4 tree amplitudes and loop
integrands were dual conformal invariant, while some progress was made in the latter
using this, as well as 6d super-BCFW recursion (21)), to build some superamplitudes at

low numbers of legs with manifest dual conformal symmetry (tests at loop-level were made
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in (23)). The symmetry algebra has been more recently discussed in (62)). However, a
general procedure for efficiently computing higher leg amplitudes is still left outstanding.
As stated in the introduction, (27) (and, more recently, (28))) introduce CHY formulae
for all 6d NV = (1,1) massless amplitudes which may reduced to give a general formula
for all 4d massive N’ = 4 tree amplitudes in a CHY form. It remains to be seen exactly
how these special symmetries affect the structure of the massive amplitudes and can be
used to explicitly construct them. The first step in such an investigation is to calculate
and dissect some tree amplitudes in a presentable way. Once the patterns are identified,
they can be used to guide the development of systematic computational techniques. We
do this in the hope that it will ultimately help in grappling with the way in which the
aspects of spin, supersymmetry and dual conformal symmetry interplay.

The first steps toward elucidating the special symmetries of the Coulomb branch
amplitudes is to compute the simplest examples and search for the patterns. It is this

goal that we initiate in the remainder of this section.

2.5.1 Special Massive Kinematics and Three Particle Superam-

plitudes
Special BPS Kinematics

Similarly to their massless counterparts, on-shell three-particle amplitudes of massive
BPS vector multiplets exhibit special kinematical properties. Without loss of generality,
we will consider the superamplitude As[W, W, W] with two BPS and one anti-BPS states.
Conservation of the central charge implies that mo = m; + m3. This configuration of
masses yields precisely a massive analogue of the special 3-particle kinematics of massless
3-leg amplitudes, because restricting the momenta to be real implies that they are parallel.

The special kinematic features of the 6d three-particle amplitudes have been described
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n (44). The 4d BPS particles have analogous properties. We will introduce these follow-
ing the presentation in (44)) before giving a more geometric account further below.

It is simple to show that [z’l 57 } + <z'1 57 > has vanishing determinant as a matrix in
little group indices for any pair of legs ¢ and j, where the (—) is to be chosen if i and j
have central charges of opposite sign and (+) is chosen if they are the same. This implies

the factorisation
[i'57] &+ (i'57) = ulv] (2.41)

for some pure (complexified) SU(2) spinors u; and v;. It follows from these equations
and the spin sums that w; [ZI’ X Ui [zI| X Ujr [jI’ for each ¢ and j and likewise
Ui 1 <ZI‘ X Vi1 <ZI} X Uj 1 <j1‘ and that u! o v} for each leg - it is only distinct GL(1)
rescaling redundancies that distinguishes wu; from v;. These GL(1) rescaling freedoms
represent the complexification of the U(1) “tiny groups” of each pair of particles (63)).
This is the subgroup of Lorentz transformations that stabilises a pair of massive momenta.
However, we find that this doubling is practically unnecessary and fix the scales so that

v; = u; for each i. The following identities then hold:

[1727] = (1727) = ujug
[273%] — (273%) = wjuf (2.42)

[3%17] + (3%1") = ufuf
and they imply

Uy g <1I| = Uy g <2J‘ = U3 <3K‘ = (ul

ur [ = —uay [27| = us i [3%] = [u]. (2.43)
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The spinors in a general little group frame may therefore be decomposed into com-
ponents in this special frame in which the null vector decomposition “aligns” in this
complexified way. The little group spinors may be decomposed into a magnitude and

I

79

I

direction as u! = |u;|a!, where 4! is a unit SU(2) spinor. To construct a little group

basis including u; , define
ip = 1) + Wit g, (2.44)

as linearly independent spinor, where w; € C is free (so w; need not be a unit spinor). A

little group spinor basis may be completed with

This is effectively a dual spinor and satisfies w!w; ; = 1. This condition is necessary for
the momenta to be on-shell (and the overall sign is fixed by requiring that the momenta

be future-pointing in the real limit). The momenta may then be decomposed as
pi = wiy |i'] (ul F ] (07| wi (2.46)

(the (+) is for BPS, (—) for anti-BPS). The real momentum limit corresponds to w; — 0,
but for complex momenta, w; is an undetermined residual redundancy. In this latter
case, the spinors in each term in the decomposition are not complex conjugates and the
little group is complexified from SU(2) to SL(2,C).

The resemblance of with the 3-particle massless special kinematics is clear. As
will be shown further below, in the high energy limit, the null vectors in one of these sets

all shrink to zero, recovering the usual special 3-particle kinematics for massless particles.
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Calling the spinors ;7 |¢') = |i*) (and similarly for the left-handed spinors), then
[57] & i'57) = agdy (5] % (5")), (2.47)

The w; give the direction in which the little group matrix on the left hand side of ([2.47))

has its only non-zero entry given by the accompanying factor. The combination
Juil|ug| = [i*5*] £ (i*5*) (2.48)

is here the massive analogue of the spinor bilinears of massless particles like (ij) and
[ij], only one of which is non-zero, as determined by the configuration of special 3-
particle massless kinematics. We will see below that the special massive kinematics will
imply that the amplitudes will be functions of this combination of bilinears, along with
accompanying little group tensor factors that encode polarisation information. However,

first note that these relations may be inverted to give

_f([w2v] — (w2w)) ((3w1v] 4 (3w1v))
ut| = \/ (237 — (2937)) (2.49)

and similarly for the others. Note that because the wu; spinors carry the scale in (2.49)),
they contain more information than merely a preferred little group decomposition in
which the spinors of each leg align. This discussion is also entirely independent of the
choice of w; variables in the definition of w; frame spinors .

As is clear in , for a single leg, the little group basis choice {u;, w;} still has a
remaining GL(1,C) little group freedom under which u; and w; rescale oppositely. The
choice of scales given by the equations reduces this to a single GL(1,C) for all
three legs. In the special case of real momenta, also leaves the overall direction

free. However, this is fixed by the complex deformation.
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Geometrically, a massive momentum vector may be decomposed into a sum of two
future-directed, light-like vectors. The SU(2) little group invariance represents the man-
ifold of all such decompositions. Each null vector rotates about the massive vector under
the Wigner rotations, but their sum remains unchanged. When the three leg momenta
are real and parallel, each can be decomposed into a linear combination of the same two
real null vectors. However, when complexified, the massive leg momenta need no longer
be proportional and the requirement that their null vector decompositions coincide be-
comes a more stringent constraint. Here, “coincide” means that they have vanishing
dot products (as is clear for e.g. the first terms in for each 7). However, in this
complexified context, null vectors with vanishing dot product need no longer be linearly
dependent (proportional). This is the complexification of the notion of massive momenta
being parallel. The spinors constituting each null vector are also no longer complex
conjugates. As a result, the little group is also complexified from SU(2) to SL(2,C).

The existence of the preferred spinor direction is analogous to that provided by the
massless particle in the general 3-leg amplitude with one massless leg and two massive
legs of equal mass, as classified in (30). It is therefore analogously possible to construct
general 3-particle amplitudes between massive particles obeying this mass constraint
by expanding the polarisation-stripped amplitude tensor in a basis spanned by tensor
products of |u], and €,3. However, by Lorentz invariance, the amplitude tensor must be
of even total rank, so factors of |u|, may always be paired and eliminated using
and . Doing so will always leave (after applying the spin sums) terms proportional
to €45 and (p1p2)as, which are precisely the building-blocks used for the general 3-leg
amplitude of three massive particles proposed in (30). Thus these special kinematics
provide no new constraints on possible Lorentz structures in amplitudes nor any new
features beyond the general case.

However, the special case in which one leg is massless and the other two have equal
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mass can be regarded as a limiting case. Taking ms — 0 and my — m; = m, then in the

helicity basis for the little group frame,
Uz — Tv/max us— — £y/m/x (2.50)

(the sign choice in each limit is to be the same). These components of the frame spinor
produce the helicity-weight-carrying scalar units © = ug, /us—, introduced in (30)). The

remaining u; and us spinors can still be used as building-blocks, but can be related to z

and |3) and |3] through (2.42)). Explicitly,

up = q:\/% [173]  wg= j:\/% [273]. (2.51)

Nevertheless, the case of a massless leg with two massive legs of equal mass is dis-
tinguished from other cases obeying the mass selection rule in that it does not have a
non-trivial, real momentum, collinear limit. As a result, x is a purely complex momen-
tum object with no analogue in amplitudes of other mass configurations. The significance
of this was observed recently by (33]), where it was shown that amplitudes of magnetic
monopoles factorise differently on each of the two possible complex momentum con-
figurations corresponding to the same factorisation channel, which was interpreted as
signifying the presence of a Dirac string. In contrast, the Bhabha scattering calculation
presented in Section illustrates the simplest way in which the x factors across a fac-
torisation channel can be combined that does not depend upon the complex momentum

configuration chosen, see discussion in (33)).
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Three-Particle Superamplitude

To begin with, we present the 3-particle superamplitude for massless legs in non-chiral

superspace, which is

1
(12) (23) (31)
1

+ gy (@ LI 020+ 230 + 1)), (252

A3G1, Go, G3] = 0(QN T2y 7 + (23) 1 + (31) ")

a

The first term is the MHV sector and the second is the anti-MHV (MHV) sector. Each
term is only non-zero for distinct special massless kinematical configurations. This may
be obtained from the well-known chiral form by the half-Fourier transform. We henceforth
choose to absorb the annoying factor of v/2 in the supercharges in into the definition
of the coupling so that it is implicitly to be omitted in all appearances of the delta
functions 6(Y(Q) and §®(Q1).

We next turn to deriving the superamplitude for massive legs. Usually, supersym-
metry invariance of an amplitude immediately implies that A, o §®(Q™)§™ (Quy2).
However, as will be shown below, the special kinematics here implies that 2 pairs of su-
percharges of each chirality degenerate, leaving only 6 independent (if the momenta were
restricted to be real, then all 4 pairs would be related). This occurs as a result of the
special spinor direction given by the u!. It is simple to show that <uQTa> = — [uQqus2] =
S maulng. In this case, the superamplitude may be deduced from the little group scal-
ing of the external legs (which are invariant in this coherent state basis) and invariance
under the independent supersymmetries. Building a supersymmetry invariant involves
introducing a new reference spinor |q) X |u), effectively to decompose the supercharges
into the shared components that are parallel to |u) and the remaining independent com-

ponents. Projected onto |u) and |g), the delta functions may be factorised as 6 (Qf*) =
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w20 @ ((qQ))0 ((uQ™)) and 6 (Qas2) = 0 ({al p11Qax+2])0® ((u] p1 [Qar2]),

where both expressions are independent of |¢). Up to a multiplicative prefactor, the su-

1
m{qu)?

persymmetry invariant may be obtained by dropping the repeated factor in both 6 (Qf*)
and 6™ (Qq42). This is easily verified as being annihilated by all of the supercharges. To
determine the numerical prefactor, we demand that the result match onto (2.52)) in the

limit of massless legs. The superamplitude is thus determined to be

1

m3 (q| p1ps |q)

= ; (4) (2) ta
<QIp1p3!q>5 (Qa+2) 8% ((aQ™)) - (2.53)

As [thz, Ws| = 5 (Qw) 5@ ({q] p1 [Qa2])

The superamplitude has been expressed in a form in which the auxiliary spinors u; do

not appear explicitly, although they still constrain the reference spinor |g) to satisfy

(ug) # 0. While §(Q™) = —L36@((uQ*))6®({qQ1*)) is clearly independent of the

(qu)*
1

reference spinor, this remains true of Wc?@) ({q| p1 |Qa+2]) up to terms that vanish when
multiplied by the other delta functions. It is therefore justified to the drop of the factor of
5@ ((u| p1 |Qaya)) in ™ (Q) to obtain the SUSY invariant in the first form in (2.53)) (and a
similar argument applies to the second). The reference spinor itself is unnecessary for the
component amplitudes and may be eliminated after these are extracted. However, it is
needed to squash them all into the superamplitude in this way. A similar representation
of the massless three particle superamplitude in 6d was found in (63)), which presumably
reduces to the expression above upon dimensional reduction.

Also of note is that this superamplitude combines terms that belong to distinct su-
persymmetric sectors (MHV and MHV in the massless limit) into a single Grassmann
polynomial. We will return to this point and see the combination of sectors even more

explicitly in Section [2.5.3]

The most remarkable feature of the massive 3-leg superamplitude (2.53)) is the kine-
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matic factor in the denominator. This vanishes in the collinear limit - the one situation

in which the momenta can be both real and on-shell. This factor is reminiscent of the
4

Parke-Taylor factors of the exact, massless Yang-Mills 3-leg amplitude e.g. ~ m;é%,

as well as its supersymmetrised counterpart <12>5(Q) For these theories, when glued

(12)(23)(31) -
into a 4-leg amplitude on a factorisation channel, the factors in the denominator com-
bine to produce the pole representing the other factorisation channel of the amplitude,
as arranged for automatically by BCFW recursion (64)), (30). However, in the massive
case here, the kinematic factor is neither present nor necessary in any of the component
amplitudes. Instead, its appearance is orchestrated as a consequence of the maximal
supersymmetry. Its presence likewise suggests that the Coulomb branch superampli-
tudes share in the special constructibility properties of their massless counterparts, as
confirmed by the existence of super-BCFW. This will be explored further below.

An alternative representation of the three particle superamplitude also exists that

more directly utilises the special kinematical properties of the BPS states. In the special

frame selected by {u;,w;}, the multiplicative supercharges may be decomposed as

RIDTEDD iﬁ [ QT = =) 3w+ Y |u—1, ) o, (2.54)

calling Grassmann variables 7;, = u! N1 and 1;,, = w! n;.1 (not w; as used in the definition
of |i*)). Now, partially solving the supercharge conservation constraints [u@Q] = 0 and
<uQT> = 0 implies that n;, = £n;, for all legs ¢ and j (where the (4) applies if the central
charges of ¢ and j are the same and (—) if they are opposite). This consequently implies
that, on the support of this solution, the supercharges are parallel to the special frame
spinor directions e.g. @ ~ |u] (3_, Miw — Cmiu). The constant C' may be determined by

introducing the reference spinor |g| satisfying [qu] # 0 (any of the |i*] would be possible
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choices):

e > 1' ] . (2.55)

[qu]

i
An alternative representation of the supersymmetric delta function may therefore be

deduced by combining each of the three distinct Grassmann terms in (2.54)) above into a

single product

"43 [W1’W27 W3] = H ((Z 7730) (n%ungu + ngungu - ngun%u) - Cn%ungun§u> : (256)

a

Note that, thus far, every expression involving a decomposition into this special little
group frame is independent of the choice of w; in (2.45)). These parameters remain free.
Further simplification may be achieved by partially fixing the w; parameters to set C' = 0,

or equivalently

1 1.
ZWM:O Zimym:o (2.57)

(these two equations are equivalent). On the support of each other’s delta functions, the

supercharges then reduce to the first terms in (2.54]). The superamplitude simplifies to

A3 [WhWQa W3] = H (Z 77?111) (n%ungu + ngungu - ngun%u) : (258)

a

This is analogous to the form commonly presented in 6d (22)).

The massive amplitudes are built out of these combinations of bilinears in .
In , these are split apart into their ‘square roots’ |u;|. In extracting a component
amplitude, four factors of u; and two of their duals w; = ‘u—1|7ful are produced. These

combine into spinor bilinears through (2.48)). This demonstrates how the frame spinors
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ul can be used as alternative building blocks with which to construct the three particle
amplitudes.

To illustrate this more explicitly, the three massive vector component amplitude may

be extracted from (2.58) to give

I 1o TrJ1d2 K1 K>
AWz, Wy Wy ]

2
_ H (]u2|]u3| gt |us||ual bl alSial 4 | | s A?I)(“{iaji)

Wy Uy Ug ™ — \u2| Wy \u;;] 2

(2.59)
The little group indices are implicitly to be symmetrised over (we will assume this in all

subsequent expressions where they arise as indexing polarisation states of external legs).

The diagonal terms in the product have the form e.g.

sl ) _ (287 = (237))° i
1:I< | 3) ([1“’2“’]—<1w2w))([3W1w]+<3w1w>)1:[ Vlytgt (2.60)

It is clear that the prefactor multiplying the spinors is the massive upgrade of the Parke-
Taylor factor. The remaining factor accounts for the spin components with respect to a

given quantisation axis. Likewise, the cross terms are of the form

(|U2HU3| |us||u| NNy AJQAKlAKz)

I e A
([2“’3“’] _ <2w3w>) ([gwlw] + <3u}1w>> e K
[To2e] — (192%) iy 0y g . (2.61)

The prefactor here suggestively resembles the massless amplitude for photon/gluon emis-
sion by a scalar.
In all expressions prior to (2.58]), all occurrences of the w; parameters cancelled-

out and could be set to zero without loss of generality (effectively setting w; = ﬁj)
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While yielding the pleasing expressions above, the cost of the frame choice that sets
C = 0 is that further complication in the general expression has been transferred into
the 10;, which cannot be identified as unit spinors determined by the @ alone. Alternative
expressions with this interpretation could be extracted directly from at the expense
of additional manifest complication.

In the limit that all legs become massless, implies that the frame spinors
all converge to a particular helicity, which corresponds to the configuration of massless
special 3-particle kinematics. FEither 4, — 0 for each ¢ and the right-handed massless
spinors align or 4, — 0 and the left-handed spinors align. The combinations of bilinears
appearing in the superamplitude behave as ([i“j%] £ (i*j¥)) — '&Lﬁh [ij] or

([i*5%] £ (i¥5*)) — j:ﬂj-fﬁ;[ (ij) for each 4, j. The surviving factors of w;; then become

“square-roots” of the massless bilinears e.g. us; — [2?1”2?]’1] or Ugy — 4/ <22§'1>.

Furthermore, in either massless complex kinematical configuration, C' — 0 and only
the terms retained in the C' = 0 frame remain in the massless limit. The factors of w;
may be identified with as ﬁj and consequently the massless limit may be read-off from
the expressions and . For example, in the case where all left-handed spinors
become proportional, the second factor in converges to 0 (Q), while the first
becomes the remaining Grassmann quadratic (including the Parke-Taylor factor) in the
MHYV term in (2.52). The diagonal term in the all vector component amplitude above
clearly converges to the Parke-Taylor three vector amplitude Alg, g5, g5 ] for the
relevant helicity and massless special kinematics choices, otherwise it converges to zero.
Likewise, the cross-terms like converge to amplitudes expected for a Goldstone
boson emitting a gluon, as expected from the Higgs mechanism. The remaining factors
of the unit frame spinors ﬁl(l) ultimately cancel-out.

In practice, although carrying the redundant reference spinor, the form (2.53)) is

relatively easy to use in practical calculations. We will choose to continue to use the
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spacetime spinor formulation of in the remainder of this paper. Following a similar
argument to that presented above for , a simple representation for the 2-massive-leg
superamplitude may instead be derived by finding the SUSY invariant 6 (Q7)6™ (Q,12)
and dropping one of the repeated factors of the degenerate supercharges. The overall
coefficient is then fixed by the little group scaling of the legs. In this case, the special
kinematics implies that (3| p1 |Qui2] = —m <3QT‘1>. The 3-leg superamplitude is then

determined to be

AsWi, W, Gs] = #;yaw (Q™) 6@ ((g] p1 |Qas2))
—X

= —— 6@ ((3Q1)) 6@ ({qQ™)) 6® ((g] p1 |Qur2))
m? (¢3)

- mzq;z(;“) (Qas2) 6@ ((4Q™)) - (2.62)

The reference spinor |¢) must satisfy (¢3) # 0. Because this superamplitude must be
invariant under the little group scaling of its legs, the helicity-carrying factor x has been
re-introduced. The presence of z is expected because of its appearance in the component
J1Ja

amplitudes like As[Wh%2 W

of us x |3K} /(<q3K> us i) in , as explained previously above.

Explicitly expanding the delta functions gives

,g7] and it emerges in taking the massless limit mz — 0

AsWi, W, Gs] = —xH( [32) e sy + [3U] mimsams™ + [1727] s s
-1 <112J> na na ﬁTll + 1m7]a, 77 n + 1m7] nMana + = Im 77a nManTa
-z 1172713 oM™l T3 7 5TV e I3 5 = T T3
]‘m a a a a a a
e+ (V8] it — [2'8] mipr ).
(2.63)

which allows the components to be efficiently read off. Notably, the reference spinor
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introduced in the delta functions has completely disappeared and does not affect the
components.

The form of the two-equal-mass superamplitude makes clear that the interactions of
BPS states with massless gauge bosons are monomials in z. In the above case, this has the
physical interpretation of the BPS states having gyromagnetic ratio g = 2 exactly (and
likewise no anomalous electric quadrupole moment, as seen in the N/ = 1 case in (29))).
The different Lorentz structures of the couplings are fully protected by supersymmetry.

Explicitly, we may extract the collection of such component amplitudes as

A L — T a a 1 a a 1 a a

A[W,W,g ]: 51:[ ([112J]7711772J+ §m771M77{W + §m772M77é\/[ ) (2-64)
IA) 1 IoJ\, a  a 1 a Ma 1 a Ma

AW W, g = — [ (W2 )i ymgy — Smntyn™ = Smagam™ ). (2.65)

2.5.2 Four Particle Superamplitudes

Using massive super-BCFW, we next present a derivation of the general 4-leg super-
amplitude for legs of arbitrary mass. In this case, the Grassmann dependence is entirely
determined by the factor 6 (Q7*)5™ (Q,2). Thus, only the coefficient of the delta func-
tion need be calculated and this is fixed by any single component amplitude. While the
expected form of the superamplitude is obvious and follows from supersymmetry, fac-
torisation and the (trivial) spin of the external superfields, the following derivation will
illustrate how these emerge from combining the on-shell 3-leg amplitudes . It will
also provide a simple demonstration of the mechanics and use of massive super-BCFW.

We will calculate A4 Wi, Wa, Wi, W,]. This colour-ordering implies that the masses
obey the constraint m; + ms = mo + my. The cases with different combinations of
particles and anti-particles may be obtained by obvious modification. For any such

superamplitude that respects colour neutrality of the broken gauge group, there will
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always be two consistent factorisation channels in which the on-shell, internal particle
has mass given by the sum of the masses of the other legs on each subamplitude (weighted
by the sign of their central charges).

As noted above, 4d massive super-BCFW may be obtained by dimensionally reducing
that of massless 6d N' = (1,1) SYM. An analogous calculation of the 4-leg superamplitude
in 6d was performed in (21)), supersymmetrising the computation in pure YM in (44]).
In 4d, the special case of two massless legs have been previously calculated by (I8) and
(27), for the simple case of an U(N + M) — U(N) x U(M) breaking pattern (where
there are two possible structures with consistent colour-ordering). The former used non-
supersymmetric BCFW recursion applied to the component amplitude A,[W, W, g*, g*]
to determine the kinematical coefficient of the delta functions, while (27)) used the general
CHY-like formula. These are a special case of our result.

First define generalized Mandelstam variables s;; = —(p; + p;)? — (m; = m;)?, where
the masses are added if the lines have the same sign central charge and subtracted if
opposite. For a general amplitude with any number of legs, these satisfy the useful
identities » ;s = 0 and Y, Sij = D, Skj, by conservation of momentum and the
mass constraint. Other relations may be similarly derived.

Applying the super-shift to legs 1 and 2, the superamplitude is determined from a

single factorisation channel:

Figure 2.1: The single BCFW diagram for four-point recursion.
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__ __ N~ -1 ~ -
AW, Ty, Wi, TWy] = / 0o Ay V4 W Wl =~ Ap[_p W, Wyl, (2.66)

S14

where P is the momentum of the internal line, taken as outgoing from the left subampli-
tude in Figure [2.1] and incoming into the right subamplitude. Hats denote shifted legs,
to be evaluated on the residue determined by s,; = 0, although it will be unnecessary in
this example to determine either the residue or the shift vector. Assuming that m; < my,
then the internal on-shell particle has mass mp = my — my and is BPS in the left super-
amplitude. In the right amplitude, it is an incoming BPS state, which can be regarded
by crossing symmetry as an outgoing anti-BPS state with momentum —P.

Analytically continuing spinors and Grassmann variables from negative to positive

energies requires the rules
|-P =i|PT]  |-P)Y=i|P")  nl,=in, (2.67)

which are little group covariant (and consistent with (65))). These rules imply that the
sign of the mass as it appears in the Weyl equation or the spin sums effectively reverses
so that e.g. p ‘—pl] =—-m !—p1> for a leg of mass m and momentum p. See Appendix
A of (29) for spinor conventions and identities. As a result, while the BPS condition for
an analytically continued leg is unchanged (noting that both the momentum and
central charges reverse under crossing), a relative negative sign appears in the spinor-
stripped counterparts . As a result, under the conventions employed here, the left-
handed multiplicative supercharges of the crossed legs pick up an extra negative sign
relative to that of the other outgoing legs.

Likewise, the corresponding massless variables in the conventions employed here must
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also all acquire a factor of ¢ upon analytic continuation

—pl=ilp] |-p)=ilp) mp,=in, 7, =in. (2.68)

The remaining calculation involves combining the delta functions and simplifying. It
is through combining the delta functions that the extra pole is generated, effectively as
I

a Jacobian factor arising from the mismatch between the aligned frame spinors u p on

the left and right on-shell amplitudes. This overlap was also the source of the additional

pole in 6d YM (21). We give details of this in Appendix , but the result is that

1 1

2 W 2
(L) M\ * ((q] papr [9))
(uﬁMUﬁ )

AL W, Wi, Wal AR, W, W] =
X 00 (Q) 6 (1) 6% ({a@h)) 8 ({al i1 |Qn]) - (2:69)

Here the L and R subscripts index parameters originating in the factorised on-shell
amplitudes, the hats indicate that they are shifted and the U(2) R-indices have been
omitted for brevity. The supercharges without subscripts represent those for the full
4-leg superamplitude. The multiplicative factor arises from a succession of basis changes
and invocations of constraints from the other delta functions. This critically provides the
factor that will become the pole representing the other factorisation channel.

After factoring out the total supersymmetric delta function, the remaining Grassmann
integral is simple to perform, giving

[ s ((a03) 5 (i

Qn]) = (t 1P 1)) (2.70)
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Combining all of the factors and using P= —p1 — pa, the superamplitude reduces to

SQIVEQ) -1

5
S41 <UESL]3/IUE5R)M>

-’4-4[W17W27 W37W4] =

(2.71)

All of the kinematical factors cancel out with the exception of the internal propagator for
this factorisation channel and another factor given by the overlap of the frame spinors
for the internal line. This form was also reached in the analogous 6d calculation (21} 44])
and the demonstration that this is the pole of the other factorisation channel is similar.
We repeat the argument from the 4d perspective in Appendix [2.A] the result of which is
that

2
(ugj\)/lu;R)M> = —519. (2.72)

As explained in Subsection [2.5.1] the u; spinors select a preferred decomposition of mas-
sive momenta into a sum of two parallel null vectors. This new pole occurs when the
frame spinors for the internal line in the BCFW diagram align. This equivalently means
that the two sets of parallel null vectors that span the massive momenta on each side
of the factorisation channel align. This is just the complexification of the alignment of
the external massive momenta on opposite sides of the the factorisation in the BCFW
diagram, which is exactly the condition required for the alternative factorisation channel.

The 4-leg superamplitude is therefore
— _ SW Q1§ (Q,
AW, Wa, We, W, = (@) (@) (2.73)

S12541

The residue and the momentum shift ultimately cancelled out in this calculation and did

not have to be solved for. This amplitude closely resembles its counterparts in unbroken
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Yang-Mills, where both manifestly feature poles in both s and ¢ factorisation channels in
a single term. The superamplitude in which any of the legs is massless may be obtained
as an obvious limiting case.

Just as in massless (super-)Yang-Mills, only one factorisation channel (or BCFW
diagram) was sufficient to determine the 4-leg amplitude from the elementary 3-leg am-
plitudes. The pole providing the other factorisation channel originates from the kine-
matic “singularity” in the 3-leg superamplitude (2.53). The numerator (specified here
by supersymmetry) determines the polarisation structure. It is a simple task to extract
component amplitudes of massive states. As an example, the four massive vector boson

amplitude may be found as

—L1 Lo 1

W2 Wik gt =

A Wit W

512541

2
H ( 1[ 2]1 <3KZ4L > + <1112J1> [3K14L,:| + [1]13KL:| <2J14L,>

=1

+ <112-3Ki> [2Ji4Li] + [112-4L1} <2Ji3K¢> + <1Ii4Li> |:2Ji3Ki:| ) (2.74)

The massive little group indices are implicitly symmetrised over in the above expressions
as usual. From the perspective of 6d Yang-Mills amplitudes dimensionally reduced to
4d, each factor in the numerator is the reduction of the ‘4-bracket’ of 6d spinors (44)).
It is clear that the expected helicity selection rules emerge in the massless limit (see
Appendix A of (29)), where the amplitudes without split helicities are mass suppressed,

most severely when all helicities are the same.
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2.5.3 Five Particle Superamplitudes and Band Structure
Bands

Away from the origin of moduli space, the R-symmetry is broken to USp(4) from
SU(4) and the sectors of distinct levels of helicity violation partially merge. This oc-
curs because processes forbidden by helicity selection rules may now proceed at mass-
suppressed rates. Instead, (I8), who work in a chiral superspace in which a SU(2) x
SU(2) < USp(4) is manifest, are able to classify the residual supersymmetric invariant
sectors by their Grassmann orders under each SU(2) factor. Each of these sectors, in
their formulation, is an inhomogeneous polynomial that spans several overlapping even
Grassmann orders, which were described as ‘bands’. The polynomial of (K + 1)th lowest
degree was called the N*MHV sector, in analogy with the massless superamplitudes.
Each invariant term in the superamplitude is then classified under this product structure
as a N"MHV x N**MHV band.

In non-chiral superspace the superamplitudes are instead homogeneous of degree 2n in
Grassmann variables and a distinct U(2) R-subgroup is realized explicitly, which foretell a
different organization of the bands here (we retain the term ‘band’ for supersymmetrically
closed sector, as well as the N MHV x N**MHV notation). The simplest non-trivial
example of a superamplitude with independent (albeit simple) bands is at five legs and
our exploration here will provide insight into the band structure for general Coulomb
branch superamplitudes. The three and four leg superamplitudes discussed above are
special cases.

As discussed in (I8]), the three leg massive superamplitude is non-trivial and actually
contains three such independent terms. In the little group violating chiral superspace
used by the authors, these appear as MHV and MHV superamplitudes with a form almost

identical to their massless counterparts, as well as a new MHV x MHV term that vanishes
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in the massless limit. None of these are manifestly visible in our expression , because
they are represented by sectors of specific helicities, all of which are combined here into a
massive little group invariant. That the three-leg superamplitude combines each helicity-
violating band into a single, little group and supersymmetric invariant means that super-
BCFW recursion cannot be automatically applied sector-by-sector as it is in the massless
case. This weakening of the massless helicity selection rules may potentially complicate
calculations if little group invariance is to be preserved.

We here illustrate the decomposition into bands of the 3-particle superamplitude,
choosing the special case for simplicity. To reveal the separate supersymmetric
invariant sectors, we explicitly strip off a massive spinor from one of the supercharges.

We define

Gr (1,Q) (2.75)

1
m

such that we may write the degenerate component of the delta functions as

5@ ((3Q™)) = 6@ ((31) ¢7y) . (2.76)

The distinct bands closed under supersymmetry now correspond to the components of

this sum in the helicity basis, so we may exhibit the band structure as

— =0 ((4Q1)) 8P ({g] p1 |Qusa]) (2.77)
m? {q3)

x e [(31%)7 Gl +2(317) (317 i+ (317) gt ]

A3 [Wh WQ; G3] =

where the first term corresponds to the MHV band, the last to the MHV band, and the
middle to the MHV x MHV band, which vanishes in the massless limit. In other little

group frames these bands will be scrambled, though still exist as separate supersymmetric
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invariants. This decomposition into bands makes it clear the way in which the separate
sectors of helicity violation are combined in the massive case.

The four leg superamplitude has only one distinct supersymmetric structure. Just
as for the massless case, there is only the MHV sector, which is identical to its parity
conjugate MHV sector.

Beyond 4 legs, the bands may be identified by solving the SWIs directly. At five
legs, supersymmetry implies that As = 64 (Q"*)0™ (Q,12) F, where F is some function
quadratic in Grassmann variables. Proceeding as in the general strategy laid out in (29),
the appearance in F' of Grassmann variables for two of the lines may be eliminated here
using the constraints imposed by the supersymmetric delta functions. Then supersym-
metry requires that Q,F = 0 and Q7"2F = 0. These Grassmann PDEs may be solved by
finding ‘Grassmann characteristics’ - combinations of Grassmann variables upon which F
cannot depend. Then F'is a function of the other independent Grassmann variables that
‘label’ the characteristics (this resembles the method used in (66]) to solve the SWIs). In
this manner one may construct linear combinations of Grassmann variables, which we
term ‘triads’, that are annihilated by @, and Q™2 and which include the ns of only
three of the legs.

Choosing a BPS line ¢ and an anti-BPS line j, we define Grassmann triads ‘anchored’

at massless legs k and massive legs ¢ as

& i = i+ (myny (| +mangy (57|) mij K] /705 (2.78)
&y = T+ (mangy [57] = mynfy [i']) m 1K) /7 (2.79)
fZijL =y + (mﬂ?qu <ZI} + mm?J <jJD Tij |CL] /7@2] + (mm?J [jj‘ — myniy [ZID ij |0r) /”223

(2.80)

where the upper sign in the last line is for BPS states and the lower sign for anti-BPS
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states, and we have defined 7;; = m;p; +m;p; for ease of reference. Since 7, j differ in the
signs of their central charges, 7ri2j = m;m;s;;, where s;; are the generalized Mandelstam

variables. The triads have the massless limits

a o, UKl o (K] . _ Mk
gk,ij — N + 7]771 + mﬂj = ] (2.81)
cta ~fa w ~ta @NTG _ Thiak
Eui = T+ T <ijj> (2.82)
ke, md
(fZij+7€Zijf) — (:i: <Zj>£7 [Uf) ) (2.83)

where the massless m;, = [ij]ni + [jk]n{ + [ki]n} variables were recognized in (66) as
useful for solving the SWIs in the chiral superspace at the origin of moduli space. It is
straightforward to take limits where only line ¢ or j becomes massless. In the following
we will use the same symbols for triads regardless of the masses of lines 7, j, and rely on
these limits to provide their definitions.

We may now write any superamplitude as a sum of a large-enough set of products
of these triads with undetermined coefficients, and then project onto various component
amplitudes to fix them. For a 5-leg superamplitude with up to four massive legs, we may

characterize the band structure using the triads of a single massless leg as

5@ (QTv“)(S(”‘)(QaH)

2
2575

As (G, Va, Vs, Vi, V] = €ab X | Aslg™, Vo, Vo, Vi ViJET 0380 55+

2A5[Suo + Sa1, Vo, Vo, Vi, Vi €8 0% + As[g™, Vo, Vo, Vi, Vi %€ |- (2.84)

Here V is either a massless G or a massive W or W, while V. is the highest- or lowest-
weight state in the multiplet, which are respectively Si5, S34 and b, ¢ for the massless and
massive vectors. We note that the denominator merely cancels out the kinematic factors
in the delta function and is not a pole, as the kinematic poles are contained within the
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component amplitudes which are here left undetermined.

It is clear in this form that each of the terms is closed under supersymmetry. In the
language of (18)), the first term in (2.84)) is the MHV x MHV band, the third is its parity
conjugate and the second is the MHV x MHV band (and its conjugate). Notably, this
characterization of the bands respects little group covariance, but is determined by the
massless multiplet’s helicity states.

However, we may alternatively characterize the band structure using the triads of a
single massive leg, which identifies the bands with the polarizations of the massive W.

The 5-leg superamplitude with at least one massive leg may be written as

3(QP)8™ (Qay2)

2
25875

-/45 [Wh ‘/27 ‘/E’n ‘/217 ‘/:5] =

As [W(U)a Vo, Vo Vi, Videa 5%23]5?,23%

(2.85)
The comparison of and thus reflects clearly how the introduction of masses
combines amplitudes of different helicity components and how this in turn combines the
different bands of the superamplitude.

As is evident in these formulae, the 5-leg superamplitudes have the special property
that the bands are each fixed by a single component amplitude, so they may be fully
determined once these are known. For the case of two massive legs, (18) used BCFW
recursion to derive the partial amplitudes for a massive vector boson, its antiparticle
and any number of massless gluons, which, after conversion to the little group covariant

notation, may be written as

AWEE T gf gt

=2l (1R2%) 3T, (m® — (i + -+ P+ p) (B2 + -+ 1)) 9]
(34) (45) ... (n — In) [Ty ((p2 + - - - + pi-1)® + m?)

. (2.86)

where n — 2 is the number of gluon legs. Likewise, partial amplitudes with any number
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of massless scalars Sy4 were derived as

mn74 [1112]1} <1I22J2>
IT—y((p2 4+ +pic1)? +m?)’

J1J2

An[W11[27W 78247 s 324] =

(2.87)

where n — 2 is the number of scalar legs.

For 5-legs, these component amplitudes may be combined into the superamplitude

— sW(Qt)s(Q,
A5[W1,W2,G3,G4,G5] == <Q ) (Q +2)Eab><
551523545
(3| papr — m?|5) [3| P2p1 — |5]
( 2 [34] (45) 128300 T ME, 12§3 12T (34) [45] 53 12 3 e ). (283
where
510 = S—E([S“Dl +P2|1 >7711 3] p1 +p2‘2 >772J+812773)
cta —1 N a J1 ,.a ~ta
312 = g <<3|p1 + D2 |1 } nir — (3l p1+ p2 !2 ] oy + S127)3 ) . (2.89)

Note that the denominator of the superamplitude is somewhat different from as the
component amplitudes that have been matched onto are different, but the band structure
is still clearly visible in terms of orders in helicity violation. As anticipated, the 5{;’125@?12
term, which represents the MHV x MHV band, clearly vanishes in the massless limit,
leaving the usual MHV sector and its parity conjugate MHV.

With more legs, each band can consist of multiple combinations of triads and they
are also no longer fixed by single component amplitudes. The exceptions to this, most
clearly illustrated if there are enough massless legs for the superamplitude to be described
entirely with massless triads, are always the MHV x MHV band, which corresponds
to the only term that is purely holomorphic in triads anchored at massless legs (and

analogously for the MHV x MHV band), and the MHV x MHV band, which involves a
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single term with an equal number of triads and conjugate triads, each of a different type.
For example, the 6-leg superamplitude AW, W, G, G, G, G] has bands described by €5 455
156 and their conjugates. The MHV x MHV band is given by the single holomorphic
term €qy (€5 4585 45)€ca (€5 5664 56), the terms in the NMHV x MHV and MHV x NMHV
bands are of the form ~ &3¢, while the terms in the NMHV x NMHV band are of the
form ~ £2€2. However, when most of the legs are massive, there will not be a form in
which all of the Grassmann triads are anchored to massless legs and the little group
will combine the bands into components of an SU(2) tensor, similar to that observed in
(2.85)).

In addition to having more available Grassmann structures, terms within each band
are related by the massive R-symmetry generators that are not part of the U(2)
linearly represented on the on-shell superspace. A similar analysis to (66) could be
performed to determine the Grassmann structure for higher leg superamplitudes. We
will instead return our attention toward super-BCFW recursion, which has the capacity

to generate complete expressions instead.

Five Particle Superamplitudes

Figure 2.2: The two BCFW diagrams for five-point recursion.

Using the insight provided above into the helicity structure of the the 5-leg superam-
plitude, we proceed to use massive super-BCFW to compute it in full generality. This
gives a first non-trivial application of BCFW recursion to computing amplitudes in which

every leg is massive.
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Much of the ensuing calculation resembles that performed in 6d in (21)) and (44).
However, utilising the interpretation of the bands above, we are able to take short-cuts,
despite the calculation presumably being attainable through dimensional reduction and
not yet adapted with variables likely accommodating of dual conformal symmetry, as
used in (22) and (25).

We will choose to compute the superamplitude AW;, Wa, Wi, Wy, Ws] for m; <
ms. Results for other choices of central charges and masses are obtained by trivial
modification. Applying the massive super-BCFW shift to the first and second legs, the
superamplitude recurses to the two factorisation channels depicted in Figure 2.2 The

resulting superamplitude is

__ . N o~ -1 ~ - __
A[Wl,WQ,W3,W4,W5] :/d4npAL[W57W17Wﬁ]_AR[W_ﬁ7W27W37W4]

515

A

N~ -1 ~ -
+/d477]5AL[W47W57W17W]5]_AR[W_]57W27W3] (290)

523

2

Each term is to be evaluated upon a different pole, respectively determined to be at

515
si5 = 0= 21 =
15 27, - D5
—523
$33 Zx % - ps (2.91)

In each term, combining the delta functions to produce the full 5-leg supersymmetric
delta function is easy, as, on the support of the 3-leg superamplitude’s delta function,
the 4-leg superamplitude’s delta function is equivalent to the overall delta function for
the full superamplitude. This leaves the 3-leg delta function to be integrated in the state
sum.

The calculation may be continued by substituting the shifted momenta and Grass-

mann variables into the two terms, adding them together and simplifying. Outside the
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total supercharge conserving delta functions, only 1y, 72, 173 and 15 manifestly appear in
the two terms above. However, we know that these must able to be arranged (after use of
the constraints imposed by the delta functions) into the triad structure discussed above,
such as that succinctly presented in (2.85)). Choosing to represent the superamplitude
using triads &5 ;,, we only need to identify the coefficient of the terms containing a factor
of €Ny, Mo, to bootstrap the entire superamplitude. This is because, in this case, the
massive bands are each determined by a polarisation component of a single component
amplitude, A[p, oo, WgKlKQ, P, q~55] This allows us to henceforth discard all terms in the
calculation that do not have a factor of eabngKlng K, but only after first using the delta
function constraints to eliminate 7, and 7s, the latter of which appears in the first term.

Inverting the delta function constraints @ = 0 and QT = 0 for the supercharges
implies that, in expressing |5M > Nsap as a linear combination of 7y, 1o and 73, the latter

term is

. (1 o ) (& T &> |3K] 3K = e |AK> "BK (2.92)
S45 myms mg M3 545

where we define the spinor }AK > above to condense notation (we do not bother here to
present the terms proportional to other Grassmann variables, as these do not contribute
to the 73 term in the superamplitude).

Resuming our calculation of the BCFW diagrams in Figure 2.2 the first diagram

contributes

~ J—

/ d477]5-’2lL [Wf)? Wla WP]S__AR[W_P) W27 W37 W4]
15
OO

= g 5M—A5M“’,2.93
$15533531 <q|p5p1|q>1:[(m1<q > <q|p1‘ D%Mzim ( )

_Q

where we have performed the Grassmann intergral and retained only the 1?2 terms.
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The exchange symmetry of the little group indices of the factors contracted against
the 7y variables implies that, by fermion statistics, only the component of the product
of ns variables that is antisymmetric in R-indices provides a non-zero contribution, so

Meas, oas, ~ 5€abins, Mons,- Then applying the Schouten identity, (2.93) can be simplified

to

INQIN@) 1 o,
515523834 mg

~ _]' a
b1ps ‘5M2> <76ab775M17715)M2) (2'94>

(leaving implicit evaluation on the first residue). Substituting in (2.92) gives the n?

contribution from the first BCFW diagram

0(@)0(Q")

2
515553534575

. -1 “
(—m?) <AK1 | Pips ‘AK2> (Teabnyﬁng&) ) (2.95)

The spinor bilinear in the term above may be simplified to

1
<AK1}ﬁ1p5 ‘AK2> = 2 <<3Kl ‘ D4 |3K2} (845513 — 514535)

- <3K1 } P |3K2] S45834 + <3K1|p5 ‘3K2] 814334). (2.96)

The second BCFW diagram in Figure may be evaluated almost identically to the
first. In this case no factors of ny or 75 appear, so only the coefficient of the 13 term

needs to be retained. This contributes

~

(4) @oh) —
SU@IVQ) T g

545523515 ms3

-1
352 (TGabng‘Kl nng) (2.97)

=l

The next step is to add the two BCFW terms together and combine them into a

simplified expression. Explicitly evaluated on the residues (2.91)), the shifted Mandelstam
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invariants appearing in each term may be expressed as

1 1
S53 L0 = s (s23(r - ps) + s15(r - p3)) 515 o - m (s23(r - ps) + s15(r - p3)) -

(2.98)

Following (21)) by calling ¢ = so37 - ps5 + $157 * p3, the two BCFW terms can be combined

to give

D(Q)SD(ON) /505
~0W(Q)d (Q)(_(

M35235345455519 reps) ( (3% ’ P4 ‘31{2} (545513 — s14535) — (3" | iz ’3K2] §45934

o)

(2.99)

S45

(35| s [3%] 14501

+ 834315(7“ ']93) <3K1 } Do ’3K2]

2M

The terms proportional to <3K1| r }BKQ] arising from the shifted momenta cancel after
substituting the residues. In order to progress further, the ambiguity from momentum
conservation and the mass selection rule can be fixed to help combine terms. Choosing to
do this by eliminating p, and my4 from the expression, the special identities between Man-
delstam invariants introduced just prior to the computation of the 4-leg superamplitude
in Section [2.5.2] can be used for simplification. In doing so, all remaining dependence on
the shift vector r in the numerator of factorises into a factor of ¢ and thus cancels
against that in the denominator. This leaves an expression for the n? term in the 5-leg
superamplitude that is independent of the shift vector and is little group covariant. The

full superamplitude may then be obtained by the replacement 73 — &312. The result is

0@ Q")

2
2m3551323834545

AWr, Wa, W3, Wy, Ws] = — <S23(S15 + s5) (3" | p1 |37

— sags12 (3% ps |3%2] + (ss5512 — s13(s25 + 515)) (3% p2 |32 >€ab§g,121<15§,121(2>
(2.100)
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which agrees precisely with in the appropriate limit.

Remarkably, at no point in the calculation is the identity of the shift vector r actually
needed - it cancels out in the end. However, just as for the cancellation of spurious poles
observed in massless recursion at higher legs, this only occurs after contributions from
distinct factorisation channels (BCFW diagrams) are added together. This means that,
despite manifestly breaking little group covariance, recursion nevertheless delivers a little
group invariant expression. While invariance is not manifest term-by-term, it is broken in
a controlled way. The shift vector seems only to be the needle threading the factorisation
channels into a complete superamplitude. This clearly invites a search for an alternative
picture of how the factorisation channels are being combined. Especially important to be
investigated is the significance of the little group breaking in the BCFW representation
of the superamplitude for dual (super)conformal invariance.

Although the 5-leg superamplitude does have non-trivial distinct bands, it is never-
theless an especially simple example in which each band is determined by a single super-
symmetry invariant, and hence component amplitude, so that only the U(2) R-symmetry
subgroup provides non-trivial, independent constraints. This may be anticipated from its
massless counterpart, which consists only of MHV and a distinct, yet parity-conjugate,
MHYV sector. These are especially simple to derive using massless super-BCFW recur-
sion. In the massive case considered here, the three different bands, most clearly visible
in when some of the legs are massless, may be directly attributed to those of the
three-leg superamplitude that are fused in super-BCFW recursion along the factorisation
channel. We leave to be explored exactly how a massive manifestation of dual conformal
invariance, which, for massless superamplitudes, is provided through super-BCFW, may
interplay with both the little group and the band structure. Many simplifying features
at five legs will not be present at six legs, which will provide a more acute test of the

symmetries, their constraining power and the usefulness and meaning of recursion.
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It was proposed by (24) that the 6d SYM superamplitudes (or equivalently, the 4d
massive superamplitudes) could be entirely determined (or “uplifted”) by their restric-
tions to 4d massless states. This made use of the expressions using dual variables, in
which both dual conformal and permutation symmetries can be made manifest with rel-
atively simple expressions for the superamplitudes. The uplift was demonstrated up to 5
legs, where the compact structure made it obvious by eye, once compact 4d and 6d build-
ing blocks manifesting the dual symmetries were identified. However, complications were
encountered in (25)) at six legs, where the form of the 4d superamplitude produced by
BCFW recursion in non-chiral superspace was not automatically amenable to the uplift.
Again, the difference arises because of the new, independent bands and their additional
structures.

Because we are not fully manifesting the symmetries, in particular parity (through
our use of chiral spinors) and the 6d Lorentz invariance, the uplift from (2.88) (or its
fully massless limit) to is not obvious, although there is a clear resemblance in the
structures, especially in the way that the bands are combined (the converse operation,
the massless limit, is easily seen and verified and relates the terms in the two expressions).
It is suggested in (25) that the MHV sector by itself in the massless theory would be
sufficient to determine the entire massive superamplitude, if the uplift were correct. This
is plausible for the five leg case here, where the MHV sector corresponds to a single little
group combination of the triads in . However, the continuation at six legs is the
real test. The extent to which the embedded massless theory controls the structure of

the massive theory remains an open question.
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2.6 Conclusion

The spinor helicity formalism has provided a set of variables with respect to which
a broad set of phenomena can be formulated and uncovered on-shell purely through re-
course to fundamental principles of quantum mechanics and relativity, without introduc-
ing quantum fields and path integrals and their associated unphysical redundancies. The
little group has provide an organisation of these variables enabling them to be adapted
to insightfully describe the kinematics of massive particles. Treating both massive and
massless states on the same footing, it may then be determined precisely to what extent
features of quantum field theories are emergent from assumptions about infrared prop-
erties. Supersymmetry provides an idealisation that is already known to enhance many
of the on-shell properties of unbroken Yang-Mills amplitudes.

The power of on-shell methods for massive theories may be strongest on the Coulomb
branch of N' =4 SYM, the maximally supersymmetric theory of massive particles, just
as they are at the origin of moduli space for massless states. As a first step toward fully
determining the on-shell properties of the theory, we have determined the elementary
three-leg superamplitudes. These superamplitudes surprisingly have kinematic factors in
their denominators akin to those of massless (super-)Yang-Mills, despite this not being a
feature of their component amplitudes. Using super-BCFW recursion for amplitudes of
massive particles, we have shown how, by combining on-shell 3-particle superamplitudes
across a factorisation channel, a new pole emerges that completes the 4-leg massive su-
peramplitude. This pole arises from combining supersymmetry invariants across the fac-
torisation channel, an operation that simultaneously ensures that the arbitrary reference
spinors in the 3-particle superamplitudes are cancelled. This property is not a feature
of the non-supersymmetric Higgsed Yang-Mills counterpart. We have then provided the

first non-trivial use of BCFW recursion to compute a scattering amplitude entirely in-
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volving massive particles, doing so to determine the general 5-leg superamplitude on the
Coulomb branch.

The next objective is to compute higher leg superamplitudes. We have shown here
that massive super-BCFW recursion offers an avenue for doing this. However, guidance
is still necessary for interpreting the expressions that it leaves. Just as for the massless
superamplitudes, such a beacon may be provided by dual conformal symmetry. Super-
BCFW for massless amplitudes was crucial in deriving a representation in which the
dual superconformal symmetry could be deduced (as a sum over R-invariants that, in
momentum twistor space, makes dual conformal symmetry manifest). However, its full
consequences for the massive amplitudes and relationship with the little group has yet
to be fully elucidated. Also, while we have demonstrated that super-BCFW is indeed
valid, we expect that, just as at the origin of moduli space, this is more directly a
consequence (or maybe expression of) dual conformal symmetry or a deeper structure.
The hypothesized Grassmannian formulation of the NV = 4 SYM amplitudes on the
Coulomb branch - the ‘symplectic Grassmannian’ (61), may make this more explicit.
The 6d point of view may also provide the framework within which these structures can
be seen (27)), (28)).

Having established the on-shell properties of this idealised theory, the extent to which
they descend to theories with less supersymmetry remains to be explored. In the massless
theory, the constructibility of the superamplitudes descend to those of pQCD. We have
given a brief discussion of how certain tree superamplitudes may be projected down to
theories of less supersymmetry in Appendix[2.B] Further progress would require a strategy
for projecting out effectively closed subsectors or finding an adaptation of massive (super)-

BCFW recursion to these theories.
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2.A Four Particle Superamplitude Details

To begin combining the delta functions in the 3-leg superamplitudes, we express
both left and right superamplitudes in the form in the first line of . Clearly
SM(QL)0M(QR) = 6W(Q)d™W(Qr). By construction, Q,+Qp = Q is unshifted (and sim-
ilarly for the conjugate supercharges). Representing the right delta function as the second
m(g(z) <<C]‘ﬁ1 QRD 5 <U4L <4L|231 QRD
gives 0@ ((al 51| Qr] ) 0@ ((al 51 |@n)) = 6@ (al11Q1) 0@ ((al b1 |Qn]). Note that

the same reference spinor |¢) may be used for both left and right factors. Such a spinor

line in (2.53) and using 6*)(Qr) =

always exists that is parallel to neither wuyy, <4L| Nor Usg <3K | This leaves the remain-

ing delta functions §( (<q@2>) 5 <<q| P QRD 5 (u4L (4| py

extract the final factor required for the full 4-leg delta function.

Q R]) from which to

On the combined support of the other delta functions, 6 <u4L <4L } D1 ‘Q R])

A~ 'm,2 D .
= C26® (uqr, (4%] p1]Q]), where the constant C? = (w2 u(?%)zu)z glzizﬂgi. This follows
PM P

from the relations

ol <J5M) = aul) <15M‘ +B{ql (2.101)
ul? [PM) = augy (4] r% + 8] mip, (2.102)
where
_ Usk (3%¢q) _ Usk (3545 uyy, (2.103)
uyr, (4-q) (q4) uyr,

The scalar coefficients of the spinors in the first line above have been obtained by use

of . The second line may be obtained by and the Weyl equations. On the
support of §© (<q@}r%>> and 0¥ (QT) oc 61 (<q@2> + <q@2>>, then <q@k> , <q@2> ~

137



0 and terms proportional to these in the other delta functions may be dropped. Thus

6D(Q1) o a () (PYQT))

A

]+OéU4L<4 |—

D)

=@ <041L4L (4*| Z—ll <‘QR] + ‘QL]) + Buyy, (4" mil ’QR])
:

= Uyg, 4L ]51 ‘QR] ~ ) :| . 2.104
(44 - (2:104)
In the penultimate line, it has been used that
<q!— = yuyr (47| —+A< | L (2.105)
m1

where the identity of the scalar A is unimportant and

<Q|ﬁlp4 |Q>
= — . 2.106
i mpmy (q4L) ugr, ( )

Then

5@ (

) D =5 <%U4L (4"| py QR} + %Uu (4%| py QRD

_ 5@ <(%) war, (4% py |Q]) (2.107)

2
Thus C? = (E) and the expression stated above may be obtained upon simplification

through use of (2.43)), and the spin sums and the Weyl equations laid out in Appendix
A of (29).
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The delta function ¢ (u4L <4L‘ D1 |Q]) may be amalgamated with the factor of
mém) ({(q| p1 |Q]) derived above to give §*(Q).

Use of the alternative representation of the 3-leg SUSY delta function in (2.58) may
possibly be yield a simpler computation in this case once the Grassmann integral is
performed (see (21} 25) for how this is done similarly in 6d).

To derive , using the spin sums and special massive kinematics (and that

S5 = S12 is unshifted),

g g s = uguyens (V25 (71N 4 [1N9,] [271M] + (1] o [1M] — [1V] 5y [1M))
= uguyens (((PV2,) (271M) + [ P2, [271]
+ (Y| 5o [1M] = [ PY] 52 [1))
=B ey, (1] — (21141)
= uD ey il ([P114] = (P71))
= el g P 8 = gy, (u B uOV)
= (uﬁf}vugwy = 512, (2.108)

2.B N <4 SYM Superamplitudes from N =4 SYM

In this appendix we investigate how tree-level superamplitudes in Yang-Mills theo-
ries with less-than-maximal supersymmetry may be constructed from NV = 4 SYM to

determine the extent to which the valid BCFW shift may be exploited.

2.B.1 Massless N <4 SYM

It was observed in (67) that one may extract N' = 0, 1,2 submultiplets from the

N = 4 massless vector multiplet via derivation or deletion of Grassmann variables.
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After defining extraction operators on states, one may then act with these operators on
on-shell superamplitudes to find subamplitudes which describe the interactions of the
submultiplets inside the N = 4 states.

Subsequent to extraction, it is of interest to investigate whether the spectrum may
be truncated in order to obtain superamplitudes of theories with fewer supersymmetries.
In particular, we would like to know when it is possible for the states that have been
removed from the external legs of the superamplitude by the extraction process to be
omitted from the theory altogether while still retaining a meaningful superamplitude.
Calling S a set of extracted superfields closed under some N < 4 supersymmetries, we
say that S forms a ‘closed subsector’ of the N' = 4 tree-level theory if, for any tree-level
subamplitude with external states only in S, it contains no contributions from off-shell
states not in S. Then after extracting the subamplitudes of states in .S, we may truncate
the spectrum by ignoring the other states and we find the tree-level theory of states in S
enjoying some N < 4 supersymmetry. We denote the steps of extraction and truncation
together as ‘projection’ and say that this procedure projects from N' = 4 SYM to the
lower A/ theory.

The case discussed in (67) is projection to pure (S)YM with N' < 4. That is,
one sets S = {N < 4vector multiplet}. The truncation is valid here because in any
N (S)YM, all other states only couple to the vector multiplets in pairs, so lines of
these particles in Feynman diagrams cannot be produced internally without closing in
loops. So we may extract any tree-level amplitude in, for example, pure N' = 1 SYM,
A GE,GE .. GF]v=1 (where G* are massless N = 1 gluon superfields), from the
tree-level amplitude A,[G, G, ..., G]y=4 in a manner we will make precise momentarily.

The procedure for finding the extraction operators begins by first choosing which
subset of supersymmetries our residual coherent states will be built out of. We then

find the different ways one may take derivatives with respect to or delete the Grassmann
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variables corresponding to supersymmetries which will disappear. We end up manifestly
with coherent states of the remaining supersymmetries.

Consider first the extraction of A" = 2 submultiplets which are coherent states of Q,,
a = 1,2 (thus reducing to a chiral superspace). For the massless multiplet, we may see
on-shell the familiar statement that it consists of one N' = 2 vector multiplet G* and
one hypermultiplet K. With this choice of remaining supersymmetries, we may isolate

these submultiplets from the massless ' = 4 multiplet of (2.11]) via

1 _

Ol = 3 gym g & On=2= Gl 0 (2.109)

Ky = 2 G| Ky, :ia\ (2.110)
-9 77; -0 N=2 8771 nh—0 )

where the superscript refers to the helicity of the on-shell supermultiplet, and K and K
are the two C' P-conjugate N’ = 1 chiral multiplets into which the N/ = 2 hypermultiplet
may be decomposed. Here and throughout this appendix we use the SU(2) x SU(2)
bronken R-symmetry notation for the superspace as in the first equation of .

If we were to instead extract the A/ = 2 submultiplets which are closed under @); and

(3, we would naturally end up in the non-chiral superspace for the massless multiplets

0 0
Gy =—G Gy = —G 2.111
N=2 8771 ‘772%0’ N=2 8772 |'r]14)0 ( )
— 0 0
KN:Q = G‘WQ»"LK%O’ KN:Z = 8_771(9_7”]2 (2112)

We may also go further and extract the N’ = 1 submultiplets from N = 4, where we

see the massless supermultiplet decompose into a vector multiplet (and C'P conjugate)

141



G* and three chiral multiplets (and conjugate pairs) x™ (for m = 2,3,4) as

1 0 0 )
+ - —
Gl_, = 507%677_%@”2*0’ Gy = 8_772G|?7in—>0 (2.113)
1 9 9 0
2+ _ = 2—
== 5 gy o, aﬁQG, Xmr =Gl e (2.114)
0 o 0
m+ m—
XN=1 = —anT G|n1-mﬂ72_>07 XN=1 = Wa_n? b =0 (2.115)

where m indexes which R-index we took a derivative with respect to, which is merely a
more compact notation than we used for the massless hypermultiplet above.

Since the N' = 2 vector multiplet forms a closed subsector in pure SYM on its own,
it can be split up into A" = 1 submultiplets G*, y**. As discussed in (68), one may find
amplitudes for fundamental quarks in (M = 0) QCD from color-ordered amplitudes of
adjoint gluinos merely by using different color factors when summing over color-orderings.
Likewise, one may study N' = 1 SQCD with one flavor of massless fundamental quark
chiral superfield at tree-level using this construction.

We can then proceed even further and go to N/ = 0 non-supersymmetric Yang-
Mills by simply considering each component field separately. As above, one may find
closed subsectors from N = 1,2 supersymmetry which include, in addition to the gluons,
massless fermions (from A = 1) or both massless fermions and scalars (from N = 2).
Special combinations of amplitudes in the projected N' = 2 SYM theory were used by (68))
in order to compute tree QCD amplitudes with multiple quark flavours while avoiding

internal off-shell interactions with their scalar partners.

2.B.2 Massive N <4 SYM

The next question is whether any of this structure survives on the N' = 4 Coulomb

branch now that we have another type of multiplet. We will not, in fact, find closed sub-
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sectors which include massive states, for the reason that any massive submultiplet couples
at tree-level to all of the massless submultiplets, which will be apparent after we give
the extraction operators for massive states. However, we will be able to find effectively
closed subsectors by restricting our attention to certain subsets of (super)amplitudes, in
which only states in that subsector appear internally. This will allow us to deduce some
interesting features of various N < 4 theories at tree-level.

If we extract N/ = 2 coherent states of the Q; and @, supersymmetries, then for the
massive multiplet we are left with the long vector multiplet of A" = 2. This has exactly
the same field content as the short N' = 4 multiplet with which we’ve been working. It’s
clear from the form of the central charge that restricting our attention to the supercharges
which anticommute leaves a massive multiplet without a central charge. We can then
extract tree-level superamplitudes for N/ = 2 by simply extracting the N' = 2 massless
submultiplets in the chiral superspace as in . One finds nonzero tree-level three-
leg amplitudes of the massive N' = 2 vector (denoted as 2 here) with both the massless

vector and the massless hypermultiplet, for example, through

_ 1 .
ANZQ[Q7 G+7 ] - _imiTA[W7G7 ]
An=2[Q K7, Q) = — AW, G W 1.
Ony ?

We thus cannot truncate the spectrum by deleting the hypermultiplets, as these appear
in factorization channels of higher-leg subamplitudes containing only external massless
and massive vectors.

Our other option to obtain N = 2 submultiplets is to extract coherent states of a
pair of supersymmetries whose supercharges have nonzero anticommutator, for example
(1, Q3. For the massless multiplets, this puts us in the non-chiral superspace represen-
tation of . For the massive multiplets, this extracts the BPS multiplets of N' = 2,
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which are simply the massive N/ = 1 supermultiplets (the extraction of which will be
demonstrated next). The massive states may be described solely as coherent states of
Q1 in both N' = 1 and short N/ = 2 cases, so the differences between subamplitudes with
either BPS N = 2 submultiplets or massive N = 1 submultiplets are attributable to the
massless states present .

The massive multiplets decompose into one N’ = 1 vector multiplet and two N =1

chiral multiplets as

10 o , 9

QNzl = 58_7’]%8772IW WN:I = a—TﬁWLﬁ_)O Q,//\/’zl = W|77%—>0 (2117)
_ _ — 0 — — 10 0 —

Qn=1 = W’n%_}() W 8_77%W’773_’0 Qn=1 = 58—77%WW (2.118)

The massive matter states may be alternatively grouped into massive N = 2 hypermul-
tiplets, just as for the massless case above. To reiterate, we interpret these either as
N =1 or N = 2 submultiplets depending upon which massless states are in the am-
plitude, which, at this point in the discussion, is simply a collection of components of a
N = 4 superamplitude. We could of course go further and extract the N' = 0 components
easily.

Now that we have all of the extraction operators, we may ask which tree-level am-
plitudes may be obtained by truncating the spectrum. While we cannot project from
the Coulomb branch to an entire theory of massive N < 4 SYM, we may still be able to
project onto particular amplitudes in N < 4 SYM theories. The simplest examples are
the three-leg amplitudes of any minimally-coupled matter with Yang-Mills theory. The

extraction of the AV = 1 three-leg amplitude for two equal mass vector superfields and a
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positive-helicity massless vector gives

v o 901 0 0 —
AWI W G = —— AWW, G|, o,
87711 a7721] 2 077;:7" 877?;771 Mg MaxcM3 =0
a B 1 1

By comparison with the discussion in (29), we see that at tree-level the anomalous mag-
netic dipole moment of the massive vector superfield has been set to zero.

We may next look for higher leg tree-level amplitudes that are not affected by the
absence of truncated particles. The key is that the massive states couple in pairs to the
massless states in A/ = 4, so this property is inherited in each projected theory and, as
above, the other massless multiplets also couple to the reduced supersymmetry massless
vector multiplet in pairs. This allows us to argue, for example, that the 2 massive
leg, n — 2 massless vector superamplitudes A,[M, M,G* G* ... G*] (gluon helicities
arbitrary) may be found via an appropriate projection, where M may here be any of the
massive multiplets of AV < 4. From the above, no other states may appear internally. Of
course this can also be taken one step further down to A/ = 0, which allows us to find
the tree-level amplitudes for any number of gluons and two massive particles of any spin
<1

Furthermore, this projection allows us to see an interesting feature for the N = 1
all-plus-helicity amplitudes. The N/ = 4 Coulomb branch amplitudes have Grassmann
degree 2n, while the extraction operators for such an N' = 1 amplitude involve 2(n—2)+2
derivatives, so that these subamplitudes will have Grassmann degree 2. This means that
the Grassmann delta function saturates the Grassmann dependence, so these tree-level

superamplitudes may be entirely characterized once one component amplitude is known,
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for example
— —1 ~ =
An[Q? Q’ G+7G+7"'7G+] = ECS(Q)(QT)An[QR7 QR7g+7g+7""g+:|’ (2'120)

in the notation of Section 5.2 of (29). This means that we may perform massless N' = 0
BCFW recursion to find a single component amplitude and get the rest for free, rather
than needing to perform the recursion in A/ = 4 and then project down. In particular,
we may upgrade already-known results for all-n amplitudes in QCD (42; 43} 69; [70) to
full N =1 SQCD superamplitudes.

Some simple examples of tree-level amplitudes that may be obtained by projection

to N =1 SYM with massive vectors are

§@(Qh) (1727 [34]°
(1 + p2)? ((p2 + p3)? +m?)’
02(Q") ((174) [273] + (274) [113]) ([173] mx — [2"3] 121
(1 +p2)% ((p2 + p3)? + m?)

AWL W Gt G =

(2.121)

AW W G G =
(2.122)

The above is merely an initial exploration into what the Coulomb branch can tell us

about massive amplitudes in Yang-Mills theories with fewer supersymmetries.
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Chapter 3

Causality, Unitarity and Symmetry

in Effective Field Theory

Sum rules in effective field theories, predicated upon causality, place restrictions on scat-
tering amplitudes mediated by effective contact interactions. Through unitarity of the
S-matrix, these imply that the size of higher dimensional corrections to transition am-
plitudes between different states is bounded by the strength of their contributions to
elastic forward scattering processes. This places fundamental limits on the extent to
which hypothetical symmetries can be broken by effective interactions. All analysis is
for dimension 8 operators in the forward limit. Included is a thorough derivation of all
positivity bounds for a chiral fermion in SU(2) and SU(3) global symmetry representa-
tions resembling those of the Standard Model, general bounds on flavour violation, new
bounds for interactions between particles of different spin, inclusion of loops of dimen-
sion 6 operators and illustration of the resulting strengthening of positivity bounds over
tree-level expectations, a catalogue of supersymmetric effective interactions up to mass
dimension 8 and 4 legs and the demonstration that supersymmetry unifies the positivity
theorems as well as the new bounds.
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3.1 Introduction

Effective field theory (EFT) is a method to mock-up the long distance effects of
high energy states with simplified and fake microphysics that nevertheless successfully
approximates departures from otherwise universal behaviour. This is predicated on the
approximate locality of the interactions involving heavy states (see e.g. (Il) for review).
The heavier the state, the shorter its range. If the scales over which these fields can
propagate is too small to be resolved, then the effects can be instead approximated by a
series of local contact interactions. These are usually restricted by the symmetries, from
which the possible interactions can be systematically identified and used to parameterise
the impacts of the microphysics on long distance observables without knowing what it
actually is. This provides a general strategy for accounting for the effects of unknown
short-distance effects and identifying a classification scheme for the possible interactions
that low energy particles may be involved with.

However, demanding local contact interactions alone is not sufficient for consistency
with causality (see e.g. (2))). The couplings parameterising the strength and phase of
these interactions are restricted so that they cannot conspire to mediate macroscopic
superluminal signal transmission. The focus of this work will be on exploring these con-
sistency constraints on the space of effective interactions. The UV completion of these
interactions will be assumed to be a conventional quantum field theory, obeying micro-
causality (analyticity of the S-matrix) and polynomially bounded energy dependence.
For discussions of the relevance of this to various ideas of theories where these conditions
could be modified (usually in relation to quantum gravity), see e.g. (3), (4), (5)), (6)), (7).
For applications of causality constraints to CFTs and holography, see e.g. (8), (9), (10),
(110), (12), (13), (14), while for application to EFTs, the subject of discussion here, see

), ([15), (16), (I7), (18), (19), (20), (21), (22)) for a sample of past studies (among many
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others).

Unitarity in quantum mechanics is the statement of the consistency of time evolution
with the probability interpretation of quantum mechanics - that is, the square magnitude
of a transition amplitude between different states at different times have the interpreta-
tion of a probability. Of interest here will be asymptotic scattering states. Unitarity of
the S-matrix is expressed through the optical theorem and the Cutting rules. For (near)
forward scattering, this relates the residues or discontinuities over the singularities of the
S-matrix to on-shell particle production. Together with its analytic causal properties,
this enables the construction of dispersion relations that constrain the S-matrix for gen-
eral (complex) momentum. For low energy scattering states, the S-matrix is calculable
from an EFT. For high enough order interactions, the dispersion relations form a sum
rule that determines the EFT couplings entirely from the (usually unknown) on-shell pro-
duction rates of states in the UV. The (by now standard) dispersion relation between IR
EFT-calculable processes and high energy production rates is reviewed below in Section
3.2 but see again (2) for more background.

For scattering processes in which the identity of the particles do not change, the sum
rule implies that the IR contact interactions are equated with a positive sum of production
rates in the UV. Because this is necessarily a positive number, the resulting constraints on
the corresponding low energy Wilson coefficients have been called “positivity theorems”.
However, unitarity implies that the dispersion relation contains more information than
simply positivity.

As will be shown in Section m, “Inelastic processes” (processes in which the identity

of the particles change) are bounded above by elastic ones according to the general

154



Causality, Unitarity and Symmetry in Effective Field Theory Chapter 3

constraint:

| MR | M| < v Mdis MRkl N/ \fitil )\ fkiks (3.1)

Here, M4* = C?—;A"jkl (s) o where AYM(s) is the forward amplitude describing the
scattering process 4,7 — k,[, where i, j, k, [ are any species of particle. Consequently,
the extent to which inelastic effective interactions can violate hypothetical symmetries is
limited.

The term “inelastic” will be consistently (mis)used here to broadly refer to transitions
in which the identity of the scattered particles change, rather than simply their masses.
Here “identity” will usually reference quantum numbers with respect to a complete set
of commuting observables, although this is, of course, a basis-dependent statement. In
particular, (massless) spinning particles will usually be identified by helicity eigenstates
(I will usually also misuse the word “helicity” to mean only the magnitude).

The remainder of the paper focuses both on applications of this result and its conse-
quences, as well as general exploration of the structure of the causality constraints. This
is mostly with an eye toward the Standard Model Effective Theory (SMEFT) (23)), a
general EFT parameterisation of the imprints of new, high energy microphysics on the
Standard Model of particle physics (SM). The scope of these bounds are theoretically
more far-reaching than the positivity constraints that have been largely the focus of pre-
vious attention. For example, elastic amplitudes that vanish in the forward limit can
often be crossed into inelastic amplitudes that do not, thus failing to escape from the
sum rule. See (24), (25)), (26), (27), (28]) for previous applications of causality bounds to
the SMEFT.
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3.1.1 Overview of results

Section [3.2.1] reviews the standard derivation of the dispersion relation between the
twice differentiated forward scattering amplitude and the transition rates into on-shell
states in the UV. This will be focused on forward scattering at dimension 8 level. It
is then shown that unitarity implies the general constraint on inelastic processes.
Bounds of this form have been previously identified in (28) for the specific case of parity-
symmetric weak boson interactions, although, to the author’s knowledge, the general
statement above is new. Section |3.2.2| gives some general discussion about the inclusion
of loops of lower dimensional operators in the dimension 8 order contribution to the
amplitude. In particular, unitarity implies the general expectation that the elastic dim-
8 Wilson coefficients decrease with energy scale, which would therefore strengthen the
positivity bounds that would otherwise be inferred at tree-level. The general results are
illustrated in Section by a simple example: a complex scalar field. It is shown that
processes that would violate a (hypothetical) U(1) charge must necessarily be bounded
above by charge conserving processes.

In Section |3.4] causality constraints for EFTs with preserved internal symmetries are
examined. Following (29), the causality sum rule can be equivalently characterised as a
convex cone in which UV completable IR amplitudes must lie. In simple examples where
there are no degenerate states unrelated by symmetry, the cone is polyhedral and ele-
mentary convex geometry allows for a complete set of positivity bounds to be extracted,
including those inaccessible from scattering of factorised states. Section [3.2.3|reviews the
convex geometry interpretation of (29) (similar ideas were suggested in (15)), for which
much of this work was inspired at understanding. Using this picture, I compute the com-
plete set of bounds for a single fermion species in the symmetry representations of the

SM (fundamentals of SU(2) and SU(3)) in Section [3.4.2] possibly also including exact
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flavour symmetry. Some of these bounds are altogether new. It is also illustrated how,
with increasingly more symmetry representations, the structure of the positivity bounds
becomes increasingly intricate - the convex cone describing the space of allowed ampli-
tudes becomes increasingly multifaceted. In Section [3.4.3] T give the general bounds on
flavour violation admissible under the general bound on inelastic amplitudes, elaborating
upon the observations of limits on flavour violation made by (25). The results discussed
in this section have direct application to the SMEFT.

Section discusses rotational symmetry and the treatment of spin and parity (P).
Spin is discussed in generality in Section [3.5.1], which is then illustrated with the simple
(and known) example of four photon scattering in Section [3.5.2] It is in particular
shown how P and helicity violation (electric-magnetic duality) are necessarily limited,
explaining the observations made by (24) for vector boson scattering. The results are
then generalised to two distinct species with the same helicity in Section [3.5.4]

Constraints on EFTs with multiple particles of different helicities will be derived in
Section [3.5.5. These add to bounds derived previously for elastic processes involving
states of various spin in (15), (24), (30). In Section [3.6] I catalogue all possible super-
symmetric effective contact interactions with mass dimension up to eight and at most
four particles, identifying which types of interactions are embeddable into supersymmet-
ric EFTs. This culminates in the demonstration that the standard simple positivity
theorems of (2)), (I6) and the new additions derived here unify under supersymmetry.
Less supersymmetric inelastic interactions appear as amplitudes that must necessarily
raise the lower bounds on the more supersymmetric elastic operators. In this sense
supersymmetry must at least partially emerge from the positivity bounds.

An appendix gives a list of elementary results for projectors for spin indices repre-
sented in SO(2) form, as well as a presentation of the sum rules for the toy two fermion

and multispin theories.
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Note added: As this work was being completed, the work of (20)) appeared, which
involves partial overlap with the general discussion of loops provided here. In particular,
the general observation made here about strengthening of the constraints with RG flow
from dim 6 loops is another instance of the result for Goldstone bosons described in (20)),
albeit applied in different examples.

More notes added: Subsequent to release of this preprint, the following relevant works
appeared: (31]) make some pertinent and interesting comments on positivity constraints
with loops, problems with the forward limit and bounds on multiparticle theories, in
addition to its main thesis of deriving new constraints on higher dimension operators
away from the forward limit. (32) incorporates supersymmetry in constraints of the
form of (31) on Yang-Mills operators, although their discussion has little overlap with
that presented here. In (33), positivity bounds were derived for three flavours of SM
quarks under the assumption of minimal flavour violation but only from consideration
of scattering of pure states. Finally, (34) makes advances on the issue of constraining
theories with multiple species in which the space of couplings is a non-polyhedral cone.
This includes some more thorough derivations of bounds for theories with more than two
distinct species unrelated by symmetries that, in some instances, improves over bounds

presented here (such as on the flavour-violating operators of right-handed electrons).

3.2 Sum Rule and Unitarity

This section reviews the derivation of the standard dispersion relation between the
IR scattering amplitude in an EFT and the full transition rates in the UV, along with
the various caveats and assumptions that will be implicit throughout the remainder of
the paper. This derivation can be found in numerous previous works e.g. (2)), (I5). The

discussion presented below is closest to (28§), from which much of this thinking is inspired.
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The inelastic scattering constraint will then be derived. The affects of loops will
also be discussed.

The subsequent discussion will then turn to the process of extracting constraints on
the EFT out of the sum rules. To do this, I will use the picture presented in (29) and
(28) of the space of UV completions as delineating a convex cone to which the space of
all forward effective transition amplitudes in the IR must belong.

All discussion in this paper will specifically focus on constraints at mass dimension 8

order in standard power counting arising from scattering in the forward limit.

3.2.1 Causality sum rule and structure

The standard assumptions of analyticity of the scattering amplitude as a function of
energy will be made. From the point of view of QFT, this is an expected consequence
of microcausality (35), (36), (37). See e.g. (38) for review. This has been somewhat
established for correlators in massive theories and those obeying the Wightman axioms,
like CF'Ts. If the theory has particles, these presumably extend to the S-matrix. I will
assume that these results also hold for the simple massless theories described here by
assuming that a massless limit can be taken that commutes with the ensuing derivations.
Similarly, it will be assumed that the only singularities of the two-to-two S-matrix in the
forward limit are poles and branch cuts close to the real energy axis directly associated
with on-shell particle production in the s or u-channels.

Call A¥*(s) the forward scattering amplitude (¢ = 0) for the process i, j — k,[. Then,

gkl s
éiaé)g ds.

——iikl g

for some complex-valued energy o, define M (0%) = L AT ()| o = L §
The contour is over a small loop enclosing ¢ and no other singularities. The small loop
may then be deformed in the standard way into a contour enclosing and railing along

the poles and branch cuts on the real axis closed-off by a semi-circular arc of some large
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enough radius. The Froissart bound (39) implies that the integrand decays fast enough
along the arc that this part of the integral may be ignored. The supplemental locality
assumption of polynomially bounded energy growth is invoked here (see e.g. (5)), (4)), (6)),
(7) for commentary about the necessity of this assumption and possible consequences of
its modification, usually in the context of gravity).

Crossing can be used to relate the forward amplitude along the negative real axis to
the u-channel amplitude A% (s) = A" (4m? — s) (where X denotes the antiparticle of
X). I will assume for simplicity that each particle has mass m, although this will be
ignored for most of what follows (assumed to be small compared to the characteristic
energies of the observed scattering processes). Crossing relations with spinning particles
have been explained in (16]) for the forward limit specifically for the present context.
Note that the amplitude A (X,Y — Z, W) is obtained through LSZ reduction from a
correlator with fields ordered as (0|WZXY'|0), which will be of relevance in Section [3.6]

The remaining contour integral over the branch cuts is

T Jamz \ (s — 02)° (s + 0% —4m?)

y 1 o [ Disc Atk Di Az’ikj
Mjkl(UQ) = —/ ( 5 (s) e (s) 3> ds + residues at poles. (3.2)
4

The amplitudes obey the reality condition following from analyticity and unitarity (40])
(A (s))" = AN (7). (33)

This is the S-matrix statement of requiring the Hamiltonian to be Hermitian. This

relation expresses the fact that the discontinuity over the branch cut is related to the
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intermediate state on-shell production rate through unitarity of the S-matrix:

DiscAM (s) = AT (s +ie) — (A¥ (s +ie))" = 12 M7 (s +de) (MFTX (s +ie)) "
X
(3.4)

where M®~X is the amplitude for particles a and b to transition into intermediate state
X and € — 0" is implicit.

Mostly for simplicity, the theories discussed here will all be massless. While the
results above have been derived under the assumption of a mass gap, I will disregard
this and assume that the particle masses in the sum rule can be freely taken to zero
without consequence at this stage. In particular, this will assume that the singularity
structure of the S-matrix in the forward limit is not affected. See (16) for a list of some
other possible issues. The validity of this remains an open question for investigation and
becomes increasingly less certain with increasing spin. These questions have received
particular recent attention in the context of gravity, see e.g. (41)), (42)), (43), although I
am satisfied here with restricting to flat spacetime QFT with particle helicities < 1.

For massive theories, it is natural to make a real insertion o2 below the mass threshold
where the amplitude is analytic. This would represent a region of energies in which RG
evolution switches off and the energy-dependence of the amplitude is relatively simple.
For massless theories, the branch cuts cleave the entire complex s space. It will be
assumed that the dispersion relation for these theories can be reached by taking a mass-
deformed theory, analytically continuing the insertion point o2 above a branch cut to
some 0 + 4§ with § — 07 (keeping o2 real) and then taking the massless limit (so that
the cuts extend to the origin). Note that this procedure does not require the masses to
be sent to zero exactly, but only that they be much smaller than the insertion point. The

insertion point itself can then be taken small in the IR for simplicity: %/A? — 0 for UV
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cut-off A. One advantage of doing this is that the sum rule becomes symmetric in s and
u-channel cuts.
So taking the massless limit and invoking unitarity, the sum rule becomes

Mijkl(az) _ l/ ( 1 : )3 ZMU—»{ (Mkl—>X>*dS
0 X

s—o02—140

1 * 1 U— —
+;/0 (WZ/W X(M’W X) ds. (3.5

s+ o2

The limit 6 — 071 is implicit. The insertion point ¢ < A is chosen to be a characteristic
IR energy scale so that the LHS can be evaluated in the EFT. The sum is over all possible
intermediate state X, which may be infinite and continuous. There may also be poles on
the real axis - these will be implicitly included in the integral over the cuts. In the IR,
these may be explicitly calculated anyway.

The integral on the RHS of is over both the known IR and the unknown UV.
As a relation between the IR and the UV, the calculable IR part of the integral really
belongs on the LHS and contains significant information. Defining this new combined

left-hand side by M*!(5?), the sum rule therefore becomes

. A2
Mijkl(0_2> _ H%Jkl(oj) i l/(; ((S - O-;l_ 25>3 Z MijﬁX (Mkl%X)*

(e
XelR

it s ()

(s + XeIR
1 [ 1 . *
= — - ij—X kl—X
7T/>\2 <(s—02—i(5)3 Z M (M )

XeuVv
5 > MmN (M’“5_>X>*>ds. (3.6)

(s +0?) XeUVv

Here A is some high energy scale up to which the EFT is still reliable, which may be taken

up to the cut-off A. If loops can be ignored in some approximation, then the IR integral
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over the branch cut can be ignored and there is no problem with choosing ¢ =~ 0, where
RG evolution (by assumption) has ceased. Otherwise the amplitudes are to be evaluated
above mass thresholds, as would be necessary for (approximately) massless particles, and
o is chosen to lie over a branch cut. The IR integral is non-trivial and can be computed
to the required level of accuracy in the energy expansion underpinning the EFT. Because
of the pole in the integrand, if ¢ is to be identified with a real energy scale, then a non-

zero ¢ is required that must be sent to 0 (it has been assumed that o?

is positive and
lies above the s-channel cut in ) When evaluating the dispersion integral along the
branch cut, this leaves behind a finite imaginary part that cancels against the imaginary
part in the loop amplitude ijl(az). More generally, the loop amplitudes also include
logarithmic RG-evolution from the renormalisation scale to the insertion point ¢, while
the dispersion integral accounts for further evolution from o to the scale up to which the

integral is being evaluated.

Taking the insertion point to the origin o* — 0, the dispersion relation becomes
Mijkl / Z M1]—>X (Mkl—>X) Mii—>X <Mk§—>X>*> ds. (37)
- X

The amplitudes M¥~%(s) are vectors in a complex inner product space, where both the
energy s and the couplings to each intermediate state X in the UV completion are the
(infinite and continuous) components. To emphasize this, I will rewrite this full complex
vector as m%. The sum over states X and the dispersion integral define an inner product
in these variables (the accompanying multiplicative factors in the integrand are positive,

so enable this interpretation). The sum rule can then be expressed as

MIH — b 1 i m"j, (3.8)
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omitting the specification that ¢ = 0 from the notation for convenience. The sum
rule is the centerpiece of this work. All references to “the sum rule” refer to this
equation, while the terms “LHS” and “RHS” will be used to refer to the left-hand side
and right-hand side of this equation without qualification throughout.

Note that it is not essential to evaluate the sum rule with 0 = 0 exactly. In this case,
the s and u-channel terms in do not have identical coefficients, but differ only by
subleading factors in 0?/\?. Taking ) close to A and o < A, these terms are already
consistent with the truncation error of the low energy expansion.

The space of couplings of the states in the UV to those in the EFT are parameterised
by the vectors m®. Organised in this way, it is possible to draw many immediate con-
clusions from the sum rule about the EFT directly from the combination of vectors in
this expression. This will be illustrated in numerous examples below. The traditional
positivity theorems for elastic scattering following from the optical theorem are obvious
from (3.8)) when & = i and [ = j, as each term is the norm of a complex vector, which

must be positive if non-zero. The elastic amplitudes all have the form
M7 = |m? + [mi |2, (3.9)

However, inelastic processes are necessarily bounded from above by elastic processes as

well. The Schwarz and triangle inequalities give upper bounds on the inelastic amplitudes:
MM = |mM - m 4+ mb - m| < mMm7] + [m | m ). (3.10)

A general upper bound can then be obtained as

| MR | M| </ Midid KR 4 A/ Mt \fksks (3.11)
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This demonstrates the schematic pattern and is an entirely general result. When there
are symmetries relating the states, a subset of the vectors m® are related and there are
fewer independent vectors of UV couplings. In this case, stronger bounds may be possible
after the states are classified into symmetry irreps, as will be discussed in Section [3.4]
In general, the bounds of the form are necessary but not sufficient, but are being
highlighted here both because they are simple and that they directly demonstrate the way
in which unitarity fundamentally limits the size of inelastic transitions. Improvements
remain an open problem, such as those explored in (28).

Recently, (29), (28)) offered the interpretation of the space of points of the form
{m* - m¥ + mhi . mi } as a convex cone - a convex hull generated by positive linear
combinations of a subset of vectors. Note that it is not necessary that the vectors
themselves be real-valued, nor that the states be self-conjugate. See (29), (28) for further
details. Convex cones can be described in two equivalent ways: by a set of inequalities
delineating hyperplanes (or facets) that bound the cone, or by a set of extremal rays
(ERs) that determine the edges of the cone. Extremal rays are 1d subspaces of single
vectors that cannot be decomposed into a positive linear combination of any other set of
linearly independent vectors in the cone. I will use the term ER ambiguously to mean
either the subspace or a member vector. Any point in the cone can be expressed as a
linear combination of extremal rays with positive coefficients, so the ERs generate the
cone.

The inequality representation is a manifest statement of the constraints on the space
of forward amplitudes or, equivalently, the bounds on the space of Wilson coefficients
allowed in the EFT. The problem at hand is to extract from the sum rule a complete
set of such bounds. The ER representation provides an intermediate alternative that is
straight-forward to determine directly from the sum rule. If the cone is polyhedral, as ex-

pected for theories in which all transitions between states are rigidly fixed by symmetries,
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then standard results from convex geometry may be applied to derive the inequalities
describing the facets. This insight was applied to some simple examples by (29) to de-
rive new constraints through rudimentary convex geometry that were inaccessible from
considering only scattering amplitudes of factorised states. This will be applied to some
more examples below in Section with similar results.

It is worth discussing here the action of the discrete symmetries that the forward
amplitudes. The kinematics of forward scattering preserves rotational invariance about
the “beam direction” in the center of mass frame. The angular momentum of each state
projected in this direction is a conserved charge that the external states are labelled by.
This will be the subject of Section [3.5] Besides this however, there remains one further
action of rotational invariance on the S-matrix. Rotations by 7 perpendicular to the beam
axis effectively interchanges (in the centre-of-mass frame) both particles one with two and
three with four. This equates, up to a possible little group phase for inelastic amplitudes,
the forward amplitudes M¥“* and M7%*_ This discrete rotation will be referred to as “Y™.
This symmetry is in addition to crossing, with which it can combine to produce C'PT.
In particular, Y-symmetry also acts on the vectors of UV couplings to imply that, in
general, |m%| = |mJ*|. In many cases, when transitions between the Y-rotated pairs of
states are prohibited (such as when there is angular momentum about the beam axis),
the vectors themselves lie in orthogonal subspaces that may be directly identified through
Y. Crossing, the Hermitian analyticity condition and Y symmetries (as well as the

emergent C'PT') can generally act to simplify the structure of the sum rule. In particular,

m¥ - mM = m* . m¥. Other discrete symmetries may exist for a particular theory, such

as parity, time-reversal and identical particle exchange symmetries. Examples of these

will be given throughout this work, but their existence is theory-dependent.
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3.2.2 Loops

It is appropriate here to emphasise that, with no further assumptions beyond standard
power counting, the dimension 8 order scattering amplitudes receive contributions not
only from terms with single insertions of dimension 8 operators, but also from terms
with multiple insertions of lower dimension operators that altogether give energy scaling
of the same order. Double insertions of dimension 6 operators are particularly common.
Much of previous work on these constraints has neglected the latter terms and are naively
restricted in applicability to UV completions that generate small lower dimension Wilson
coefficients (usually justified by appealing to a weak coupling expansion). It is not
obvious how these bounds would apply to theories saturating naive dimensional analysis
(44), which is characteristic of strongly coupled UV completions. One such example
is chiral perturbation theory in the real world - see (45]), (4€), (47) for the results of
applications of causality constraints to this. Double insertions of dim-6 cubic vector
operators were, however, considered in (27)) and (28]), where it was interestingly observed
that they enhanced the positivity constraints on the quartic vector operators.

A significant general statement about loop corrections from 4-point dimension 6 oper-
ators can be likewise made. A loop of two dim-6 insertions produce UV divergent bubble
integrals, which are proportional to logarithm of the Mandelstam variable corresponding
to the partitioning of the legs on either side of the loop. The coefficient of the logarithm
is determined by the unitarity cut across the appropriate channel. For elastic amplitudes,
both the s and u-channel cuts are positive in the forward limit by the optical theorem.
The t-channel cuts vanish in the forward limit by conservation angular momentum. This
is because the dim-6 effective interactions can only mediate scattering in, at most, the
J = 1 partial wave, implying that these terms cannot be proportional to more than one

power of the crossed channel Mandelstam variable, here s or u (or combinations of spinor

167



Causality, Unitarity and Symmetry in Effective Field Theory Chapter 3

bilinears that effectively behave as square roots of these). There must therefore be an
overall factor that vanishes in the forward limit. The positivity of the s and u-channel
cuts implies that the coefficient of the UV log generated by the loop must be positive.
This means that the dim-8 contact coefficients for elastic processes are always decreasing
with increasing energy scale under renormalisation group (RG) evolution.

As explained above, the IR segment of the dispersion integral effectively accounts
for RG evolution of the coupling from renormalisation scale p to cut-off A. For elastic
scattering, the higher A is pushed, the more negative the loop correction appearing on
the LHS becomes. It is for this reason optimal to integrate the IR dispersion integral
as far as the cut-off. It is therefore the smaller, RG-evolved high-scale coupling that
is constrained to be positive. The naive tree-level bounds on the low energy coupling
are therefore strengthened by these dim-6 loops. The low-energy contact interaction is
therefore subject to a stronger lower bound that depends both on the size of the dim-6
operators and the size of the energy hierarchy.

For bubble loop corrections to inelastic processes, another Schwarz-like bound can
be placed on the cuts by noting that the sum over intermediate states (including phase

space integration) is itself an inner product, so that:

ZMU_}X (Mkl—>X>*

X

< (Z Mii—X (MijﬁX)*) (Z MHI-X (MkHX)*)

X X

(3.12)

This bounds the size of the log coefficients for inelastic processes by those of elastic pro-
cesses. In other words, the RG evolution of the corresponding tree operators is restricted
by the elastic ones. This implies that the UV logs from loop corrections on the inelastic
side of the constraints must be smaller than those on the elastic side. The RG evolution

of the elastic amplitudes is therefore typically larger and determines how the constraints
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tighten with scale.

These effects will be illustrated below in Section in a simple, concrete example.
All calculations performed here will be with the M S renormalisation scheme. Lower-
dimension operators can also contribute to the amplitudes in more ways than simple UV
renormalisations. A more thorough examination of these effects will be left for the future.

It will be likewise assumed that all marginal or renormalisable couplings are pertur-
bative and that the loop corrections that they mediate are subdominant at leading order
in the energy expansion of the EFT. These corrections may nevertheless be included in
a similar way to the loops discussed above. If the energy hierarchy is large enough, the
logarithms associated with these corrections become large and this is no longer justified.
It would be interesting to also investigate how the RG flow would interact with the sim-
plified conclusion derived above. Note that a perturbative treatment would apply under
these conditions to the relevant couplings in the SM with the exception of the strong
gauge coupling, which is non-perturbative at energies below ~ 1 GeV. Extrapolating
amplitudes in perturbative QCD to low energies is therefore unclear. A possible way of
dodging the problem may be to modify the integration contour to cut-off the dispersion
integral in the IR at some energy s = r and then integrate over a semi-circular arc to the
opposite branch cut. As long as r > Agep, then this should be computable within the
perturbative theory, as long as the analytic continuation is still valid. If r < 02 < A2,
then this will also have only a small effect on the results derived under the assumptions
above. Of course, this different contour choice does nothing to address the question of the
validity of the foundational arguments underpinning the sum rule to Yang-Mills gauge

theory, where the perturbative S-matrix must be presumably matched onto an inclusive

IR observable.
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3.2.3 Constraints

The sum rule in the form (3.8)) and the convex cone picture of (29) yields a program
for systematically extracting information in the sum rule into constraints on Wilson

coefficients in an effective action that follows three stages:

1. Write down the sum rule and find the (potential) ERs.
2. Convert into inequalities among amplitudes.

3. Convert into inequalities among Wilson coefficients.

For simple enough theories, inequalities may be deduced directly from inspection of the
sum rule without recourse to the convex cone picture. Invocation of convex geometry
is most useful when the number of ERs is greater than the dimension of the space of
independent amplitudes. As will be elaborated upon much more in Section [3.4] this
typically occurs when many of the states are related by symmetries. While it is simple
enough to outline the strategy above, much of the challenge lies in step 2 which itself thus

far lacks a general procedure, although direct application of ([3.11)) is often substantial.

Sum rule and extremal rays

If sufficiently simple, constraints on the EFT can be deduced from the sum rule
directly from inspection by expressing it in the form of (3.8), similarly to the way that
the standard postivity results from elastic scattering and the inelastic bound were
derived. Examples of this will be given in the sections below. However, this is not always
so simple when symmetries are present that impose further structure over the S-matrix.

Candidate ERs can be constructed by finding the ERs of the cone generated by only
the s-channel term in , that is, the cone of positive semi-definite (PSD) matrices.

Following (29)), these will be referred to as potential ERs (PERs). Once the u-channel
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term is added, all ERs must be PERs of the s-channel cone, but the converse does not
necessarily hold and some PERs may be redundant (lie within the interior).

In the simple case where the symmetries of the theory are stringent enough to restrict
S-matrix transitions to unique (irreps of) initial and final state species, then there is only
a single independent vector in that parameterises each transition and the magnitude
squared of a single component of this vector, by itself, represents a full PSD matrix and
defines a PER. Again, see Section below for further details and explanation. This
will be the situation discussed further below in Section [3.4.2] However, in the presence of
multiple “degenerate” states (irreps) between which “inelastic” transitions are permitted,
each PSD matrix consists of multiple parameters. Each parameter is a complex number
that can be interpreted as a coupling of the IR states to a particular UV state with a
specific set of quantum numbers. As rays, these are only of interest up to an overall
scale. For example, for a theory with two degenerate irreps of scattering states under
some symmetry (or, equivalently, distinct states with transition amplitudes permitted by

symmetries), a PER has the form

1 r
(3.13)

r* |rl?
for some unknown r € C. The undetermined components effectively parameterise a
continuous family of (P)ERs that generate curved facets. A simple example of this
will be illustrated in Section [3.5.2l Again see (28) for more details and discussion of

application to SM electroweak bosons.
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From rays to amplitudes

While the cone is fully determined as the convex hull of the rays, it is still required
to convert the description into a set of inequalities on the amplitudes. For many of the
simple examples described here, this step is relatively easy given the structure of the
sum rule. However, when the shape of the cone becomes more intricate, as typically
happens when the number of edges is larger than the dimension of the ambient space of
amplitudes, then there is not a simple correspondence between coordinates/amplitudes
and ERs. If the cone is polyhedral, the algorithm of vertex enumeration from convex
geometry may be applied. This will be illustrated in the examples in Section below.
However, whenever degenerate states exist (two-particle states with the same quantum
numbers, which are typically pervasive amongst theories), the cone is non-polyhedral.
A systematic method for determining the shape of the cone, and hence the causality

bounds, remains a problem for further work.

From amplitudes to effective operators

This step is well-known and not new. Given the effective action for the EFT, the
standard Dyson series expansion can be performed to obtain the relevant scattering
amplitudes at the relevant order of precision - here ~ s?/A?* for typical centre of mass
energy scale y/s. Their derivatives j—;A(s) that appear in the sum rule are then functions
of the Wilson coefficients in the action.

The present work will include some exploration of lower dimension operators in the
sum rule, mostly focused on dimension 6, and discuss how they modify constraints previ-
ously limited to dimension 8 Wilson coefficients. It is at this third stage in the program
where this issue becomes relevant. However, an interpretation of the constraints directly

on the structure of the S-matrix is unaffected.
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It is interesting to wonder whether this step can be made altogether redundant. In
such a formulation, the effective action would be redundant and the S-matrix may be
perturbatively constructed directly from its singularity structure out of a set of contact
interactions consistent with Lorentz invariance. The strength of the contact interactions
would be an equivalent parameterisation to the Wilson coefficients. This program would
require both a systematic understanding of the all-order singularity structure of the S-
matrix (i.e. causality and locality) and a systematic method for actually performing
this reconstructing in order to be a complete replacement, although for simple enough
theories at low enough order and few enough legs (which cover all applications considered

here), this is currently feasible.

3.3 Bounds on Inelastic Transitions

This section presents a simple example to concretely illustrate the general discussion
presented above. However, the constraints presented here are also new and demonstrate
the general way in which these bounds fundamentally limit the extent of symmetry

violation by effective interactions.

3.3.1 Multiple scalars

For a theory of a single scalar field ¢, the positivity of the coefficient of the (9¢)*
operator is well known. This would be the leading irrelevant operator if the scalar was
a Goldstone boson. Now consider a more general EFT of a complex scalar with effective

interaction Lagrangian density
c
Lprr, = A—62¢¢ (96" - 9¢') (3.14)
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and

Lorn = 5 (06-00) (06 -06) + 5 (00 06") (00 - 05)

d p
o (0600 + 2 (00 00) (00 90') + con. (3.15)

Here cg, cg and cg are real while dg and Cig are complex. Complex scalars are usually
associated with U(1) symmetries, but this will not be assumed here. Only the existence
of charge conjugation C' will be assumed to relate the two real scalar states. Nevertheless,
at dim-6 level, the only possible 4-point operator is charge conserving (this would not
be true if there were more species). See (48) for an analogous recent analysis of a two
scalar system (axion and dilaton) in which both degrees of freedom are totally unrelated
by symmetry (the bound is exactly that expected from (3.11))).

Note that marginal and relevant operators could also be included - it will be assumed
that these are small perturbations such that they can be neglected from the leading
contributions at each order the EFT expansion. Operators composed of more than four
scalars ¢, such as ¢% have also been neglected for simplicity, but would ordinarily be
considered at the same order. This would all be justified if the scalar was a Goldstone
boson, in addition to ruling-out all possible dimension 6 operators and higher point
dimension 8 operators so that Lgprp, would give a complete leading order description of
the interactions. However, I choose to include Lgpr, here to provide a simple illustration
of the inclusion of loops.

Firstly to analyse the structure of the constraints on the S-matrix entries. The sum
rule can be organised into a matrix of incoming and outgoing states. This is given in

Table 3.1 Here, there are four complex vectors with components corresponding to the

amplitudes mfd’ = MPXi(s), m;ba; _ M¢$—>Xi(8i)’ m?d’ _ M$¢—>Xi<5i) and mf_’d_’

M%%Xi(si), where each entry in the vector corresponds to a particular state ¢ in the UV
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| ¢¢ | 90 | 69 | 90
60 Mm% + [m%? oM . m %% Mm%+ m®®.m® | 2m® . m®®
60 2mMP? . 9 Mo 4 [moo|? oM . 9 MNP L md®.m s
b0 M. m®+m®®.m | 2mé . me? Mm% 4 |mo|2 2mPb . 9
Y 29mMP® . 9 Mm% +m®®.m | 2m% . m®? m%?)2 4 |mde|?

Table 3.1: Sum rule for complex scalar theory.

completion up to an unimportant overall positive scalar coefficient. C'PT implies that
all of the elastic amplitudes are equal so that [m??|2 4+ |m??|? = [m%|2 4+ |m?|? and, up
to an irrelevant phase, m® . m% = m% . m?. Then Y symmetry by itself also implies
that |m??| = |m??| and [m?®| = |m?%|, while m?® - m? + m? . m® = 2m? . m?%.
This simplifies the matrix, in particular equating each single-charge violating amplitude
in the upper triangle.

The standard positivity theorems on elastic forward scattering (2) are immediately
clear from the diagonal entries in this table. However, there is clearly more information.
These constraints can be extracted by applying the Schwarz and triangle inequalities.
For example, [2m®® - m®®| < 2|m?||m??| < |m®®|2 + |m??|2, which is the statement on

the LHS that
|M¢¢¢5| < M¢$¢$7 (3.16)

that is, the single-charge violating amplitude must be smaller than the charge conserving

one. Likewise,

2/m? - m%| + 2lm? - m*| < 2lm??||m?| + 2|m®¢||m®?|

< 24/ (jmé9[2 4 [m#s[2) (|m# ]2 + mo9f2)  (3.17)
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implies that
|M¢¢%| + |M¢@¢| < 2N[9999 (3.18)

These statements can then be converted into constraints on the Wilson coefficients.
At tree-level, these bounds may be directly translated into the statement that the dim-8
charge conserving Wilson coefficients must be larger than the charge violating ones. This
is, however, also an appropriate place to illustrate the inclusion of a loop process in the
sum rule so that the affect of the dim-6 operators can be accounted for.

The relevant amplitudes at dim-8 order are

40,5 0.9) = S+ (2 4)

okl facs ol

Y I e

(3.19)

A(g, 0 — ¢,9) = N (s + 12+ u?) (3.20)
A(d, 0 — ¢, 0) = ( + 12 4 u?) (3.21)
A(p,p—¢.0) =A (¢,$ = &, 0) |usttrs s (3.22)

As usual, p is the renormalisation scale. The couplings are implicitly functions of this.
Taking the forward limit and differentiating give the entries for the LHS of the sum

rule. Because of the singularities, I will take the insertion at s = 0 + i for some % > 0
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and 6 — 0T, as explained in Section above:

M(¢,$—>gb,$)=%+%+(4;2%(%Jr?Jrglog(g—z)) (3.23)
M(p,¢ = ¢,0) = 4A—CZS (3.24)
M(6,6 - 6,9) = 1o (3.25)
M(¢,$—>5,¢):%+(;>Qi—é(é+%i+§log<g—z>). (3.26)

The IR part of the dispersion integral needs to be added to this to obtain the full LHS.
This cancels the imaginary part of the amplitudes above (corresponding to above thresh-
old production of the light states in the EFT), as well as the logarithmic dependence on
o2, which can be taken arbitrarily soft, leaving behind a scheme-dependent correction to
the coupling representing its RG evolution from p to the cut-off. The terms from the

dispersion integral relevant for each loop amplitude are:

z/MS(WW¢$+¢@W+NN¢¢%¢¢vdS
0

@ (s — 02 —i0+)? (s + 02)°

5 2 (—3  omi A2
o 2 G (T2 T e (2 2
127T2A4(2 Tt Og(o2)> (3.27)

l/A( : YT )/”®W5%¢@M@@¢%aafmw
o \(

@ s—o2—i0+)’ (54 02)°
1 ¢ (-3 mi A?
v S (2T e (2 2
671'2/\4(2 Tt Og(a2)) (3:28)

where 0(®) denotes cross section determined from the dim-6 tree amplitudes A©® and I is

the Lorentz-invariant phase space of the intermediate states being integrates over. The
conventional optical theorem has been invoked in the statement of (3.27) because the

relevant processes are elastic. The constraints (3.16)) and (3.18|) therefore translate into

177



Causality, Unitarity and Symmetry in Effective Field Theory Chapter 3

bounds on Wilson coeflicients:

~ 2 148 20 2

@mz \9 T3 %\
(3.29)

2 (20 4 2 2 (148 20 e
olds| + s+ —F (22 4 210g (L) )| < 205 465+~ (225 4L e (2
o g (558 () )| =200 i (5 5 ()
(3.30)

The above example also makes explicit the issues of RG-scale dependence described

in Section |3.2.1f The terms proportional to log (f{—i) represent RG-evolution of the dim-8

couplings from the renormalisation scale y to the cut-off A. The upper limit of the IR
segment of the dispersion integral could have instead been chosen to be some A < A.

In this case, the above calculation would be mostly unchanged, but with A — X\ and

the addition of terms O (f\—i) on the RHS of (3.27)) and (3.28]). These latter terms were

dropped with A = A because they are higher order in the energy expansion organising
the EFT, but must be retained for smaller A\. They are nevertheless eliminated by
taking o — 0. As a result, the constraints differ only in the replacement of the cut-off
A by the lower energy A in the logarithms, representing RG-evolution to the scale A
instead. While the bounds must hold for all A and therefore represent constraints on
the entire flow, they are typically optimised by taking A — A because of the positive
sign of the ¢Zlog contribution. This is the reason for integrating all the way to the cut-
off. Interestingly, if the sign of the coefficient of the logarithm were instead negative,
then taking A arbitrarily small would place arbitrarily strong lower bounds on the dim-8
coefficients mediating elastic scattering, effectively ruling them out. That this cannot
happen is consequence of unitarity.

However, it is also of note that the logarithmic term is increasingly negative with

higher cut-off. The division between the dim-8 contact coefficients and the rational terms
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proportional to ¢3 is renormalisation scheme-dependent and the sum of both terms should
be the object of comparison with the pure tree-level bounds. The dim-6 loop contribution
should be entirely attributed to the logarithm and this contributes negatively to the LHS
of the sum rule, strengthening the bound relative to the tree-level expectation. Stated
equivalently, the contact coefficients decrease with increasing RG scale to the extent
that their IR values can be (at least partially) cancelled. For a given coupling at scale
1, the constraints fundamentally limit the extent that the cut-off can be extended, or
alternatively, for a given cut-off, improve the positivity bounds on the dim-8 contact
interaction strength in the IR. The mere presence of dim-6 operators therefore enhances
the lower bound on the size of dim-8 operators mediating elastic scattering.

The organisation of the sum rule presented here can be further applied to more

complicated theories with multiple species, of which many examples will follow.

3.4 Bounds with Internal Symmetries - Flavour and
Colour

The presentation of the sum rule illustrated in the previous sections demonstrates
the nature of the new bounds for inelastic processes between distinct particles. The next
level of sophistication to discuss is for theories with multiple states related by symmetries.
Positivity bounds in theories with global symmetries have been discussed previously in
(15). The present discussion will further examine the new positivity bounds suggested in
(29)) for theories of particles belonging to non-trivial representations of multiple symmetry
groups. While the action of the symmetries on the states factorise, because all sets of
indices are crossed simultaneously between the s-channel and u-channel terms in (3.8]),

they become effectively entangled across different entries in the full matrix of sum rules.
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This raises the possibility of new constraints that cannot be accessed by considering only
elastic scattering of factorised superpositions of states.

The bounds are determined from the ERs in the convex cone picture. FEach ER is
itself identified with a particular irrep under the global symmetry that a pair of external
scattering states can couple to. Thus if a particular representation R lies in the Clebsch-
Gordan decomposition of the incoming states in either the s-channel or the u-channel,
it will yield an ER in the RHS of the sum rule. Stage one of the procedure enumerated
in Section thus reduces to a decomposition of the theory’s amplitudes into a set of
partial amplitudes describing symmetry preserving transitions. This will be elaborated
upon more precisely below.

The goal of this section is to analyse theories of global symmetries with the features
just described and discover new bounds. This will provide a further educational illus-
tration of the structure of the sum rule constraints, the way in which symmetries are
managed and the convex cone of UV completions. More importantly however, the cases
considered here will directly apply to the fermionic operators with the global symmetries
of the SM. The important special case of rotational symmetry will be deferred to the
next section in order to avoid distraction from the goal. However, for the theories of (hy-
per)charged chiral fermions considered here, such a treatment for spin is not necessary
and each left-handed particle and right-handed antiparticle may be treated as indepen-
dent states that have amplitudes related by only C'PT, similarly to the scalars in the
previous section (although hypercharge conservation will be assumed here). Note that
the following method for the accounting of symmetries and the algorithm used to derive
the positivity bounds are not intended to represent an application of the simple inelastic

bounds derived earlier in (3.11]) and could include more information.
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3.4.1 Background group theory

A 2 — 2 scattering amplitude can be decomposed into partial amplitudes corre-
sponding to symmetry preserving transitions between particular irreps. Assume that
the incoming and outgoing particles transform under representations of some symmetry
group. Generally, the initial states may be decomposed into irreps with Clebsch-Gordan

coefficients defined here as

Cr.. = (Re; | (|r1;a)[r2; b)) (3.31)
to give
r1;a)|r2;b) = Ci,|Re;0), (3.32)
Reo

where r; and ry label the representations of the individual particles, a and b their com-
ponents, while R and ¢ index the product irreps and components. The index £ counts
degenerate representations that may arise.

Projection tensors can be defined as

Pyt = ZCRU( o) (3.33)

These obey orthogonality conditions

1 abdc * abc
dimR Z (PRl;j> (PRZ;> = ORROgnOgy'- (3.34)

a7 7c7

The final states may be likewise decomposed. The Wigner-Eckart theorem then im-

plies that the resulting transition amplitude is diagonal in representation and compo-
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nents, although transitions between distinct but degenerate representations are permit-
ted. This will be especially important when spin is discussed later. The full amplitude

decomposes as

A = (4513 ¢]) (L3 @) 125 )),,

_ abed
- Z PR&, AR&/) (335)
REE

where the partial amplitudes are defined as
AR&, = out<R§’; L|R§; L>in (336)

and may be extracted from the full amplitude by the action of projectors (note that the
RHS of is independent of the choice of the component ¢ and no sum is implied).
The projection operators thus encode all of the symmetry relations between ampli-
tudes of different states. The irreps are the states that block-diagonalise the S-matrix.
Each term in the s-channel of the sum rule (the first term in (3.8)) can be decomposed

into irreps into the form

M, = Z P}%’:Z?, Mp,,  Ma,, (3.37)
RS1£7€/

where the s subscript on the irrep label R has been used to emphasise applicability to the
s-channel decomposition. The u-channel term in can likewise be decomposed with
particles b and d exchanged with each others’ antiparticles. The irreps in this case may
be entirely different. However, by the Wigner-Eckart theorem, it must be possible for the

u-channel projectors to be decomposed as linear combinations of the s-channel ones so

182



Causality, Unitarity and Symmetry in Effective Field Theory Chapter 3

that the amplitude takes the form (3.35)) given entirely in terms of s-channel projectors.

adch § abed
PRupp’ — cRupp/Rs§§’ PRS&E’ . (338)
R87£9£/

The numerical constants CR, 0 Rocer of this decomposition are entirely determined by the
Clebsch-Gordan coefficients of the group. These will be presented below for various
examples relevant to the SM. As a result of this decomposition, the sum rule (3.8)) in the

presence of global symmetries may be expressed as

M@t = Py mp,, - mp, + > en, nP o MR, - MR, (3.39)
Rs (.8

The s label on the irreps of the s-channel has now been dropped. If there are no de-

generacies, then each term in (3.39)) is of the form |mpg|? and can be identified with a

PER.

The special case of SU(3) will be used in examples below. Projectors for the ir-
reps that arise in combining fundamental and antifundamental representations will be
necessary. The Clebsch-Gordan coefficients may be easily inferred from the exchange
symmetry structure of the representations in tensor form. The projectors onto each irrep

appearing in the products 3 ® 3 are then determined as

a, 1 a a
peb = 3 (8205 — 6367) (3.40)
P =5 (020 + 0307) (3.41)
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For 3 ® 3 transitioning into 3 ® 3, they are
Pt = 510! (3.42)
P! = 010 — 010!, (3.43)
while for 3 ® 3 transitioning into 3 ® 3, they are
P = 3040 (3.44)
Py =030, — %(5253. (3.45)

Raised indices indicate fundamental, lowered are antifundamental. The cases where the

representations are conjugate are identical, with index heights reversed.

It will also be necessary to decompose the projectors in the u-channel into projectors

for the s-channel, which is traditionally referred to as “finding the crossing matrix”. For

the projectors above, these are

Pfdcb = % (Pgbcd - Pﬁabcd)
PSadcb = g (Pgbcd + 2P§Lbcd)
Pl = %(becd + FPgy'a)
Psiy = % (8P1ya — P8v'a)
Pﬁadcb = % (Pélbcd - 2becd)
Py = % (Pgyt +4P7,7) .
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Also of use will be the projectors for SU(2). For the product 2 ® 2, they are

1
P = _§€ab€cd (3.52)

Pyt == (8805 + 6367) . (3.53)

1
2
The indices can be raised and lowered by € tensors in order to relate these to the projectors
appearing in amplitudes involving the conjugate representations. An additional factor
of —1 must be included for each index either raised or lowered in this way (because, for
a state 1%, defining 1, = " and ¢ = €yl then (1)1 = —T). The u-channel

projectors decompose as

1

Pl = (P i) 51
a 1 a a
P3dcb = 5 (3P1bcd + P3b6d) . (355)
For the product 3 ® 3, they are
1
pabed — §5ab56d (3.56)
1
Pézbcd _ 5 (5a05bd _ 5ad550) (357)
1
Pgbcd — 5 (5ac(5bd + 6ad5bc o 5ab5cd) ) (358)

The indices here label components of the 3 representation, rather than fundamental. The
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u-channel projectors decompose as

adc 1 abe abe aoe
e = g(P5bd Pghed 4 ppted) (3.59)
adc 1 abe abe abe
ppdct — 5(J{,,”CUFPZ,,“—2131“) (3.60)
1
PgdCb 6 (Pgbcd 5pélbcd 10becd) ) (361)

3.4.2 Standard Model fermions

As the SM is a theory of chiral fermions, EFTs of these states will be the focus of
this section. The isospin, colour and flavour representations of the SM fermions will
be systematically considered, with hypercharge conservation imposed. Helicity and hy-
percharge are not independent quantum numbers, so both sets of representations are
equivalent. However, in the product representations of two such states, the non-zero
charged irreps correspond to the rotational singlets, while the charge singlets constitute
the non-trivial angular momentum irreps (see Section below for more explanation).
This ensures that there are no transitions between distinct degenerate irreps and that
hypercharge conservation is otherwise sufficient to account for both of these symmetries.

I begin with a theory of hypercharged chiral fermions in the fundamental representa-
tion of SU(3). These results would apply to a single flavour of right-handed down or up
quarks, with the SU(3) symmetry being interpreted as colour, or to right-handed leptons
in which the full SU(3) flavour symmetry is preserved in the UV. I will use notation
describing the former. The terms in the sum rule are determined by finding projectors
for the irreps of the external legs, beginning with the s-channel and then crossing to the
u-channel, in a similar way to that illustrated in the previous section. Again parameter-

ising the couplings to UV states by complex vectors, the relevant amplitudes are of the
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form

M (qr,qr = qr,qr) = MzP5+ Mg¢Ps
1 4
= (Imsf = Jlmal 4 Jlmal?) 75

+ (\m6|2+—|m1|2+—|m8\2) PG (362)

+ (|fmg|2 + ~|mgz|* + —|m6|2) Ps. (3.63)

The others are either related by C'PT or are zero. The partial amplitudes for only one
of these transitions are independent - the other channel is determined by crossing. It is
easy to see that the parameters mg and mg are redundant. The remaining terms clearly

span a 2d cone and can be converted into inequalities

Mz + Mg > 0 (3.64)

Mg > 0. (3.65)

These bounds correspond to those found in (25) and (unsurprisingly) contain no new
information.
Now to advance to fermions in the fundamental representation of SU(2) ® SU(3),

for example, left-handed leptons with flavour symmetry or a single flavour of left-handed
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quark. Adopting the latter interpretation, the independent, non-zero amplitudes are

M(Qr, QL — Qr, QL)

1 2 1
= (!m(1,3)|2 +5lmanl = 3lmag” - 5lmeyl* + 2|7‘"/<3,s>|2) Py P3

1 1
+ ( mae)l” — _| anl® - §|m(1,8)‘2 + 5‘”’43,1)’2 + \m(s,s)fz) Py Pg
2 2 2 ]‘ 2 2 2
+{|ms3 m(l,l)\ + —\m(l,S)’ - —\m(s,l)’ + g’m(3,8)| PsP3
1
+ <|m —|m 1,1) ’ + _lm(18 | + = |m(371)|2 + §|m(378)|2) P3P6
(3.66)

M (QLQR - QL?@R)

1 3
— ("rn(l,l)’2 + _’m(l,g)‘Q — |m(1,6)’2 _ §’m(37§)’2 4 3’m(3,6)‘2> P1P1

1 3 3
+ < m8)” — m(l,g)\Q —Imael* + Imesl’ + Z’m(3’6)|2> Py Py
1
n (|m - m<l,§>|2+ mosl = glmisl + Imaol) P
1 , 1 , 1 ,
+ { Im@ss m g+ - | m(1 )| +1!m(3,§)\ +Z\m(3,6)\ P3Ps.

(3.67)

Choosing the coordinates to be the partial amplitudes (M, 3y, M(1,6), M(33), M(36)), the

extremal rays can be read-off the sum rule and are (up to an arbitrary scale):

{(1,0,0,0),(0,1,0,0),(0,0,1,0),(1,-1,—-1,1),(-2,-1,2,1),(=3,3,—-1,1)}.  (3.68)

Note that the terms parameterised by both the vectors m 3 ) and m s g) are redundant,
so have been excluded. The standard techniques of vertex enumeration may be directly

applied to this system (see e.g. (49)) in order to convert the extremal rays into linear
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inequalities among coordinates. The present example is readily computed by hand. How-
ever, the following examples rapidly grow in complexity. I use Irs (50) as a cross-check
here and to compute the more complicated examples to follow. The resulting constraints

are

Mae) + Mze) >0 (3.69)

M) >0 (3.70)

My 5y + Mue) + Mg + Mie >0 (3.71)
M3+ Mze >0 (3.72)

4My 3y + M16) + IM(56) > 0 (3.73)
M3+ 3Mze) > 0. (3.74)

These bounds can be compared to those given in (25)) derived specifically from elas-
tic forward scattering. At tree-level, each partial amplitude corresponds to a particular
dim-8 operator of the form (¢Dv)) - (wTDwT) for chiral fermionic operator . The cor-
respondence is determined by decomposing the bilinears ¥ D into the irreps of SU(2)
and SU(3) given above - each different operator corresponds to one of the four such rep-
resentations and thus corresponds to one of the four such partial amplitudes. The irrep
into which ¥ D1 is decomposed can only be contracted into a singlet with its conjugate,
thus fully determining the operator. From the correspondence between operators and
partial amplitudes it is sufficient to see that this set of six irreducible bounds contains
more information than the four linear inequalities stated in (25)). In particular, the last
two are new. As argued in (29), this is because the crossing between s and u-channel
terms in involves simultaneously exchanging all degrees of freedom associated to

the states, effectively entangling them.
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This example illustrates the insight of the convex cone picture in cases where the
space of allowed couplings is bounded by more faces than the dimension of the ambient
space. In simple examples like the pure SU(3) case described above, the number of linear
positivity constraints are comparable to the dimension of the space being bounded, so
bounds can be derived almost by direct inspection of the sum rule and some simple
geometry. However, when the number of vectors parameterising the RHS of the sum rule
exceeds the number of independent partial amplitudes, the space of allowed couplings
becomes a multi-faceted polyhedral cone and the tools of convex geometry must be
invoked.

Next are fermions in the fundamental representation of SU(3) ® SU(3), such as right-
handed quarks with flavour symmetry. This is similar to the above example. The forward
elastic amplitude M (qr, qr — qr,qr) can be decomposed into four independent partial
amplitudes {M33), M36), M(s3), M6} The positivity constraints can be deduced by

the same procedure to be

M@G) + M,6) > 0 (3.75)

Mg,y >0 (3.76)

Mgz + Mge + Mgz + Mee >0 (3.77)
M(GE) + M,6) > 0 (3.78)

Mgs) +2Mgg > 0. (3.79)

As the SU(2) and SU(3) projectors for these fundamental representations have the same
tensor form, the first four bounds are analogous to those derived from forward scattering
in the ), case above. The last bound again corresponds to positivity of an entangled

amplitude and differs from the example above because of the different crossing relations.
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The final case considered here will be fermions in the fundamental representation of
SU(2)® SU(3)®SU(3), corresponding to states with isospin, colour and flavour, such as
left-handed quarks. This is substantially more complicated than the previous two exam-
ples. The independent non-zero partial amplitudes are those of M (Qp,Qr — Qr, QL) =
> rai Mr.aiP1.ai), where (I,a,1) indexes SU(2) ® SU(3) ® SU(3) representations.
This is an 8-dimensional space, with a general vector of partial amplitudes denoted by
M = (Mu33), M333), Ma163), Mse3): Mase: Msser Maes) Mses) Repeating
the procedure as above, there are 16 PERs (for each partial amplitude in this and the

crossed channel), of which two are redundant, leaving 14 ERs. These may be converted
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into 44 positivity bounds:
0 1 0 1 0 1 0 1 100 3 100 3
11 1 1 1 1 1 1 401 9 401 9
1 3 2 0 2 0 0 6 8§ 03 15 8 0 0 24
5 9 8 0 8 0 2 18 000 0 401 9
11 15 16 0 16 0 0 48 400 8 40 3 11
1 0 1 0 0 3 0 3 000 0 1O0O0 3
4 0 4 0 1 9 1 9 101 0 6 0 0 18
8 0 8 0 3 15 0 24 031 0 5 00 15
1 1 0 0 O 0 2 2 0101 300 9
g8 0 4 0 0 12 5 21 001 1 0011
0o 1 0 0 0 0 0 6 404 0 028 3 11
(3.80)
7T 0 2 0 2 0 0 36 004 0 0O0T1 9
2 0 0 0 0 0 1 9 01 0 0O0O0 3
4 0 0 0 0 4 5 13 106 0 1 00 18
g8 0 0 12 4 0 5 21 013 0010 9
30 0 5 0 5 0 13 035 0 100 15
§ 0 0 4 0 4 7 23 000 0 0O0O0O 1
4 0 0 4 0 0 5 13 000 0 O0O0T1 1
0o 1 0 0 0O 0 0 2 048 0 80 7 23
o 0 0 0 1 1 1 1 000 1 000 1
0O 0 0 0 0 1 0 1 0321 100 7
o 3 1 0 2 1 0 7 053 0 300 13

where each row A; corresponds to an inequality A; - M > 0.
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Operators mixing the different types of fermions together can also be considered, but
these will be deferred to a more systematic analysis for now. The cases just described
are especially simple because the UV cone is polyhedral. It is in this sense that the
bounds derived here are well-described as generalisations of “positivity” constraints -
they correspond to identifying the positive combinations of partial amplitudes implied
by the optical theorem, which geometrises into the problem of finding the cone generated
by a finite set of ERs. Examples of non-polyhedral cones, in which a section of the
cone is described by smooth curved surface, will be discussed below. The parameters of
the section correspond to the possible S-matrix transitions between distinct states that
are permitted by the symmetries. No such transitions exist for the simple cases just
discussed, but introducing new particles will usually spoil this.

To close this section, I emphasise that, for the restricted theories of a single species
of fermion in the representations considered here, the listed constraints are complete.
There are no further implications of the sum rule as stated in for the structure of

the EFT.

3.4.3 Flavour violation

The inelastic bounds can also be adapted to multiple flavours of particles unrelated
by symmetries, of particular relevance to the SM. These were discussed in (25), where it
was observed that flavour-violating fermion operators were bounded above by the flavour-
conserving ones. [ here show that this is a consequence of general inelastic unitarity
bounds and derive general statements for the simplest cases.

Begin with right-handed leptons, the simplest states without non-Abelian symme-
tries, and allow for any number of flavours. As explained in Section [3.4.2] both angular

momentum and hypercharge conservation ensure that, even with multiple flavours, am-
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plitudes of the form egr;,er; — erk,er contain all possible independent interactions
(other processes being related by C'PT or crossing). Labelling the UV coupling vectors
as Mi=X = o and M=% = 87 then all elastic and inelastic amplitudes have the

respective forms

MY = oI 4 |G (3.81)

M — o} . i 4 gkt . gil, (3.82)

This implies the existence of general bounds on flavour-violating transitions in any par-

ticular flavour basis

| MR - | M| </ Mg MR N/ VLR, (3.83)

This result similarly holds for elastic scattering of right-handed leptons off any other
species of fermion in the SM, as well as left-handed leptons off right-handed quarks,
where the decompositions of the non-Abelian symmetries are trivial.

With left-handed leptons, the amplitudes must be decomposed into SU(2) irreps.

The partial amplitudes for the process Ly;, Lr; — Lrk, Ly are, using the projectors from

Section

y 1 ; 3k ;

M — gt i _ ém’i{l -ml + §m1§{1 -mi, (3.84)
y I ‘ 1 . .

MM — b mY + §ml{{1 -mY + §m1§{1 -mY,,. (3.85)

Here, the subscript u has been introduced to distinguish the UV coupling vectors in the
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u-channel term from the s-channel term. The bounds become

M4 M| <\ MM g (380

ijkl ijkl ilk, ilk 51 51
| 7\13.7 + ngj | + | 7‘13 J + ng .7| S \/(7‘13] J + 7‘11] ]) (7‘1{4{[}6[ + 7‘1flkl)

+ \/ (M 4 Mgt (M;fj’fj - ij’“j). (3.87)

The factors in the square roots on right-hand sides of these inequalities are positive,
by analogous derivations to the SU(3) case given at the beginning of Section .
Because they have the same non-trivial non-Abelian symmetry structure, bounds for
elastic scattering of left-handed leptons off left-handed quarks have the same form.

For right-handed quarks, analogous results can be derived but with SU(3) partial

amplitudes instead of SU(2). In this case, the partial amplitudes have the form:

y | , 9 . A
M — ki 4 gmlfj -m 4 §m1§j -mY (3.88)
3 1. 4 .
M =ml-my — Smy! - m - gmy - my. (3.89)
The bounds are
Mijkl Mz'lkj < 1/ MG )Rk it Mkjkj 3.90
MG+ (M| <\ MFTMER 4\ Mg Mg (3.90)

ijkl ijkl ilkj ilkj 1j1j 1j1j
|M6] —|—M§‘7 |+|M6 J_+_]w§ J| S \/(MGJJ—I—ng]) (Mglkl—i—Mgklkl)

+ \/ (Mt + Mty (M{;J' + Mg’“jkj) (3.91)

This applies regardless of which species of right-handed quarks are identified with the
pairs 7,k and j,[ (all that is important is that the amplitudes are elastic). Similarly,
these results also apply to right-handed quarks scattering off left-handed quarks.

The bounds for left-handed quarks are more intricate because the convex cone de-
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scribing the purely elastic, flavour-conserving amplitudes has a non-trivial (polyhedral)
shape (in other words, more extremal rays than dimension). This issue also arises and
is a general problem when there are multiple degenerate irreps of states in non-trivial
symmetry representations. This was discussed in (28)) in the case of the hypercharge
boson coupling to W bosons with parity symmetry respected, where restriction to the
latter of is described by a such a non-trivial cone. This will be elaborated upon further
below, but will here be left as an open problem. It is nevertheless clear that can
be directly applied to provide necessary upper bounds.

The general pattern described in the examples here is clear and would also apply
to flavour-changing processes in which a fermion scatters off a boson. There are, of
course, numerous other inelastic processes that can involve flavour violation that would
likewise be bounded in more complicated ways (just as the underlying processes with
flavour ignored). It should be again emphasised that is, by itself, also not com-
plete, and further constraints on the general three-flavour systems remain to be precisely

determined.

3.5 Bounds with Helicity

In this section, the residual rotational invariance about the beam axis will be treated
as a global symmetry in a similar way to the internal symmetries described above. This
will allow bounds to be placed on theories with spinning particles in which there is a

transfer of angular momentum.

3.5.1 Rotational symmetry

In the limit of exactly forward scattering, the rotational symmetry about the beam

axis is preserved. This is an additional symmetry that can be managed just as for the
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internal symmetries discussed above. In the center-of-mass frame, call the direction of
particle 1 the z-direction, with respect to which all spin projections will be quantised. It
is however natural to label the external states by helicity, or stated equivalently, by their
little group symmetry of rotations about their momenta. There are two equivalent options
for describing this: states of definite helicity (as was done in Section and SO(2)
vectors, which were employed in (29)), (28). Helicity eigenstates will be predominantly
used in the following examples, in which case the angular momentum along the beam axis
is treated as a U(1) charge in a similar way to the fermion and scalar examples previously.
However, as part of the simple illustrative example below in Section [3.5.2] of identical
spinning particles, I will compare this with an analysis of the sum rule in SO(2) form.
This subsection will be devoted to deriving the relevant projectors and crossing relations
required specifically for this case and addressing issues related to parity-violation. The

more general results necessary for implementing the rotational symmetry in SO(2) form

will be given in the Appendix. The sum rules for the examples in Sections|3.5.4] and [3.5.5|

will also be given there in SO(2) form for comparison.

Call h; the magnitude of the helicity of particle . The polarisation of particle i may
be represented equivalently by 2., vectors, where a 2, vector responds to a spatial ro-
tation of angle ¢ about the beam axis by a rotation by angle z¢. Because the helicity
quantisation axis of each particle is opposite, the rotational symmetry should act oppo-
sitely on each particle’s little group indices, so it is natural to represent the polarisation
of particle 1 by a 2, vector and particle 2 by a 2_, vector (and likewise for the outgoing
states). The general relationship between the states in tensors of this form and helicity

eigenstates {|h),| — h)} is

7)1 =h)

1
. (3.92)
V2 i () — | — b))

2. ~
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While there are two components to a SO(2) vector, the Wigner-Eckart theorem does
not require transitions between the two component states to be related by a symmetry
transformation. Instead, only the U(1) charges (in this case, spin projection) need be
conserved. That the positive and negative charge irreps can have different partial ampli-
tudes is an expression of the possibility of charge conjugation or parity violation. Separate
projectors Py are therefore needed for each distinct charge configuration. It is possible
to define projectors Pp = P, + P_ and Pp = P, — P_ corresponding to P symmetric and
violating transitions (these are normalised so that (Pp)*Pp = (Pp)*Pp = 2). In many
simple examples, such as those already discussed in Section [3.4.2] C'PT is sufficient to
accidentally rule-out (C')P-violating transitions.

Now, consider the product of two states of helicities h; and hy. The Clebsch-Gordan
coefficients are

1 )

. i . 1. i,

and C’ij(hl thy) = (C’;fl i}12)*. The subscripts here denote J, eigenstate, while the super-
script indices are SO(2) 25, and 2_j, components respectively. The symbol P is defined
as having values P! = —P* = 1 and P = P?! = (), while the symbol S% is defined
as having components S'? = S2' = 1 and S™ = 5?2 = (. Note that here and through-
out, as the four particle’s little group indices are in altogether different representations,
use of § and € is purely symbolic - these are not to be interpreted as invariant tensors.
The helicities identified with the ¢ and j indices are also necessary to uniquely specify
the Clebsch-Gordan coefficients, but have been omitted from the notation here to avoid
clutter, although there are several examples in the appendix where they must be kept

track of.

For the special, yet prevalent case in which the particles have equal (non-zero) helicity
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hi = hy = h, the 2,,_,, representation instead decomposes into two degenerate singlets.
A basis for these will be chosen here to be labelled A and B, where

1

0)a = —= (M) +[ =) = h))

S

2
1
0)5 = E(Ihﬂh) —l=ml="m). (3.94)

These correspond to the standard SO(2) components of the 2, _p, vectors above. Note
that the helicity labels denote spin numbers along opposite quantisation axes. Likewise,

these states have Clebsch-Gordan coefficients
o= Lgi o (3.95)

Note that implicit in this discussion has been a particular phase convention in which
eigenstates of helicity of particle 2 are directly equated with eigenstates of .J,, the rotation
generator about the beam axis. In the present context, this has the further simplifying
implication that the polarisations can be all chosen to be real (or, more precisely, their
spinorial representations) and that the action of P on the states does not produce a
momentum-dependent phase. See Appendices C and I of (51)) for more details, as well
as (52)).

For identical particles, states A and B are therefore P eigenstates with opposite
eigenvalues, once (anti-)symmetrisation is accounted for. Because fermion pairs have an
intrinsic odd P phase, state A is P even for both bosons and fermions and state B is P
odd. Transitions between these states in the S-matrix are prohibited if P is conserved.

The next step is to find the projectors into which each spinning amplitude decomposes.
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When hy = hy = hg = hy = h # 0, the projectors for m, = +2h are
Proy = B (6% + o7"e™) (3.96)
ijkl ) ) )
Pion =3 (6707 + g1 — 66M) | (3.97)
while for singlet states they are
. 1 ...
Pk — 55”5“ (3.98)
g 1, ., . -
Py = 5 (0767 = 5"o7) (3.99)
Pk = %5%“ (3.100)
Pk — ;eiﬂ'akl. (3.101)
The projectors in the u-channel may be decomposed as
Ppyy, = Py + Py (3.102)
ilk 37kl ijkl ijkl
Pid :§<PP]2h+PA]A _PBJB> (3.103)
ilk ijkl ijkl ijkl
P = 5 (P8 — P + PiE) (3.104)
ilk; ijkl ijkl
Proj, = —Pip — Ppa (3.105)
ilk ijkl ijkl ijkl
P =2 (PAJB _pik P;Qh) (3.106)
ilk ijkl ijkl ijkl
P =5 (-PI + PEY - PEY). (3.107)

3.5.2 Simple example: identical spinning particles

The complete set of dimension 8 positivity theorems for pure photon operators can be

easily derived from requiring positivity of forward scattering of linearly polarised photons,
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with polarisations inclined by some relative angle tuned to give an optimal constraint that
is a function of the Wilson-coefficients (24). Here, I will present an alternative derivation
directly from inspection of the sum rule. This is of particular educational value, as it
provides a simple illustrates of several intricacies that can arise in the organisation of
the symmetry structure of the sum rule. A discussion of these issues will also be both
useful and necessary for further applications to theories of spinning particles. I will then
present another derivation of the same results using the convex cone picture. While more
complicated, this will again provide a simple archetypal example of a non-polyhedral cone.
The arguments presented here applies generally for interactions of four identical particles
of any non-zero helicity. While dimension 8 level is assumed here (as everywhere else),
a near identical argument applies to any mass dimension 4n as well, which would be
applicable for analogous results for gravitons assuming that the results of Section [3.2.1]
continue to be valid.

Most of the argument is already complete given the projectors above. The four-
particle amplitude can be decomposed into terms given by the projectors. The he-
licity violating partial amplitude is, expressed in terms of amplitudes between helicity
eigenstates, Apsy = %(Pj};ﬁ)*ﬁjkl = L (At~"" — A~"F). In this form, it is clear that
CPT implies that this vanishes, as CPT equates the two forward helicity amplitudes
(as commented above, possible phases that may arise away from the forward limit are

conventional and can be eliminated). The helicity-conserving amplitude is therefore time-

reversal and parity-conserving. However, the crossing relations ([3.106]) and ([3.107)) would

appear to generate this partial amplitude from crossing A,p and Ag4. This is avoided

if the singlet partial amplitudes obey

ABA(S> = —AAB<8) = (AAB(S))*, (3108)
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where the second equality uses (3.3)) and assumes that s is real (that the amplitude is
evaluated away from the threshold singularities). In other words, Ap, and hence M4,
is purely imaginary. This constraint also saves the parity-violating singlet amplitudes
from the Wigner-Eckart theorem. Without P;};ﬁ, the tensors Py and Pt cannot be

individually decomposed into the s-channel projectors. However,
ilkj ilkj ijkl ijkl
Pyg — Ppi = Pip — Pgy, (3.109)

as a result of the identity (3.179). The relation (3.108) thus ensures that it is only
this crossing-consistent combination of parity-violating projectors that appear in the
amplitude.

The s-channel term in the sum rule is

ikl _ 2 pijkl 2 pijkl 2 pijkl ijkl ijkl
MI™ = |mo|* Py + \mal* Py + |mp|*Pgg + ma-mpPiy +mp-maPgy.

(3.110)

Adding the u-channel crossed term gives

g 1 ij 1 o
L. (]m2]2 + 5 (’mAP + \mc\2)> szkl + 5 (2\m2\2 + 3\mA’2 _ ‘mBP) ijz

5 (2fmaf? = |maf? + 3jmsl?) PEY + 2ma - ma (PEY - PEY).

1

2

(3.111)

where the crossing relation (3.108]) implies that m 4 - mp is imaginary. This is to be

expected because this transition amplitude is P-violating. The term parameterised by
the vector ms is redundant, so can be ignored.

Clearly M, > 0 and implies that the coefficient of the helicity-conserving amplitudes

is positive. A second inequality can then be determined by finding a relation between
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partial amplitudes in (3.111]). The optimal constraint follows from |ma-mp| < |ma||mz|

which, on the LHS, implies that

1
[Map| < 5/16M3 = [Mas — M, (3.112)

where My denotes twice differentiated forward partial amplitude corresponding to rep-
resentation R. This represents an upper bound on the size of the P-violating transitions
determined from the P-conserving ones.

The partial amplitudes can be converted into amplitudes between helicity eigenstates.

These are

My = M(+,— = +,-) (3.113)
Maapp = M(+,+ = +,+) £ % (M(+,+ = —, =)+ M(—,— = +,+))) (3.114)

MAB:—%(M(+,+—>—,—)—M(—,——>+,+)), (3.115)

where the (4) corresponds to AA and (—) to BB. CPT has been invoked for simplifi-

cation. After some rearrangement, the constraints can be re-expressed as

1
M > /IME T = MR M MR, (3.116)

As mentioned in Section with the phase conventions chosen here, A(+4,+ —
—,—) = A(—,— — +,+) if P is conserved. The M4p partial amplitudes (in the con-
text of W-bosons) were not included in (28), where P-symmetry was assumed. In this
case, the weaker bound on the P-conserving helicity violating interactions alone can

be derived directly from positivity of the combinations of diagonal partial amplitudes

2 (Maa+ Mpg) £ 5 (Maa — Mpp).
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I KR — =
+— Im™ |2+ |m™ > | 0 0 0
++ 0 lm™ P+ mtT 2 | 2m~ - m T 0
—— 0 2m*t -m lm=P+|m* 2 | 0
—+ |0 0 0 mT P+ |m )2

Table 3.2: Sum rule for photons.

It is possible to perform the above analysis more directly with helicity eigenstates
instead so that both helicity-violating interactions are treated symmetrically, as would
be expected from the structure of the bound. In this case, the sum rule would have
the same structure as the complex scalar example in Section but with the single
charge-violating amplitudes prohibited. This is given in Table[3.2] The helicity-violating
amplitudes are immediately manifest and the bound in the form of follows directly
from bounding the off-diagonal entry, the real and imaginary parts of which correspond
to P-conserving and violating interactions respectively.

Specialising now to photons, the general effective action up to dim-8 is

d
32A4

LEFTg =

TCM ((F2)2 + (FF)2) + ((F2)2 - (FF)2> + 166/\4}72 (FF) . (3.117)

The operator basis has been selected to match onto specific tree-level 4-leg amplitudes
between helicity eigenstates. The first operator is helicity preserving, the others are
helicity-violating, with the coefficient e being P and C'P violating and providing the
imaginary part of the coupling in the corresponding amplitudes. Evaluating the LHS

entries at tree-level, the constraints reduce to

1
¢> oV + (3.118)

However, loops of scalar particles mediated by dim-6 operators of the form F?2¢g?
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also contribute to the dim-8 order four photon amplitudes. If the scalar is complex, the
possible operators are
Lorm, = 2 + 2 FFg + con;
BFTs = 33 ¢+A— ¢” + conj
b ~
F2ppt + FFF¢¢T. (3.119)

a

+A2

where a,b € C and @,b € R. In a supersymmetric theory, discussed more below, a
and b are prohibited if the scalars are the same, while b = ia. On-shell, this is the
statement that the only permitted contact interactions induce amplitudes A(y", 7", ¢, @)
and A(v~,77,¢,¢). In this case, helicity charge of the photons may be extended into
a conserved charge also carried by the scalars, which is a statement of electric-magnetic
duality (53)). Alternatively, b = —ia is also compatible if the identification of particle and
antiparticle is reversed. Including these contributions to the amplitudes, the constraints
become:
2+ > <a2 + 0%+ 2]a — b + 2Ja + ¢b|2) (2 +log (“—2))
(4m)? A2

> |d +ie + (4%)2 ((a —ib)? + 4(a — ib)(a* — z’b*)) (2 +log (ﬁ—i)) ‘ . (3.120)

Just as in the scalar example discussed in Section [3.3.1], the dim-6 operators strengthen
the lower bound on ¢ (absorbing into it the rational part of the loop correction), at
least assuming that there is little change in the size of the expression on the RHS of the
inequality.

It is possibly enlightening to consider the effect of each term in isolation, with all
others set to zero. In order to maintain consistency with positivity, ¢ will remain active
so that the dim-6 corrections can be consistently negative, while all d and e will be chosen

to cancel the rational terms generated from the dim-6 operators. Activating only a and
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b, then both terms on the left and right side of the inequality are equal in magnitude. If
both terms were positive, then these would simply account for each other on each side
of the sum rule and saturate it to give no information. However, as the logarithm is
negative, these terms actually reinforce each other and strengthen the lower bound on ¢
beyond 0, the degree to which depending on the size of the hierarchy between IR and UV
scales. Next, if only a and b are active, then the terms on the LHS of the inequality are
always greater in magnitude than those on the RHS although, as before, both strengthen
the tree-level bound. Interestingly, for a give coupling a, the weakest contribution to
the constraint is made for the symmetry-enhanced choice b = 4ia. This is because the
on-shell amplitudes into which the cut scalar loop factorise would be prohibited for the
helicity-violating configurations, as well as for one of the two possible contributions to
the helicity-conserving case. This is typical of the suppression of RG evolution caused
by the enhancement of symmetries.

There are also other potential contributions to the dim-8 order four photon ampli-
tudes, such as from a fermion box of three-particle dim-5 operators, that would appear
on the LHS. A more thorough analysis of the way that lower-dim operators affect the
constraints will be left for another work.

The bound is therefore the statement that the helicity-violating amplitudes
must be smaller than the helicity-conserving ones. For photons, this is a leading-order
statement of the hierarchy in coupling strengths of symmetry preserving and symmetry
violating interactions. Helicity conservation corresponds to electric-magnetic duality and
is also selected by supersymmetry, as will be explored further below. This point of view
also “explains” the observation of (24]) of the consequential suppression of the P and T'
violation in the vector boson EFT. These discrete symmetries can only be violated by
operators that mediate helicity-violating interactions, or, more generally, off-diagonal,

inelastic S-matrix entries. Because the sum rule curbs the size of these interactions,
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it consequently also places fundamental restrictions on the size of T-violation. Note
that, while it is possible to perform a field redefinition (or “duality rotation”) in the
effective action (3.117)) to remove the T-violating term (and transfer it into the coupling
of the photon to sources), the combination d? +e? remains invariant and the constraint is
unchanged. This is the reason that the two couplings must necessarily appear added in
quadrature. On-shell, this is reflected in the overall phase ambiguity of the amplitudes.
This similarly applies to the complex a coefficient in the case that b = +ia and a = b=0.

The bound can be alternatively derived from the convex cone picture. Be-
ginning with the sum rule (with mg = 0), the first step is to find the PERs.
These may be determined as the independent contributions with the factorised form
m - m in the s-channel before the crossed u-channel is added. Choose as independent
coordinates the partial amplitudes @ = (Maa, Mpp, S (Mag)), where Myp is purely
imaginary, so represents only one real dimension. Each PER corresponds to the con-
tribution from a single UV state, so only a single component of the complex vectors
in the sum rule need be chosen. These will be labelled as § and . Because of the
crossed-amplitude, there is only a single ray structure that combines all terms generated
by both parameters. As the ray is only defined modulo positive real factors, the coordi-
nates may be rescaled by a factor of 2/|3]* to give e(r) = (3 — r?, —1 + 3r?, 4r), where
r = —iy/f € R. It can be verified that this is extremal for all r. This family of ERs
is effectively a 2d surface in a 3d space parameterised by 2 real parameters (including a
positive real parameter rescaling the ray). The cone itself has parabolic sections. The
face of the cone is defined by the normal n to the surface, which (up to an arbitrary
scale) has components n; = e’ (r)% = (=1 — 3r%, =3 — % 4r). The EFT must in-
duce amplitudes that lie inside the cone, so this implies that @ - n(r) < 0 for all r € R.

Imposing this latter condition implies that 3M a4 + Mg > 0, M4 + 3Mpp > 0 and

|Mag| < %\/(BMAA + Mpg) (Maa + 3Mpg), which is just a restatement of (3.112)) given
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the relation M, = % (Maa + Mgpg).

3.5.3 Non-Abelian vector bosons

I here make some comments about extending the above analysis to scattering of
(massless) W-bosons in which C'P-violation is permitted.

The W-bosons have helicity and adjoint SU(2) indices. The projectors that span the
amplitude are given by products of adjoint isospin and helicity projectors, of which there
are 15. Denoting by oy, the vector of UV couplings in the RHS of the sum rule for

isospin irrep I and J, irrep m, then the sum rule can be expressed as

MR =Ny - o (PPPIR 4 PR P (3.121)
I,mn

The crossed projectors are then decomposed using the relations stated in the previous
sections to derive the partial amplitudes as a function of the complex vectors o p,.
Similarly to photons, C'PT implies that the helicity-conserving amplitudes are parity
symmetric, so the relations hold for each isospin partial amplitude such that
ara-o;p = —arp-ara. The ar, - ar, coefficients determine the space of partial
(forward) amplitudes.

In the simple examples above, the vectors parameterising the sum rule were loosely
in correspondance with the elastic partial amplitudes. An expression of the form |c|?
could be simply translated into a partial amplitude in order to determine the bounds.
However, in the W theory (and any other with sufficiently many degrees of freedom),
these vectors exceed the number of independent partial amplitudes. If only diagonal
S-matrix transitions were permitted, this would correspond to a non-trivial polyhedral
cone with more facets than dimension. FEach point in the cone may admit multiple

decompositions into positive sums of extremal rays and different subsets of rays span
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different regions of the cone, complicating the simple inspection arguments used to derive
bounds in the examples above. Geometrically, the problem becomes that of performing
vertex enumeration for non-polyhedral cones, or more simply finding the curved facets
bounding the cone. Some ideas for addressing this were described in (28]), but for now
this will be left for future work. The solution to this problem represents the next step

toward bootstrapping constraints on realistic EFTs such as Standard Model EFT.

3.5.4 Two chiral fermions

A simple expansion of the previous example in Section is given by introducing
a second distinct particle with the same helicity. I will commit to assuming that both
particles are chiral fermions, 1) and A, because this will be of interest later. However,
the conclusions are more general. It will be additionally assumed for simplicity that each
is charged under its own Zy symmetry so that they can only be destroyed or created in
pairs.

The elastic amplitudes are affected by the same constraints derived above in Section
[3.5.2] The sum rule for these are reproduced here in Table [3.3] Entries below the main
diagonal have been omitted as they are simply related by Hermiticity of the matrix.
Some of the vectors in the last block are Y-rotated versions of counterparts in the third

block and satisfy |m¥ | = |[m* V7|, im?¥A | = |m? Y.
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Table 3.3: Sum rule for two fermion theory.
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Both C'PT and Y can be invoked to reduce the number of independent vector magni-

tudes |m/| to six. After applying the Schwarz and triangle inequalities to the off-diagonal

amplitudes, these all have upper bounds of the form of either |[mA*~||m¥+¥~ |+ |m v+ |2

or [m¥ Y7 |m | + |mA ¥ 2. Analogous bounds of the form of (3.11]) are then given

by
My 4 My < VMY TN pfotegtos 4 A Tem AT (3.122)
where
My € {[M AT AT A AT e e (3.123)
My € {|M AT | A AT (3.124)

are, respectively, any of the m, = 0 and m, = +1 amplitudes.

For reference, the general effective action for this theory has terms

Lorn, = Sgoi Tl + LA + T ayix

+ FWAW + FWM + conj. (3.125)

and

b

Lprr, = 2A4w 2 (UTeT) + S5 A0 (AW)+ — YA (YIAT) + pwx.aww

U (54) + S AN (AN) + 00 (00

<2A4 2A4

+ FWGQ (AX) + %Wa? (ATAT) + conj). (3.126)

The couplings f,qg,h,a,b,c,d € R and k, k,a,b,¢,d,e € C. The operators with Wilson
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coefficients denoted with a tilde mediate helicity-violating interactions. Consistency with
supersymmetry will be elaborated on further below (see Section [3.6). The bounds on
amplitudes are readily converted into bounds on dim-8 Wilson coefficients at tree-level
after identifying them with the particular transitions between helicity eigenstates and

channels.

3.5.5 Bounds on simple theories of spinning particles

Similar analyses can be performed on systems with particles of different helicities.
Here, simple cases of mixed scalar, fermion and vector amplitudes will be discussed in
order to derive new constraints.

To begin with, the system will be restricted to consisting of a real scalar, a photon
and a chiral fermion. The full table has dimensions 25 x 25 when external helicity
eigenstates are chosen as a basis, but most of the entries vanish either altogether by
conservation of angular momentum or, specifically at dimension 8, by incompatibility of
Lorentz invariance and dimensional analysis (see discussion below in Section [3.6.2)). For
this reason, only the (few) important entries containing new information will be quoted
here. The full sum rule in SO(2) form is given in the Appendix.

Restricting entirely to the bosons to begin with, the entries relevant for photons are

given in Table in the section above, while the others of relevance are:

M9 = 2|m?%|? (3.127)
MYTerTe 2|m7+¢]2 (3.128)
MY 90 = 2im 9 (3.129)
M — T T (3.130)
M7 — 7 m® - m® 0 (3.131)
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(and others related by crossing). Simplification with C'PT and Y (which also equate

|m?"¢| = |m?'" | has been invoked. The bounds are identified as:

MO M| < %MMWW* + \/%M¢¢>¢¢M’Y+7’Y+7, (3.132)

Unlike the helicity-violating four-vector operators, these bounds are not accessible by
considering elastic forward scattering of a scalar with a linearly polarised vector. Super-
positions of vectors and scalars are instead necessary. The bounds are also stronger by
various factors of 2 compared to what would be anticipated from direct application of
. This is because the identity of the scalars is crossing symmetric, which simplifies
the sum rule. The analogous bounds with complex scalars, used below in Section |3.6.3]
are weaker.

The other constraint arises for a mixed spin amplitude. The relevant entries are

MY = |mP72 4 |mf (3.133)
MY T2 2 (3.134)
MYV gpp YT v (3.135)
MOV oV et (3.136)
where |m®¥" | = |m?®"|. The resulting inelastic constraint is
|M¢>ww+1/ﬁ" ’MWH’V\ < VMUt ottt (3.137)

Along with the postivity constraints given in (16), this completes the causality bounds
for the simple minimal, toy theories of spinning particles. Similar arguments can be used

to adapt these to more complicated theories with more states. This will be partly done
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in the supersymetric case below.

3.6 Supersymmetry

Having addressed the management of spin in the sum rule, it is natural to now ex-
tend this to supermultiplets. Supersymmetry unifies states of different spin and likewise
their interactions. Supersymmetry is a consistent extension of the spacetime symme-
try algebra, so should not affect conclusions drawn from the (rigid) causal structure of
background flat Minkowski space. It is therefore expected that causality constraints on
scattering of a particular set of component states should be shared by the other inter-
actions related by supersymmetry. Precisely these connections will be explored in this

section. For simplicity, attention will be restricted to EFTs with minimal particle content.

3.6.1 Superamplitudes

Superspaces at the level of the effective action are generally arduous and cumbersome
to work with. As is very well appreciated, on-shell scattering amplitudes cut-through the
off-shell baggage of the effective action, not only making computations substantially
easier, but also clarifying the presence and action of symmetries that are either not
manifest or are convoluted in the Lagrangian field theory. The “on-shell superspace”, to
be employed here, makes the super-Ward identities (SWIs) manifest as relations between
scattering amplitudes - see e.g. (54)) for review. Amplitudes between individual states in a
multiplet are unified into superamplitudes. This makes transparent the relation between
the unified effective interactions and their component operators without recourse to an
off-shell superspace. The especially simple case of 2 — 2 scattering amplitudes, under
discussion here, are highly constrained by fundamental principles. See (55) for numerous

examples in supergravity.
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The chiral superspace of (56), later used by (57), will be employed here, where the
highest helicity state is selected as the Clifford vacuum for the representation. This deter-
mines the little group representation of the entire “superfield”. The massless multiplets

for N/ = 1 theories are

ot =yt + o O =¢p+ny

V=0t + A" Vo= +n.

For N = 2, they are

1 — — 1
K =x"+n0s— §€AB77A7]BX_ K=x"+n",— §6AB77ATJBT
1 — 1
VT =ot + 9t - §€AB77A773¢ Vo =¢+nt\; — 56AB?7AUBU’-

See (57) for general explanation of notation. The multiplet K is a half-hypermultiplet
and is usually paired with a conjugate multiplet of antiparticles, K. However, as both
multiplets have identical helicity structure, it will not be important here to continue
to distinguish between the two. The N = 4 vector is defined in (54) and will not be
reproduced here.

All external states defining the superamplitudes will be taken to be outgoing. This
is the convention adopted in (54)). However, it will be necessary to cross two of the
states to be incoming. Crossing has been discussed in the present context in (16) and
will be performed here on the component amplitudes. As mentioned in at the end of
Section the ordering of the superfields in the correlator from which the amplitude
is derived is (0|4312]0). This gives the order of the states and the Grassmann variables
in the superamplitude, which determines the order in which the Grassmann derivatives
should be applied to extract the components. Note that the Feynman rules for external

antifermion legs include a factor of —1 that is frequently dropped (58]), but is required
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here. This implies that a single fermion leg must be accompanied by a factor of —1
when crossed, in addition to the usual rules of reversing the momentum and replacing

the external polarisation.

3.6.2 Effective operators

It is of general interest to classify the effective contact interactions combined together
under various degrees of supersymmetry. Here these will be systematically classified
from dimension 5 to dimension 8 for operators inducing contact interactions between
three or four particles. Again, the discussion will be restricted to helicities A < 1 (so
no (super)gravity). Different species of multiplets with the same superspin will not be
distinguished in order to emphasise the purely kinematical structure of the allowed in-
teractions, but no assumptions will be made about permutation symmetries and internal
quantum numbers (unrelated to the supersymmetry algebra).

Most of the interactions considered here will be four-particle contact interactions.
These are severely constrained by consistency with dimensional analysis, little group
representation, Lorentz invariance, locality and supersymmetry. The last condition is
the requirement that the superamplitude depend on the Grassmann variables exactly
through 0® (QT), while the former conditions demand that the amplitudes be polynomials
in spinor bilinears with the required mass dimension and total helicity charge for each
leg.

While supersymmetry unifies interactions, it can also prohibit them. A common
reason for this is that the spectrum of effective interactions for higher spin particles is
sparser than for lower spin particles, so not all lower spin interactions can be uniquely

paired with a higher spin interaction.
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Dimension 5

An anomalous magnetic dipole moment (MDM)-like operator for matter fermions is
prohibited by supersymmetry (this is already prohibited by exchange antisymmetry if

the fermions are identical). However, the axion/dilaton coupling is promoted to
1.
A@T VH V) K5<1>(Q) 23], (3.138)

which also contains a mixed MDM-like interaction between the matter fermion and the
gaugino. This interaction can be further promoted to N'= 2 in the superamplitude

AV VT V) x %5(2)(@, (3.139)

which contains no further interactions. There are likewise conjugate superamplitudes
between the corresponding anti-multiplets. Notably, the axion/dilaton cannot belong to
a hypermultiplet.

The Weinberg operator (uniquely) supersymmetrises into itself:

A@F, 0%, 0%, dF) %(5(2)(@)%. (3.140)

The conjugate amplitude A(P~P~P~d7) is similar. Despite appearances, all spinor

prefactors are equivalent. The operator is altogether incompatible with N > 2.

Dimension 6

Cubic vector interactions are altogether prohibited by supersymmetry, so there are

no 3-particle operators to consider.
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Permissible A/ = 1 superamplitudes are

A(@T, 0T &~ d7) %5@)(@*) [12] (3.141)

(2

1) (3.142)

AV VT 0T ) o %5@)(@*)
and analogous conjugates. The first superamplitude combines dimension-6 four fermion
operators with scalar and mixed fermion-scalar operators. The superamplitude must be
helicity conserving, so helicity-violating matter interactions are forbidden (such as those
induced by the operators of the form d?)). For the scalar interactions, “helicity
preserving” becomes charge preserving (each ¢ must be paired with a ¢' in the operator).
The second superamplitude does allow for helicity violation, provided that it involves a
gaugino and a matter fermion. It relates this to the bosonic operators of the form F?¢?,
where the scalar must be charge-violating, as well as the MDM-like operator in ,
dressed with an additional scalar.

Each of these superamplitudes may be respectively further enhanced to N' = 2,

AK, K, K K) %5(4)(@)% (3.143)
+ y+ v+t vt oci (4) [12}2
AV VvV VE VT A25 (QT)<34>2 (3.144)

(and conjugates), neither of which contains any new types of component interactions.
The chiral multiplets of (3.142)) must descend from the vector multiplets in (3.144]), while
the N/ = 1 matter interactions can only be promoted to N' = 2 matter interactions.

Interestingly, the A/ = 2 vectors still cannot couple to the hypermultiplets at this order.
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Dimension 7

The N = 1 possibilities are

A@T, 0T, 0% dF) %5@)(@* {[12] [34] , [13] [24]} (3.145)
AV VT 0 ) & %5@)(@*) 12)? (3.146)

The first superamplitude is the first example that admits multiple possible independent
terms, a particular basis for which is given inside the brackets. These correspond to
helicity-violating operators of the schematic form 11)9%¢¢, where each term corresponds
to a particular distribution of the derivatives. Like the Weinberg operator, these su-
persymmetrise into themselves. The second superamplitude describes operators of the
form F%)? and its superpartners: the gaugino-scalar coupling, similar to that in ,
but restricted to the term proportional to the Mandelstam invariant of both scalars’
momenta, and a coupling of the schematic form FAyfdof.
The only N = 2 possibility is
1o 12

e W (QN = (3.147)

+ y+
AV, VT K K) )

This superamplitude unifies both of the AN/ = 1 superamplitudes listed above (although
selecting-out only one of the terms (3.145)) determined by which chiral multiplets are
embedded in the A = 2 vectors).
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Dimension 8

N = 4 compatible interactions become admissible at dimension 8. The only possible

superamplitude consistent with dimensional analysis is

[12°
(34)*

1
AV, V.V, V) oc 508(Q") (3.148)

This is the supersymmetrisation of the helicity-preserving F'* operator and is (kinemati-
cally) unique.

For N < 4, more possibilities arise than for lower dimension, as dimensional analysis
permits more derivatives and therefore more ways that they can be distributed, as well as
new Lorentz-invariant combinations of fermion chirality. However, supersymmetry still
places stringent constraints on the possible component interactions.

For N/ = 1, the possible superamplitudes are

A@®* 0,87, 07) = 0@ 12] {eas, cont) (3149)
AV V-, 0t 07) = CVAQf 5@ (Q") [13] [14] (24) (3.150)
AWV V8 0%) = L 0(QN) [12] {dyaae, 12 34] dyen [31] 24} (315)
AV VLV V) = %5@(@*) [12]2 (34) . (3.152)

The numerical Wilson coefficients are retained in these expressions to match them with

the operators to be given below.
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Extending to N’ = 2, the permitted superamplitudes are

A(K,K,K,K) %5“”(@T {[12] [34] , [13] [24]} (3.153)
AV V- K K,) %5@(@*) (13] [14] (3.154)
AVE VT VT V) %5“)(@*)%{[12] [34] , [13] [24]} (3.155)
AVT VTV V) %5“)(@*) [12)°. (3.156)

These mostly just describe promotions of the respective A/ = 1 superamplitudes into

N = 2. The superamplitudes (3.154]) and (3.156]) also decompose into A/ = 1 components

that include the cga, term in (3.149)).

Note that the ' = 1, 2 helicity-violating interactions (which have been singled-out in
by having coupling labelled as d rather than c¢), which are the only examples of
inelastic superamplitudes listed above, are also the only type that do not appear when
that N/ = 4 superamplitude is decomposed into lower A/ components and are therefore
not N = 4 compatible.

For minimal field theories, it is interesting to consider the terms in an effective action
that would generate the superamplitudes listed above and identify the Wilson coefficients

united by supersymmetry. For a N' = 1 chiral multiplet, the dimension 8 operators are
c 1 1 ) "
Lorr, o 2 (z¢¢(82)2(¢*¢*> +SOUOR(BIT) + 200,010 mww*) (3.157)

(identical particle exchange symmetry rules-out the other possible operator displayed

above in (3.149))). For the vector multiplet,

e . 1
Lprr, CAL4 (E ((F2)2 - (FF)2> + §AA32(AW) + 2¢AFLaﬂFRa“AT) . (3.158)
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Here, Fj, = F,,S}" and Fp = F},,S%’. The mixed interactions are:

Lepr, CVA—f (m (FLo" Fp") 0,010,0 — 0, TP AT

— 2\ 0,00,010" ¢ + 2i9p Frot Fro,a't

— V20, N9, + conj.) (3.159)

+ dyzazs (é (F2 + ZFF) PP + i%ﬂbaQ (AA) + 2\/§iau¢)\FLa“¢) + conj.

(3.160)

The terms in the effective action above, or equivalently, the amplitudes that they
correspond to, can be compared to those listed in Section [3.5.4] for the two fermion system.
The notable differences are that supersymmetry forbids the helicity-violating interactions
involving only a single species ¢ or A (i.e. ¥?0*)?, A\?0*)\? and their conjugates). For
interactions between two different species of fermion, helicity-violating interactions are
permitted. However, only the two interactions listed in and are allowed.
The others listed in are forbidden by supersymmetry. Note that 9w\ - 9T +
%1[1)\62 (¢TAT) = —0, b T AT, so supersymmetry only permits this single combination
of mixed helicity conserving interaction.

Before advancing on to the superymmetrised postivity constraints, I first digress to
make a comment on the application to supersymmetry breaking given in (59)). The gen-
eral low-energy EFT of a goldstino and R-axion was constructed in (59) to describe the
breaking of N/ = 1 supersymmetry and its R-symmetry. This action included an interac-
tion of the form given by the mixed interaction in (3.157)) (but with a real scalar), as well
as dimension 8 helicity preserving and violating pure goldstino operators. By demanding
positivity of the mixed interaction, an upper bound on the vev of the superpotential was
derived from the product of the R-axion and goldstino decay constants (all parameters

determining the low energy constants in the effective action). This same bound could be
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equivalently obtained by instead applying the conclusions of Section directly to the

goldstino interactions.

3.6.3 Unity of the positivity theorems and new bounds

To begin with, the positivity constraints on the scalar (2)) and the fermion (I6]) in
(3.157) are unified when the fields are combined in a supermultiplet. Note that these
interactions are consistent with both a Goldstone shift-symmetry for the scalar and a
goldstino non-linear supersymmetry for the fermion. These interactions are expected for
a Goldstone multiplet in a theory with extended SUSY spontaneously broken to N' = 1.
Likewise, the interactions in (3.158|) must each have positive coefficients (16]), which is
consistent with their unification under supersymmetry.

The mixed interactions are similar to those discussed in the previous Section [3.5.5
The first four terms of induce elastic scattering of different species off each other,
so the positivity of the coefficient cy242 > 0 is again expected. Interestingly however, the
inelastic partner operators of the form 9,AF* 9,4 seem to inherit this condition. It
is unclear how these operators would be constrained in the absence of supersymmetry.
Their on-shell contact amplitudes that vanish in the forward limit in all channels, so a
departure away from the forward scattering would seem necessary to access them. This
operator will remain a puzzle here.

Promoting to N' = 2, the V4 and V2®? (super)-operators unify further and the
positivity of their Wilson coefficients is combined into that of the (N = 2) V* operator.
Similarly, positivity of the A" = 1 chiral multiplet interactions becomes positivity
of the analogous N' = 2 hypermultiplet interactions. Promoting further to N' = 4, all
of these are unified into the single positivity constraint on the dim-8 vector multiplet

interaction.
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Finally, the new inelastic constraints derived in the previous section also unify. With

supersymmetry, the fermion constraints from Section [3.5.4] simplify, as the amplitudes

A (Y * = pTYT) = A (AT = ATAT)

= A (NN = 05gT) = A (AN = 9TyF) =0, (3.161)

while specifically for identical particles, M (pEA* — ¢FAF) = 0. This leaves only one

type of inelastic amplitude and its parity conjugate and the constraints can be stated as

%|M“M* £ MV < (T LV VTt (AT (31162)

The combinations appearing on the LHS correspond to the P conserving and violating
interactions in the inelastic transitions (corresponding to, at tree-level, the real and
imaginary parts of the coupling dyzg2, above). Notably, the amplitudes forbidden by
the SWIs would all appear as additional contributions to the left hand side of ,
strengthening the lower bound on the elastic amplitudes.

The analysis of Section [3.5.5 can be easily extended to a complex scalar and two

fermion species. With the scalar complex, the bound (3.132)) generalises to

%|M¢¢w+v+ + M@ff, < MO LV Meess vty (3.163)

(after simplifying with CPT and Y'), which has the expected form resembling (3.162)).
The last partner relation, involving the mixed fermion-boson amplitudes, can also be

found to be

%yww‘““ £ MOV < VMO N[UT TV DevTert JATYTATT L (3.164)
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SWIs imply that MO — AT g this bound has identical structure to the
previous two, completing the full super-positivity constraint. Again, the inelastic com-
ponents of do not appear in any of these bounds and seem only to be dragged
into participation by supersymmetry. For Wilson coefficients at tree-level, these bounds

are encapsulated by

|%(dv2¢25)|, ’%(deqﬂs)’ < Cy2p2 + v CpagCy4. (3165)

In contrast to the case from Section [3.5.2] the space of consistent P-violating inelastic
couplings is a square rather than a disc.

As mentioned above, the inelastic amplitudes are also the only type not consistent
with N/ = 4 supersymmetry. This indicates that the lower bounds in these inequalities
are minimised by requiring increasingly more supersymmetry (where simple N = 1 is suf-
ficient to rule-out many possible inelastic amplitudes that may potentially appear, such
as the other fermionic helicity configurations in Section[3.5.4)). This is the (expected) con-
sequence of symmetries imposing selection rules that prohibit inelastic processes, but also

illustrates how extreme symmetry breaking can be prohibited by the positivity bounds.

3.7 Conclusion

The general implication of unitarity for the causality sum rule is to bound
the size of inelastic scattering amplitudes by the size of the elastic ones . This
places fundamental limits on the extent to which hypothetical symmetries, which manifest
themselves in the S-matrix as selection rules, can be broken by effective interactions.
These constraints appear naively invisible in the construction of a general effective action

of local contact interactions.
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Employing the convex cone picture of (29), the general set of positivity bounds for
fundamental SU(2) and SU(3) fermions were derived, including some that cannot be
obtained from considering scattering of factorised states. Separately, general constraints
on flavour violation were also derived for the cases in which the fermions are only non-
singlets under one symmetry group. Simple inelastic bounds for spinning particles were
also derived, in particular for two scalars and two vectors and the mixed case of two
fermions, a vector and a scalar, where each particle has the same-sign helicity in the all
outgoing convention. It was then shown that all of the standard bounds for particles of
different spin unify under supersymmetry.

In the examples discussed in [3.4.2] all states under consideration are related by sym-
metries. When the particles transform under multiple symmetry groups, the convex cone
picture is needed for a complete characterisation of the information in the sum rule.
However, if transitions between multiple distinct states are permitted by the symmetries,
then the cone is non-polyhedral and the standard results for polyhedral cones cannot be
so simply applied. This was analysed in (28)) for parity-symmetric weak boson operators,
where a set of necessary constraints were derived using analytic and numerical meth-
ods. It is easy to apply directly to obtain necessary conditions on the couplings.
However, finding the complete set of sufficient bounds remains the most immediate open
problem in applying the constraints from the sum rule to EFTs of multiple species, in
particular the SMEFT. Subsequent to the release of this work, (34) were able to re-
formulate the the sum rule as a positive semi-definite statement in a dual space
to the space of external scattering states. Once appropriately crossing-symmetrised, a
tensor in external particle labels may be contracted with to obtain an expression
of positive-definiteness. This dual space of positive-definite matrices was identified as
a “spectrahedron”, the geometry of which has been studied in (60)), and, as a space of

positive-definite matrices, enabled methods from semi-definite programming to be applied
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(see (61)) for introduction of recent applications of these ideas to solving the CFT boot-
strap equations). See also (62)) for recent progress in applying the S-matrix bootstrap to
constraining Wilson coefficients in EFTs directly from the full crossing constraints. This
leverages positive semi-definiteness of the S-matrix to utilise semi-definite programming.

Generalisation to higher mass dimension, departure from the forward limit and mas-
sive particles are obvious future directions (17), (20), (22), (21)). See e.g. (63)), (31) for
recent, discussions in string theory.

The entire discussion of this work has been concentrated at the level of dimension-8
order effective interactions. These have the minimum energy scaling to ensure that the
integral over the contour deformed to infinity converges to zero and does not introduce
an additional unknown UV ingredient into the sum rule with an unknown impact on the
structure. The results described here at dimension 8 readily extends to higher dimen-
sion 4n for n > 2. However, no statement about lower dimensional amplitudes has been
made, so it would seem that the remarks about symmetry violation would not extend to
them. However, lower dimensional interactions will typically contribute to dimension-8
level interactions through multiple insertions and still appear in the sum rule. The im-
pact of loops in higher order constraints was recently discussed in (20). In agreement
with the observations here, these strengthen the positivity bounds that would naively
apply at tree-level. It would be of interest to further investigate the implications of these
constraints for RG flow, both in the context for the SMEFT and more generally. As
mentioned in (20), this would require a treatment of IR divergences and inclusive ob-
servables. Furthermore, as recent works have shown, even operators appearing at higher
dimension 4n + 2, for which the standard sum rule does not imply positivity, are highly
constrained away from the forward limit. It would be interesting to establish precise
points of distinction between the rigid set of constraints applicable at dimension 8 and

above and freedom for lower dimensional (including renormalisable) operators. Exami-
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nation of UV completions may provide insight into this. Some discussion of dimension 6
operators has recently been given in (64)), (65), (15)), (66), although conclusions drawn for
the IR interactions have been predicated on assumptions about the amplitudes having
extra-friendly high-energy scaling.

While most of the applications presented here have had an eye toward the SMEFT, no
analysis of the impacts of these constraints on tests of the SM has been attempted here.
See (30), (67), (26), (27), (68) for some recent discussion of this. The bounds discussed
here activate at dimension 8 order, which is expected to be typically sub-leading to the
(many) dimension 6 interactions that pervade the SMEFT. However, it may still be
possible to access the affected dimension 8 interactions through non-interference effects
and angular distributions (69), (70). While amplitudes vanishing in the forward limit
(possibly because of angular momentum conservation) appear naively unaffected, this is
not necessarily true in a crossed, inelastic channel described by the same amplitude, and
as result, such a process would not escape constraint.

This entire work has relied upon the S-matrix formulation of causality in order to
derive constraints on effective interactions. However, it would also be interesting to con-
struct background solutions (such as was done in (2])) in order to see precisely how such
a breakdown arises if the constraints are violated, especially for the fermionic and mixed
spin interactions. The validity and scope of the S-matrix formulation is also depen-
dent upon the analytic structure being established and the standard derivation of the
dispersion relations in Section relied upon this. These have been established for
Wightman theories (at least for the analogous correlation functions) and theories loosely
satisfying the requirements of LSZ reduction. However, this does not include applica-
bility to perturbative gauge theories. Clarification over this issue would be informative.
Some possibly related foundational questions that have practical implications are the in-

terpretation and use of the sum rule in the presence of IR divergences, as well as possible
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extension away from the forward limit where some understanding of the singularity struc-
ture may become necessary. The assumption that all particles can be given a small mass
and that the results will apply to the exactly massless theory also needs to be validated
(in particular, the assumption that the forward and massless limits commute), although
no effort has been made in this direction here. This is least clear for possible applications
to gravitational systems, where other foundational assumptions about locality in the UV
completion are also uncertain.

It would also be interesting to find applications of these bounds to model building.
As mentioned above, the fact that dimension 8 operators usually contribute subleading
effects naively poses an obstruction to the constraints having widespread, leading-order
consequences. Continuing the analysis of (30]) for constraining massive higher spin parti-
cles and their hypothetical coupling to the SM is another possible application with direct
consequence for the constraining the space of possible particle models of dark matter or
other hypothetically fields associated with other cosmological mysteries. See e.g. (71
for discussion of coupling of massive gravitons to (regular) matter, or (I8]) for various
other theories related to modified gravity. Alternatively, it would be of interest if these
results can be used to make general statements about the nature and scope of symmetry

breaking (such as of time-reversal) that is possible at low energies.
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3.A Sum Rules for Spinning Particles with SO(2)

3.A.1 Angular momentum projectors in SO(2) form

The Clebsch-Gordan coefficients for general spinning particles were given in (3.93)).

If one of the helicities is zero, then the Clebsch-Gordan coefficients are
CPl=0C) = — : (3.166)

The 0 superscript denotes the scalar state. The parity-conjugate coefficients are C%, =
Ogih = (C;LO)*-
The next step is to find the projectors. There are several special cases. For the case

in which one of the incoming and outgoing particles are scalars, the projectors are simply

Plio,fo _ ik Plggl'lt)l _ it P}go}?z 5 Plgj}‘lkﬂ — gk (3.167)
e I 5 A EL o S S (3.168)

More generally, if none of the particles are scalars and hy # hg, hy # hg (so that
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singlets do not appear in the product irreps), then the possible projectors are

ikl
P/P/h1+h2 -

ijkl
PP hi+h2
ijkl

Pl -
F|h1—ha|

ijkl
Pp |h1—ha|

ikl B
P/P/‘hl_hﬂ -

ijkl -
PP\hrh2| =

ijkl
P/P/h1+h2 -
ikl
PPh1+h2 -
ijkl B
P,Fh3+h4 -

ikl
PP hz+hs —

% (5z‘k€jl 4 5jl€ik>
é (5ik6jl 4 6il5jk o 5ij6kl) 7
% (eij(skl . (Sijekl)
% (5ij5kl + 5ik5jl o 5il5jk) ’
% (5ij€kl 4 Eijékl)
% (5ij5kl o 5ik5jl + 6il5jk) ’

_ __Z (Sz‘jékl + Pz‘jekl)

(Pij(skl - Sij6k1> 7

l\')l»—t[\D

(5ij5kl + eiijl)

(5ijpkl + Eijskl) ’

N~ DN

ifhy + hy = hy -+ hy,

if (hy — ha) = (hs — hy),

if (hy — hy) = — (hg — hy) ,

lfhl +h2 - i(hg —h4),

if £ (hy — hy) = hy + ha.

(3.169)
(3.170)
(3.171)
(3.172)
(3.173)
(3.174)
(3.175)
(3.176)
(3.177)

(3.178)

The u-channel projectors all agree with the required s-channel projectors that they should

be related to under crossing. For example, if hy + ho = hz + hy, it is easily verified that

P;Lllk_] hy = Pffl ]ith (in either parity-symmetric or violating cases). The identity

5z]€kl 4 616[61] — (SZZEICJ 4 (sklezl

is useful in handling the parity-violating projectors.

(3.179)

For the special case in which exactly one of the particles is a scalar, the projectors
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are

Z .
A, = (51— 150
1
Py = (P4 7 1)
P 7; (67 4 5726M) (3.182)
P, = L - e 3189
pokl (6716 — 525 (3.184)
P —h3+hs — \/§ ¢ .
A 1 .
P, = 5 (579 57E) (159

Then Pk = pUikl and piidl = pild = (PU4)* for each helicity configuration. These
expressions encapsulate each of the possible relations between the helicities of the scat-
tered particles. Again, it can be easily checked that these are consistent with crossing
e.g. for the case hg = 0 and hy + hy = hy, Pg%{rm = ngiJrhz), while the parity-violating
projectors pick-up a negative sign P;%i h = —P/;J}gll thy

For the special case in which the outgoing states are both scalars, the projectors are

simply the Clebsch-Gordan coefficients (or if the scalars are incoming, their conjugates)

) 1 .. 1 y —1 1
P'LJOO _ 54 POOkl — 5kl P’LJOO _ €t POOkl — Ekl. 3.186
4 V2 A V2 B V2 b V2 ( )

These have crossing relations
POlkJO \/_P()Okl OlkJO \/_P()Okl (3187)

When the particles are not scalars, then if hy = hy and hy = hg, the u-channel
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projectors decompose as

while in the opposite channel,

ilkj
Pys =
ilkj
Ppp =
ilkj
Pyg =

ilksj
Pri

ilkj ijkl ijkl
P,th1+h2 _PAB - PBA
ilkj _ pijkl ijkl
PPh1+h2 - PAA + PBB
ilkj ijkl ijkl
P/mll - PAB - PBA

ilkj ikl ijkl
Poy—n, = Pia — Ppp

ijkl ijkl
PP h1+ho PP hi1—hs

35kl ijkl
(Pp]h1+h2 - ijhl hg)
1
2

N RN~ DN~

szkl 'ijl
Phi— /Vh1+h2
_ gkl ijkl
S TP

Phi— F'hi+hsy

)

(3.188)
(3.189)
(3.190)

(3.191)

(3.192)
(3.193)
(3.194)

(3.195)

The results given in Section [3.5.1] also apply to the case hy = hy = h # hg = hy,

except that only the transitions between singlet irreps are possible.

3.A.2 Sum rules for two fermion and multispin theories

The sum rule entries for scattering in the two fermion theory of Section [3.5.4] are, in

SO(2) form:
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1 3
M (AN — AN ( M2+ +3 (Jm? + |mg*|2)> pPir
+

1 .
5 (2[m? 2 + 3[mY P — lmy ) Pk
1 .
+§ (2|m”‘|2 |m ’\’\|2+3|mM\2) P§§l+2m

M (6,9 = ) = (|m”’*”! L (s + \2)) pik
+ 5 (2Amd P+ s — i) P
b5 (2m P — mS P+ sjmi ) P
coms iy (P i)

M= 60 = (Jmf o+ g (1m0 + m ) ) P
b5 (2Am P 4 sm P - mi ) P
45 (2m P mi P+ 3imi ) P
+omi - mi (P - PEY)

MO = Aw) = (Im P g (I o+ ) ) P2
4 (2 4 spml P~ ) PR
+ ; (2|m1 > —|my | + 3|m;¢|2) Py

+om)y - my (P - PEY)
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ijkl ijkl
mB (PAB Pr 4

(3.196)

(3.197)

(3.198)

(3.199)



1 y
MO =) = 5 (mi”-m? +m?m - mi e my +mi - m)) PR

1
o (ama w4

YA A PA A\ ijkl
TMmg -Mp — My My )PAA

1
+ 5 <2mjg¢ . m)f})‘ + mlf)‘ . mi‘w + mf’l\ . m)_‘d{
-y ) P

1
3 <2m1fxw -my —mtm +m o mY

PA A P A ijkl
tmy -mp —mp My )PAB

o )

— mﬁ’\ . mgw + mjé,’\ . mifb) ngl. (3.200)

Here m/- Jil and m{ " for example represent the UV couplings of the f* f'~ and f~ f'*
helicity configurations respectively for any fermions f and f’. For brevity, the am-
plitude M (X, 9 — 1, A) has not been stated as it is entirely determined from cross-
ing M (A, A — 1,1). The Y-symmetry implies that [m™| = [m}|, |m%Y| = |m?¥|,
imy| = |mY, [my| = |mY%, [mi| = jm?)| = jm}¥| = |m™|, which has been used
to (partially) simplify the elastic amplitudes. As for the example of Section , funda-
mental principles rule-out the existence of the parity-violating, spinning component am-
plitudes in all configurations above (although it is present in the omitted M (X, ¢ — ¥, \)).
The sum rule entries for the simple multispin theory of Section in SO(2) form
are given next. The terms can be classified by spin projection m, = 0, %, 1, %, 2. They

are given in Table
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LEC

[m=0]¢¢ |

Y | 77 |
o 2lm®)? | 0 (mA m‘w—k\/_rnq57 mw—k\/_m -m )PA+
(m -m? —2m? - m]? +/2m]? mﬂ) Pg
P L (2mi ) + 8l P — [m ) Paat]| 0
5 (2m 2 — fm 4 3fmi2) Pt
2mY - m'yY (Pap — Ppa)
7Y 5 (2m3"]? + 3|m) P — |my|*) Paa +
3 (2\"" P m) P+ 3my ) Pps + 2m)]
5 (Pag — Ppa)
| m, | oy | ¢ | ¥y | ¢ |
m M PPy | 0 0 (mf” m? +m? m;“) Pp1+
2 2 2 2
(i )
o M PPy | (ml7-mi +m my) Poy—| 0
2 2
vy ¢w -y m) p
<m2 2 m1 2 /P%
Py <|m¢7|2 + |m¢v|23 % 0
w || (ImY 2+ m ) Ppy
[m.=1 [ ¢3¢ | &7 R |
v | (IR (ImiR o+ m ) ) P 0 0
oy ‘m 7[> Pp, <m'1y¢ : mffy + mm m'wﬁ + \%m? : m¢¢> Ppi1+
wﬁ_ ¢v ¢v mY(b ﬁmp . m¢>¢>> Ppy
VP |m] ¢‘2PP1




[ ¢ |

(Im 2+ fm 1) Py

3
2

0

ths (Im3" 2 + m7?) P
m. =2 | vy |
(v [ (mI P+ 5 (mX P+ Im ) Pro|

Table 3.4: Sum rule for theory of spinning particles.




The vanishing entries correspond to amplitudes that do not have dimension 8 or-
der contributions. Amplitudes with the required mass dimension cannot be constructed
consistently respecting Lorentz invariance and possessing the required little group scal-
ing. Many of the processes, most notably the elastic ones, are also accidentally parity
symmetric as a consequence of C'PT' (and the fact that the particles are assumed to be

self-conjugate in this theory). Both Y and C'PT can be invoked to simplify the entries.

The Y symmetry further relates [m{?| = |[m]®|. The couplings mJ”, m?" and m%" are
2

redundant.
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Chapter 4

Cosmological signals of a mirror

twin Higgs

We investigate the cosmology of the minimal model of neutral naturalness, the mirror
Twin Higgs. The softly-broken mirror symmetry relating the Standard Model to its twin
counterpart leads to significant dark radiation in tension with BBN and CMB observa-
tions. We quantify this tension and illustrate how it can be mitigated in several simple
scenarios that alter the relative energy densities of the two sectors while respecting the
softly-broken mirror symmetry. In particular, we consider both the out-of-equilibrium
decay of a new scalar as well as reheating in a toy model of twinned inflation, Twin-
flation. In both cases the dilution of energy density in the twin sector does not merely
reconcile the existence of a mirror Twin Higgs with cosmological constraints, but pre-
dicts contributions to cosmological observables that may be probed in current and future
CMB experiments. This raises the prospect of discovering evidence of neutral naturalness

through cosmology rather than colliders.
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4.1 Introduction

The electroweak hierarchy problem is one of the primary motivators for accessible
physics beyond the Standard Model and has led to an expansive set of searches at the LHC
and beyond. Recent null results in searches for conventional approaches to the hierarchy
problem motivate the exploration of alternative solutions. “Neutral naturalness” provides
one such promising alternative, in which the lightest states responsible for protecting the
weak scale are partly or wholly neutral under the Standard Model (SM). In these theories,
discrete symmetries enforce cancellations between finite threshold corrections to the Higgs
mass. The discrete symmetries may be approximate or exact, although solutions with
approximate symmetries typically require a plethora of new particles near the TeV scale.

Perhaps the simplest avatar of neutral naturalness is the “mirror” Twin Higgs (1)), in
which the new physics near the weak scale consists of an identical copy of the Standard
Model related by an exact Zy exchange symmetry. Higgs portal-type couplings between
the Higgs doublets of the Standard Model and the twin sector lead to accidental global
symmetries that protect the Higgs mass. The lightest partner particles are entirely
neutral under the Standard Model, subject only to indirect bounds from precision Higgs
coupling measurements. In conjunction with supersymmetry or compositeness at 5-
10 TeV, this provides a complete solution to the “little” and “big” hierarchy problems
consistent with current LHC limits. In this respect, the Twin Higgs naturally reconciles
the observation of a light Higgs with the absence of evidence for new physics thus far at
the LHC.

The primary challenge to the mirror Twin Higgs comes not from LHC data, but from
cosmology. An exact Zs exchange symmetry predicts mirror copies of light Standard
Model states, which contribute to the energy density of the early universe. In particular,

twin neutrinos and a twin photon provide a new source of dark radiation that is strongly
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constrained by CMB and BBN measurements (2; 3). While these constraints could be
avoided if the two sectors were at radically different temperatures, the Higgs portal
couplings required by naturalness keep the two sectors in thermal equilibrium down to
relatively low temperatures. Constraints on dark radiation in the mirror Twin Higgs
have motivated models in which the Zs symmetry is approximate (such as the orbifold
(4: 5), holographic (6H8), fraternal (9), and vector-like (10) Twin Higgs), in which case
the dark radiation component can be made naturally small. This problem was examined
recently in (1)), where the Zs symmetry in the fermion Yukawa couplings was broken in
order to find an arrangement that would reduce the residual dark radiation from the twin
particlesE] However, such cosmological fixes come at the cost of minimality, as models
with approximate Z, symmetries require a considerable amount of additional structure
near the TeV scale.

In this work we take an alternative approach and investigate ways in which early
universe cosmology can reconcile the mirror Twin Higgs with current CMB and BBN
observations. In doing so, we find compelling scenarios that transfer the signatures of
electroweak naturalness from high-energy colliders to cosmology. We consider several
possibilities in which the energy density of the light particles in the twin sector is diluted
by the out-of-equilibrium decay of a new particle after the two sectors have thermally
decoupled. Crucially, the new physics in the early universe respects the exact (albeit
spontaneously broken) Z, exchange symmetry of the mirror Twin Higgs. This symmetry
may be used to classify representations of the particle responsible for this dilution. We
concentrate on two minimal cases: In the first, the long-lived particle is Zs-even and the
asymmetry is naturally induced by kinematics. In the second, there is a pair of particles

which are exchanged by the Z, symmetry and which may be responsible for inflation [

'For recent related work on the cosmology and cosmological signatures of non-minimal Twin Higgs
scenarios, see e.g. (I12HIR).
2A third case exists, in which the particle is Zg-odd. This may additionally be related to the spon-
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Moreover, in these cases the new physics does not merely reconcile the existence of a mir-
ror twin sector with cosmological constraints, but predicts contributions to cosmological
observables that may be probed in current and future CMB experiments. This raises
the prospect of discovering evidence of electroweak naturalness first through cosmology,
rather than colliders, and provides natural targets for future cosmological constraints on
minimal realizations of neutral naturalness.

This paper is organized as follows: We begin in Section by reviewing the salient
features of the mirror Twin Higgs. In Section we discuss the thermal history of the
mirror Twin Higgs, with a particular attention to the interactions keeping the Standard
Model and twin sector in thermal equilibrium and the cosmological constraints on light
degrees of freedom. In Section[d.4]we present a simple model where the out-of-equilibrium
decay of a particle with symmetric couplings to the Standard Model and twin sector leads
to a temperature difference between the two sectors after they decouple. We turn to
inflation in Section [4.5] constructing a model of “twinflation” in which the softly broken
Zo-symmetry extends to the inflationary sector and leads to two periods of inflation. The
first primarily reheats the twin sector, while the second primarily reheats the Standard

Model sector. We conclude in Section (4.6

4.2 The Mirror Twin Higgs

We begin by briefly reviewing the salient details of the mirror Twin Higgs. The reader
is referred to any of the references listed in the previous section for further details. The
theory consists of the Standard Model and an identical copy, related by a Zs exchange

symmetry at a scale A > v. The two sectors are connected only by Higgs portal-type

taneous Zso-breaking in the Higgs potential, although we find that a realisation of such a scenario is
dependent upon the UV completion of the model.
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interactions between the two SU(2) doublet scalarsﬁ Subject to conditions on the quartic
coupling, the Higgs sector enjoys an approximate SU(4) global symmetryﬁ

The Higgs potential is best organized in terms of the accidental SU(4) symmetry
involving the SU(2) Higgs doublets of the SM and twin sectors, Hq and Hg. The

general tree-level Twin Higgs potential is given by (see e.g. (9))
_ 2 2 1202 4 4 2 2
V(Ha, Hp) = M|Hal” + [Hp|" = f7/2)" + k(|Ha|" + [Hp|") + 0 /| Ha (4.1)

The first term respects the accidental SU(4) global symmetry, the second breaks SU(4)
but preserves the Z, and the final term softly breaks the Z,. Clearly, k,0 < X\ are
required for the SU(4) to be a good symmetry of the potential. The coupling x should
naturally be of order the expected SU(4)-breaking radiative corrections to the potential
induced by Yukawa interactions with the top/twin top, x ~ 3y} /(872)log(A/m;) ~ 0.1
for a cut-off A ~ 10 TeV (y; being the top quark Yukawa coupling and m; its mass).
Requiring A > k therefore implies A = 1. As the SM and twin isospin gauge groups are
disjoint subgroups of the SU(4), the spontaneous breaking of the SU(4) coincides with
the SM and twin electroweak symmetry breaking. Three Goldstone bosons are eaten
by the broken gauge bosons in each sector, leaving one Goldstone remaining. This will
acquire mass through the breaking of the SU(4) that is naturally smaller than the twin
scale f. For future reference, it is convenient to define the real scalar degrees of freedom
in the gauge basis as hy = \%%(Hg) —v4 and hpg = \%?R(H%) — vp, where (HY) = vy
and (HY) = vp.

The surviving Goldstone boson should be dominantly composed of the h, gauge

3Here and in what follows we neglect possible kinetic mixing between the two U(1)y gauge bosons;
such mixing is not generated in the low-energy theory at three loops (1), and may be forbidden in UV
completions where the mirror symmetry relates sectors with unified gauge groups.

4Properly speaking, the model must contain an SO(8) global symmetry in order to enjoy a resid-
ual custodial symmetry (7 [8)), but in linear realizations the SU(4) is sufficient provided that higher-
dimensional operators violating the custodial symmetry are adequately suppressed.
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eigenstate in order to be SM-like. The soft Zj-breaking coupling o is required to tune
the potential so that the vacuum expectation values (vevs) are asymmetric and that the
Goldstone is mostly aligned with the h4 field direction. The (unique) minimum of the
Twin Higgs potential occurs at vy ~ %\/ Z and vp & f\/7 The required
alignment of the vacuum in the Hp direction occurs if o ~ k. The consequences of this are
that v4 ~ v/\/§ and v ~ f/\/§ > v (where v is the vev of the SM Higgs, although v4 &~
174 GeV is the vev that determines the SM particle masses and electroweak properties),
so that the SM-like Higgs h is identified with the Goldstone mode and is naturally lighter
than the other remaining real scalar, a radial mode H whose mass is set by the scale f.
The component of h in the hp gauge eigenstate is dpp ~ v/f (to lowest order in v/f).
Measurements of the Higgs couplings restrict f = 3v (9)), and the naive tuning of the
weak scale associated with this inequality is of order f2/2v°.

The spectrum of states in the broken phase consists of a SM-like pseudo-Goldstone
Higgs h of mass m7 ~ 8kv?, a radial twin Higgs mode H of mass m% ~ 2A\f% a
conventional Standard Model sector of gauge bosons and fermions and a corresponding
mirror sector. The current masses of quarks, gauge bosons, and charged leptons in the
twin sector are larger than their Standard Model counterparts by ~ f/v, while the twin
QCD scale is larger by a factor ~ (1 +log(f/v)) due to the impact of the higher mass
scale of heavy twin quarks on the renormalisation group (RG) evolution of the twin
strong coupling. The relative mass of twin neutrinos depends on the origin of neutrino
masses, some possibilities being ~ f /v for Dirac masses and ~ f?/v? for Majorana masses
from the Weinberg operator. Mixing in the scalar sector implies that the SM-like Higgs
couples to twin sector matter with an O(v/ f) mixing angle, as does the radial twin Higgs
mode to Standard Model matter. These mixings provide the primary portal between the
Standard Model and twin sectors.

The Goldstone Higgs is protected from radiative corrections from Z,-symmetric physics
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above the scale f. While the mirror Twin Higgs addresses the little hierarchy problem,
it does not address the big hierarchy problem, as nothing stabilizes the scale f against
radiative corrections. However, the scale f can be stabilized by supersymmetry, com-
positeness, or perhaps additional copies of the twin mechanism without requiring new
states beneath the TeV scale. Minimal supersymmetric UV completions can furthermore

remain perturbative up to the GUT scale (19), (20).

4.3 Thermal History of the Mirror Twin

The primary challenge to the mirror Twin Higgs comes from cosmology, rather than
collider physics. The mirror Twin contains not only states responsible for protecting
the Higgs against radiative corrections (such as the twin top), but also a plethora of
extra states due to the Zs symmetry that are irrelevant to naturalness. The lightest of
these, namely the twin photon and twin neutrinos, contribute significantly to the energy
density of the early universe around the era of matter-radiation equality, since they have
a temperature comparable to that of the Standard Model plasma at all times. This is
because the same Higgs portal coupling that makes the Higgs natural also keeps the
two sectors in thermal equilibrium down to O(GeV) temperatures. Then the identical
particle content in the twin and Standard Model sectors guarantees that they remain at
comparable temperatures even after they decouple - for every massive Standard Model
species that becomes non-relativistic and transfers its entropy to the rest of the plasma,
its twin counterpart does the same within a factor of f/v in temperature.

In this section we undertake a detailed study of the decoupling between the Standard

Model and twin sectors as well as the constraints from precision cosmology.
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4.3.1 Twin Degrees of Freedom

In thermal equilibrium, each relativistic degree of freedom has roughly the same
energy density. In general, we express the energy density of the universe p during the
radiation-dominated era as p = g*g—;T 4 where we define g, through this relation as
the effective number of relativistic degrees of freedom and T the temperature of the
SM photons. This then determines the evolution of the scale factor through the first

Friedmann equation

1 7_[_2 1/2
H=—|—¢T" 4.2
My lgog } 42)

(assuming spatial flatness), where M, is the reduced Planck mass. In general, the energy
density of a particular species ¢ may be computed from p; = g; [ % fi(p, T;) E(p), where
g; are the number of internal degrees of freedom, F(p) is the energy as a function of
momentum p, while f;(p, T;) is the phase-space number density and is a Bose-Einstein or
Fermi-Dirac distribution if the species is in equilibrium at temperature 7;. The number of
effective relativistic degrees of freedom may then be defined for each sector separately as
gSM(T) and ¢!(T) satistying psu(T) = % gSM(T)T* and py(T) = T gt (T)T*, respectively,
where psy(T') and py(T') are the total energy densities of SM and twin particles. The
values of g,(T) for the SM and twin sectors are shown in Figure [4.1} where all species
within each sector are in thermal equilibrium. These can then be used to calculate the
total number g, as a function of temperature, by weighting twin sector energy density
by its temperature: g,(T) = ¢SM(T) + ¢*(T)(T/T)*, where T is the twin sector photon
temperature when the SM photon temperature is 7.

Likewise, entropy densities for each sector i are defined as s;(7) = %gi*(T )T3. We

neglect the small differences between the number of relativistic degrees of freedom defined

from energy and entropy densities, which are not significant over the range of tempera-
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tures of interest here.

Effective Number of Relativistic Degrees of Freedom
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Figure 4.1: The effective number of relativistic degrees of freedom for mirror Twin Higgs models
for different values of f/v. The dash-dotted line is the for the Standard Model ¢5M(T') and the
dashed lines are the twin sector degrees of freedom ¢! (T'). The evolution of g, during the QCD
phase transition (QCDPT) is not well-understood, so we assign the SM QCDPT a central value
of 175 MeV and a width of 50 MeV and interpolate linearly between the values of g, at 225
MeV for free partons and at 125 MeV for pions. Further discussion may be found in (2I)). For
the twin sector we use a central value and width which are (1 4 log(g)) times larger than the
SM values. Note that new mass thresholds, expected to appear at energies ~ 10 TeV in UV
completions of the twin Higgs, have not been included.

4.3.2 Decoupling

In the early universe, the two sectors are thermally linked by interactions medi-

ated by the Higgs, which, through mixing with both h, and hg components, allows for
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SM fermions and weak bosons to scatter off or annihilate into their twin counterparts.
However, once the temperature drops sufficiently for this Higgs-mediated interaction to
become rare on the expansion time-scale, the sectors decouple and thereafter thermally
evolve independently. More precisely, thermal decoupling will occur once the rate at
which energy can be exchanged between SM and twin particles (through the Higgs) falls
below the Hubble rate.

Thermal decoupling is traditionally formulated from the Boltzmann equations de-
scribing the evolution of single-particle phase space number densities, wherein collisions
induce instantaneous changes to the shape of these distributions. When the collisions
occur faster than the expansion rate, the phase space probability density functions of
the interacting species are expected to relax to an equilibrium distribution (Boltzmann,
neglecting quantum statistics, will be applicable to our case). However, once the rate
of collisions falls below the expansion rate, collisions become rare on cosmological time
scales and the phase space distributions depart from equilibrium. The decoupling tem-
perature is determined as that at which the scattering rate of a participating particle, I,
drops below the Hubble rate, assuming that this occurs instantaneously across the entire
phase space where the number density is significant. This formulation can be used to
determine the time at which a particular species of particle will cease to scatter off twin
particles on cosmological time scales.

In the case of interest here, however, both sectors of particles remain thermalised
within themselves while the interactions between sectors freeze-out. This implies that the
phase space number densities are still Boltzmann distributions throughout decoupling,
with a different temperature for each sector. As it is the twin sector temperature that
ultimately determines the impact of the light twin degrees of freedom on the cosmological
observables (discussed below in Section [4.3.3)), we wish to describe the thermal evolution

of the two sectors by that of their entire energy or entropy content and the bulk heat
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flows between them. They may then be identified as thermally decoupled once the rate
at which they exchange energy falls below the expansion rate.

If the SM and twin sector plasmas have temperatures T and T respectively, then
calling ¢ the net heat flow density from the SM to the twin sector, the rate at which the

twin entropy densities s; and sg\; evolve is determined by

dst ]- dq ]- inn dQOut
L sfgs, = = 7< _ ) 43
ar o Tdt F\dt  dt (4.3)
dSSM -1 dq 1 inn dCIout
3H - - — . 4.4
gt T oHssu T dt T( dt dt ) (4.4)

Here, H is the Hubble rate. The heat flow rate has been decomposed into the sum of the

energy transferred into and out of the twin sector by collisions in the second equality in

dgout
dt

each line, where %2 and

g are both positive.

The rate of heat flow ¢ may be calculated by performing a phase space average of
the rate that energy is transferred from the SM to the twin sector through particle
interactions. Since the decay rates of top quarks or weak bosons are fast compared to
their scattering rate and the Hubble rate, energy transferred to them is instantaneously
transferred to the rest of the plasma. Similarly, the scattering rate of lighter fermions
off other particles of the same sector (such as photons or gluons) is much faster than
their interaction rate with twin fermions. Energy transferred to the lighter fermions
therefore quickly diffuses throughout their respective plasmas. The rate of heat flow
between sectors may therefore be well approximated by the rate at which energy is
transferred from SM particles to twin particles in Higgs mediated interactions. This
may occur through elastic scattering of SM particles off twin particles or annihilations

of SM particle/antiparticle pairs into twin particles (or the reverse). The energy density
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transferred to twin particle ¢ from SM particle j in scattering is given by

qu%z] gzg] dgk 3 i
5 | s k0T

(4Ei<k>Ej<h> [ oealito) - B 2a0). @)

where p is the outgoing 4-momentum of particle . In the cosmic comoving frame, the
phase space number densities f; and f; are just Boltzmann factors, although evaluated
at the different temperatures of each sector. The factor g; is the number of internal
degrees of freedom of particle i, which here includes colour (the cross section should not
be colour averaged, as each colour of quark is present in the plasma in equal abundances
and each mediates the exchange of energy, so have their contributions summed). Finally,
E;(k) is the on-shell energy of particle ¢ with momentum &, while % is the differential
scattering cross section for species ¢ scattering off j per solid angle €2 and v, is the usual
relative speed of the incoming particles. As described in (22), the factor in the integrand

giving the energy transferred per reaction is simply a component of a 4-vector,

Ao i

X = AE,(k)E;(h) / (p — k)vre Udg 24Q. (4.6)

This may be calculated in the centre-of-mass frame and then boosted back into the cosmic

comoving frame where the integrals in (4.5) can be evaluated, similarly to the thermal
averaging procedure described in (23)).

The integral (4.5) may be decomposed into two terms giving the positive and negative

dqm

and dqo‘" . When

energy changes of the twin particle, which respectively contribute to
evaluated in the centre-of-mass frame, these terms correspond to the cases where the
scattering angle of the twin particle is respectively less than and greater than the angle

between its initial momentum and the total momentum of the system. However, when
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T # T, we find the integrals involved in this decomposition substantially more arduous
than when they are evaluated together.

Energy transferred through annihilations may be similarly calculated as

dqg’;”= // d3’“ h 3 50

x (4Ej<k>Ej<h> [ vt 0) + £, i d)

dS)
S A

do_j;
X (4Ei(k)Ei(h) / Vet (Es(h) + Ei(k))d—Q”dQ> , (4.7)

do ;5 47

Lo is now the differential annihilation cross section. This rate may be evaluated

where
as described above and is more directly amenable to the factorisation of the integrals
observed in (23)). See also (24]) for further details of similar calculations. The first term
of (4 1.} is the energy transferred from the SM to the twin sector and contributes to dq‘“

in (4.3), while the second term is the energy transferred from the twin sector to the SM

dQOut

and contributes to fout |

In thermal equilibrium, the rate of energy transferred through collisions into one
sector will be balanced by that of energy transferred out of it so that there is negligible
net heat flow. This state will be rapidly attained (compared to the age of the universe)
if dq‘" 2 > 3H T's;. However, as the universe expands and the plasma cools, the energy
transfer rates fall faster than the Hubble rate. This is demonstrated in the Figure
below. Once they drop below the Hubble rate, energy exchange ceases on cosmological
time scales and the sectors thermally decouple, thereafter thermodynamically evolving
independently.

To determine the decoupling temperature of the sectors, we calculate the rates of pos-

itive energy exchange for the twin particles interacting with the SM particles. The cross
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sections are calculated using a tree-level effective fermion-twin fermion contact interac-
tion that, in the full twin Higgs model, would be UV completed by a SM Higgs exchange
(the heavier mass of the radial mode would make its exchange subdominant). The in-
teraction strength is determined by the masses of the fermions through their Yukawa
couplings, as well as the mixing angle of the SM-like mass state h with the gauge eigen-
state hg, giving a 4-fermion coupling of strength % (here my and m j are the masses
of fermions f and f). See (19), (IT) for a more detailed discussion of the cross sections.
This effective interaction is appropriate for the temperatures of interest here and helps to
simplify the integrals of . In order to further simplify the integrations of when

it is to be decomposed into terms in which the energy exchange is positive and negative,

we calculate % under the assumption that the sectors have the same temperature (this

dqout

lut js identical). This is then combined with the rate of energy

ensures that the rate
transferred from annihilation. A similar calculation of these rates was recently performed
n (11)), for cases where the Yukawa couplings do not respect the Z, twin symmetry.

In Figure 4.2] we compare the energy transfer rate to the Hubble rate in order to
determine when decoupling occurs. As long as the energy exchange rate exceeds the ex-
pansion rate, the sectors will be thermalised and have the same temperature. Decoupling
then occurs once this rate drops below the Hubble rate. From Figure 4.2} this occurs
at a temperature ~ 2 GeV. However, even after the energy exchange rate drops below
the Hubble rate, the sectors will remain at the same temperature unless some event that
either injects or redistributes entropy occurs within a sector (such as the temperature
dropping below a mass threshold). As the heavy quark masses roughly coincide with
the decoupling temperature, these do cause the twin sector to be mildly reheated with
respect to the SM below decoupling. However, the resulting temperature difference is

small and the energy exchange rates are expected to continue to be well-approximated

by the rates presented in Figure beyond decoupling.
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The lower plot of Figure illustrates the decomposition of the energy exchange
rates into contributions from interactions involving different SM quarks. The interaction
cross sections are proportional to the Yukawa couplings of the interacting fermions. The
greatest heat exchange is therefore expected to be mediated by the most massive particles,
provided that their abundances are not too Boltzmann suppressed. As expected, at
temperatures ~ 1 GeV, the bottom quark is the best conduit of thermal equilibration,
followed by the charm quark and then the 7 (with colour factors enhancing the former two
with respect to the latter). The rate of heat flow that the top quarks and weak bosons can
mediate at these temperatures (or below) is negligible because of Boltzmann suppression.
The bend in the curves at temperatures ~ 5 GeV in the lower plot corresponds to
a transition from temperatures where the dominant energy exchange rate is through
scatterings to those where it occurs through annihilations, as can be seen in the upper
plot. The annihilation rate into twin bottom quarks is the dominant component at high
enough energies (again because of the larger Yukawa coupling), but this becomes rapidly
threshold suppressed as the temperature drops. As can also be inferred in the upper plot,
the energy exchange rate through annihilations involving the twin charmed quarks and
tau leptons overtakes that of twin bottom quarks at similar temperature, but are still
subdominant to scatterings.

The decoupling temperature depends upon f/v, which sets both the mass scale of
the twin sector and the strength of the Higgs-mediated coupling. As f/v is increased,
decoupling occurs earlier because of the greater Boltzmann suppression, although this is
only a relatively small effect that, for f/v = 10, increases the decoupling temperature by
only 4 GeV.

When the twin sector is colder than the SM (which will be important for much of
what follows) the heat flow is typically dominated by annihilations of SM into twin

particles. However, the energy exchange from elastic scattering can be comparable to
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Figure 4.2: Rates of energy density exchange per twin entropy density (ﬁdg%) decomposed
t

into contributions from scattering and annihilation (top) and for interactions involving different
species of SM fermions (bottom), along with the Hubble parameter, for f/v = 4. The decoupling
temperature is that where the sum of the energy exchange rates equals the Hubble rate, which
occurs at Tyecoup ~ 2 GeV.

that from annihilations, as illustrated in Figure Although the energy exchange in an

annihilation will generally exceed that of a scattering because all of the energy involved

in the process must be transferred, the annihilation rate also becomes more Boltzmann
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or threshold suppressed when the temperature drops below the mass of the heavier twin
particles. It is therefore not always clear that energy transfer through annihilations
dominates.

Decoupling is not exactly instantaneous and there is some range of temperatures over
which the rate of heat flow freezes-out. The net heat flow rate % is greater for larger
temperature differences between sectors. The generation of a potentially large tempera-
ture difference within this brief epoch of sector decoupling, such as those discussed below
in Section [.4], may be cut off when the heat flow rate becomes comparable to the Hubble

rate. For a given SM temperature 7', the minimum twin-sector temperature Toin during

the decoupling period may be roughly estimated as that which satisfies

1 dg
BStT dt T:Tmin.

(4.8)

Twin temperatures colder than Tmin will partially thermalise back to this value. As
the participating fermions are not non-relativistic, instantaneous decoupling is not as
accurate an approximation as it is, for example, for chemical decoupling of a WIMP,
although it is still reliable.

In Figure 4.3, we show the minimum temperature that the twin sector may have as
a function of SM temperature for heat flow to freeze out, estimated using . Only
annihilations have been included in the determination of the minimum temperature,
although we have verified that, for these temperatures, the scatterings contribute only

< 10% to the heat flow. Note that while the energy exchange rate, such as %d% in

1D in scattering processes may be faster, the net energy flow rate, or heat flow (%% in
(4.3)), which is the difference between energy exchange rates into and out of the sector,
is actually dominated by annihilations. Generally, we find that decoupling begins at

temperatures ~ 4 GeV. The temperature difference can reach an order of magnitude
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without relaxing once the SM temperature drops to ~ 1 GeV.
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Figure 4.3: Minimum temperature of the twin sector that will not be heated by interactions
with a hotter SM plasma, as a function of SM temperature, for f/v = 4. Also shown is the SM
temperature, for reference.

While the extent of thermal decoupling is temperature dependent, the maximum
temperature difference that will not relax grows quickly as the SM temperature drops.
Then we may describe the two sectors as being decoupled if, in a given cosmology, all
events that raise the temperature of one sector relative to the other (such as the crossing
of a mass threshold and the resulting entropy redistribution, the most significant of which
is the confinement of colour) induce temperature differences that are too small to partially
relax.

At energies < 1 GeV in Figure the reliability of the calculation of the heat flow
rate diminishes because of the strengthening of the strong coupling and the eventual
confinement of colour. Fortunately, for a cooler twin sector, which will be of interest in
subsequent sections, annihilations from the SM dominate other processes over most of
the parameter space. These are the least sensitive to higher order corrections and non-

perturbative effects because of their higher temperature, and hence energy, compared
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to the potentially cooler twin sector. The range of temperatures illustrated in Figures
and have been selected to roughly illustrate the duration of decoupling, but
may extend below the range where the perturbative calculation of the heat flow rate is
valid. For example, at temperatures below the twin sector QCDPT, which occurs at
~ (1 + log(g)) higher temperatures than in the SM, the partonic calculation of twin
quark /anti-quark pair production must be replaced by a hadronic one. Furthermore, the
growth of the twin strong coupling necessitates that the quark-Higgs Yukawa couplings
be RG evolved to the scale of the energy exchanged, which can induce an O(1) change
to the cross section, although this has only a relatively small effect on the decoupling
temperature. It is nevertheless clear that decoupling is mostly complete by then and that
these uncertainties are not large enough to affect this conclusion.

In the standard mirror Twin Higgs cosmology, knowing the decoupling temperature
tells us how the temperatures of the two sectors will be related at subsequent times.
The sectors separately evolve adiabatically after decoupling, though they redshift in the
same way and differences in temperature only arise from events that redistribute entropy.
Non-minimal cosmological events that could potentially cause the temperatures of each
sector to diverge can therefore only be effective if they leave each sector colder than this

approximate decoupling temperature.

4.3.3 Cosmological Constraints

Given that the twin and Standard Model sectors remain in thermal equilibrium to
O(GeV) temperatures, the simplest mirror Twin Higgs scenario is cosmologically invi-
able due to the presence of light twin species (photons and neutrinos) with abundances
comparable to those of the SM. The cosmological observables through which evidence of

light species may be inferred are typically represented by N, the “effective number of

263



Cosmological signals of a mirror twin Higgs Chapter 4

neutrino species” in the early universe; their individual masses, which determine their

free-streaming distances; and the “effective mass” m<?, which parameterises their con-

| 728

tribution to the present-day energy density of non-relativistic matter. These observables

are probed by both the CMB and large scale structure (LSS).

Effective number of neutrinos

The parameter N.g describes the amount of radiation-like energy density during the
evolution of the CMB anisotropies before photon decoupling. It is defined as the effective
number of massless neutrinos with temperature as predicted in the standard cosmology

that would give equivalent energy density in radiation:

7T (4

4/3
r — o\ 77 Ne ’ 4.
pr=ptg (11) 07 (4.9)

where p, is the energy density of radiation and p, is the energy density of photons (the
factor of (14—1>4/ arises from the relative reheating of the photons from electron/positron
annihilation, which occurs after most of the neutrinos have decoupled, and the factor of
7/8 is from the opposite spin statistics). A deviation from the Standard Model predic-
tion of 3.046 (25)) is denoted by ANeg = Neg — 3.046. This definition of radiation, or
equivalently, relativistic degrees of freedom, becomes less clear if the new fields have a
non-negligible mass, as we discuss further below.

We here review the CMB physics of dark radiation, summarising the discussion in
(26). See also (2) for further review. The angular size and scale of the first acoustic
peak is well-measured and this approximately fixes the scale factor at matter-radiation
equality a.,. If we imagine fixing all other ACDM parameters, extra radiation would
delay the epoch of matter-radiation equality. This would have a pronounced effect on

the power spectrum in the vicinity of the first acoustic peak through the early Integrated
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Sachs-Wolfe (eISW) effect. The modes corresponding to this feature entered the horizon
close to matter-radiation equality and the evolution of their potentials is highly sensitive
to the radiation energy density. However, the impact of a ANeg ~ O(1) deviation on the
peak height can be simultaneously balanced by increasing the amount of non-relativistic
matter, to the extent to which other observations providing independent constraints upon
Q. permit (for ACDM+N.g, a variation of ~ 10% in Q.h? is consistent with present
CMB+BAO measurements (2), although these variations must be consistent with other
observables). This degeneracy is not expected to be broken by CMB-54 (27)).

Given that a., is approximately fixed, the utility of N.g arises because, in simple ex-
tensions of the ACDM model, it approximately corresponds to the suppression of power
in the small scale CMB anisotropies that arises from Silk damping. The reason for this is
roughly that, although the greater expansion rate induced by the extra radiation reduces
the time that CMB photons have to diffuse before decoupling, it also reduces the sound
horizon size more severely. As the angular size of the sound horizon is determined by
the location of the acoustic peaks and is also well measured, the reduction in the sound
horizon must be compensated for by a reduction in the angular diameter distance to the
CMB. This effectively raises the angular distance over which photon diffusion proceeds
and results in a prediction of smoother temperature anisotropies at small scales. This
correspondence with the Silk damping allows Neg to be approximately factorised from
other parameters and constrained independently, providing a direct observational avenue
for detecting the presence of new, massless fields (26) (see (28) for further implications
for model building). This relationship arises because the fixing of a., implies that Neg
effectively determines the energy density of the universe, and hence the Hubble rate, dur-
ing CMB decoupling. Note, however, that further extensions of ACDM may complicate
this correspondence, in particular deviations from the standard Big Bang Nucleosynthesis

prediction of the primordial helium abundance.
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The contribution to Neg (or ANyg) in the mirror Twin Higgs arises from two sources:
the twin photons, which can be treated as massless dark radiation with an appropriate
twin temperature T(fq at the time of matter-radiation equality, and the twin neutrinos,
whose non-zero masses may need to be accounted for. For the twin photons, the con-
tribution to Neg is simple; their equation of state is always w = 1/3 and their energy
density is given by gg—; (Tetq)4, where g = 2. The twin temperature at matter-radiation

equality is found from the SM temperature using comoving entropy conservation,

t t 1/3 M M 1/3
ch _ ( g*(Tdecoup))) / <M> , (410)

Te%M gM (Tdecoup gs (T«;Cq)

where the two sectors have the same number of thermalized degrees of freedom by this
time. Here, T;M is the SM photon temperature at matter-radiation equality and Tyecoup
is the sector decoupling temperature.

Since neutrinos are massive, their behavior is more complicated. Their equation of
state parameter takes on a scale factor dependence which is controlled by their mass.
In the Standard Model, this sensitivity is negligible because present CMB bounds imply
that neutrinos are ultra-relativistic at ae, to good approximation (2)). However, the factor
by which the twin neutrino masses are enhanced may raise them to order T gfq or greater
(see Section {4.2| for discussion of the scaling of the masses with f/v).

To better describe the impact of the extra twin (semi-)relativistic degrees of freedom
on the CMB, we choose to define N.g through the effects of neutrinos at matter-radiation
equality, when the impact on the expansion rate of the universe for most of the period
relevant for the evolution of the CMB is greatest. Note that, in their presentation of joint
exclusion bounds on Nyg and > m,, (the sum of SM neutrino masses) or m< (effective
mass contributing to the present-day non-relativistic matter density of an extra sterile

neutrino), the Planck collaboration define N.g as the value in (4.9) at temperatures
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sufficiently high that the neutrinos are fully relativistic. Our values cannot be directly
compared with their analysis, although we consider ours to be a reasonable rough estimate
that is more representative of the CMB constraints. The ensuing correction from the finite
neutrino masses is, in the cases considered in this work, a small effect anyway.

To determine this correction and provide a definition of N.g that better describes the
impact of quasi-relativistic particles on the CMB, we first define the epoch of matter-
radiation equality as the time at which the average equation of state parameter of the
universe is w = 1/6 (the equation of state is defined as p = wP, where p is energy density

and P is pressure). We can express this condition as

din H 7
dlna |, B (4.11)

eq

as in (29). Call the quasi-relativistic neutrino energy density p(a) with time-evolving
equation of state parameter w(a), which is to be balanced against some extra non-
relativistic energy density Apcpar(a) o< a™ to keep aeq the same. This amount of
non-relativistic energy density Apcpas is
dp .
Ao (aig) = ) = o) = 20eg o~ T, (112

eq

where p, and p,, are the energy densities of the radiation and non-relativistic matter. For
a perfect fluid, %g = —3(1 + w(a))p/a (neglecting the anisotropic stress that is expected
only to contribute to a weak phase shift in the CMB (30])), this results in a Hubble

parameter of
2

H?(ac,) = S [9r(acq) + 3w(acq)Plaeq)] - (4.13)
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This suggests a definition of the effective number of neutrinos, Ngg, via

2
Ha0) = =5 (0o + Negplh, (4.14)
1 3M§1 ( v ’ 0) Qeg
w; P
Nyg = L (4.15)
Z 1/3 pltj}fm:()

i

where p; is the contribution to the energy density from some species ¢ with equation of

th

vm—o 15 the energy density of a massless neutrino with a thermal

state parameter w; and p
distribution in the standard cosmology. Then 3w gives the ‘relativistic fraction’ of the
energy density. Note that this is simply a ratio of the pressure exerted by the new fields
to that of a massless neutrino. The effectiveness of this approximation was discussed in
(31) in the context of thermal axions (while effective at keeping a., fixed, changes to odd
peak heights subsequent to the first are imperfectly cancelled and require further changes
to Hy to compensate - see Section below).

Calling 7! the temperature at which the neutrinos in sector i freeze-out and a’, the

corresponding scale factor, then assuming instantaneous decoupling, the phase space

number density for scale factor a is given by a redshifted Fermi-Dirac distribution (32))
. imi)] 1
[i(p) ~ [1+ e/ ()] (4.16)

for the o neutrino mass eigenstate in the ¢ sector (m’, < T, so has been dropped). The

energy density and pressure are
7 Ja > i 7
Puo = 272 / dp p2 p? + (ma)Zfa@) (4'17)
0

fe'e) 4
Ja p i
52 / dp =a(P);
0 3y/pP+(mi)

where g, = 2 is the number of degrees of freedom for a neutrino species.

(4.18)

-
P, =
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Since the neutrino decoupling temperature depends on the strength of the weak in-

2/3

teraction as T), oc G,~'°, while G o< v?, then the twin neutrino decoupling temperature

T! is related to the SM neutrino decoupling temperature T5™ by

T! = (f /o) TSN, (4.19)

We can then simply use (4.17) and (4.18)) at matter-radiation equality to find ANeg

(assuming instantaneous decoupling). We thus obtain

(4.20)

2
H2<aeq) = g (p?yM + 3_046pty}fm:0 + pfy + Z BwVapf,a>
pl «

Qeq

and

11\** 120 . L
= (F) gy (4 ot ) (42

where we now have equation of state parameters w,, for each neutrino, while ng and

th
v,m=0

pﬁy are the SM and twin photon energy densities, p and p}, are the neutrino energy

densities.

Neutrino masses

Because they are so weakly interacting, the neutrinos have a long free-streaming
scale given by the distance travelled in a Hubble time v, /H, with v, oc m; ! the speed of
the neutrino once it becomes non-relativistic. This defines a free-streaming momentum
scale kys = \/g%{ o m,, above which neutrinos do not cluster. Below this scale,
perturbations in the matter density consist coherently of neutrinos and other matter,

but well above it only non-neutrino matter contributes to density perturbations. This
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results in a suppression of the matter power spectrum on large scales which is proportional
to the fraction of energy density in the free-streaming matter. Since this occurs at late
times when neutrinos are non-relativistic, the energy density is simply p,, = n, m,,
for each neutrino species «, where n,,_ is the number density. Constraints on the sum
of neutrino masses then come from the observations of power on small scales, which is
suppressed relative to that expected for massless neutrinos by a factor 1 — 8f,, where
fo = Q,/Q,, is the fraction of non-relativistic energy in neutrinos at late times (33).
More generally, inferences of the matter power spectrum constrain the present-day
energy density fraction of free-streaming species that do not cluster on small scales and
have since become non-relativisitic, , = (3> m, + m)/(94.1eV), where > m,, is the
sum of SM neutrino masses and m¢" is the sum of twin neutrino masses weighted by

their number density

t
€ nl/
met = —Su E my, . (4.22)

Here n!, is the number density of a relic twin neutrino flavour and nSM is that for a SM
neutrino. It is assumed that the neutrinos have been thermally produced as hot relics.
The relic abundance of a neutrino species is given by its number density when it

decoupled, diluted by the factor by which the universe has since expanded. The scale

S

SM and a!, can be deter-

factors at which neutrino decoupling occurs in the two sectors, a
mined from (4.19), the relative temperatures in the two sectors and comoving entropy

conservation, to obtain

4/3 1/3
A= M (E) / (M) / (4.23)
v v f gEM (TdECOup)
where the same mass thresholds have been assumed in each sector below their neutrino

decoupling temperatures, so that ¢S (T5M) = ¢! (T}}). The neutrino number densities
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are then

: Tiah, \* _ gt (Taccon
= (i) = el (12
ny TV a, 9gx (Tdecoup)

For f/v from 3 to 10 and using Thecoup ~ 2 — 6 GeV from Section {4.3.2] we find

9 (Taecoup) /| M (Thecoup) ~ 0.8 and thus arrive at

met ~ 0.8 (f) > miM, (4.25)
v

where n = 1 for Dirac masses and n = 2 for Majorana masses.

If they are sufficiently light and hot, the twin neutrinos only affect the CMB as dark
radiation and their masses may then only be inferred from tests of the matter power
spectrum. However, if heavier and colder, they are better described as a hot dark matter
component. Their impact on the CMB is discussed in (34), where the shape of the
power spectrum can depend upon the individual neutrino kinetic energies through their
characteristic free-streaming lengths. The early Integrated Sachs-Wolfe effect (eISW) is
also sensitive to the masses if the neutrinos become non-relativistic during decoupling
(thereby affecting the radiation energy density and the growth of inhomogeneities) (33)).

There is a significant degeneracy in cosmological fits to the CMB between 2, and
Hy (the Hubble constant) (35), where raising the non-relativistic matter fraction, such
as with nonrelativistic neutrinos, can be accommodated by a decrease in Hy (or equiva-
lently, the dark energy density), which keeps the angular diameter distance to the CMB
approximately fixed. This degeneracy can be broken by measurements of the baryon
acoustic oscillations (BAOs), which are sensitive to the expansion rate of the late uni-
verse and provide an independent measurement of €2,,, and Hy. It is through combination

with these results that bounds from Planck on neutrino masses are strongest (2).
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Bounds

The authors are unaware of any specialised analysis of the present and projected future
cosmological constraints on scenarios with both massless dark radiation and additional
light, semi-relativistic sterile neutrinos. In the absence of this, we use bounds from (2)
as a rough indication of the present level of sensitivity to these parameters, which we
nevertheless expect to be a reliable indication of the (in)viability of this model. The 95%
confidence limits on these parameters are Neg = 3.2+0.5 and Y m,, < 0.32 eV when each
are constrained separately with the other fixed. This, of course, overlooks correlations
between the impacts of masses and A Nqg on the CMB and LSS. Bounds on an additional
sterile neutrino as the only source of dark radiation are also presented with number
density, or equivalently, contribution to AN.g, left to float. These are similar to the limit
on > m,. It was found in (36)) that, allowing > m, and m" to float independently for
a single extra sterile neutrino, the bound mildly relaxes to m¢® < 1 eV, although the
bound may be stronger depending on the combination of data sets chosen (the lensing
power spectrum presently prefers higher neutrino masses and raises the combined bounds
if included). Other bounds from LSS on > m, exist and are potentially stronger than
those placed from the CMB, possibly as low as m¢T < 0.05 eV, again depending on data
sets combined (see (37), (38))), although these are subject to greater uncertainties in the
inference of the power spectra of dark matter halos from galaxies surveys and the Ly«
forest.

It must also be noted that the shape of the CMB temperature anisotropies depends
upon both the mass of individual neutrino components (through their free-streaming
distance) and their contribution to the energy density of the nonrelativistic matter that
does not cluster on small scales. However, it is not expected that improvements in bounds

on the former will be made from improved measurements of the primary CMB itself,
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but rather from weak lensing of the CMB, in conjunction with future measurements
from DESI of the BAOs to break degeneracy with €2,,. The lensing spectrum, like

inferences of the matter power spectrum made in galaxy surveys, is expected to measure

eff

v )

the suppression of small scale power and therefore to strengthen constraints upon m
rather than the individual neutrino masses. One of the goals of CMB-S4 will be the
detection of neutrino masses, given the present lower bound Y m, = 0.06 eV from
oscillations. Projected bounds are as low as ~ 0.02 eV (27), although this assumes
no extra dark radiation or sterile neutrinos. A projection of the joint bound on Ng

(from extra massless dark radiation) and m& combining improved measurements CMB

temperature measurements, lensing and BAOs indicates a limit of me® < 0.1 eV at 1o

eff

14

(27). Any contribution from additional states to mS" may therefore be testable and
bounded by the excess of the neutrino mass inference over the minimum neutrino mass,
although laboratory measurements or measurements of AN.g will be required to further
ascertain the contribution from the new particles.

Constraints on ANgg from improved measurements of the damping tail as part of
CMB-54 are projected to be ~ 0.02 — 0.05 at 1o (27). In the following sections, we use
an optimistic estimate of 0.02 for its reach in order to identify as much of the potentially
testable parameter space as possible.

To estimate the impact of current and projected CMB limits on the mirror Twin
Higgs, we consider two scenarios: the minimal Standard Model neutrino mass spectrum of
m,, = [0.0,0.009 eV, 0.06 eV] and a degenerate spectrum of m,, = [0.1 eV, 0.1 eV,0.1 eV] /3
from (2)). In Figure we plot the predictions of the mirror Twin Higgs for AN.g and
meT for both types of spectra, as well as for both Dirac and Majorana masses (which
scale differently with f/v). As is plainly evident, the mirror Twin Higgs is ruled out
cosmologically, no matter the choices of neutrino masses one makes, if only for the pres-

ence of the twin photon. In the standard cosmology, the twin sector will have roughly
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6.5 Standard Mirror Twin Higgs Cosmology 10
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Figure 4.4: Predicted values of ANgg and 3 m, + m< for minimal and degenerate neutrino
mass spectra with both Dirac and Majorana masses for f/v from 3 to 10. The Planck 2015
constraint(2) is the dashed line; the corresponding Neg upper bound is well below the bottom
of the plot. All points are excluded by the combination of bounds on ANg and > m,, + mef.
the same temperature as the SM, giving 4.6 < ANy < 6.3 for f/v < 10, according
to the definition of (4.21)). This range depends upon f/v through the twin neutrino
decoupling temperature (4.19)), which determines the extent to which the twin photons
are reheated relative to the twin neutrinos after twin electron/positron annihilations.
This is sufficiently large that even the cold dark matter fraction cannot be adjusted to
keep matter-radiation equality fixed, resulting inevitably in changes to the height and
shape of the first acoustic peak. The energy density in neutrinos is predicted to be above

the present observational upper bounds for most neutrino mass configurations, with the
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exception of the minimal values permitted by neutrino oscillation measurements with
f/v < 6. We therefore discuss cosmological mechanisms in which the twin radiation is
diluted to levels compatible with these observational bounds in the subsequent sections

of this paper.

4.4 Reheating by the decay of a scalar field

We now turn to simple scenarios that reconcile the mirror Twin Higgs with cosmo-
logical bounds, while taking care to respect the softly-broken Z, symmetry. We begin
with the out-of-equilibrium decay of a particle with symmetric couplings to the Standard
Model and twin sectors, in which the desired asymmetry is generated kinematically. That
is to say, the dimensionless couplings between the decaying particle and the two sectors
are equal, and asymmetric energy deposition into the two sectors is a direct consequence
of the asymmetric mass scales. In this respect, the scenario is philosophically similar to
Nnaturalness (39), albeit with a parsimonious N = 2 sectors. See also (40)), (41]) and
(24) for other recent related ideas of using long-lived particles for the dilution of dark
sectors.

For simplicity, here we will focus on the case of a real scalar X coupled symmetrically
to the A and B sector Higgs doublets. Due to the difference in masses between the sectors
after electroweak symmetry breaking, simple kinematic effects give X a larger branching
ratio into the Standard Model. This occurs over a range of X masses within a few decades
of the weak scale. If X decays out-of-equilibrium below the decoupling temperature of
the two sectors, this injects different amounts of energy into the two sectors, effectively
suppressing the temperature of the twin sector relative to the Standard Model. This
relative cooling suppresses the contribution of the light degrees of freedom of the mirror

Twin Higgs to below cosmological bounds. Insofar as the asymmetry is driven entirely
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by kinematic effects arising from v < f, the resulting temperature inequality between
the two sectors is proportional to powers of v/f.

The requisite suppression of the twin sector temperature relative to the Standard
Model temperature necessitates that the X dominate the cosmology before it decays.
Our main discussion will follow the simplest case of an X which dominates absolutely
before it decays, comprising all of the energy density of the universe and effectively acting
as a ‘reheaton’. Afterwards, we will discuss the possibility of a ‘thermal history’ for X
— a scenario where X is in thermal equilibrium with the two sectors, then chemically
decouples at some high temperature and grows to dominate the cosmology before it
decays. This scheme will result in additional stringent constraints on the viable parameter

space.

4.4.1 Asymmetric Reheating

A Zs-even scalar X which is a total singlet under the SM and twin gauge groups
admits the renormalisable interactions

1
VO NX(X +2) (Ha” +|Hg?) + 5mg(X% (4.26)

where my is the mass of X (neglecting corrections from mixing that will be shown below
to be tiny), A, is a dimensionless coupling and z is a dimensionful parameter, which one
may imagine identifying as a vacuum expectation value (vev) of X in an UV theory.
Note that these interactions preserve the accidental SU(4) symmetry of the Twin Higgs.
The X field may additionally possess self-interactions, which we omit here as they do
not play a significant role in what follows.

The interactions in allow X to decay into light states in the Standard Model and

twin sectors. If X reheats the universe through out-of-equilibrium decays, the reheating
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temperatures of the two sectors will be determined by its partial decay widths, assuming
that the decay products do not equilibrate. In the instantaneous decay approximation,
X decays when the Hubble parameter falls to its decay rate I'y ~ H. As we will show in
Section [4.4.2] in order to evade cosmological constraints we need the X to decay mostly
into the SM, so we may estimate I'x ~ I'(X — SM). Then the energy that was contained
in the X is transferred into radiation energy density, with the resulting temperature of

the radiation given by (see (42))

I'x My,

T~1.2
Vs

(4.27)

where g, is the effective number of relativistic degrees of freedom, as defined in Section
4.3 of the particles that are being reheated. Our numerical calculation of the reheating
temperature, which will be presented in Section .4.2] indicates that the approximation
T ~ 0.1,/I'x My, reliably reproduces the reheating temperature over the range of interest.

As shown in Section the two sectors thermally decouple when the temperature
falls below Thecoup ~ 1 GeV, so reheating must take place to below this temperature. At
even lower temperatures, big bang nucleosynthesis (BBN) places strong constraints on
energy injected into the SM at temperatures below O(1 — 10) MeV (43)). Requiring that
the SM reheating temperature is above ~ 10 MeV, these constraints on the SM reheating
temperature become constraints on the decay rate of the X into the SM, which in the

above approximation becomes

5x 107 GeV <T'x <3 x1071% GeV. (4.28)

This then constrains the couplings A\, and x of the X to the Higgs sector. Importantly,

it means that X must couple very weakly, in order to be long-lived enough to reheat to
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a low temperature, as will be shown below.

The asymmetry in partial widths arises from different effects depending upon the
mass of X. For masses below the SM Higgs threshold, it is predominantly differences in
mass mixing with the two Higgs doublets that produces the asymmetry, where the size
of the mixing angles determines the effective coupling of X to the SM and twin particles
and therefore its branching fractions. For masses below the twin scale, the relative size
of the mixing scales inversely with the vevs in each sector. Thus the hierarchy v < f
already present in the Higgs sector can automatically gives rise to a hierarchy in partial
widths. Note that additional threshold effects can enhance the asymmetry further, in
particular when X has mass above threshold for a significant decay channel in the SM, but
below the corresponding mass threshold in the twin sector. Decays into on-shell Higgses
complicate this picture further. In what follows, we first give an analytic calculation of
the mass mixing effect, then present a more precise calculation of the decay widths into
each sector.

To lowest order, X decays via its interactions with the SM and twin Higgs, and only
to other fermions and gauge bosons through its mass mixing with the Higgs scalars.
Expanding the X potential after the SU(4) is spontaneously broken, the mixing term
between X and h4 in the scalar mass matrix is v/2\,zv 4, while that between X and hp
is vV2\,zvg. The hy and hg components of the X mass eigenstate, which we denote
respectively as dx4 and dxp, can then be determined. The expressions for the mixing
angles are in general complicated, but they simplify in limits my < f and mx > f:

4 1
P (—27/4) mx < f

Mx—myp,

(6xa,0xB) = (4.29)

mx

Az_gf<\/§fv/‘7]-) mX>>f

to lowest order in (v/f)? and k/\. The partial width for the decay of X into SM states
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(excluding the Higgs) is

(X — SM) & |6xal* Th(ms = mx), (4.30)

where I';(my, = mx) denotes the decay width of a SM Higgs if it were to have mass
mx. Note that the Higgs partial width must be computed using the vev v4 ~ v/v/2 to
determine the masses and couplings of the SM particles. The partial width of the X into
twin states is computed the same way using dxp and the vev vg = f/v/2.

From the mixing angles (4.29), it is already apparent over what mass range asym-

metric reheating from X decays will work. These give

I'(X — SM) FPloai>1 mx <f

['(X — Twin) (431)

ViAo mx > f

Thus when the mass of X is less than the twin scale, the Standard Model will be reheated
to a higher temperature than the twin sector, but in the large mass limit this mechanism
works in the opposite direction and would appear to lead to preferential reheating of the
twin sector.

More precise statements about the relative branching ratios and resulting temper-
atures require additional care. In addition to decaying through mass mixing, X can
decay into the Higgs mass eigenstates themselves if above threshold. As the energy is
ultimately transferred to the SM and twin sectors, we then need to consider how these
states decay and account for the further mixing of the Higgs mass eigenstates into Higgs
gauge eigenstates.

For myx > 2my, decay can occur into the lighter (SM-like) Higgs mass eigenstate h
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with partial width

2.2 2
DX = hh) ~ 227 [y (%> . (4.32)

6mrmx mx

Similarly, for mx > 2my, decays can proceed into HH with a similar partial width,
but with the h mass replaced with that of the H. Above the intermediate threshold

myx > my + my, there is also the mixed decay

2 2
I'(X — hH) = A \/1 - (w) (foax +2vadpx)>. (4.33)

2mmx

Here, 04x &~ —0pa0xa — 0npdxp is the component of the hs gauge eigenstate in the X
mass eigenstate and dpx ~ 0ppdxa — Opadxp is the corresponding component of the hp
gauge eigenstate, where 0,4 and d,p are, respectively, the components of the SM Higgs
in the h4 and hp gauge eigenstates to zeroth order in A\,. Combining all ingredients, this
decay width is of order A\iz%. Since it is only the total decay width that is constrained to
be small by the demand that the SM reheating temperature lie in the required window,
this fixes only a product of A\, and x. If z ~ v, then the mixed decay to hH is effectively
second order in the small coupling A2 and can be neglected relative to the other partial
widths. Conversely if x < v, then A, is much larger and this decay cannot be neglected.
In what follows we will work in the region of parameter space where mixed decays to hH
are negligible.

The rate of heat flow into each sector may be well approximated by adding the decay
rates of X into each channel and weighting these by the fraction of energy transferred
into the particular sector. Of course, when X decays into Higgs particles, these in turn
decay out of equilibrium into both the Standard Model and twin sectors. As the Higgs
decays are almost instantaneous, the fraction of energy transferred into each sector is

simply that carried by the Higgs decay products multiplied by their branching fractions
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for each sector. The total rate at which X particles are transferred into the SM plasma

18

WX —SM)~T'(X - SM)+T(X — hh)Br(h — SM)

+T(X — HH)(Br(H — SM) + Br(H — hh)Br(h — SM)). (4.34)

The corresponding rate for energy deposition into the twin sectors is simply given by the
replacement of SM +— Twin. The first term is the rate at which X decays directly into
the SM through mass mixing with the Higgs. The second is the fraction of X energy
that is transferred into lighter Higgs states that subsequently decay into the SM. The
third is the analogous term for decays into the heavy Higgs, where cascade decays of the
H into the h and subsequently other SM particles must be included. Note that decays
of the heavy Higgs into the light Higgs make up a majority of decay width, because of
the large quartic coupling required for the twin Higgs potential.

Below the hh threshold, it is possible for X to decay via one on-shell and one off-
shell Higgs boson. The partial width for off-shell Higgs production was calculated for
X — hh* — hbb and found to be negligible compared to two-body decays through mass
mixing and so we omit three-body decay widths in what follows.

Ultimately, the complete partial widths for the decay of X into the Standard Model
and twin sectors includes the sum of decays into Higgs bosons h and H and direct decays
into the fermions and gauge bosons of the two sectors. We compute the latter to an
intended level of accuracy of ~ 10% (including, e.g., NLO QCD corrections to decays
into light-flavor quarks), mostly following (44]). The resulting partial widths into the
Standard Model and twin sectors are shown as a function of mx in Figure 4.5 with the
ratio of branching fractions displayed in Figure (4.6

Over much of the space below the Higgs mass, the branching ratio exhibits the ex-
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Figure 4.5: The partial widths of the X into the SM (solid blue line) and twin sector (dashed
orange) for f/v = 3 in units of (A\,z)2. The light gray bands indicate regions of QCD-related
uncertainty in the SM calculation, while the darker gray bands indicate the corresponding
regions of uncertainty for the twin calculation.

pected (f/v)? scaling from the mass mixing. Below ~ 40 GeV, suppression of the twin
partial width arises because the twin bottom quark pair production threshold is crossed.
As my nears my, the SM branching fraction grows by ~ 4 orders of magnitude as the
WW=, ZZ*, and then WW and ZZ decays go above threshold. Since the analogous
thresholds are at much higher energies in the twin sector, the enhancement is not paral-
leled by decays into the twin sector until my is close to the twin scale. There is therefore
a large range of masses m;, < mx < my over which the SM branching fraction dominates
by several orders of magnitude.

Above the X — hh threshold, the ratio of decay widths is roughly constant in mass
up to the HH threshold. The twin sector decay rate is dominated by decays of on-shell
light Higgs into twin states, I'(X — Twin) ~ I'(X — hh)Br(h — Twin) « 1/my as
in . If the SM were also predominantly reheated through this channel, then the
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Figure 4.6: The ratio of branching fractions of the X into the SM and twin sectors at f/v = 3.
The dashed line gives the expected (v/f )2 scaling from the mass mixing; deviations are due to
various mass threshold effects.

ratio of branching fractions would again be approximately 0z, /825 ~ (f/v)?. However,
the SM decay width also receives a larger contribution from decays through mass mixing
between the X and the Higgs gauge eigenstates.

For masses mx > 2my, decays through mass mixing are dominated by the SM W
and ZZ channels. In this mass region, the decay rate of a Higgs into longitudinally
polarized vector bosons scales as T'(h — WW, ZZ) ~ m3%, but the mixing angle scales
as 04y ~ 1/m% (as in (4.29)), resulting in the same ~ 1/my scaling and thus a roughly
constant ratio in this range of masses. Near mx ~ 1 TeV, decays into twin vector bosons
through mass mixing begin to dominate, and there is no favourable asymmetry in the
branching fractions, as discussed in this section. Even at higher masses, the effects of
heavy Higgs decays into light Higgs do not compensate sufficiently, as this partial width
scales with myx in the same way as the partial width for longitudinally polarised weak
bosons.

The constraint on the decay width from the required reheating temperature (4.28)
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translates into a constraint on the size of the coupling \,x. For mx 2 my, this gives
10785 GeV < Ao < 1078 GeV, while for lower masses, this range increases to 1077 GeV <
A 10795 GeV at my ~ 20 GeV.

The gray bands in Figure highlight regions where our analytic estimates of the
partial widths encounter enhanced uncertainties arising from the bottom and charm
thresholds in both sectors. Over most of these ranges, we estimate the size of these
uncertainties to be either ~ 10% or confined to very small subregions. The thicknesses of
these bands have been chosen conservatively, and ultimately the branching ratios should
be accurate to within a factor of =Agep of the bottom and charm mass thresholds. In
particular, the prescription of (45)) has been followed for approximating the bottom partial
width close to the open flavour threshold. Resonant decay into gluons from bottomonia
mixing has been neglected, although these resonant mass ranges are expected to be

only ~ MeV wide at the CP-even, spin-0 bottomonia masses mx = m,, (see (45) and

bi
(46)). It should be noted, however, that at temperatures above that of the QCD phase
transition, the quark decay products behave differently compared to that expected in
a low temperature environment. In particular, for hot enough temperatures, the b or
¢ quarks may not hadronise and the partonic partial widths may more reliable. The
applicability of the treatment of the flavour thresholds used here may therefore not be
valid if the decay occurs in the hot early universe. However, it is only very close to the
threshold itself (within several GeV) that this uncertainty becomes significant. Finally,
quark masses have been neglected in the gluon partial width. For mx close to the flavour
thresholds, this approximation breaks down, but the gluon branching fraction is only
~ 10% and so the error does not contribute to the uncertainty of the total width by more
than this order (it is this uncertainty that is responsible for most of the extension of the

length of the gray bands about the flavour threshold).

Close to the charm threshold, the analogous uncertainties are even more poorly under-
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stood. Below the charm threshold, hadronic decays of a light scalar are highly uncertain
(see (@) for discussion). We avoid these regions altogether by restricting our consider-
ations to mx roughly above the twin charm threshold. Note that below the SM charm
threshold, the smaller decay rate of a Higgs-like scalar necessitates larger couplings Axx
for X to have a lifetime within the required reheating window. The larger couplings
then imply potentially stronger constraints from invisible mesonic decays. See (46-48))
for further discussion and recent analysis of the pertinent experimental constraints.

Taken together, the results in Figures and bear out the expectation that a
scalar X with symmetric couplings to the Standard Model and twin sectors may nonethe-
less inherit a large asymmetry in partial widths from the hierarchy between the scales v
and f. Across a wide range of masses my, the asymmetry is proportional to (or greater
than) v?/f?, tying the reheating of the two sectors to the hierarchy of scales.

Before proceeding to our computation of cosmological observables, we comment on
an alternative variation on the reheating mechanism presented here that involves having
X odd under the twin parity. This permits two renormalisable interactions with the

Higgses to give a Higgs potential of the form:

Vomg (|Hal” + [Hpl?) + Xo (|Hal* + [Hp|")

+eX? (|Hal* + |Hp|*) + X (|Hal> — |H5)?) - (4.35)

If X then acquires a vev at some scale, it may be possible to arrange for the resulting
spontaneous breaking of the Zy to give that required in the Higgs potential. However,
we find that, in order for X to be long-lived and reheat the universe, its couplings to the
Higgs must be highly suppressed and therefore that the resulting vev of X required to
explain the soft Zs-breaking in the Higgs potential must be many orders of magnitude

above the twin scale. If this is to be identified with the characteristic mass scale of X,

285



Cosmological signals of a mirror twin Higgs Chapter 4

then a UV-completion of the twin Higgs is required for anything further to be said of the
prospects of this possibility. However, if such a UV completion has similar structure to
the couplings in (4.35)), then asymmetric reheating may require a cancellation between
the odd and even couplings of X to the Higgs potential in order to suppress its twin-sector
branching fraction (because the odd coupling appears with opposite signs in the coupling

between X and the hy and hp states). We do not consider this possibility further.

4.4.2 Imprints on the CMB

For appropriate values of myx, the out-of-equilibrium decay of X reheats the two
sectors to different temperatures and effectively dilutes the energy density in the twin
sector. We obtain an analytic estimate of the effects of the X decay on the number of
light degrees of freedom observed from the CMB by approximating both the decay of X
and the decoupling of species as instantaneous in Section [£.4.2] We then demonstrate
that this estimate is reliable over most of the parameter space of interest with a numerical
calculation in Section [£.4.2] In Section we consider neutrino masses and their joint

constraints with Ng.

Analytic estimate of N

If X dominates the energy density of the universe and then decays, depositing energy
psm and py into the SM and twin sectors respectively, then the temperature ratio is

determined by

Pt — gi(Trteheat) Crrteheat ! ~ F(X — TWlIl) (4 36)
PSM g§M(Trill\1/{eat) Trsell\l/{eat F(X — SM) ’ '

where T5M —and T%, . are the reheating temperatures for each sector, while g8™ and

gt are the SM and twin effective number of relativistic degrees of freedom, respectively.

We have assumed that the two sectors are cool enough that they have already decoupled.
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We point out that not only does the number of effective degrees of freedom in each sector
need to be evaluated at the temperature of that sector, but that ¢¢ and ¢°M differ as
functions of temperature due to the differences in the spectra of the sectors, as seen in
Figure As is well-known (42]), reheating is a protracted process that occurs over
a time-scale given by the lifetime of the reheaton. During this time, the temperature
of the plasma cools slowly because, while the energy is being replenished by the decay
of the reheaton, it is simultaneously diluted and redshifted with the expansion of the
universe. It is assumed in that any primordial energy density in either sector is
subdominant.

The temperatures of both sectors then redshift in the same way, so the only additional
differences between their temperatures arise from changes to the effective number of
degrees of freedom in each sector. By conservation of comoving entropy within each
sector, each evolves as T7 /Ty o = (92 (Tipear) /9L (T ))1/ ’ a(Treheat)/a(Teq) Where T}, is
the temperature of the sector at matter-radiation equality, which the CMB probes as
explained in Section and a(T) is the scale factor as a function of temperature. In
the mirror Twin Higgs model, the two sectors have the same number of light degrees of
freedom at recombination (three neutrinos and a photon, assuming that the neutrinos
are still relativistic), so

Tetq irrteheat (leceheat) e — P(X — TWID) (Trteheat) 3 (4 37)
TeSqM TSM g* (Treheat> F(X - SM) g* (Treheat) . .

reheat

As our range of reheat temperatures encompasses the QCD phase transitions of both
sectors, the factors of g, can be important.
Given the temperatures of the two sectors after X decays, we can obtain a simple es-

timate of the contribution to N.g that neglects the impact of masses of the twin neutrinos
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discussed in Section (4.3.3)),

LN G plTE)
(ANeff)muo—§<Z) 9. (T, )m

Br(X — Twin) ( gi (T

reheat) Ve
Br(X — SM) \ gSM(T5M )) ' (439)

reheat

(4.38)

~ 7.4 %

In this limit the most recent Planck data give a 20 bound of ANy < 0.40 assuming

. . . pe(Te)  __ D(X—Twin)
pure ACDM+Neg (2). This translates into the requirement pSM(TeSqu) R Txoen S 0405,
ignoring possible differences in g,.
Of course, as discussed in Section [4.3] the twin neutrino masses are relevant at the
temperature of matter-radiation equality, so we can obtain a more meaningful estimate

of AN.g using the results of Section evaluated at the twin temperature determined

above:

AN, = 1 v —120 ¢ 3 Tt T 4.40
T Z T2 (T€SCIM)4 p'y +Z wl’a €q ( eq) ( . )

N1 1/12
Tt _ M I'(X — Twin) " g*(Trteheat) ! (4.41)
eq «@ \ T(X — SM) IM(Trabeas) '

with T,Y &~ 0.77 eV (2) the photon temperature. While the right-hand side of this
equality has implicit dependence on T}, through g}, this is only important if the reheating
occurs between the SM and twin QCDPTs and the neglecting of the factors of g, is
otherwise reliable. With the further inclusion of Standard Model neutrino masses or an
extra sterile neutrino, the bound described above weakens to ANz < 0.7. As discussed in
Section [4.3.3], we are not aware of any analyses specific to our model involving both pure
dark radiation and three sterile neutrinos with masses of order the photon decoupling
temperature of the CMB and possibly cooler temperatures. In the absence of such

an analysis, we use the inequality AN, < 0.7 to indicate where the present CMB
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measurements are likely to constrain the light degrees of freedom of this model, leaving

a more detailed analysis of the CMB constraints as future work. In this case, the bound

I'(X—Twin)
I'(X—SM)

are projected to strengthen this constraint to ANy < 0.02 at the 1o level (49).

on the decay width ratio is < 0.09. The next generation of CMB experiments

Numerical Calculation of N.g

A more precise study of the effect of X decay on the number of effective neutrino
species at recombination may be performed by numerically solving a system of differential
equations for the entropy in X and the two sectors as a function of time. Following the

analysis of Chapter 5.3 of (42) we have

1da 1
g Laa 4.42
o \/3M1%l(px+pm+pt) (4.42)
d
% +3HpX = —FX,OX (443)
3/ 45 \'° us
9 . 4/3 - 4.44
S (ng) e .
as;  [2m2gi\'* dgi s
s (4_59) a4(pXFX%+ qé: ) (4.45)

where S; are comoving entropy densities and it has been assumed that X is cold by the
time it decays so that px = mxnx with number density nx (this is reliable as we only

consider my > 10 GeV, which is above the decoupling temperature of ~ 1 GeV). The

rate of heat flow from sector j to i per proper volume, dqj;j , is defined in l) To

account for the temperature-dependence of the effective number of relativistic degrees of

freedom in each sector, these equations are solved iteratively in the profiles of g (T").
The equations are solved in three stages: before, during and after the decoupling of

the SM and twin sectors. The ratio f/v is fixed to 4 for this analysis. Initial conditions

were chosen with p = 1072py, for combined SM and twin energy densities p. However,
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it is only the requirement that the initial energy density of X dominates over that of
the SM and twin sectors that is important for simulating the cosmology over the times
of interest here, as the entirety of the latter is then generated by the subsequent decay.
The results close to the decoupling and reheating epochs are otherwise insensitive to
the initial conditions and ultimately match onto the standard outcome (42)) expected by
equating the Hubble rate with the decay rate of X. The sectors are assumed to be in
thermal equilibrium and sharing entropy until a temperature of 10 GeV, below which

dgi_j

o> switched on. Elastic scatterings

they are evolved separately with the heat flows
were neglected from the heat flow rate to accelerate the computation. It was verified for
the results found below that their contribution to the heat flow was always < 10% while
the heat flow was itself not dominated by the Hubble rate. Heat flow was switched off
again once the twin temperature reaches 0.1 GeV, by which time thermal decoupling is
long-since complete, and the sectors are subsequently evolved separately. Again, although
the strengthening of the colour force and the QCDPT make the perturbative tree-level
computation of the scattering rates unreliable at temperatures below ~ 1 GeV, as found in
Section and also in the results below, the sectors decouple above these temperatures.
Notably, the impact of X on the expansion rate causes decoupling to occur at slightly
hotter temperatures than expected from the analysis of Section for the decoupling
in the standard cosmology.

The ratio of energy densities in each sector determines Ng, from . A plot of this
ratio over time is shown in Figure [£.7, with the expectation under the approximations of
the previous section shown as well. This approximation is reliable as long as the lifetime
of X is much longer than the temperature at which decoupling concludes, here ~ 1 GeV.
The larger asymptotic value of the ratio of the blue line arises because the lifetime lies
close to the decoupling period, so that a significant fraction of the energy is transferred

while the sectors are thermalised or partially thermalised and does not contribute toward
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Figure 4.7: Ratio of twin to SM energy densities throughout decoupling and reheating, for
different decay rates I'y. The dashed line corresponds to the prediction of from the ratio of
decay widths, here selected to be 1/16.

asymmetric reheating. Equivalently, as will be discussed below, insufficient time elapses
between decoupling and reheating for the twin energy density to dilute and be repopu-
lated by the decays to the level predicted by . The subsequent bump represents the
period between the reheating of the twin sector by its QCD phase transition followed by
that of the SM. The green and orange lines correspond to reheating temperatures that
lie between SM and twin QCD phase transitions. In these cases, the reheating of the
SM from the subsequent SM QCD phase transition raises its energy density relative to
the twin sector above that expected from the ratio of branching fractions. As this occurs
after the lifetime of the reheaton, the estimate of the reheating temperatures presented
in is still good as subsequent changes in the ratio due to the evolution of g, are
accounted for in our analysis of the reheating scenarios.

The steep drop in the energy density ratio corresponds to the brief period during

which the energy density of the twin sector present at decoupling dilutes and redshifts,
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which continues until it reaches a comparable size to the energy density that is being
replenished by reheating. If the twin-sector branching fraction is highly suppressed, as
can occur in the “valley” region in Figurewith my, S myx < 2my, then a longer time is
required for this to happen, especially close to the decay epoch where the diminishing of
the X population also contributes to a reduced reheating rate. These effects can prolong
the time required for the energy density ratio to converge to the asymptotic prediction
of (4.36).

Contour plots of ANg as a function of mx and f/v appear in Figure , along with
current and predicted bounds using the analytic results of Section [£.4.2] The minimum
neutrino mass configuration with Dirac masses has also been assumed, although the
results are relatively insensitive to this provided that the twin neutrino masses are not
well above the eV scale. A SM reheating temperature of 0.7 GeV has been assumed. At
this temperature, we have verified using the numerical calculation of Section[f.4.2that the
twin sector reheating temperature is always roughly above the twin neutrino decoupling
temperature over the parameter space of the figure, ensuring that the neutrinos thermalise
once produced in the decays and hence that the predictions of Section [4.4.2] are valid. A
treatment of the case in which the twin neutrinos are produced below their decoupling
temperature is beyond the scope of this analysis, but would involve the computation of
the phase space spectrum of the neutrino decay products of the X.

Also, as discussed in Section a large temperature difference may partially relax
back if reheating occurs close to sector decoupling. However, a reliable calculation of the
heat flow at the temperatures of interest here must incorporate non-perturbative effects.
We do not perform such a computation, but note that, at a slightly higher SM reheating
temperature of 2 GeV where this computation is more reliable, ANyg in Figure can
be raised by up to an order of magnitude in the region with f/v < 4 and 150 GeV <

myx < 200 GeV, notably where the twin sector partial width is suppressed relative to the
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SM by several orders of magnitude. The resulting A Nqg prediction is, nevertheless, still
out of observable reach. At the lower SM reheating temperature assumed in Figure 4.8,
it is expected that decoupling will be further advanced and the enhancement in AN
would be weaker.

We emphasize that, if the lifetime of X is sufficiently close to the time of decoupling,
or equivalently, that the reheating temperature is sufficiently close to the decoupling
temperature, then the residual twin energy density left-over may be comparable to or
greater than that regenerated by reheating. Consequently, the suppression in A N.g would
be less than that predicted in . In this respect, the projection of Figure should
be regarded as a lower bound on ANgg. In the regions of high suppression, such as the
“valley” region, the full asymmetry may not be generated before the complete decay of
X when the reheating temperature is of similar order as the decoupling temperature. In
particular, for the reheating temperature chosen here of 0.7 GeV and branching fraction
Br(X — Twin) ~ 107°, the numerical calculation of the energy density ratio saturates
at ~ 4 x 107>, We do not include this effect in Figure as its only impact is to mildly
shift the unobservably small AN.g = 10~* contour. Lower reheating temperatures would
agree with the prediction of were it not for the caveat that the twin neutrinos
may be produced out of equilibrium. However, this minimum value at which ANy is
saturated can grow significantly with hotter reheating temperatures upon which it is
highly dependent.

CMB-54 observations will be able to probe a large portion of the most natural pa-
rameter space, save the region my, < myx < 2my, where decays into the Standard Model
dominate well beyond the ratio f2/v? as previously discussed. Significantly, precision
Higgs coupling measurements at the LHC are unlikely to probe the mirror Twin Higgs
model beyond f ~ 4v, so that the observation of additional dark radiation may be the

first signature of a mirror Twin Higgs.
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Figure 4.8: Contours of log;, ANeg as a function of mx and f/v, for TSM = 0.7 GeV. The

reheat

dark blue region is in tension with Planck, while the light blue region will be tested by CMB-S4.
Gray regions are where the X mass is below the twin charm threshold and our calculation of
the twin sector partial width is unreliable.

Neutrino Masses

In addition to the bounds on N., we must also respect the bounds on neutrino
masses. The analysis remains nearly the same as in Section but now with the
twin neutrinos at a lower temperature, as determined above. As mentioned above, for
large enough f/v and SM reheating temperature sufficiently close to the lower bound,
the reheating temperature of the twin sector may be below the twin neutrino decoupling

temperature and the resulting energy density would be more difficult to compute. For
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simplicity, we choose A,z large enough such that the twin reheating temperature is always

above the twin neutrino decoupling temperature.

As before, we compute m¢T as

14

t
eff n, t
My = o Zmya. (4.46)
v @
In relating the scale factors at neutrino decoupling in each sector, we now have to use
the above temperature ratio to find, analogously to Section [4.3.3] that

T 3/4 t(Tt ) 1/4 ¥ n
eff t 95 L reheat SM
= (ry) (Bamy) (0) T 4D

reheat o

where, again, n = 1 for Dirac masses and n = 2 for Majorana masses. Interestingly, if
the branching ratios scale as I'y/T'sy = (v/f)?, then we have m<f oc (f/v)™3/2+" so the
contribution grows with f/v for Majorana masses, but is suppressed for Dirac masses.
As before, we consider the minimal mass spectrum of m, = [0.0,0.009,0.06 eV] and
a degenerate spectrum of m, = [0.1 eV,0.1 eV,0.1 eV]/3. In Figure we plot the
predictions of the X reheating for AN.g and m<f for both spectra and both Dirac and

Majorana masses using the approximations of Section [4.3.3 for f/v from 3 to 10 and

Ty
F'sm

assuming the ~ (v/f)? scaling; there are regions in the space of myx where the
suppression of m®® would be much higher.

Dashed lines indicate the rough locations of present experimental limits from Planck
2015, and projected bounds from CMB-S4. As mentioned in Section [4.3.3] we are unaware
of any study of bounds on both m¢f and AN, treated jointly. In the absence of this, we

show present and projected constraints on Neg and > m,, from (50)) and (27)), ignoring

correlations, as described in Section
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Figure 4.9: Predicted values of ANeg and Y m,, +m<T for minimal and degenerate neutrino
mass spectra with both Dirac and Majorana masses for f/v from 3 to 10. The Planck 2015 (2)
bounds on ) m, and N, as discussed in Section are represented by the dashed lines,
and the projected CMB-S4 constraints are given by the dotted lines. It has been assumed that
FFSIW ~ (v/f)?. Note however, that, from Figure this scaling of the partial widths holds
only for the mass range 50 GeV < mx < 120 GeV, outside of which the twin partial width is

more suppressed and the model is only testable through ANeg over a smaller range in f/v.

4.4.3 Thermal Production

In our discussion up to this point, we have been agnostic about the origin of the cosmic
abundance of X and have operated under the assumption that it absolutely dominates
the cosmology before it decays. Here, we consider the possibility that X was thermally
produced through freeze-out and subsequently dominates the universe as a relic before
decaying. This thermal history is viable, but places strong constraints on the mass and
couplings of the X.

The energy density of relativistic species redshifts as p, o< a=* oc T, while the energy
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density of non-relativistic, chemically decoupled matter scales as p,,, o< a~>. The energy
density contained in the X can therefore only grow relative to the energy density in
the thermal bath once it becomes non-relativistic. We found in Section that by

< 0.09 is needed to evade current bounds on AN.g. Thus we

~Y

recombination, pg/psum
need to have the energy density in the X dominate over the SM and twin plasmas by
more than this factor when it decays. If X becomes non-relativistic instantaneously at
the moment that its temperature reaches some fraction ¢ ~ O(0.1) of its mass, then, as
T x 1/a and px is ~ 1/g, of the total energy density, the mass is required to satisfy
mx 2 10/c x g, (T =mx) T, .- Since the SM reheating temperature is strongly
constrained to be above BBN, this effectively puts a lower limit on the mass of the X.
Importantly, X must freeze-out when relativistic or its energy density will be further
Boltzmann suppressed. The lower limit on the mass of the X becomes an upper limit
on the X’s couplings - if it couples too strongly to the thermal bath, then it won’t freeze
out early enough to be hot.

In fact the situation is somewhat less favorable than the above analysis suggests,
because it is relevant operators that must keep X in thermal equilibrium. For an X
with the interactions introduced in Section the annihilations have rates that scale
with temperature as I' ~ ny (ov) ~ T for T 2 mx,my (where ny is the number
density of X and (ow) is its thermally averaged annihilation cross section). However,
in a radiation-dominated universe, H ~ T2. Thus, at high enough temperatures, X is
not in thermal equilibrium with the plasma and it is only once the universe cools enough
that it may thermalise. Then, as the temperature drops, X X — ¢q annihilations become
suppressed by the Higgs mass and subsequent Boltzmann suppression causes X to freeze-
out. Note that the rates of these annihilation processes are controlled by the coupling
Az, independently of x, which is unconstrained by itself (other processes mediated by

A.x are found to be subdominant in the ensuing analysis, for the range of A, over which
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thermal production is successful). If the coupling is too weak to begin with, then the X
never thermalises and thermal production cannot happen. Thermal production therefore
requires a careful balancing of parameters - small coupling A, is preferred for X to
freeze-out hot and as early as possible, but the coupling is bounded from below by the
requirement that X reach thermal equilibrium. This combination of constraints severely
restricts the size of the parameter space over which thermal production is viable to cases
in which the coupling is selected so that X enters and departs from thermal equilibrium
at close to the same temperature.

To obtain numerical predictions for this scenario, the calculation of Section
was modified to account for the time after the freeze-out of X before it becomes non-
relativistic. During this period we use and for the energy density of the
X, approximating decays as being negligible, before switching over to (4.43)) when the
temperature drops below the mass of the X. The approximation that the X does not
decay appreciably while it is relativistic must be good if there is to be sufficient time
for it to grow to dominate between becoming non-relativistic and decaying. The decay
width of X was fixed to 5 x 102! GeV, corresponding to a reheating temperature close
to the ~ 10 MeV lower limit, in order to maximise the amount of time over which the
energy density of X may grow relative to the SM plasma, thereby providing the greatest
possible reheating.

The predictions for ANyg from a thermally produced X are shown in Figure for
the small regions of parameter space where this is viable, with f/v = 4. We find that the
dominant annihilation channels over this region are XX — tf and XX — bb, mediated
by the light Higgs, as well as their twin analogues, mediated by the heavy Higgs. As
expected, the primordial energy density in the twin sector is too large compared to that
generated by the X for the asymmetric reheating to be effective when my is too light

(< 100 GeV in this case). Similarly, when the coupling is too strong, the X is held
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in equilibrium for longer and freezes-out underabundant compared to the twin energy
density. However, when the coupling is too weak (the gray region), X never thermalises
to begin with (close to the boundary with this region, X freezes-out almost immediately
after thermalising). The peak in the contours occurs because of the “H-funnel” in which

the twin Higgs resonantly enhances annihilations into twin quarks. All of this region will

be testable by CMB-54.
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Figure 4.10: Parameter space where thermal production of X gives a large enough relic abun-
dance to dilute the twin sector, for f/v = 4. In the gray region, the coupling is too weak
for X to ever reach thermal equilibrium. The blue region is in tension with recent Planck
measurements of ANeg, whereas all of the white region will be tested by CMB-S4. Predictions
presented here for AN.g close to the gray boundary are more uncertain because of the high
sensitivity of the freeze-out temperatures to the coupling.
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4.5 Twinflation

As an alternative to the model presented above of late, out-of-equilibrium decays
of a Zs-symmetric scalar, one may imagine that the field driving primordial inflation
reheats only the Standard Model to below the decoupling temperature of the two sectors.
Production of the twin particles then ceases at some time after the temperature drops
below the decoupling temperature during reheating.

To make this consistent with a softly-broken Zs symmetry, we extend the inflationary
sector and introduce a ‘twinflaton’ that couples solely to the twin sector. The combined
inflationary and twinflationary sectors respect the Z, symmetry. However, if the two
sectors are entirely symmetric then one generally expects both inflationary dynamics to
happen coincidentally, which would result in identical reheating. We therefore rely on soft
Zo-breaking to give an asymmetry between the two sectors that causes the twinflationary
sector to dominate the universe first. With the right arrangement we can end up with
two distinct periods of inflation - a first caused by the “twinflaton” and a second that
then reheats the Standard Model to below the decoupling temperature, having diluted
the sources of twin-sector reheating from the first period.

One simple mechanism for Z,-breaking which is well-suited for introducing asymme-
try to inflationary sectors is to introduce an additional Zy-odd scalar field n (as was done
in (51))). This admits linear and quadratic interactions to antisymmetric and symmetric
combinations of the inflationary sector fields, respectively. When 7 acquires a vev, this
introduces an asymmetry in the fields to which it was coupled, dependent on the combi-
nation of its vev and its couplings. If 7 is coupled to both the inflationary sectors and the
Higgs sectors, it could be the sole source of Zs-breaking in a twinflationary theory. One
may generally imagine that, in some UV completion, the mechanism that softly breaks

the symmetry in the Higgs potential could also be the origin of the soft breaking of the
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inflationary sector.

Cosmologically, this possibility may have similar observational signatures as the model
discussed in Section [£.4] where the amount of twin-sector dark radiation is determined
by the partial widths of the inflaton of the second inflationary epoch. If this dominantly
couples to the SM, then AN g will be suppressed which, while successfully resolving the
cosmological problems of the Mirror Twin Higgs, may also be observationally inaccessible.
However, additional, distinctly inflationary signatures may make this potentially testable
by other cosmological observations.

The mechanism of twinflation completes a catalog of models of asymmetric reheating
by late decays, which may be indexed by representations of the twin parity: the case
of a Zs-even particle, in which a kinematic asymmetry in the partial widths provides
the reheating asymmetry, the case of a Zs-odd particle, which can also provide the
spontaneous Zs-breaking required in the Higgs potential, and the case where two distinct,

long-lived particles couple to each sector, which may also be related to inflation.

4.5.1 Toy Model

As a toy model we here consider ‘twinning’ the simple ©? chaotic inflation scenario.
The inflationary dynamics in this case are easy to understand and we have the additional
benefit that this inflationary model has been considered in the literature before as ‘Double
Inflation’ (see (52)), (53) and (54)). We furthermore specialize to ‘double inflation with
a break’, where there are two distinct periods of inflation which produces a step in the
power spectrum, and we consider the constraints that this places on our model. In this
case, it is assumed that each inflaton field couples and therefore decays dominantly into
the sector to which it belongs. We will comment briefly on the case without a break and

the additional signals one could look for in that case.
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The potential of the inflationary sector for inflaton ¢4 and twinflaton ¢p is

1 1
V= §mis0,24 + EWQBSOQBa (4.48)

where m4 # mp may arise from soft Zs- breaking, perhaps related to the soft Zo-
breaking in the Higgs potential. In order for the ‘twinflation’ to occur first, we require
that the energy of the B field initially dominates the energy density of the universe. We
take the initial positions of the fields to be the same and m% > miﬂ Call p(0) =
vp(0) = n\/§Mp1 = ny., where . is the critical value at which inflation stops and
mp = rmy = rm with n,r > 1. The inflationary dynamics are then those of slowly-
rolling scalar fields. At some point in the early universe we imagine that the slow-roll

approximation holds for both fields and the inflationary sector dominates the universe.

The dominating field then slow-rolls down its potential for ”22_ L e-folds, while the lighter

field’s velocity is suppressed by approximately

“”; Solving the system numerically

m2op
reveals that the motion of ¢4 during this period can be neglected entirely.

After pp reaches the critical value \/§Mp1, it stops slow-rolling and begins oscillating
around the minimum of its potential. For there to be two distinct periods of inflation,
there must be a period where these oscillations dominate the universe, which requires that
the energy densities of each inflaton p, and pp satisfy pp(@.) = r*m* M7 > pa(p(0)) =

n*m?M7 and therefore > n. For a ¢ potential, the energy in these oscillations

redshifts as pp ~ a™3. Eventually, the energy density in ¢p drops below that of v, and

a new epoch of inflation, driven by ¢4, begins. This provides a further ”22’ L e-folds of

inflation to give n? — 1 in total, while the B-sector energy density is diluted away.

Note that in order for our toy model to reheat below the decoupling temperature of the

5Note that merely giving the twin field a much larger initial condition does not instigate twinflation.
The dynamics of the subdominant field in this case are such that it will track the dominant field and
both will reach the critical value at the same time. This is easily confirmed numerically.
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two sectors, reheating must occur well after the end of inflation. If, during the coherent
oscillation of an inflaton, it becomes the case that the inflaton decay width I' ~ H, then
reheating will occur and result in temperature Trepeat ~ 0.1\/Wp1. However, if I' > H
when inflation ends, then all of the energy in the inflaton is immediately transferred and
we instead have reheating temperature Tiepeat ~ O.lm for an inflaton of mass m,,.
But in order for Thepear S 1 GeV, it is required that m, < 1077 eV, so this possibility that
the inflaton is short lived is not viable. The procedure of twinning inflationary potentials
may be generalised to other, more realistic models, provided that this constraint upon

the reheating temperature can be satisfied.

4.5.2 QObservability

One could always make a twinflationary scenario consistent with observational con-
straints by letting the second inflationary period of inflation last long enough. In our
toy model, this would correspond to setting n high enough that the momentum modes
which left the horizon during the first inflation have not yet re-entered the horizon - such
a scenario would look exactly like single-field chaotic inflation.

Alternatively, we may also allow for n small enough that all the momentum modes
that left the horizon during the second inflation are currently sub-horizon. In this case,
fluctuations at large enough wavenumbers (equivalently, small enough length scales) are
‘processed’ (cross the horizon) at a different inflationary energy scale than those that
were processed earlier, giving a step in the power spectrum. While Planck has measured
the primordial power spectrum for modes with 107 Mpc™' < & < 0.3 Mpc™* (where
the lower bound is set by the fact that smaller modes have not yet re-entered the hori-
zon), proposed CMB-S4 experiments will increase this range (27)) somewhat, as will be

discussed further below. We wish to show that the power spectrum of our toy model is
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not ruled out and, furthermore, may be observed in the coming decades.
The height of the step in the primordial power spectrum is determined by the energy
scale of each period of inflation, so modes crossing the horizon in the second inflationary

2 > n? > 25 compared to those exiting

period should be suppressed by a factor of r
in the first period. This degree of suppression is ruled out by Planck for the range of
modes over which it has reconstructed the power spectrum (50). A computation of the
primordial power spectrum for double inflation was given in (53)). It was found that
significant damping does not occur for modes which cross outside the horizon during the
first inflationary period, re-enter during the inter-inflationary period and again cross the
horizon during the second inflationary period. It is only those scales which first cross the
horizon during the second inflationary period that are significantly damped (although
other features in the shape, such as oscillations, may be present for modes that are
subhorizon during the intermediate period).

The relation of this characteristic scale to present-day observables is easily done using
the framework given in (55]). Let the subscripts a,b, ¢, d, e respectively correspond to
the beginning of the first inflationary period, the end of that period, the beginning of
the second inflationary period, the end of that period, and the beginning of radiation
domination. During the coherent oscillation periods, the inflaton acts as matter and the
energy density falls as p oc a™2. Let k; be the momentum whose mode is horizon-size at
the 7 epoch; k; = a;H;. The scales k; can be related using the number of e-folds in each
period, which are themselves determined from the first Friedmann equation. Denoting
N;j=In Z—J, we have k, = e~ Nabnky,, ky, = e2Neck, and similarly for the other characteristic

2

modes, where, in particular, slow-roll inflation predicts that Ny, = N.g = SR L The

evolution of the characteristic momentum scales is shown schematically in Figure [4.11]
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Figure 4.11: Schematic evolution of the characteristic scales in Twinflation, as seen by compar-
ing wavenumbers to the Hubble radius over time. Note that the time axis is not a linear scale.

Finally, k. can be determined using the conservation of comoving entropy:

ﬂ_gi/S (TO ) 91/6 (Treheat ) TOTreheat

3V10My, ’

ke (4.49)

where T and aq are the temperature and scale factor today and Tieneat i the reheating
temperature (which is sufficiently low that only SM particles are produced). We work
explicitly with the convention ay = 1. The characteristic modes associated with the
break can then be determined.

As mentioned above, (53) shows that damping occurs for modes that exit the horizon

only during the second inflationary period, so we should take the characteristic damping
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scale to be the smallest such scale, which here corresponds roughly to k;, This can be

determined as

1 1
k.b — neiNbchcd+§Ndeke

ry\1/3 ( n? — 1)
= n (—) exp | —
n 2

where k. only differs by the factor of (r/n)"/® (which is roughly close to unity). Once

1/6
ng/g(TO)gi/G(Treheat)Tﬂj}ﬁhg\qﬁ)
3VI0M,

1, 27172
2mMpl

2 4
%g* (Treheat ) Treheat

again, between k, and k. are oscillatory features, so k;, should merely be taken as the

rough characteristic scale of the damping.
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Figure 4.12: The prediction for the characteristic suppression scale as a function of the initial
values of the fields. The mapped regions should be interpreted not as having hard boundaries,
but rather fuzzy endpoints where they break down. Here we have used Tieneat = 10 MeV and
r=2n.

Now the characteristic damping scale is determined by m, n, r, and Tieneat. Our
observational bound on kj, is that Planck has not seen this suppression on momentum
scales at which it has been able to reconstruct the primordial power spectrum from the
angular temperature anisotropy power spectrum, which is roughly & < 0.3 Mpc™!. We
have constraints on the reheating temperature from rethermalization of the twin sector

or interrupted big bang nucleosynthesis 10 MeV < Tiepeat S 1 GeV, on having a period
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of intermediate matter domination between the two inflations » > n and on the total
number of e-folds n? — 1 > 25 to solve cosmological problems. Note that we require
fewer e-folds of inflation than is typically assumed in the standard cosmology. Since the
low reheating temperature gives fewer e-folds from reheating up to today, less inflation
is needed to explain the large causal horizon and flatness.

The normalization of the spectrum provides a further constraint, the most recent
measurement of which come from Planck (50). The scalar power spectrum at k, =
0.05 Mpc ™' is measured to be Pgr(k,) = 30940034 5 10710 Then for k, < k. (i.e.
k, having left the horizon during the first period of inflation and not re-entered before
the second, so no deviation from single-field inflation would be seen at this scale), the
spectrum of (53)) yields the constraint

r’m? Ky ky n?
2. 107% = n({—=](ln=4—]. 4.51
03 x 10 e n(k*><n + ) (4.51)

The characteristic scale depends much more strongly on n than it does on any
of the other parameters. In Figure [£.12] we give a rough idea of the scale as a function of
n, having set Tieneat = 10 MeV and r = 2n, while m is chosen to satisfy the normalization
condition. We also show the constraint on k;, set by Planck. Note again that the region
described as “observationally single-stage inflation” does still provide a solution to the
problem of reconciling cosmology with the mirror Twin Higgs.

CMB-54 will improve the constraint on k; through its improved measurement of polar-
ization anisotropies (27)). With only precision measurements of temperature anisotropies,
the un-lensed power spectrum cannot be so easily reconstructed from the lensed spec-
trum. The effects of gravitational lensing of CMB place an upper limit on the size of
primordial temperature anisotropies that can be measured (56]), which Planck has satu-

rated. However, the polarization anisotropy power spectrum allows the removal of lensing

307



Cosmological signals of a mirror twin Higgs Chapter 4

noise from the temperature spectrum so that higher primordial modes can be detected.
The polarization power spectrum itself also gives us another window into the high-/
modes of the primordial power spectrum, as the signal does not become dominated by
polarized foreground sources until higher scales near ¢ ~ 5000. CMB-5S4 is projected to
make cosmic variance limited measurements of both the temperature and polarization
anisotropy power spectra up to the modes where they become foreground-contaminated
and so provide additional information on the shape of the primordial power spectrum
(27). The map from measurements of angular modes ¢ to contraints on spatial modes
k depends on the evolution of the power spectrum between inflation and the CMB, so
forecasting constraints requires careful study. However, these improvements will not test
most of the parameter space presented in Figure [4.12] where the step is predicted on
extremely small distance scales.

We have discussed a twinflationary model of double inflation with a break for sim-
plicity, but there is a parametric regime where double inflation without a break gives the
required amount of asymmetric reheating into the Standard Model. With two periods
of inflation, the second period dilutes the energy density of the heavier field sufficiently
that there is no observable signal of it produced in reheating. However, even with only
one period, inflation can continue for long enough after the inflaton turns the corner in
field space such that, at late times, the fraction of the inflaton in the B state relative
to the A state is small enough that the expected energy densities that are transferred

2 1.2, assuming that

~

into each sector satisfy pg/pa < 0.1. This occurs as long as r
the mixing angle of the slow-rolling field with the ¢4 and pp fields entirely determines
the fraction of its energy that reheats each sector. There is thus a much larger range of
r where this toy model of inflation passes N,z bounds than our above analysis shows.
The resulting imprint on the CMB could resemble that of the long-lived decay model of

Section [4.4] with AN again being related to the ratio of branching fractions, although
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this is dependent upon the UV completion of the Twin Higgs.

When there is only one period of inflation, the step is smoothed out and less pro-
nounced and it is necessary to locate the feature numerically. Furthermore, having mul-
tiple degrees of freedom available allows for non-trivial evolution of momentum modes
after they become super-horizon, which does not occur in single-field inflation but may
be calculated from the full solution to the field equations (54). While a twinned poten-
tial leading to two periods of inflation generally predicts a step in the power spectrum,
when there is no break the predictions, and thus constraints, this prediction become more
model-dependent. Therefore we leave detailed predictions in that case for future study
using realistic models and merely state that the range of r = 1 to n interpolates between
the single field spectrum and that with a step, as one would expect.

There are also at least two other detectable effects one might expect in double inflation
without a break and in general realistic twinflationary models. Interactions between
inflaton fields may produce primordial non-Gaussianities, while the presence of additional
oscillating degrees of freedom may produce isocurvature perturbations. These do not
appear in our toy model because the heavy field is exponentially damped during the
second inflation. CMB-54 is projected to improve Planck’s bounds on non-Gaussianities
by a factor of ~ 2 and on isocurvature perturbations by perhaps an order of magnitude
(though model-independent projections have not been made), so may be able to detect
or place useful constraints on realistic twinflationary models (27)).

We have introduced twinflation as a mirror Twin Higgs model which suppresses the
cosmological effects of twin light degrees of freedom. It extends the mirror symmetry to
the inflationary sector. The soft Zs symmetry-breaking of the Higgs sector may be used
in the inflationary sector to cause distinct periods of inflation. There exists a parametric
region where this is cosmologically indistinct from single-stage inflation, but also another

in which it may be observable. As the direct product of inflation and the Mirror Twin
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Higgs, this is in some sense a minimal solution.

4.6 Conclusion

In this work we have considered scenarios in which cosmology provides meaningful
insight on solutions to the electroweak hierarchy problem. In particular, we have demon-
strated several simple mechanisms in which the cosmological history of a mirror Twin
Higgs model is reconciled with current CMB constraints and provides signatures accessi-
ble in future CMB experiments. In the case of out-of-equilibrium decays, we have found
that decays of Zs-even scalars sufficiently dilute the energy density in the twin sector
without the addition of any new sources of Zs-breaking. In much of the parameter space,
the residual contribution to ANgg is directly proportional to the ratio of vacuum expec-
tation values v?/ f? parameterizing the mixing between Standard Model and twin sectors
(as well as the tuning of the electroweak scale), and may be within reach of CMB-S4
experiments. In the case of twinflation, we have found that a (broken) Zs-symmetric in-
flationary sector may successfully dilute the energy density in the twin sector, as well as
potentially leave signatures in the form of a step in the primordial power spectrum or in
departures of primordial perturbations from adiabaticity and Gaussianity. In both cases,
these models raise the tantalizing possibility that signatures of electroweak naturalness
may first emerge in the CMB, rather than the LHC.

There are a variety of possible directions for future work. Here we have focused on
the cosmological consequences of late-decaying scalars and twinned inflationary sectors
without specifying their origin in a microscopic model. It would be interesting to con-
struct complete models (where, e.g., supersymmetry or compositeness protect the scale
f from UV contributions) in which the existence and couplings of late-decaying scalars

arise as intrinsic ingredients of the UV completion. Likewise, we have considered only
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a toy model of twin chaotic inflation; it would be interesting to see if twinflation may
be realized in complete inflationary models that match the observed spectral index and
constraints on the tensor-to-scalar ratio.

While we have taken care to ensure that our scenarios respect the well-measured cos-
mological history beneath 7'~ 1 MeV, we have not addressed the origin of the observed
baryon asymmetry. In the case of out-of equilibrium decays, there are a number of pos-
sibilities. It is plausible that a somewhat larger baryon asymmetry is generated through
various conventional mechanisms and diluted by late decays. Alternatively, the decay
mechanism itself may possibly be expanded to generate a baryon asymmetry or some
other late decay may generate the baryon asymmetry below ~ 1 GeV. In the case of
twinflation, inflationary dilution of pre-existing baryon asymmetry requires that baryo-
genesis occur in association with reheating or via another mechanism at temperatures
below ~ 1 GeV. It would be worthwhile to study models for the baryon asymmetry
consistent with these scenarios. Steps in this direction have been taken in (17)), which
attempted to relate this to asymmetric dark matter in the twin sector.

Likewise, any investigation of dark matter, be it related directly to the twin mech-
anism or otherwise, must also address implications of the dilution. Previous work at-
tempting to construct dark matter candidates in the twin sector (ITHIg])) has relied upon
explicit Zs-breaking that is not present in the mirror model. Dark matter may alterna-
tively be unrelated to the Twin Higgs mechanism, such as a a WIMP in some minimal
extension of the electroweak sector that freezes-out as an overabundant thermal relic and
is then diluted to the observed density during reheating. Alternatively, it may be that
the dark matter abundance is produced directly during reheating. It would be interest-
ing to study extensions of our scenarios that incorporate dark matter candidates directly
related to the mechanism of dilution.

Finally, we have only approximately parameterized Planck constraints and the reach
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of CMB-S4 on twin neutrinos and twin photons. Ultimately, more precise constraints
and forecasts may be obtained via numerical CMB codes. This strongly motivates the
future study of CMB constraints on scenarios with three sterile neutrinos and additional

dark radiation whose temperatures differ from the Standard Model thermal bath.
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