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- DISCLAIMER

This document was prepared as an account of work sponsored by the United States
Government. While this document is believed to contain correct information, neither the
United States Government nor any agency thereof, nor the Regents of the University of
California, nor any of their employees, makes any warranty, express or implied, or
assumes any legal responsibility for the accuracy, completeness, or usefulness of any
information, apparatus, product, or process disclosed, or represents that its use would not
infringe privately owned rights. Reference herein to any specific commercial product,
process, or service by its trade name, trademark, manufacturer, or otherwise, does not
necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States Government or any agency thereof, or the Regents of the University of
California. The views and opinions of authors expressed herein do not necessarily state or
reflect those of the United States Government or any agency thereof or the Regents of the
University of California. -
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RLACTION MATRIX QIN(:UL\RITIES ARD THE ENERGY GAP

IN AN IhFINITE SYSTBi OF FuRVIONS

V. J. Emery
Physics Depértment :
University-of California
Berkeley, California
February 8, 1960
ABSTRACT‘
Iﬁ 1svshowh that the presence of a-singuiarity'in'Brﬁeékher's-
t matrix foi»ah infinité Systeonf Fermions is a suffi’cient (but not
'necessary) condltion for the existence of a gap in the energy spactrum
of the system- On the other hand tuere are 31ngularit1es in Galitskiits
‘t-matrix if and only ir the sjstem has an energy gap.
Furthennore ‘there are both singularlties and an energy gap if
" the solution of a Schrodlnger equation with modified kinetic energy . ;
has a positive phase shlft gat the Fermi momentum. |
The results are illustrated by deriving approximate expressions
- for the’ energy . gap and the distances of the singularities from the Fexmi

surface in terps of the phase shift S\_
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REACTION MATRIX SINGULARITIES AND THE ENERGY GAP

IN AN INFINITE SYSTEM OF F& RMIONS

- V. J. Emery

Physics Department-
University of California
Berkeley, California

February 8, 1960

1 INTRODUCTION

In a previous paper 1) (hereafter called I), it was shown that, .
for a wide claes of potentials, the Brueckner t-matrit for an infinite
eystem of fermions possesses slngularltieu. At that tlme, it ha& been
speculated that theae singularltics were associated w1th'the existence
of a gap in the energy spectrum of the system and that the 1ow—lying
states had a highly collectlve charecter - althougn the relatlonship _:7
between tbe variousvphenomena had not been clarifled.
| ﬁocently, however, Cooper, Mills and Seeslerz) and Bogoliubovs)
using a generalizatlon of the superconductivity theory of Bardeex
Cooper and Schriefferh), derived a crlterion for the existence of an
energy gap which appears to be qulte dlfferent from the condition for the
 existence of a singularity of the Brueckner t-natrix, discussed in- I.

It is therefore of great interest to compare the two criteria in order
to see ii they are indeed reldted and to determine the range of validity"
of the Brueckner method. |

In this paper, it will be shown‘that, if the Brueckner. t-matrix
possesses singularities, then the Fermi system is in a highly correiated:

state, but that, in general, the converse is not true.
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On thé other héﬁd it'Will be -seen that the t-matrix introduced -
by GalitskliS) is 81n5ular if and only if. there is an energy gap. This
_yresult is physically reasonable 51nce, in contrast to the convential
‘Brueckner method, . both Galitslli's theory and the Bardeen, Cooper,
Schrieffer theory treat holes and particles symnetrically (see also
Iwamotoé)) _ _ ,
| It is therefore to be expected that Galitskii's approach provides
a more accurate description of the nonnal state in that, in the absence
of an energy gap, it nay well be d good approximation to a more general .

- theory which is applicable to bétﬁ cérfelated and uncorrelatéd states,.
This conclusion is of in£erest'since the»callective effects are nbt
expécted tb be ofiimportaﬁce far away from the Fefﬁi surface or when'£WO
particles'h3ve a total momentun very different from zero, so that
,calcglations with the Galitskii t-matrix could give soﬁé useful results-_
even When thére is an enéfgy gap.

In Sectioﬁ 2, the cfiterion for the.existence of a phasg.transition

of a Fermi systém to a hiéhly correlated state is intrqduced and it is
expressed'in a form éuitéble'for‘thé comparison with the t-matrix,edﬁétions
which is,effected_in SecﬁionéfB'and 4. In Section 5 the'magnitudevéf_the
energy gap and distances of the‘singuiarities from the Fermi surface afe
expressed in terms of the Schrodinger equation phase shift to illustrate
the results of the previous sections; Section 6 containé a diséussion

of the results,
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2 THE EXISTENCE OF AN ENERGY GAP

In order to avdid the use of the non-linear equation whoée
solutibn determines the existence of an energy gapz), we use the critefioh7)
_.that an infinite Fermi'system will undergo a phése fransition to a _
highly correiated a@ate at a temperaturg TC = l/%:ésc . If this criterion

is satisfied, the energy spectrum possesses a gap.

A Formi system has a phase transition if '

R L

has a non-trivial solution for smne'valgetﬁ?c- off? .

'Here, v is the twb—particle potential and, in momentum repfesehtétion,'
0 é? g‘ ! ', ' | :
G =j 0 (k)j (k - %), . o (2)

with

Eytk) = o) = oliq), o | )
wheré
e(k) = K* + 20(k). | S (4)

‘is the'normal state" energy of a pair of particles with relative
momentun k and total momentum zero, .V(k) is the single-particle
potential, kF the Fermi momentum, h = 1 and the particle mass is

unity.
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-_Ih eq,(2), % } is the radial part of the solution with

angular'mbmentum,ﬁzand momentum k of the free-particle Schrodlnger

equation, i.e.

c(rgh} k«rg/&kﬂ | | | . - (5)

for some.é? Here, r is thé separation of the partiéles and 'iészjf)

is the spherical Bessel’ functlon of order (In the foilowing, the .

angular ! nanentum label, 45? ‘will be suppressed and it is to be understood

that all states refer to a fixed but arbitrary angular momentum,ééw)
Eq.(l),may be rewritten.as an eigenvalue eguation,

P - . _ . ténh'l/hﬂgH. e '
3"‘€Kj = - %Ki((g) ' T 7 ﬁ? o Ki}' g | (6)_

0

and the condition for a phase transition 1s that there be a value

{@i of /:;ff for which

Ay Y"?c);: 1 | o - (7
f§r some’vaiue of 1. | '
- Throughout the discussion it will be assumed that the matrix
elements<ﬁcIV' k;} of v are finlte although they may be arbitrarily
~ large so that there is no essential physical restriction on V.
A Then, by using the methods of I, it may be shown that, for each
value ofmég there is a set of eigenvaluiiéyQ(ﬁgj(having the following
| G o _

properties;
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I, ° The eigenvalués-‘afe real,‘"_and discreté éhd /Ki( ﬂf) 40 | :
o i‘or finite
"II. ] )/&Kl (ﬂ < 0 for a11(4 and 1.
T1IT. ‘(a) When (kFi vi kF>7‘ 0,44y (ﬂ)—-’: 0  as
‘ ﬁ-—-ﬁ' ®  for one and only one value).r}x')v of i. If

<kpi vl kp) <0, /aKn‘ Q@ )—%0 through posiiive values,

otherwise through negative values.

(b) When \kl‘ 3v ke =0, A4, ((})m—-»o as/gw}oo :

for at least two values of i. In general, there are

‘exactlv two such values and one tends to zero i‘rom above :

and the other from below. o

/K (8 )j'""‘*)’OO_x;K:"““?’O

It .f.'ollows at once ‘chat when \kr B v EkF> = O eq (7) can

be satisf:xed for at least one value n, of i, ﬂiatthere is a phase tra*xs:xt* on,

Whan \kF] v kF ] }O, every positive elgenvalue —/QK IG |

‘rema:ms non-zero as J’»«—» 0o , so that it is necessar’y to show that, for
some value oi‘,,fgw , at least one eigenvalue is less than unity at /5 = 0,

This possibility is most conveniently discussed by transforming. eq. -‘_(,._6).

Define

E, )l Sk -y B o ®

Lim (kﬁévfx;i> \ for k # kp
: | (9)

o . for kukk;
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for all 1 # n,éli.n}{axn (ﬂ) = 0), By using the methods of I, it can
& . —~—

ek o S a8 i ; AL

be shown thdt <kF ‘vaxi{i/”’yu as (- a3 ,for i ¥n _(so that;\kg‘srh.i J
. . 2> 00, -
is a continuous function of k) and that in the limit a‘s%7~wall eigenfunctions
: ‘ N

and eigenvalues of eq.{b), exceut those with 1 = n, sare given %y solutions

of

— Rt

-% afﬁi> ?”%ﬁ. G}z%i>’ - | o | (10)

where
~ i \5 ‘:'rj [ \‘1
co Lt TSNSV L (11)
4 e Vikey (4 |
& )

a.ndiljﬁ\1 = L:u% /dKi (ﬁ) . ke have now to determine the conditions

under which the lowest positive eigenvalue Kp is less than unity.

'3 THE t-MATRIX AND FREE-SPACE BQUATIONS

In this section, we introduceé the t-matrix and free-space equations
‘which are to be compared with egs. (10) and (11).
' In i, it was shown that the criterion for the existence of a:

singularity in the Brueckner t-matrix for total momentum zero and relative

momentum v <kF is that the equation
e Tl '\ , ’ g Tl
ﬁ“LBi/ 483 (m) Hy(m) "E‘lm} | (12)

have a non-trivial solution with

Sg =1 | (13)

for some values of m and 1i.



gm) =1

for some values of 1n<LkF and 1.

Here
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-BD
Here = A
x| By (m)fk}r g(k—-k)El- (kym)y | (1)
&, (k,m) = e(k) - &lm) (15)
énd
Sk -k for k)ky .
Lejaj¥ )= ~ | (16)
S 0 for KK K.
Eq. (12) refers toba state of any fixed angular_momentum wdé?
(althouéh_it was derived f6r~4?= 0in I1). | |
| Galitskii's ~t-matrix (which incluies "hole-hole" séattérihg
as well as‘"pérticle—particle" scattering (see also Iwamotoé)) has
a singularity-for total momentum zero and relative momentum m, if the
-equation |
TN eou. P L - | |
|01 ) = %a W YR A "}mc}i:} - (17)
has a non-trivial solution with
f\
(16)
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[S(k-k) | | for k kg
<kmk> I

- Sw-«) | for 'k {kp o (19‘).

Using the vmethods of I, it may be shown that both eqs. (13) and (18) can -
be satisfied if <kFﬁ vf k) (o and that when <1\F1 vi key 20, it is
necessary to show th“/‘Bi /ﬂBi(kF) and /,&wi /‘{{,i(kl-‘), are

less than unity for some value P of 1.

Now def:me o _
. ‘ s Q R N ) ‘
» {/Lim \k&»ﬁ v}.f ), - for k #ky .o

KL ) = kg - i -
<JIBJ.> ) | o | (20)

g ki
el s?

e - | for k = k.. -

[ ;
\
and :
Lim 01 by |
TR {m—‘a >k KA V.’f"zai p for k 7k,
0 P for k = kF s
(S
for 211 i #n .(/Q’Br =0 ;léép) Then, as in section 2 ,\\k} ‘rB and

{k.ﬁ :(Gi\7  are continuous fur;ct..ions of k and in the limit as m_—-—-§ RF,

all eigenfunctions and éigenvalue‘s of egs. (12) and (17) are given by

It is also necessary that both/aBp(O) and/::é—p(o‘) be greater than
unity. A sufficient condition for this would be that v have no bound
state or at most a weakly bdund state. This property is a feature of

systems of physical interest so it will be assumed here.
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)Tsis"/“ai'QGQ'fé:x? | . - '(22)_

l

j 1>/‘Gi J > < | - (23)
'respectivély Finally, for purposes of éompariaon with a Schrodinger -

equation phase shift 5 y We introduce the factor R. by which v ‘has.

‘to be multlplied in order that the Schrodinger equatlon | .
. - ) . '
;Y)“jkr") - I 7‘0"”-) . (24)

with kine‘cic energy e(k) should have gzero phase shift for momentum kp,

i.e. ‘that ,
Solvl =0 @)
Using qu. (8) and (26) and defining |
1 o '
~\;, <k5‘,l7}> . | for k#kp, .
i?/= < (26)
: ‘0. | for k = kF’ ,

eq. (24) may be rewritten
V) -2, afp >- . e
It is not hard to see that if &(kF) > 0 and \/kF v | PR

then )\o \/l} for consider the arbitrary coupling constant A.. When
Ad <.
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o Kol viey, e

which is small a’n’dvne‘ga‘bive.so that S(kF)< O.. Hdwever, when A =1,
g(‘kF)a},,O ‘by assumption, so that there is a value of Ay of P
in 04X 0{1’ for which £<kF> is zero for the potential)\o v.

Egs.  (22), (23), and (27) are to be used in the next section,

L CONDITICNS FOR AN ENERGY GAP

In this section, it will be assumed that /“Gi(o)% 1 and
/éﬁBi(O)D,’, 1 | for all i, This condition is satisfied very well for
systenis of p_hysical interest and is sufficient to ensure that the t-=
' matrice;. are} sinéular when/ezc’i <1 iand/déBi L 1. |

;‘By ﬁsing, the resulis of Section 3 ,the i‘olléwing theorens may
be proved (fof all' relative angular nomentum states).

A. YIThe conditions for a singularity" in the Galitskii t-matrix
and for an energy gap are identicai.

B. The presence of a singularity m Brueckner!s t-matrix is ra
sufficieﬁf (But not necessary) condition for the existence of
and energy gap.

C. A sufficient condition for the existence of a singularity in
Brueckner's t-matrix and hence for an energy gap is that the |
phase ishift at momentum kF in the solution of Schrodinger
equation with kinetic energy &v'(k) be positive,

The remainder of this section is devoted to proving'the theorems,
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' Eqs. (lO) and: (43) are identical, whlch is just the cont.ent of theorem A,

- Let //(B and /oG be the smallest positive values of /dBi

and//¢ i reSpectively It is not hard to show that

a'm o e

- and

| . I E . SRR
kamu , S

for any tri&l functn.on/i) Then R replacmg \’L }:m the inequa.lity (29)

vy | “_{ > from eq. (22), we find that.

N Os (31)
Ay /“'Bp |
‘80O that
Ay My . | o S (32)
~and theorem B follows at once.
.Finally, consider the eigenvalue equation _ - ‘
: ;‘?1>= ?\14(GP+PG)5LV1>. | | | (33)
Then, usiﬁé f.he trial wave function QI 9’1 ) .in the inequality
(30), we find | V
L o | ()

1
_App 2A,
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v(since 2Q = l + P). ,
~ Then, using "f’) of eq. (27) as trial wave functlon,

)l /ng?w> , ;\o )0_,_ | |  (35) 

so that

0%

which is tantamount to theorem G, since 20 Ll

'5' EXPRESSION FOR THE ENERGY GAP

The rather formal resultsv of Section / may be made plausible’
by 'd'eriiring an expression for the magnitude of the energy gab and also
fof the distance of the singularities from the Fermi surface.

First an exp}ession,_ for the transition temperature ié obtained,

We intreduce the function [@) as the solution of

182 = |y + ™1 E2, o (36)
| wheré} “ _ : '

_ tanh 14@H, | SRR

E =- 0 : 7

oo + @) ) Qe S (37)
and ,
©  tanh 1/4BE, (k) | B |
LB) = . : 38
p> 34& e - ‘ (38)

Then, from egs. (1) and (30),

<¢;vgr>n-<¢1v = /43 o

O

VIIK>
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-G | ) Ty <ol oSy

Thus

Lol “f>="*}"”<¢ ey Gel iy

and either

(el vg,xx')\:;-o*-r S W

L(fﬂz) = 2ﬁ377f%%§;§? e (41)
Por finite {i, eq. (hO) is not satiefied in general unlesé%zﬂx}
"is identlcdlly zero i.e. there is no phaee transition. When there ise
a_phase.transition, the transition temperature is given by thevvalue .
gg . .of{ﬁ.for whieh eq. (41) is satisfied. | g
o S:‘Ln'c;a ( ) is p031t1ve,'\¢ ,v” ki :must be negative. This
requirement coula be satisfied by a repulsive potentlal, but thenﬂxqi>
would be zero and °q. (hl}.would not follow. For a very strongly attractive.
'potential,~\¢ 3 ﬁ ) could be positive for large values OIi but it would
" then be singular 1or some value P‘O offﬁ and negative for some Lf 4 f O
L(LMQ has been evaluated elsewhere7) and it is found to be

sensitivevto the form of e(k) only through the effective mass M at

the Fermi surface. ‘It is found that
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kéz | ke |
! : 1 , : ,
kT, = 2,28 " exp{ 77/2 Ry ¢ | - (42)

In s:Ltuations of physical int.arest, v ia weakly attractive in
that / if ) is not zero and ([6 ﬁ v / kF) is negative and ‘the calculated
value of r} c is very large. For large F? s. F 1is only weakly dependent

on and, to & good approximation, we may letf’)w—‘}on in eq. (37).

. : k;’ k k " '. .'
”"){o - 126, ’ﬁ/@ - @

Let

(o]

and let i } be the solut:.on of the equdtlon obtamed by replacing
O

in oq. (56)

Foooo- 0 ak hedex o UF ATy - (ad)
40
then the equation for the wave matrix {L for the Schrodinger equation

with Kinetic energy ~<,(k) is

dl=1+ Fl viL, o | o (45)
from which
vg Qfo;} v{’ ‘: + J'Ef v (Fl' - FO) vi‘j ¢O :5 . ' (46)

This integral equation may be éxpressed as a convergent iteration
series'_in v.{L. of which the first term gives a good a approximation, so

that
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'<¢lv‘l k,‘)w@o\vvl o el vy = ran S0 W)

Ualng the result of Eardeen s Cooper, and Schriefi‘erl‘) for ‘the
rel&tlonahip between the mdg,nltude AE of the enargy gap and the transition
temperature, (Whlch is obtained by 1inearizing the equatlonz) for the energy
| gap) and, combining egs. (I+2) and (47), we find

‘ L gk2 ts( ) | |
AE = 3.5 ch%S_:;:__ ' 'expf- 2 o0 kl‘ . I (48)

H v v z | M

In a similar“mannver, it may be shown that if the ‘singularities in- |
Brueckner's t matrix and the real part of Galitskii's t-matrix occur

for momenta m, and‘ ‘nv12 respectiyely, then

k% - ml2 hkF? | cot g(kF)
m expd = W ———meeeme

] 0(’111))«/ ‘ M.* ~ M. M* -} . (l&9)
and
2 2 2 .
s k.” - m,” Lk, ~ cot 5( )
;50 (,‘“2) }% . i ? = Mf:- RS B WZ % s (50)

in the effective mass approximation énd for my and -m2 near to kF o

| Within the range of validity of the approximations (48), (49) and
(SO), it is clear that vg(kF)‘ has to be positive for there to be-b.‘o.i.:h an
energy gap _aﬁd tomatrix singularifpies, ﬂgo(mé)/' ié eq\iai to 1/2 ‘ AE
but PEO (ml)i is snaller t.han 1/2 A_E (as a result of the absence of
the factor 1/2 in the expobnen.‘t of eq. (49) compax_‘éd to ecis. (48) and (50),
This fac't suggests that; in a m‘ore corfect ekpression; a weaker interaction
- would be required to givvev anv energy gap than to give a singularity in :

Brueckner's t-matrix. These results are an approxinate expression of the
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content of ihe theofe@B-proVed in eeetion l;.
| Eqs. (48), (9), and (50) cdnnot ‘be used directly to obtain
approxlmate expressions for ¢§E, !é: Onl)a , and léf (mz) g from
_known phase shifts 51nce @(kF) 1s to be calculated with kinetic energy
e(k). ~The further approximation of replacing e(k) by k2 is too drastic
in general (31nce it introduces an error into the exponent) although it
rmay be useful for dlscussing the qualltatlve features of actual physical

gystems. (For‘applications to llquid Heé

7,8)._,

and to'Nuclear Matter see
" Emery and Sessler
. Finally it should'be‘noted that in the low-density limit, we

3%

ean put M equal to unity and replace tan ‘gkkF) by

o

a” (a'being
S

.the scatterlng length) in  eq. (A9) to obtaln the result of Van Hoveg)

6 DISCUSSION

" The results ef sactions 3 , L4, and 5 show that Brueckner's
theony‘of an'infinite Fermi.sjstem and Gaiitskii's extension of the theory
1vmeet w;th Qlfilcult¢es when the Zl.ow—lyln«7 energy states of the system have
a 31gn1f1cently collectlve character.

At the same time, if the energy gap is small, Brueckner's approach
prebably‘gives an adequate description of states far eway from the Fermi
surface,cr'of pair states with total momentum appreciably different ffom
zero and so it should be eble to reproduce many- properties of the system.

For this ﬁurpese, it seeme to be more accurate to use Galiiskii's
t-matrix instead of Brueckner's t-matrix and; indeed, the former has summed
‘more terms of the complete pertufbation series (although it is not
obviousvwithout further discussion that this would result in an improved

value of the energy). Consequently it is important to see‘if the two
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: t—matriées predictvsignificantlyvdifferentﬁpfoperties of ﬁahy-Fermion
syatemé, since it may be néCessary to_é@end-the extensiﬁe'calpulations
alfegdy carried outlo’ll).»

In this'cénnection it éhould be noted that exclusion principle
in intermediate states is doubled in the Galitskii equation with the result
that total potential energy would be decréééqd,iﬁ magnitude and the
rearrangement énergylz) ihcreased, These two effects compensate to some
extent‘rand;-ﬁitﬁbut further calculatioq, it ié“nbt possible to giie a
qua:itita'ti{:e estimate of the changes. ' '

I wish to thankar; A. M, Sessler for many stimulaiingbdiséuSSions
and tO'acanWledge the hospitality of the Lawrence Radiation Laﬁofatory '
.of>the_Univ¢réity bf'Califorhia. This work was carried out during ‘the .

‘tenure of a Harkness Fellowship from the Commonwealth Fund of New Yofk.
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report, or that the use of any information, appa-
ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

B. ‘Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-

mation, apparatus, method, or process disclosed in
this report. '

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.





