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ABSTRACT: We study worldvolume actions for D-branes coupled to the worldvolume U(1)
gauge field and Ramond-Ramond (RR) potentials in nonrelativistic string theory. This the-
ory is a self-contained corner of relativistic string theory and has a string spectrum with a
Galilean-invariant dispersion relation. We therefore refer to such D-branes in nonrelativis-
tic string theory as nonrelativistic D-branes. We focus on the bosonic fields in spacetime
and also couple the D-branes to general closed string geometry, Kalb-Ramond, and dilaton
background fields. We dualize nonrelativistic D-branes by performing a duality transfor-
mation on the worldvolume U(1) gauge field and uncover novel dual D-brane actions. This
generalizes familiar properties, such as the SL(2, Z) duality in Type IIB superstring theory
and the relation between Type IIA superstring and M-theory, to nonrelativistic string and
M-theory. Moreover, we generalize the limit of string theory, in which nonrelativistic string
theory arises, to include RR potentials. This stringy limit induces a codimension-two foli-
ation structure in spacetime. This spacetime geometry is non-Riemannian and known as
string Newton-Cartan geometry. In contrast, nonrelativistic M-theory that we probe by
dualizing D2- and D4-branes in nonrelativistic string theory arises as a membrane limit of
M-theory, and it is coupled to a membrane Newton-Cartan geometry with a codimension-
three foliation structure. We also discuss T-duality in nonrelativistic string theory and
generalize Buscher rules from earlier work to include RR potentials.
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1 Introduction

One of the most fascinating discoveries in string theory is that different superstring the-
ories are corners of M-theory in eleven dimensions. Theories that arise as various limits
of M-theory and describe rather different physics are frequently related to each other by
duality transformations. These dualities provide powerful techniques for probing different
corners in M-theory and bring useful intuitions about various nonperturbative regimes in
string theory. Even though a comprehensive understanding of M-theory is still lacking,
it is widely believed that the full dynamics of M-theory is captured by a simple quan-
tum mechanical system of D0-branes, known as the Matrix theory conjecture [1-4]. This
description of M-theory is approached from considering a discrete light cone quantization
(DLCQ) of M-theory, typically defined by taking an infinite-boost limit of compactification
on a spacelike circle. Moreover, the Matrix theory description of the DLCQ of string the-
ory was later studied in [5-7]. Compared to the infinite-momentum frame and the large- N
limit considered in the seminal work on Matrix theory (with N DO0-branes), the DLCQ of
string/M-theory has the advantage of making various dualities manifest at finite N.

Not relying on the subtle infinite-boost limit, the DLCQ of string theory is known to be
related to a unitary and ultra-violet (UV) complete theory called nonrelativistic string the-
ory, which in flat spacetime is defined by a two-dimensional quantum field theory (QFT)
with a (string-)Galilean global symmetry [8]. The string excitations in nonrelativistic
string theory have a Galilean-invariant dispersion relation and a nonrelativistic spacetime

L' Instead, the asymptotic

S-matrix; the spectrum there contains no massless gravitons.
closed string states necessarily carry nonzero windings and they can exchange instanta-
neous gravitational forces that are Newtonian-like [8, 11]. In curved spacetime, this theory
describes strings propagating in the so-called string Newton-Cartan geometry [12, 13],2
which is a non-Riemannian geometry equipped with a codimension-two foliation struc-
ture. This geometry naturally generalizes Newton-Cartan geometry, the geometrization
of Newtonian gravity equipped with a codimension-one foliation. Moreover, T-dualities of
nonrelativistic string theory with arbitrary background fields have been studied in [13]. Tt
is shown that the DLCQ of relativistic string theory arises from performing a T-duality
transformation along a spacelike circle in nonrelativistic string theory. This relation pro-
vides a first principle definition of the DLCQ of relativistic string theory, which is otherwise
only defined by the subtle infinite-boost limit.

In recent years, significant progress has been made towards the formulation of non-
relativistic string theory in general backgrounds.® These studies have been generating
new excitements about exploring a landscape of non-Lorentzian gravity and field theories,
as well as their applications to the AdS/CFT correspondence; see e.g., [12-20, 22-36].%

!The closed string spectrum was first obtained from a limit of relativistic string theory [9]. Also see [10].

2Background geometries with different torsional constraints that nonrelativistic strings are coupled to
have been discussed in the literature, depending on what global symmetries are imposed on the worldsheet.
See, e.g., [14-20] for studies of strings in torsional string Newton-Cartan geometries. These subtle differences
will not affect our studies of D-brane actions in this paper. For simplicity, we will collectively refer to this
class of background geometries as “string Newton-Cartan geometry”.

3Gee [21] for a review of recent developments in nonrelativistic string theory.

4Also see [37] for a companion paper on KLT relations for amplitudes in nonrelativistic string theory.



Lately, the quantum conformal invariance of the worldsheet theory with boundary terms
describing nonrelativistic string theory in arbitrary open string backgrounds is analyzed
in [38]. This study of worldsheet conformal anomalies leads to a set of spacetime equations
of motion that are nonlinear and describe the low-energy dynamics of the open string fields.
For a single D-brane, these equations of motion can be derived from a nonlinear action of
the curvature of the U(1) connection, which describes a local field theory with Galilean
symmetry. This theory is referred to as Galilean Dirac-Born-Infeld (DBI) theory in [38].
Such a Galilean DBI action can be readily generalized to Dp-brane actions that describe
the low-energy dynamics of (p + 1)-dimensional membranes on which nonrelativistic open
strings end.® These Galilean DBI actions describing D-branes in nonrelativistic string the-
ory significantly differ from their relativistic counterparts, and only arise as a nontrivial
limit of relativistic D-branes [38]. The realization of such worldvolume actions enable con-
crete studies of D-branes in nonrelativistic string theory. In particular, D-branes are useful
probes for mapping out physics in different (strongly-coupled) regimes of string/M-theory,
which are accessed by performing duality transformations on the associated worldvolume
actions of D-branes (see e.g., [39, 40]).

Based on the previous advancements in nonrelativistic string theory, it is timely to
systematically investigate its duality web. This endeavor will not only improve our un-
derstanding of extended objects in nonrelativistic string theory, but also allow us to probe
“nonrelativistic M-theory” that arises in a strongly coupled regime. It will also be interest-
ing to investigate how the expectations from the well-studied dualities of D-brane actions in
relativistic string theory can be applied to the DBI actions in nonrelativistic string theory,
and whether novel nonrelativistic twists arise.

Such a duality web in nonrelativistic string theory can be accessed using two comple-
mentary methods. First, it is known that nonrelativistic string theory arises as an intriguing
limit of relativistic string theory that requires a subtle cancellation between the string ten-
sion and a critical Kalb-Ramond field [8]. It must be possible to generalize such a limiting
procedure to derive the desired duality web in nonrelativistic string theory using the known
ingredients from relativistic string theory. As we will construct later in this paper, such
a limiting procedure in general involves highly nontrivial cancellations among various di-
vergent terms and has to be treated with care. Second, since nonrelativistic string theory
is self-contained and can be studied independently of relativistic string theory, the desired
duality web can also be accessed from first principles. This program imposes new challenges
as D-branes in nonrelativistic string theory are coupled to string Newton-Cartan geometry,
which is non-Riemannian and equipped with a two-dimensional foliation structure. Such
a geometry is fundamentally distinct from Einstein’s gravity emerging in relativistic string
theory. Consequently, duality transformations of the associated D-brane action (whose DBI
part is only recently realized in [38]) do not find any direct analogue in relativistic string
theory and are expected to reveal novel brane configurations in nonrelativistic string the-
ory. Even though a systematic analysis of the duality web in nonrelativistic string theory
is missing, some related aspects in both approaches have been explored to certain extent
in the literature, which we briefly review below.

5In [38], strictly speaking, only D25-branes in bosonic string theory are considered.



Hitherto, S-duality transformations of the Galilean-invariant D-brane actions from [38]
have been explored almost only in flat spacetime, mostly in the context of noncommutative
open string (NCOS) theory. The NCOS is known to be an open string sector in the
framework of nonrelativistic string theory [8-10]. NCOS was originally introduced by
taking a stringy limit of relativistic string theory in the presence of a Kalb-Ramond field
tuned to cancel the string tension. This limit naturally induces a codimension-two foliation
structure that also appears in string Newton-Cartan geometry to which nonrelativistic
closed strings are coupled. It is known that the four-dimensional NCOS gives an S-dual
description of the strongly coupled, spatially noncommutative Yang-Mills theory with N =
4 supersymmetry [43]. It is also shown in [44, 45] that the strongly-coupled five-dimensional
NCOS is described by a theory of light open membranes (OM) on an M5-brane at a near
critical three-form field strength. Such an OM theory arises as a membrane generalization
of the NCOS limit of M-theory. This limit induces a codimension-three foliation structure
in eleven-dimensional spacetime. This is in contrast to the codimension-two foliation in
string Newton-Cartan geometry that nonrelativistic strings are coupled to.

The NCOS limit has been generalized in [12, 15, 38] to relativistic strings coupled to
arbitrary geometry, Kalb-Ramond and dilaton background field, together with a worldvol-
ume gauge field. This limit leads to nonrelativistic string theory that can be equivalently
defined using the worldsheet theory introduced in [8]. Moreover, this limit has been gener-
alized to the so-called p-brane limits involving a near critical (p+ 1)-form field strength [8].
In particular, the two-brane limit coincides with the limit of M-theory that leads to the OM
theory. S-dualities of theories that arise as various p-brane limits of relativistic string/M-
theory have also been discussed, for examples, in [8, 46]. It is also known that a dimensional
reduction of the two-brane limit of M-theory leads to nonrelativistic string theory [33, 47].
However, relations between general p-brane limits and nonrelativistic string theory are
unclear.

On the other hand, T-duality transformations in nonrelativistic string theory have
been studied in [13], where general Buscher rules for geometry, Kalb-Ramond and dilaton
background fields have been derived from first principles by using the worldsheet theory.”
These Buscher rules have been applied to the DBI-like part of the D-brane actions in
nonrelativistic string theory in [50], where it is shown how relativistic, nonrelativistic and
noncommutative open strings are related to each other.

In this paper, we will first generalize the D-brane actions found in [38] to include all
relevant bosonic terms, which will be our starting point for analyzing both S- and T-duality
transformations of such D-brane actions in nonrelativistic string theory.® We will refer to

®For examples, see [41, 42] for NCOS-type limits of various extended objects in string/M-theory and
relevant applications to holography.

" Also see [8, 10, 15, 48]. Moreover, see [14, 16, 25, 49] for related works on null reductions.

8There are a series of standard simplifications we make throughout the paper. We will restrict to the
case where the geometric curvatures are very small and hence omit any curvature contributions to the
effective action of a D-brane (see, e.g., [51-54] for inclusion of corrections from the geometric curvature in
the worldvolume actions of D-branes in relativistic string theory). Moreover, for simplicity, we will only
consider a single D-brane with a worldvolume U(1) connection, but our construction can be in principle
generalized to non-abelian cases with multiple coinciding D-branes. We further assume the worldvolume



such D-branes as nonrelativistic D-branes. In relativistic string theory, since Polchinski’s
realization [57], it is well established that D-branes are charge carriers for RR potentials,
which extends the D-brane action to include a Chern-Simons (CS) term, in addition to the
DBI term. Analogously, introducing similar CS terms in nonrelativistic D-brane actions
allows the inclusion of RR potentials in nonrelativistic string theory. We will also derive
how the nonrelativistic string limit is applied to RR potentials, and show that a careful
cancellation among different RR potentials and the Kalb-Ramond field is required for
reproducing the finite D-brane action in nonrelativistic string theory.

Based on these new developments of D-brane actions in nonrelativistic string theory,
we study in detail the duality transformations of Dp-branes in Type II nonrelativistic
superstring theories with p = 1,---,4, by dualizing a U(1) gauge field on the branes’
worldvolumes. Firstly, the S-duals of nonrelativistic D1- and D3-branes reveal the SL(2, Z)
symmetry as in Type IIB relativistic superstring theory. Secondly, the dual actions of non-
relativistic D2- and D4-branes describe nonrelativistic M2- and Mb-branes, respectively.
These duality transformations are significantly different from those in relativistic string the-
ory, and lead to novel dual D-brane actions coupled to various non-Riemannian spacetime
geometries. While nonrelativistic string theory and the associated D-branes are coupled to
ten-dimensional string Newton-Cartan geometry with a codimension-two foliation, nonrel-
ativistic M2- and Mb5-branes are coupled to eleven-dimensional membrane Newton-Cartan
geometry with a codimension-three foliation. Moreover, we also generalize the previous
studies on T-duality transformations in nonrelativistic string theory [13, 15, 50] to in-
clude RR potentials. These results generalize the previous works to a larger duality web
for nonrelativistic string/M-theory coupled to RR potentials, in addition to other bosonic
background fields that have been considered before.

The paper is organized as follows. In section 2, we construct the bosonic part of
the worldvolume action describing D-branes in nonrelativistic string theory coupled to
string Newton-Cartan geometry, Kalb-Ramond, dialton, U(1) gauge and RR potential
background fields. In section 3, we study S-duality transformations of various Dp-branes
by dualizing the worldvolume U(1) gauge field. In section 4, we extend the previous works
on T-duality transformations in nonrelativistic string theory to include RR potentials. In
particular, we realize in section 4.2.2 a novel double-scaling limit to derive the Buscher
rules associated with the longitudinal lightlike T-duality transformation that relate non-
relativistic string theory to NCOS. In section 5, we conclude our paper. In appendix A,
we construct the Dp-brane action coupled to p-brane Newton-Cartan geometry.’ In ap-
pendix B, we provide an extra check using a symmetry argument for the Buscher rules
derived in section 4.

gauge field strength to be slowly varying at the string length scale, which allows us to drop derivatives of
the field strength (see, e.g., [55, 56] for the corrections beyond the slowly-varying-field approximation in
relativistic D-brane actions).

9The D2-brane action that arises as a three-brane limit of relativistic D2-brane action has been formu-
lated in [47] by dimensionally reducing the nonrelativistic M2-brane action along a transverse direction.
Moreover, it is also shown in [47] that a double dimensional reduction in a longitudinal spatial direction
of nonrelativistic M2-brane gives rise to the Nambu-Goto action describing nonrelativistic strings in string
Newton-Cartan geometry, which arises in the p-brane limit of relativistic string theory. See relevant discus-
sions in appendix A and section 3.2.2, respectively.



2 D-branes in nonrelativistic string theory

In this section, we construct the effective worldvolume actions describing D-branes in non-
relativistic string theory coupled to arbitrary bosonic background fields. In particular,
we turn on arbitrary RR potentials here. We will focus on the case of a single D-brane
with an abelian worldvolume gauge potential. Moreover, we only keep leading-order terms
in the derivative expansion, such that derivatives of the worldvolume field strength are
neglected. We also assume the geometric curvature to be small and omit any depen-
dence on the geometric curvature. This will form the foundation for our later studies
of duality transformations in nonrelativistic string theory. We will also discuss how to
reproduce these D-brane actions from a stringy limit of relativistic string theory that in-
duces a codimension-two foliation structure in the target-space geometry. Such a stringy
limit can be generalized to a p-brane limit of relativistic string/M-theory that imposes a
codimension-(p + 1) foliation in spacetime, which we review at the end of this section in
section 2.4. Among these p-brane limits, the two-brane limit will play an important role
when we dualize the worldvolume U(1) gauge field for D2- and D4-branes later in section 3,
where nonrelativistic M-theory will be probed at the strongly-coupled regime of Type ITA
nonrelativistic superstring theory.

2.1 Nonrelativistic string limit of D-brane actions

We start with the Dirac-Born-Infeld (DBI) action that describes the dynamics of a Dp-
brane in relativistic string theory. We denote the coordinates on the spacetime manifold M
as X1, I =0,1,---,9. Such spacetime coordinates X' are associated with the worldsheet
fields that map the worldsheet 3 to the target space M in relativistic string theory. On
the D-brane submanifold A/, we denote the coordinates as Y*, u =0,1,--- ,p. In curved
spacetime, we write X | o =1 M(ym), where f™ describes how the Dp-brane is embedded
in spacetime. Consider the closed string background described by a metric field G, a
Kalb-Ramond field BW and a dilaton field ®. We also introduce a U(1) gauge field fl“
together with its field strength F' = dA on the D-brane. It is useful to define the pullbacks
CAT'W = #fM o, fN Gy and ﬁw = ufM o, fN Bun + F;w- Then, the DBI action of a
Dp-brane in relativistic string theory takes the form,

S, =1, / artly e—¢\/— det (GW + ﬁw) : (2.1)

The brane tension Tp is related to the string coupling §s = ¢®0 and the Regge slope &' via
A 1
T, = — .
(271')17 Js (0/)([’“’1)/2

(2.2)

Here, @ is constant and the dilaton field is now split to be d =Py + ¢. Consider the zero
Regge slope limit &' — 0 with the following field configurations [8-10]:

jo

A n 0 A —€ 0 & A
Gun =" & , Bun = ( AB ) +—Bun, Fu=—Fu,. (23)
0 o darpr a «



We also set ¢ = 0. Here, the index M is split into the longitudinal part A = 0,1 and the
transverse part A’ = 2,---,9. Moreover, Fy,, = 0,A, — 0,A,, where A, is the rescaled
U(1) gauge field. We defined nap = diag(—1,1) and the Levi-Civita symbol e4p by €y1 =
—e10 = 1. We have introduced o/ that will later become the effective Regge slope in
nonrelativistic string theory. For the meantime, we hold fixed the radius Rig = §sV&' of
the circle compactified over the eleventh dimension X'© in M-theory. The effective string
coupling is

gs = gs J . (2.4)

We kept a remainder B-field By in (2.3) for later use. Taking the limit & — 0 in (2.1)
then leads to a finite action referred to as Galilean DBI in [38],

S, = —Tp/deYJ—det( 0 On(f°+ 1) ) , (2.5)

au(fo_fl) 8/LfA/8VfA/+-’TuV

where F,, = ufM O fN Bun + F,, and

1
Tp = (271_)]) s (a/)(p+1)/2 .

(2.6)

We will collectively refer to Dp-branes described by the action (2.5) as nonrelativistic
Dp-brane. The near critical field limit treats the longitudinal and transverse sectors un-
equally. As a result, there are different configurations that we can consider, depending on
whether the D-brane is transverse or extending in the longitudinal spatial X! direction.
For historical reasons, this & — 0 limit is referred to as the noncommutative open string
limit [9, 43, 58]. In this paper, we will view this limit in a larger framework of nonrelativistic
string theory and therefore refer to such a limit as the nonrelativistic string limit.

We first consider a D-brane that is transverse to the longitudinal spatial X' direction.
In this case, fO = Y° and f! = 2! + 7, where 2! is the location of the D-brane in X'.
The field 7 is the Nambu-Goldstone boson that emerges from the spontaneous symmetry
breaking of the translational isometry in X'. Similarly, f4" now splits into

frt =y, i=1,--,p; (2.7a)
fe=x4+ ", a=p+2,---.,9. (2.7b)

Here, x is the location of the Dp-brane along X%, and 7 are the Nambu-Goldstone
bosons that perturb perpendicularly to the D-brane in X¢. In the absence of B-field with
By n = 0, the low-energy Dp-brane action (2.5) becomes

0 89+ a,m
S, = 1T /dp“Y ~ det o wTo . 2.8
P J ¢ <5g—aﬂ 51,61 + B aﬂuﬂw) (28)

This theory is the effective field theory on D-branes in nonrelativistic open string (NROS)

theory. At the quadratic order in field configurations, we find the effective action,

S]()Q) - Ep /dp+1y (7}2 —2F; ;1 — 3 Fy; FY7 — Oy z-7r“> . (2.9)



Here, E; = Fy; is the electric field. This quadratic action (2.9) is invariant under a Galilean
boost symmetry [59],
yo=v?", Yi=Yi4+0'Y?, (2.10)

if supplemented with the following field transformations:

Ao(V) = Ao(Y) — v Ai(Y) + %Ui vir, #(V) = (Y), (2.11a)

A (Y) = A4(Y) v, FUY) = 7(Y). (2.11b)

The action (2.9) without the last term that depends on 7® is referred to as Galilean elec-
trodynamics (GED) in the literature [59-61]. There are no propagating degrees of freedom
in (2.9). However, it is shown in [62] that, in 241 dimensions, coupling GED to propagat-
ing Schrodinger scalars generates non-trivial modifications to renormalization group flows,
which give rise to a family of conformal fixed points.

Next, we consider D-branes extending in the longitudinal spatial X! direction. We
introduce a purely electric B-field with Byp = eesp/2 and all other components in B,
are taken to be zero. Moreover, we take f4 = Y4 and split fA/ into

fiovi, i=92.. (2.12a)
fé=a%+x*, a=p+1,---,9. (2.12Db)

The Dp-brane action (2.5) now becomes

0 89 + 6,
S, =T, /dP“Y — det < i oaanl : (2.13)
P P J 80— 0L 818 + 0y Oy + Fy

At the quadratic order in field configurations of (2.13), we have

T
557 = _476;?/2 / Y (FAB FAP 4 2e Py FA + € Fij)
T (2.14)
—3 ef/2 /dp'HY (8,471'“ 04 + e O;m® m“) .

Taking the rescaling Y* — /2 Y" and Ay — el/? Ay, the effective action (2.14) becomes

T ep/2 1 v 1 a a
S = _pT/derly <4 Fu B + 5 0ym® O'm ) : (2.15)

which is manifestly relativistic. Open strings that end on such a D-brane configuration
described at low energies by (2.13) is known as noncommutative open strings (NCOS)
in the literature, where space/time noncommutativity arises due to the present of the
nonzero Kalb-Ramond field B4p [43]. This noncommutative behavior becomes manifest
after using the Seiberg-Witten map to rewrite the worldvolume theory in terms of the
effective background fields seen by the open strings [63], which we briefly describe below.
We start with the DBI action (2.1) that describes relativistic D-branes. The inverse effective
metric G*, the noncommutativity tensor ©#*¥, and the effective open string coupling Go



seen by the open strings are given by the following Seiberg-Witten map between closed
and open string background fields [63]:

s &1 1 M
g“”_<A -G~ ) 2.16a
"\G+B G-B ( )
R Al R uv
@W_—a,(Al B! ) . (2.16D)
G+B G-B

Here, the equal time commutator [Y# Y] ~ ©"” measures the noncommutativity between
different worldvolume coordinates. In terms of these open string background fields, the
associated field theory can be written in terms of the noncommutative Yang-Mills fields
using the Moyal bracket [63].10 Plugging (2.3) and (2.4) into the Seiberg-Witten map (2.16),
and with the Kalb-Ramond field being purely electric as we have specified earlier, we derive
the following NCOS variables that arise in the & — 0 limit:

0 9 0 0

ij

-1 -1
S e B (e B A
(2.17)

The structure of the noncommutativity tensor ©# implies that the longitudinal space and
time coordinates Y? and Y do not commute with each other, with [Y9 Y] oc e7L.

As a final remark, we note that there is a formal T-dual relation between NCOS Dp-
branes and NROS D(p—1)-branes [50]: start with the NCOS Dp-brane, we take an infinite
boost in the longitudinal sector of the X' circle, along which the D-brane extends. Then,
we are led to the DLCQ of NCOS on a compactified lightlike circle. Performing a T-duality
transformation along this lightlike circle leads to a D(p—1)-brane in the DLCQ of NROS

on a dual lightlike circle.

2.2 Nonrelativistic DBI action

There is a natural curved-spacetime generalization of the above zero Regge slope limit [12].
This limit treats the longitudinal directions differently from the transverse directions, and
thus induces a codimension-two foliation structure in spacetime. In curved spacetime, we
introduce the longitudinal vielbein field TMA and the transverse vielbein field EHA/. We
consider the reparametrizations of relativistic background fields in terms of &,

N
N o
GMN:TMN—FEEMN? e =€ 57 (2188‘)

Al
Byn = - nPean + " My s (2.18b)

0Tn the noncommutative Yang-Mills action, the terms that are quadratic in Fj, are still the same as
in (2.15). However, the noncommutative field strength involves higher order terms in the gauge potential
Ay, with F,, = 0, A, — 0, A, —i A, x A, +1 A, x A, where “x” denotes the Moyal product, and the prime
in AL indicates that a point-splitting regularization has been introduced [63].



where 7y, = T A TP B, Eyy = Ey® Ex® and Myy is an antisymmetric two-
tensor. The ansatz (2.18) is a direct covariantization of (2.3). Applying the & — 0 limit
to the relativistic DBI action (2.1), we find [38] (also see [50, 64, 65]),

0 T
Sp, = —T, /dp“Y =% | —det v ) 2.19
Dp P c “\7 B+ My, +F (2.19)

Here, we have written the dilaton field ® as ® = log g5 + ¢, such that the expectation value
of ¢ is zero. Moreover, F,,, = 0, A, — 0, A, for a U(1) gauge potential A, on the D-brane.
We also defined the following pullbacks to the worldvolume:

A=t oM, BA =Byt oM, M= Myy oMo N (2.20)

We also defined 7, = 7,° + 7,! and 7, = 7,° — 7,'. The action (2.19) is invariant under
the local string Galilean boost transformations parametrized by A4 4/,

6GTMA =0 y 5GEMA/ == AA/A TMA y (221)

supplemented with

’

daMyy = A a et s (1 PEx* = 1y P By ). (2.22)

Together with diffeomorphisms, the Lorentz boost in the longitudinal sector, and rotations
in the transverse sector, all these transformations form the string Galilei algebra. It is
useful to introduce an additional gauge field muA that transforms nontrivially under the
string Galilean boosts,

smyt = —A A B2 (2.23)

and parametrize M, as
Myn = Byn + (mMA 5P —myt TMB) €AB - (2.24)

Then, By is invariant under the string Galilei boosts. This Kalb-Ramond field transforms
under the Neveu-Schwarz (NS) gauge symmetry parametrized by e, as

0eByN = Openy — Onens - (2.25)

The action (2.19) is invariant under (2.25), if supplemented with the following transforma-
tion of the gauge potential A,:
S Ay = —enr (2.26)

apart from the U(1) gauge transformation
OpAu = 0un. (2.27)

The target-space gauge fields 7,4, ;4" and m,,4

Newton-Cartan geometry [14, 16, 17, 19].

constitute the so-called torsional string

~10 -



It is known that the string Galilei symmetry is not sufficient for the sigma model
describing nonrelativistic string theory to be self-consistent at the quantum level; instead,
one has to introduce an extra counterterm that essentially deforms the theory towards
relativistic string theory [18, 26, 29]. In order to define a renormalizable two-dimensional
worldsheet QFT without this deformation, the string Galilei symmetry is extended to
include a noncentral extension associated with the gauge field mp4 [26, 29] (also see [12,
13, 15]). This extension modifies the Lie bracket between the string Galilei boost and
transverse translation generator such that they commute into a new generator Z,4, which
only acts nontrivially (and infinitesimally) on m# and A, as [38]

8 yma = Dpro?t, oA, = —eqgoi,B. (2.28)

Here, o is the Lie group parameter associated with Z4 and D wo = 0ot — Qe g oB,
with Qp; the spin connection for the longitudinal Lorentz boost. Extending the string
Galilei algebra with the Z4 generator (and together with other generators required for the
closedness of the algebra) leads to the so-called string Bargmann algebra [12, 15, 66, 67],
which underlies the string Newton-Cartan geometry. In the gauging procedure of the string
Bargmann algebra, m MA turns out to be the gauge field associated with the Z4 generator.
Moreover, the Z4 symmetry imposes a torsional constraint on the longitudinal Vielbein
field 7,4, with [12, 13]

D[MTN]A =0. (2.29)

Using the torsional constraint (2.29), we find that the field strength F' = dA transforms
under the Z4 symmetry as
Sz Fuw = —€4p Do 1,B. (2.30)

It is shown in [38] that (2.19) is invariant under the above Z4 transformations and thus
the string Bargmann symmetry. In [18], it is shown that preserving half of the lightlike
components in the Z4 symmetry, e.g., Z, = Zy+ Z1, also leads to a self-consistent algebra.
This Z; symmetry only imposes half of the torsional constraint in (2.29) that coincides
with the one found in [20] from supersymmetrizing string Newton-Cartan geometry. This
relaxed torsional constraint also leads to a renormalizable worldsheet QFT that describes
nonrelativistic strings [18]. Since the above distinctions between these non-Lorentzian
geometries with different torsional constraints will not play any role in this paper, we
will refer to the target-space geometry as “string Newton-Cartan geometry” in the generic
sense, without specifying what torsional constraint is imposed on TMA.

In terms of the above geometric data, we write Sp,, in the form that is manifestly boost
invariant, with

0 T,
Sp, = =T, /dP“Y e | —det| _ g , 2.31
b P Tu Hyy+pr+Fuu ( )

where both H,, = E,, + (TMA m, B + 1,4 ml,B> nap and By, are invariant under the
string Galilei boost. This action (2.31) introduces extra field contents that give rise to

- 11 -



Stueckelberg-type symmetries [13]:

A= B A= B
HMN—>HMN—(7'M 2y TN 2Ep )77,43, (2.32a)
A= A—

Note that (2.32) are finite transformations. This formalism in terms of Hy;ny and Basny has
the advantage that the geometric data is separated from the B-field. This (infinitesimal)
Stueckelberg-type symmetry will also serve as a useful check later in the paper.

In [38], the nonlinear equations of motion that govern the consistent open string back-
ground fields in nonrelativistic string theory are derived by demanding the quantum con-
formal invariance on the string worldsheet. Furthermore, it is shown that these equations
coincide with the ones from varying (2.31). Therefore, (2.31) defines the D-brane action
that describes the low-energy dynamics of open string background fields in nonrelativistic
string theory coupled to a string Newton-Cartan geometry, Kalb-Ramond and dilaton field.

2.3 Coupling to RR potentials

We now couple the nonrelativistic Dp-brane action (2.31) to the RR potentials via a CS
term. We denote a differential g-form RR potential by C(9. The RR potentials arise in
nonrelativistic superstring theory similarly as in relativistic superstring theory [68]. In
addition, the B-field and the gauge field strength F),, also contribute to the CS term. This
requires that the CS action also includes RR potentials of ranks no greater than p + 1 for
a Dp-brane. The complete CS term is given by [69, 70]

Scszup/zc(q)Ae}—‘+l, F=B+F. (2.33)
q p

where 11, is the Dp-brane charge and the subscript p + 1 indicates that only the (p + 1)-
forms are kept in the expression. In this paper, we assume that ¢ > 0 for (@11 The
factor e’ denotes an infinite sum over wedge products of F = B + F. In the B = 0
case, and in a more standard normalization, this factor can be written as e*//(27)  which is
the Chern character that generates polynomials of Chern classes in the (generically non-
abelian) gauge bundle, with F' being the associated curvature. As in relativistic string
theory, the CS term in (2.33) is related to various topological features of the gauge bundle
on the D-brane’s worldvolume.'?

The CS action (2.33) is invariant under the NS gauge symmetry (2.25) and (2.26), and
the worldvolume U(1) gauge symmetry (2.27). Additionally, it is also invariant (up to a

boundary term) under the RR gauge transformation,

5<Zqo<q> =d¢l) 4 dB A ¢l (2.34)

"1t is also interesting to consider ¢ = —1, in which case there is a D(—1)-brane that plays the role of a
spacetime instanton.

12Tn relativistic string theory, such terms are also important for cancelling the anomalies in the Green-
Schwarz mechanism and necessary for having the correct T-duality transformations. We will discuss T-
duality transformations that involve the RR potentials in section 4 for nonrelativistic string theory.
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We assume that (9 = 0 for ¢ < 0. One may also express the CS action (2.33) as an
integral over a (p + 2)-dimensional worldvolume with a (p + 1)-dimensional boundary

Scg = Mp/z R A e]:’ (2.35)
q

p+2’
where the RR field strength
R = dc@= 4 4B A 073 (2.36)

is invariant under the RR gauge transformation (2.34) and the NS gauge transformation
defined in (2.25) and (2.26). Moreover, the RR potential C?) is boost invariant, but it
transforms infinitesimally under the Z4 symmetry (if imposed) as

57,09 = @2 A DA AN TB ey, (2.37)

and accordingly for the halved Z4 symmetry in [18]. Here, D = dY* D,, and 4 = dy+ TMA.
The finite Stueckelberg symmetry (2.32) can also be extended to act on the RR po-
tentials:

1
C@ - 0D a2 A rANEB cup + 50(‘#4) ATANEBATCNEP capeon. (2.38)

Fixing the Stueckelberg symmetry by setting = MA =m MA, we find that the Galilean DBI
action becomes (2.19) and the CS action becomes

Scs = up/zq:N@ A eMFF o (2.39)
where M = B +m® as in (2.24) and
N@ — 0@ _ ca=2) o @ % C@D A @ A @ (2.40)
The two-form m®) is defined in components as
miy = (TMA my” — 7yt mMB) €AB - (2.41)

We have used the identity m(® Am) Am®?) = 0 to derive (2.39). Note that N9 transforms
nontrivially under the string Galilei boosts but trivially under the Z4 symmetry.

It is useful to understand how to obtain the Galilean DBI action coupled to the RR
potentials from the zero Regge slope limit of the Galilean DBI action as in section 2.2.
Starting with the relativistic DBI action (2.1), to which we add the following CS action:

N N 7 1
— i E (@) (.. —
Scs /‘Lp/ q C\Y Ne ‘p x Uy 27 ( A/)(p+1)/2 ) (2.42)

where F = B + F. In addition to the parametrizations of background fields in (2.18), we
also parametrize the relativistic RR potentials C(@) a5!3

R &' (g—2)/2 &'
Ala) () ( NeD ey S N(q>> . (2.43)

a/

13Note the pattern that a g-form in relativistic string theory receives a rescaling factor /&’ /o for the
nonrelativistic string limit to work. However, the two-form ¢ is not rescaled.
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Here, N@ = 0 for ¢ < 0 and the components of the two-form ¢ is defined as the pullback of

EMN:TMATNBEAB. (2.44)
In terms of 74 = TMA dY*, we have ¢ = % 7AANTBe p. Plugging the parametrizations (2.18)
and (2.43) into (2.42), followed by taking the limit & — 0, we find that the resulting action
is exactly (2.39) with u, = (27) P o/~ (P+1D/2,

For later references, it is useful to rescale the relativistic background fields and de-
fine the low-energy limit & — 0 in an alternative way, such that the Regge slope is not
rescaled. Moreover, it is also helpful to take a generalized form of the parametrizations of
the relativistic background fields such that the Stueckelberg symmetries are made manifest
after the limit is taken. We now describe how such a modified limit is defined. We start in
relativistic string theory with the Dp-brane action including both the DBI and CS terms:

Spp = — / Y e—@\/ det (GW + FW / Z C@ A e ‘ (2.45)

1

For simplicity, we assume that both the couplings in front of the DBI and CS terms are
unity. We now consider the following ansatz (with &' — 1/¢?):
Gun = run + Huw, F=-CUl+F, (2.46a)

d=>0+Inc, CD=2CclaD a4 09, (2.46D)

We have assumed that C(9) = 0 for ¢ < 0. Plugging (2.46) into (2.45) and then taking the
limit ¢ — oo, we find that the resulting action is

0
— _ p+1 - | F
Sop =~ [ @Y e \l det (m 0l ]-“,w> / § cone’| . @an)

which matches the DBI-like action (2.31) and the CS action (2.33). This ¢ — oo limit gives
a convenient form of the nonrelativistic string limit for bosonic background fields. As we

will see momentarily in section 2.4, there also exists a natural generalization of this stringy
limit to the so-called p-brane limits.

We also make the following remark. Note that the ansatz (2.46) is a reparametrization
of the relativistic background fields rather than an expansion with respect to a large c. To
understand the origin of this reparametrization, we start with the Polyakov formalism of
relativistic string theory,

A

2 M N
§=-r- / P 9XM 9XN (Grry + Burw ) (2.48)

where ¢% = (00, 01) are worldsheet coordinates. Here, XM are the worldsheet fields that
map the worldsheet to the target space. We have taken the conformal gauge and defined
the derivatives & = 8,1 + 18,0 and & = 8,1 — id,0. Plugging in the ansatz for Gy
and By/y that we gave in (2.46), and introducing a pair of auxiliary fields A and \, we
rewrite (2.48) in the following equivalent form [8]:

A

1 _ _ _ _
§=-1— / o {0XM OX™ (Hyry + Bury) + A0X M1y + X0X N7y + ¢ 2A0).

T
(2.49)
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~2 is associated with the functional coupling in front of the marginal operator A\.

Now, ¢
Therefore, the ¢ — oo limit that leads to nonrelativistic string theory finds a worldsheet
QFT interpretation as tuning the marginal operator A\ to zero.'* On the other hand, it
is also possible to consider a general Taylor series expansion of the background fields with

respect to a large c. For example, one may express Gy as

oo
GMN:C2TMN+HMN+ZC_27LH](\:3\/" (250)

n=1

Even though this may be natural to consider from the perspective of spacetime geometry,'®
it appears to be an intricate choice from the worldsheet point of view, where the parameter
¢ loses the simple worldsheet QFT interpretation as a coupling constant associated with
the marginal operator A\. We will follow the ansatz in (2.46) throughout the paper, which
does not contain any subleading terms if regarded as an expansion with respect to a large
c. This parametrization will be proven to be convenient for our purposes.

2.4 Nonrelativistic limits of strings and p-branes

Before we move on to building up a duality web in nonrelativistic string theory, we first
review different nonrelativistic limits in string theory that have been introduced in [8].
Nonrelativistic string theory arises as a stringy limit of relativistic string theory. Such
a stringy limit of relativistic strings in curved spacetime involves first parametrizing the
background fields using the parameter c¢ as in (2.46), followed by taking the ¢ — oo limit.
We have seen how such a limit of relativistic D-brane action (2.45) leads to the action (2.47)
that describes the low-energy dynamics of Dp-branes in nonrelativistic string theory [12].
Moreover, the action describing nonrelativistic fundamental strings also arises from the
same stringy limit of relativistic fundamental strings. To elucidate how nonrelativistic
fundamental strings arise, we begin with the Nambu-Goto action for relativistic string
theory

1
_ _T/d2 ( —det Gug + 5 € 5Ba5> (2.51)

We denote the worldsheet coordinates by o® = (¢°, o). Moreover,

éaﬁ = 9 XM 8BXN Gun, Eaﬁ = 0u XM 85XN Bun (2.52)

are the pullbacks of the background fields from the target space to the string world-
sheet, with the worldsheet fields XM, M = 0,1,---,9 mapping the worldsheet to the
ten-dimensional target space. These worldsheet fields X play the role of spacetime coor-
dinates. The parametrizations in (2.46) induce

éaﬁ =2 Tag + Haop EQB = TaA TﬁB €AB + Bag - (2.53)

MSymmetries that protect the worldsheet QFT from being deformed by quantum corrections which
generate the marginal operator A\ have been studied in detail [18, 26, 29].
15See also [71] for an expansion of relativistic string theory with respect to a large c.
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Here, 7,4 and ToA are, respectively, pullbacks of 7375 and v to the worldsheet manifold.
In the ¢ — oo limit, we find that (2.51) becomes

S = ——/d2 V=17 Haps + ¢ 'BBag) (2.54)

where 7 = det 7,3 < 0 and 78 is the inverse of Tap- Since A = 0,1, there is an induced
codimension-two foliation structure in spacetime with TMA the vielbein field in the two-
dimensional longitudinal sector and H,,, encoding the geometry on the leaves. This is
the Nambu-Goto formalism of nonrelativistic string theory [12].

The nonrelativistic string limit of the relativistic string Nambu-Goto action (2.51) is
a special case of the class of p-brane limits of a relativistic p-brane considered in [8, 46, 66,
67, 72-76]. Now, more generally, consider the Nambu-Goto action on a (p+ 1)-dimensional
worldvolume describing a relativistic p-brane coupled to a (p + 1)-form gauge field A(p+1),

Sp-brane = — / dPTloy/ — det Gop — / AP+ (2.55)

where we have chosen the convention such that both the p-brane tension and the (p + 1)-
form charge are unity. The worldvolume coordinates are %, o =0, --- , p. Moreover,

Gag = 8aXI 85Xj ézj , Aao...ap = GQOXIO E 6%XIP AIOMIP (2.56)
are pullbacks of the spacetime fields from the target space to the (p+1)-dimensional world-

volume, with the worldvolume fields X%, T = 0,--- ,d playing the role of the spacetime
coordinates. Explicitly, the CS term in (2.55) is

A 1 ~ A
/A(p"‘l) = TES /dea €W Ay = /dPHU Api.p - (2.57)
Analogous to (2.52), we now consider the following ansatz:
éaﬁ = 62 YapB + Cl_p Hocﬁ ’ A((ﬁ+11) Cp+1 : "7pup €ug-up + A(p+1) s (2'58)

where 7,5 = 74" V5" My, and u = 0,--+ ,p. Plugging (2.58) into (2.55), and taking the
¢ — o0 limit leads to the non-singular action

1
Sp—brane = _5/dp+10. V= ’YQB Haﬁ - /A(p+1) ) (259)

where v = det v,4 and 7?8 is the inverse of Yas- These p-brane limits involve a cancellation
of divergences between the Nambu-Goto and the CS actions. The stringy limit of relativistic
fundamental strings we considered earlier is a special case of the p-brane limit when p = 1.
This is in contrast to the nonrelativistic string limit of Dp-branes discussed in section 2.3,
where the DBI and CS term are non-singular separately.

In section 3, we will see that a membrane limit of M-theory, which is identified with
the p-brane limit in eleven dimensions with p = 2, arises when the S-dual of Type ITA
nonrelativistic superstring theory is considered. This leads to the notion of nonrelativistic
M-theory, which is related to the DLCQ of M-theory. Recall that nonrelativistic string
theory, consisting of fundamental strings together with other extended objects such as Dp-
branes, arises as a stringy limit of relativistic string theory. In contrast, nonrelativistic
M-theory, consisting of M2-branes together with M5-branes as their magnetic duals, arises
as a membrane limit of relativistic M-theory.
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3 S-duals of nonrelativistic D-brane actions

In this section, we construct dual nonrelativistic D-brane actions by performing a duality
transformation of the U(1) gauge field on the D-brane.!® The dual of the U(1) gauge
field is a (p — 2)-form gauge field. The dual nonrelativistic D1- and D3-branes give rise to
nonrelativistic fundamental strings and self-dual nonrelativistic D3-branes, respectively, as
expected from the nonrelativistic string limit of the SL(2, Z) duality of Type IIB superstring
theory. Moreover, dualizing the U(1) guage potential on nonrelativistic D2- and D4-branes
give rise to nonrelativistic analogs of M2- and M5-branes in the strongly coupled regime of
Type ITA nonrelativistic superstring theory. This leads us to the notion of nonrelativistic
M-theory that arises as a nonrelativistic membrane limit of relativistic M-theory.

3.1 Nonrelativistic D1-brane

The first example that we start with is the S-dual of a nonrelativistic D1-brane. The
effective action is obtained by setting p = 1 in (2.47)

Sor = — / P2V e M + / (¢ + O F). (3.1)

Here, M = det M, and

0 T,
M, = v : F=B+F, F=dA. 3.2
K (ru HWJrfw,) + (3:2)

We will show that the S-dual of the nonrelativistic D1-brane action gives rise to a bound
state of nonrelativistic fundamental strings and nonrelativistic D-strings.

3.1.1 Nonrelativistic fundamental strings

To perform an S-duality transformation, we treat F' as an independent field and introduce
the generating function

1 ~
Sgen. = 3 / d*Y O (F, — 20,A,), (3.3)

where O is an antisymmetric field playing the role of a Lagrange multiplier. Integrating
out O in Sgen. leads to the constraint ' = dA, and thus gives back the original D1-brane
action (3.1). To find the S-dual theory, we instead integrate out A,, which leads to the
constraint aué/w = 0. Locally, this constraint is solved by

M = p, (3.4)

where p is constant. After integrating out A,, the D1-brane action Spi + Sgen now takes
the following equivalent form:

Sparent = — / 2Y =M + / T (F - A®), (3.5)

16See, e.g., [40] for similar analysis for D-brane actions in relativistic string theory.
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where
(o _pB-C?

T
Instead of integrating out in the path integral the non-dynamical field F},,, which is now

T=p+C®, A (3.6)

treated as an independent field, we equivalently integrate out F,,. Varying Spi; with
respect to F,, yields the equation of motion,

_ T
T=e¢e e 7T =det Tuv Tuv — TuA 7—l/B NAB (37)

M )
which indicates that T" > 0. This equation is solved by

_ fw 1 0 Ty e 2% /=7
]:;u/ - 9 [ﬁ det (Tp Hpa.> + 71_,2 . (38)

Plugging the solution (3.8) into (3.5), and with a constant axion field C(®),'7 we find that
the resulting S-dual action is

T ~
Sawal = — / Y (V=5 Ty + v AR)), (3.9)
where 7/ is the inverse of 7, and

- B—C®
T — (0) H L, = 5 Tuy 23 A(?) _ p )
p+CVY >0, " wt e 7, —r

5 (3.10)

This dual action takes the form of the Nambu-Goto formalism (2.54) describing fundamen-
tal strings propagating in string Newton-Cartan geometry.

3.1.2 Nonrelativistic string limit of (p, g)-string

To fully appreciate the S-dual action (3.9), it is instructive to investigate how the above
S-duality relation between nonrelativistic D1-branes and fundamental strings arise as a
nonrelativistic string limit in relativistic string theory. We first review the S-duality trans-
formation of a D1-brane in relativistic string theory. Starting with the D1-brane action in
Type IIB relativistic superstring theory,

Sp1 = —/d2Y e_(i)\/— det (G + Four) + / (¢ +COF). (3.11)

Taking the nonrelativistic string limit of (3.11) as discussed in section 2.3, by first plugging
in the ansatz (2.46) and then setting ¢ — oo, we recover the nonrelativistic D1-brane
action (3.1). Instead, we now add the generating function (3.3) to (3.11) and perform
an S-duality transformation. This is done by first integrating out the gauge potential A,
and then the field strength F),,, which is treated as an independent field. The dual action

is [39, 40]
N N ~ 1 ~
Squal = —T/dQY (w/— det G + 5 wmgg) , (3.12)

"The S-duality still holds when C(®) is an arbitrary function. Here, we focus on the constant C(®) case

for the clarity of this exposition.
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where

. - - R B—C®
P=lp+gl=\(p+COP+e20 A= pif (3.13)
Here, we defined the relativistic axio-dilaton field,
G=C0 4ie 2, (3.14)

and also assumed that ® is constant. The associated Type IIB supergravity is invariant
under the SL(2, R) transformation of §. In the full string theory, only the discrete subgroup
SL(2, Z) is preserved. The effective tension 7" in (3.13) takes the form of the (p,1)-string
tension. In general, a (p,q)-string is a bound state of p fundamental strings and ¢ D-
strings, i.e., ¢ D1-branes. Such a bound state carries both the Kalb-Ramond and two-form
RR charges. The generalized Dirac quantization condition requires that both the charges
are quantized. Measured in the inverse charge carried by the five-brane that arises as a
magnetic dual of strings, both p and ¢ must be integers [77].!® In our case, (3.12) describes
a (p,1)-string in the dilaton and axion background fields, where p = © is required to be
an integer. Here, normalized by the effective tension, B is the Kalb-Ramond field coupled
to p fundamental strings and C® is the RR-potential coupled to the single D-string in
the bound state. Equivalently, the dual action (3.12) also receives an interpretation as the
fundamental (1, 0)-string with an SL(2, Z) transformed background [40].

The parametrizations in (2.46) imply that the ingredients in the dual relativistic (p, 1)-
string action (3.12) now assume the following expressions in terms of c:

T=T+0(?), Gu=c&7,+H.,, (3.15)
and
Q) _ 2, a@ ., €T >
AY = -1+ A +2T2€+O(c ), (3.16)

where T and A are defined in (3.6). Also recall that £ is defined in components in (2.44),
with £, = 7,4 7,8 e4p. Plugging (3.15) into (3.12), and then taking the ¢ — oo limit, we
find that the resulting action is precisely (3.9). Note that this limit is reminiscent of the
stringy limit discussed in section 2.4, which leads to the fundamental string action (2.54)
in nonrelativistic string theory. Analogous to the (p, 1)-string action (3.12) in relativistic
string theory, the S-dual action (3.9) describes a nonrelativistic (p, 1)-string state in non-
relativistic string theory, with p the number of fundamental nonrelativistic strings in the
bound state.

3.2 Nonrelativistic D2-brane

We now move on to nonrelativistic D2-brane, whose effective action is obtained by setting
p=2in (2.47), i.e.,

Spy = —/d3Y e V=M + /(0(3) +CW A f) : (3.17)

8Moreover, p and ¢ are coprimes such that the bound state cannot be decomposed into a multiple string
configuration, with the number off strings given by the common divisor.
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where

0 T,
L= v , F=B+F, F=dA. 3.18
M (TM H,, +]:W) ( )

We have introduced the three-form and one-form RR-potentials. Explicitly, in components,
the CS term can be written as

1 3 v 3 1
Sos =5 [ &Y (), +3C0 7). (3.19)

As in relativistic string theory, by dualizing the U(1) gauge potential A, in (3.17), we
are probing the strongly coupled regime of IIA nonrelativistic superstring theory, which
corresponds to nonrelativistic M-theory.

3.2.1 Dual nonrelativistic membrane

To dualize the gauge potential A, we first treat I, as an independent field and introduce
the generating function in the same way as in (3.3), but now with

1 ~
Saen. = 5 / BY O (F,, —20,A,), (3.20)

where O is an antisymmetric field that imposes the constraint F' = dA. Integrating
out © in Sgen. gives back the original D2-brane action (3.17). To find the S-dual theory,
we instead integrate out A,, which leads to the constraint 8u(:)‘“’ = 0. Locally, on the
three-dimensional worldvolume, this constraint is solved by

M = P 9,0 . (3.21)

The dual field © will play the role of the extra eleventh dimension in nonrelativistic M-
theory. This extra dimension becomes decompactified in the strongly coupled regime and
thus visible in the S-dual theory. Now, the “parent” action Sps + Sgen. becomes

Sparent = = [ Y V=M [(CAF - A9, (3.22)

where we defined
AB) = _cB®) L BAdO, c=0W140. (3.23)

We also set the dilaton to zero in the following calculation. The dilaton can easily be

recovered at the end of this calculation by performing rescalings of various background
fields,

TMA — e /3 THA , Fow — e 2%/3 Fuv s (3.24a)

H, —e22PH,,, C— 2B, (3.24D)

19We chose the above rescalings such that it is easier to facilitate the later comparison with the dimensional
reduction of M-theory. However, a more practical way to recover the ® dependence is by only rescaling the

longitudinal vielbein, with 7,4 — e~% 7,4,
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To facilitate the duality transformation, we introduce an auxiliary field v and re-
write (3.22) as

Sparent - _% /d3Y 6_q> (/\;l - U> + /(C ANF — A(S)) s u<0. (325)

Varying the parent action (3.25) with respect to F, we find that the resulting equations of
motion constrain v and two components of F,,,. Plugging the solutions for v and the two
constrained components of F,,, back into (3.25), we find that the dual action is

1
Sdual = *5 /d3YV - ’Ylw H,ul/ - /A(3) ) Yuv = Tuv + C,u CI/ ) (326)

where v = dety,,, and y*” is the inverse of v,,. Performing the rescalings (3.24) in the
dual action (3.26), we find the complete dual action in an arbitrary dilaton background,

1 ~
Sdual = _§/d3YV - ,y,ul/ H,ul/ - /A(3) ) (327)
where
U, v v L., v v —/3 7—MA 0
’Yuy = 7/1 Yo Muw s ’Ylu = auf Yz > Yz = ¢ d ~(1) Fol B (328)
e? Cyf e

with Z =0,---,10, f1© =0, and u =0, 1,10. Moreover,

~ ~ ~ _ H 0
H,,=0uf 0,f" Hy;, Hrz=e %/3( %“V 0) : (3.29)
3 3 3 3
A/(zgv)p = Ouft 0uf7 0, " A(I}K ) ASW)NL = _C](W)NL ) Agw)mo =Byy-  (3.29b)

The dual action (3.27) defines the Nambu-Goto formalism of nonrelativistic M2-branes
propagating in eleven-dimensional spacetime, with the dual field © playing the role of the
eleventh dimension. The dual action (3.27) coincides with (2.59) when p = 2, and therefore
arises as a nonrelativistic membrane limit of relativistic M2-branes. See section 3.2.3 for
further details.

Recall that the ten-dimensional string Newton-Cartan geometry — the appropri-
ate spacetime geometry coupled to nonrelativistic superstrings — is equipped with a
codimension-two foliation structure. Here, we have a two-dimensional longitudinal sec-
tor described by the vielbein field TMA, with M the ten-dimensional curved index and
A the two-dimensional flat index. In contrast, the nonrelativistic M2-brane described
by (3.27), which arises as an S-dual of the nonrelativistic D2-brane (3.17), is coupled to
an eleven-dimensional spacetime geometry equipped with a codimension-three foliation
structure. Now, there is a three-dimensional longitudinal sector described by the viel-
bein field v;“, with Z the eleven-dimensional curved index and w the three-dimensional
flat index. The quantity Hr 7 encodes the geometry of the eight-dimensional leaves. We
refer to such a geometry with a codimension-three foliation structure as the membrane
Newton-Cartan geometry. The function fZ describes how the M2-brane is embedded in
the eleven-dimensional membrane Newton-Cartan geometry.
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3.2.2 Dimensional reductions

Now that we have derived the nonrelativistic M2-brane action (3.27), it is interesting to
consider the dimensional reductions of this action to theories in ten dimensions: (i) the
double dimensional reduction leads to the nonrelativistic fundamental string action (2.54),
which has been studied in [47], and (ii) the direct dimensional reduction of the M2-brane
action (3.27) gives the nonrelativistic D2-brane action (3.17). In appendix A, a transverse
spatial reduction of M2-brane is considered, leading to a different type of nonrelativistic D2-
branes that are coupled to a ten-dimensional membrane Newton-Cartan geometry [47].2°
Also see [33] for similar dimensional reductions of eleven-dimensional supergravity.2!

We first consider the double dimensional reduction, where the dimension of the brane
and ambient spacetime are reduced by one simultaneously. This procedure will lead us to
the fundamental string action. In practice, we require that © = Y2 and all the background
fields be independent of Y2. We also compactify © over a circle of radius Rjp. Then, the
quantities in (3.28) and (3.29) become

20 ~(1) ~(1) 28 ~(1)
o _2(1)/3 TO&B + e Ca Cﬁ e CB
Vv = € ( (20 () 20 ) (3.30a)
- (H
H,, = e 2%/3 ( gﬁ 8) : AS’B)Q = Bag, (3.30b)

where a = 0,1 denotes the worldsheet index after the double dimensional reduction. Plug-
ging (3.30) into the M2-brane action (3.27), we find

1
Sd.dr. = _ﬂRlo/d2Y (\/ -7 Taﬁ Haﬂ + 5 Gaﬁ Baﬁ) ) (331)

which is the Nambu-Goto formalism (2.54) that describes nonrelativistic strings propagat-
ing in ten-dimensional string Newton-Cartan geometry and B-field background.

Next, we consider a direct dimensional reduction of the nonrelativistic M2-brane ac-
tion (3.27) by requiring that the M2-brane be localized in ©. We continue to compactify
the eleventh-dimension ©, which we take to be an isometry direction, over a circle of radius
R19. The abelian isometry is given by .0 = €. The shape of the M2-brane can vary in the
O-direction, and this fluctuation is captured by a Nambu-Goldstone mode. To take into
account this excitation, instead of directly setting 9,0 = 0, we need to gauge the isometry
by introducing an auxiliary gauge field v, that transforms as d.v, = —d,e. The gauged
version of (3.27) is

Sgauged = —% / d*Y /=y "™ Hyy — / (4®) +vAF), (3.32)

where
Y =€ 7, + 2 () + D,0) (¢ + D,0)] (3.33a)
A®) =_c® L BADO, D,©O=08,0+u,. (3.33b)

20Such a geometry is referred to as a D2 Newton-Cartan geometry in [33].
*'The parametrizations of relativistic background fields in terms of ¢ in [33] are different from the ones
given in this paper. See, e.g., (2.46b) and (A.13) in this paper and (4.10) and (4.23) in [33] for comparisons.
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Moreover, locally, ' = dA is an exact two-form. The one-form field A will gain the
interpretation as a gauge potential on the D2-brane after the dimensional reduction. The
boundary term [v A F' is required such that, upon integrating out A, the auxiliary field
v is pure gauge. Instead, integrating out v in the path integral will give rise to the direct
dimension reduction of the M2-brane action. This procedure is essentially the inverse
of the duality transformation on the nonrelativistic D2-brane action that we detailed in
section 3.2.1. In terms of the one-form V = C") + DO, (3.32) can be rewritten as

1
Sgauged = _5 /d?’Y\/ —"}// ")//‘uy HMV + / (0(3) + C(l) ANF-=VA f) s (334)

where

Vo = Tuw + Vi Vi (3.35)

We have set ® = 0; the dependence on ® can easily be recovered by rescaling various
background fields as in (3.24) at the end of the calculation. Moreover, we neglect a global
contribution [ FAdO. We dualize © by integrating out the auxiliary field V,,. For simplicity,
we perform the duality transfomation in the special case with 7, = diag(7yy, 7y , 7o) and
H,, = diag(Hoo, H11, Ha2), and covariantize the action at the end to recover the complete
dual theory. Varying (3.34) with respect to V), gives

1 0™ — Vo mh + V2T 2 2
For = Hoo — H H 3.36
01— 9 T00 T11 ( V22 22~ Too S T Hoo ) ( )
Vi 100 Vo 1
Foo = H Flo = H 3.36b
02 Vot 22, 12 Va 700 22, ( )

which are solved by

6o ™ 700 T11 H22
%Zﬁf12, Vlzm]‘—m, %Zﬁ» (3.37)
with M = det M, and
0 0 7! 0
My = "  Hopo For Foo 7 (3.38)

-n! —Fou Hiu  Fio
0 —Fo2 —Fi2 Ha

Plugging (3.37) into (3.34), and covariantizing (3.38) to be

0 T,
M = 5 : 3.39

g (%M H,, + J-“W> (3.39)
we find that the dualized action matches the nonrelativistic D2-brane action (3.17).

3.2.3 Nonrelativistic membrane limit of M2-brane

Finally, we discuss how the different theories discussed in this section that are related by
dualizing the worldvolume U(1) gauge field and dimensional reductions arise as distinct
limits of relativistic string theory.
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We first recapitulate that the nonrelativistic D2-brane action (3.17) arises as the non-
relativistic string limit of the relativistic D2-brane action,

Spy = —/d3Y e—‘i’\/— det (G + Fiu) + / (C®+CONE). (3.40)

Plugging in the ansatz (2.46) and then taking the ¢ — oo limit, we recover the nonrelativis-
tic D2-brane action (3.17). Instead, we now add the generating function (3.20) to (3.40),
and perform a duality transformation by integrating out A, and F),,. This leads to the
dual M2-brane action [40],

S = — [ ¥ G — [ 80, )

where
G = €22/ Gy + 2 (L) +0,0)(CS) +0,0) ], (3.42a)
M) = —CP) + 0,0 By, + 0,0 By + 9,0 By, . (3.42D)

The dual field © plays the role of the eleventh dimension in M-theory. Plugging (2.46)
into (3.42), we find (see, e.g., [33])

G/ﬂ/ _ 04/3 Vo + 6_2/3 ﬁl“/ ’ A/SSV)p — 2 ,yuu ,YVU ,ypw €uvw + A/(f)y)p ,

(3.43)

where 7,", fIW, and A®) are defined in (3.28) and (3.29). After redefining ¢ — ¢3/2, the
parametrizations in (3.43) coincide with the ones in (2.58) with p = 2. Taking the limit
¢ — oo of (3.41) reproduces the nonrelativistic M2-brane action (3.27).

We now consider the double dimensional reduction of the relativistic M2-brane ac-
tion (3.41), which requires that © = Y2 and all the background fields be independent of
Y2. Then, (3.42) becomes

Ry (Gaﬁ R R R C?é”) 4B _
nv 2% C«&l) 020 ’ By afy’
(3.44)
Plugging the ansatz (3.44) for double dimensional reduction into the M2-brane action (3.41),
we find that the reduced action is

N ~ 1 N
Sa.dr. = —2mRig / d*Y (\/m +3 e’ Bw) : (3.45)

Here, Rjg is the radius of the circle along which the eleventh dimension is compactified.
The parametrizations of Gun and Byy are given in (2.46), i.e.,

® 2

éa@ =2 Tag + Hap s B.g = —c TaA TgB €AB + Bag . (3.46)

The ¢ — oo limit of (3.45) is therefore the nonrelativistic string limit of the fundamental
relativistic string as discussed in section 2.4. The resulting action is precisely (3.31) that
describes fundamental nonrelativistic strings in string Newton-Cartan geometry.
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The direct dimensional reduction of the relativistic M2-brane action is done by gauging
the isometry © direction and performing a duality transformation. This is essentially the
inverse of the duality transformation of the relativistic D2-brane action (3.40). As shown
n [39, 40], dualizing © gives back the relativistic D2-brane action, whose nonrelativistic
string limit gives rise to the nonrelativistic D2-brane action (3.17), as we have discussed in
section 2.3.

3.3 Nonrelativistic D3-brane

The nonrelativistic D3-brane is described by the action

_/d4 ‘I’\ﬁ+/< )+ CONF+ - C()FAF>, (3.47)
where F = B+ F', and

TM HMV"_FMV

M, = <_0 v ) . (3.48)

More explicitly,

1
Sps = — / d'y {e_éx/—/\/l o L (C +6C2 Foo +3CO F, f,w)} . (3.49)

During the following calculation, it is convenient to set ® = 0 and recover the dependence
on ® at the end of the calculation by taking the rescaling

A e A (3.50)

The S-duality transformation of the nonrelativistic D3-brane action proceeds differently
depending on whether C'(©) equals zero. We will start with analyzing the S-duality trans-
formation in the more general case when C'(©) # 0 and then discuss the zero C(©) limit next.
3.3.1 Self-duality transformation

To perform an S-duality transformation in the presence of a nonzero C©), we treat F' as
an independent field and introduce the generating function,

1 ~
Sgen. = 3 /d4y O (F —20,A,), (3.51)

where O is antisymmetric. Integrating out O in Sgen. leads to the constraint F' = dA, and
thus gives back the original D3-brane action (3.47). To find the S-dual theory, we instead
integrate out A,,, which leads to the constraint 0,0*” = 0. Locally, on the four-dimensional
worldvolume, this constraint is solved by
~ 1 - ~
oM = 3 elvre Fpg , F=dA. (3.52)

We then write the “parent” action Sps + Sgen. equivalently as

Sparent = /d4 ( - u) + / (F(4> + % cOVA V) , (3.53)
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where u < 0 and

0 Ty
M, = , 3.54
" (7-# H/“/ — F,ul/ + V/,ﬂl) ( )
and
@ _ oW _Fap_ %(1(0) TAT, (3.552)
F4+0?
V=F+T, T="(g— (3.55b)

We already set ® = 0, bearing in mind that the dependence on ® will be recovered at the
end of the calculation. We make the special choice 7,4 = 5;‘ and H,, = diag(0,0,1,1)
to facilitate the calculation, and will later covariantize the dual action with respect to the
string Newton-Cartan geometry.?> This choice of background fields leads to a D-brane
extending in the longitudinal spatial direction, and therefore the NCOS sector. However,
after the covariantization at the end, the NROS sector with a Dirichlet boundary condition
in the longitudinal spatial direction will also be captured. Varying the nonrelativistic
D3-brane action (3.53) with respect to V,, we find the following equations of motion:

uCOVy =Y Fow Fry —2Fup Foz,  uCO Vg = — (1 + ]-"223) : (3.56a)
uCOV, = e e Fopy — Fuar Fosz . (3.56b)

We split u = (a,a’), with @ = 0,1 and ¢’ = 2,3. Recall that, from (3.55), we have
F =V —T. The Levi-Civita symbols €, and €, are defined by €y1 = —e19 = 1 and

€23 = —e39 = 1, respectively. These equations are solved by
Fo2 Fi3 — Foz Fiz + 2001 Fo3 1 0
= = ——(uC® — 2Ty +P 3.57
Yor uCO +2 Foy SR A <“ B ) . (357)

6(1 €a’ be’ +e€ ve 1_‘ab’ 1_‘a 'c!

Vaw = Vo3, 3.57b
1+12, 23 ( )
where
P =/ (uC® —205) —4(1+T3,). (3.58)
Plugging (3.57) into the nonrelativistic D3-brane action (3.53) yields
uwC©) — 2195 4+ P(u)
aren d'y cO M / @, 3.59
Sparent = / ( 1+, M (3:59)
where M’ = det M, with
0 1 1 0
1 0 —-Ty  —To
M, = : 3.60
v -1 Tun 0 —I'y (3.60)

0 Tow Ty 1gpy—Tgy

22Note that we also suppressed various Nambu-Goldstone modes that perturb the shape of the D-brane,
but they will be recovered once we covariantize the resulting dual action.
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Varying (3.59) with respect to u gives rise to a quadratic equation, which is solved by

1+ [Fzg - C(O)(—M)l/zr

u=— — <0, (3.61)
(CO)* (~M)"*
where M = det /,\;l/l“,, with
0 1 1 0
-2
_ 1 0 —To1 + 2 (CO —Toy
M,u,l/ == -2 o 2 ( ) 0 (362)
-1 To—3 (C(O)) 0 —T'y
O FOU/ Flb/ ﬂa/b/ _— Fa/b/

Plugging (3.61) back into (3.59) gives the S-dual action,

~ T
Seual = / d4Y( f§)> / r¢ (3.63)

Covariantize this action using the string Newton-Cartan data T”A and H,,, and then take
into account (3.50) to recover the dependence on the dilaton, we find the S-dual action,

Sawar == [ d'Y M+ [ (@ +2c0T A1), (3.64)

where M = det M uv and

— 0 T, 14
My = Y . Ly=—"—. 3.65
: <TH Hyy =Ty + L/“’) g 2(e® C’(O))2 (3.65)

This dual action can be brought into the form of a nonrelativistic D3-brane,
Sdual = /d4Y Lppr + /9(4), (3.66)

where

Lppr = —e_q’d —det <0 s ) ; QW =C0W 4+ COANF + % COFANF,

Tu H,uu + ]:p,u
and
. - F+C®
0) — _(0) —__-_ =
CO=_cO, F=—"Fo— L (3.67a)
c®=cOB-1L), CW=0c®W 1 (c®_-cOr)AB. (3.67D)

Note that we used the identity £ A £ = 0.

It is useful to consider a fixed background configuration to gain some physical intuition
of the S-dual action (3.66). In flat background with 7,4 = (5,[4, we are in the regime of
NCOS, with the D-brane extending in the spacetime longitudinal directions. For simplicity,
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we also set the Kalb-Ramond and all the RR potentials C'2) and C® to zero and consider
a constant dilaton field ® = ®;. Moreover, we take C©) to be constant. Then, the Yang-
Mills (YM) couplings associated with the quadratic actions of F' and its S-dual F are,

respectively,
gy =™, Gyy =200, (3.68)

The usual electric-magnetic duality (see later in (3.83) for the relativistic case) corresponds
to the choice C(®) = 0. However, the dual coupling in (3.68) vanishes in the zero axion
limit C'©) — 0. Before concluding that this axion limit is singular, we first note that there
is a loophole in (3.68) when we write the dual Yang-Mills coupling gynm: in (3.67a), there
is an additional term L in F that we have defined in (3.65), which acts as part of the
Kalb-Ramond field. In the flat spacetime limit, we have

1 eap O
Ly =——s . 3.69
" 2(e2c0)? ( 0 0) (369

Using the Seiberg-Witten map (2.17), we find that the open string and noncommutative
Yang-Mills (NCYM) coupling are, respectively,

~ 1 _ - 1/2
Go = C(0)’ Inoym = 83/2CO = (C?) 2. (3.70)

s

Unfortunately, both the open string and NCYM coupling are still singular in the zero
axion limit, even after taking into account the Seiberg-Witten map. Nevertheless, as we
will momentarily, the zero axion limit is in fact more subtle and leads to a well-defined
theory with an effective gauge coupling (3.96) that depends on the transverse component
of C2).

3.3.2 A zero axion limit

We now investigate the limit where the axion field C©) is set to zero in the dual ac-
tion (3.66). This turns out to be a highly non-trivial limit to take in practice. To derive
the resulting action, we define w = 1/C(?) and expand (3.66) with respect to a large w. The
DBI and CS parts of the action respectively take the following expansions with respect to

a large w:
w? - w5 e G +tr(CTCH) — %ezq’[tr(gﬂf .
2
4) Y w 4 ~
Q()_EQ—@C/M*§C/\C+C()7F/\B, (3.71)
where we chose tr(£C) < 0 and defined
~ 1 ~ ~ 1
0V =Sy, C=F+C®, W= d™7Cy, (3.72)
and, with H#* being the inverse of H,,,
G = det(H,,) det(r,* H? 7,7). (3.73)
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Note that G is non-singular even if H,, is degenerate [15]. Also note that,
tr((C) =" C,,, tr(CC)=C"Ch, tr(CTCH)=CM1,,C"H,,. (3.74)
In the limit w — oo, the dual action (3.66) gives rise to a finite action,

e*Z‘I’G—I—tr((ffvTCNH) - %62‘1) [tr((ffv(f)]2 @ =
=(@0) 6 +/(C FAB).  (3.75)

S(,iual = /d4Y

This is the electric-magnetic dual of the nonrelativistic D3-brane action (3.47) with C(©) =
0. Since we expanded with respect to a small C(®) to obtain (3.75), and there is a ra-
tio F/C© appearing in the action (3.66) that we started with, the C'®© — 0 limit and
truncating the action at the quadratic order in F do not necessarily commute.?® For this
reason, the C'©) — 0 limit of the dual couplings in (3.68) and (3.70) is not trustworthy. In
section 3.3.3, we will discuss the physical meaning of this action and define the effective
couplings for (3.75), at least for a particular class of D-brane configurations.

The same dual action (3.75) can be reproduced by performing an S-duality transfor-
mation on the D3-brane action (3.47) with C(®) = 0. Now, the nonrelativistic D3-brane
action is

0 T,
s :—/d4Y —q’\/—M+/ C L OO NF), M = v ).
D3 ‘ ( ) . T Hu + Fuw

(3.76)
Introducing the generating function (3.51) and then integrating out the gauge potential A,
gives the “parent” action

u

1 ~
Sparent = —5 /d‘*Ye*‘I’ <M - u> + / (C<4> —FAB+4CA f) : (3.77)

with u < 0. In the choice of background fields with 7,4 = 5;‘ and H,, = diag(0,0,1,1),
integrating out the non-dynamical field F in (3.77) leads to the equivalent action,

Cai CH+ 1CH Cppy/—1 —ue®C -
sparent:/d4Y<2“ ALt O ue 23)+/(C(4)—F/\B).

e‘b B 2 023
(3.78)
The presence of \/—1 — ue® Coz implicitly requires that Co3 > —e~®/u > 0, which is
consistent with our earlier choice tr (Z C) = —Ca3 < 0. The equation of motion from varying
the nondynamical field  in (3.78) is

Co3C1a — Cp2 C13 + Cp1 Cag = —672(1) vV—=1—-uCy3 <0. (3.79)

Finally, integrating out w by plugging (3.79) into (3.78) gives the dual action, which
matches (3.75) after covariantizing with respect to the background string Newton-Cartan
geometry.

231n contrast, the ¢ — co and C© = 0 limits commute, because there is no truncation involved.
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3.3.3 Nonrelativistic string limit of dual D3-brane

We now examine how the self-dual of the nonrelativistic D3-brane action arises from the
nonrelativistic string limit. Starting with the relativistic D3-brane action

N 2 N ” N N ~ 1 A N ~
Spz = —/d4Y e—‘l’\/— det (GW + f,“,> +/ <c<4> +CONF + +5 CO FA ]-">, (3.80)
as we already learned from section 2.3, under the parametrization (2.46), the ¢ — oo limit

of (3.80) leads to the nonrelativistic D3-brane worldvolume action (3.47). The S-dual of
the relativistic D3-brane action (3.80) is [39, 40]

3 iy B co
Sdual /d Ye —det ,uu - +/ 2 |g| C VAN C (3.81)

where § = C©) + ie® as in (3.14) and € = F + C®, with F the S-dual field strengh of
F. In flat spacetime with zero Kalb-Ramond and RR background fields, for the quadratic

terms in F and F, the YM coupling under S-duality transforms as

do/2 do/2

dynt = €% s (P25 — o2\ [(@0)7 4 o2 (3.82)

We have taken the dilaton field to be constant here. In the zero axion limit, we have the
usual electric-magnetic duality with

Jym = e/ /2, (3.83)

We now consider the nonrelativistic string limit of the D3-brane action (3.81), which

can be rewritten as

~ 2 ~ N ~ ~ N 1 - . .
Sawa = [a'y eq)\/ —det (G + o) + (A<4> +AD AR 4 S AOK A /c) . (3.84)
where
=L Avow AW_gB AV=004 @B G
g

Plugging in the ansatz from (2.46) and expanding with respect to large ¢, we find, in terms
of the prescriptions given in (3.67),

N

G = T+ Hu AP = 2004 C®) + 5 +0(c” 1, (3.86a)
K=-l+F+ g 10, AW =2COAr+CH+CPAL. (3.86b)
and A = CO) Here,
2F + L 2C0@ —3C0O) [, ‘
K=ttt N= o~ L=——. (3.87)
(2e®CO) (22 CO) 2 (e CO)
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In the ¢ — oo limit, we find that (3.84) gives rise to (3.66). Moreover, applying the same
limit to the Yang-Mills coupling (3.82), the expression in (3.68) is recovered.

It is also interesting to understand how the dual nonrelativistic D3-brane action (3.75)
with a zero axion arises directly as a nonrelativistic string limit of the dual relativistic
D3-brane action (3.81) with C(© =0, i.e.,

Saual = /d4Y Lpgi +/Q(4) ; (3.88)
where
Lppr = —eé\/— det (G‘W — e CA,W> , QW =CW_FAB. (3.89)

Plug the ansatz (2.46) with C(©) = 0 into the dual action (3.88) and then expand with

respect to a large c gives

e 2G4 tr(CTCH) — & 2*[tr(CC)
tr(£C)

QW =cCcAt+CY -FAB. (3.90b)

Lppr = %CQ tr(0C) + +0(c™?), (3.90a)

We have chosen the tr(¢C) < 0 branch. Plugging (3.90) back into (3.88) and taking the
¢ — 0o limit indeed recovers (3.75). However, since the limit C(®) — 0 does not necessarily
commute with truncating at the quadratic order in the dual field strength 15, the effective
gauge coupling cannot be read directly by taking limits of (3.82) anymore.

To unravel the physical meaning of the novel dual action (3.75) with a zero axion, we fo-
cus on the specific background field configuration with TMA = 5;:‘ and H,, = diag(0,0,1,1).
We also set B = C(©) = C® = 0. As we have discussed around (2.13), this choice of back-
ground fields in the original nonrelativistic D3-brane action (3.47) describes the physics
in the NCOS regime, with the D3-brane extending in the longitudinal spatial direction.
In [43], it is shown that the S-dual of NCOS on a D3-brane is spatially-noncommutative
N = 4 supersymmetric Yang-Mills. This limit is indeed captured by the nonrelativis-
tic string limit ¢ — oo of the relativistic D3-brane action (3.88), which in our choice of
background fields is

gdual = — /d4Y le_‘i)\/— det (é#’/ + j’uu) + 02 (ﬁ’gg + Cé?)‘| s (3.91)

where j,w = —ce® (ﬁ,u, + Cfg,)). Since Fy3 = 9y A3 — O3 A5 is an exact form, the boundary
term ¢? Fh3 can be omitted. We also take ® = ®( to be a constant and g, = e®° as the
closed string coupling. We further take Cg) = —27b/gs with a constant b and all the other

(2)

components of C® to be zero. Then, the term c? CQ§ in (3.91) is a constant, and thus

also a boundary term that can be omitted. Finally, define & = 1/¢, we rewrite (3.91) as

1

3. &

Siual = — /d4Y \/— det {g,w + 278! (B + ﬁuy)], (3.92)
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where %, = —gs F,,,/(27) and
Gap 0 0 0
G = 5 | By = ; 3.93

GAB = NAB , G = a8, Bij = —¢€i; b, gs =& gs. (3.94)

and

We performed the above redefinitions for the ease of comparison with [43]. Now, the & — 0
limit reproduces the NCYM limit in [43] up to a rescaling factor of &;. It is important that
we kept a constant b in the action (3.92): applying the NCYM limit to the Seiberg-Witten
map (2.16), we find the following & — 0 limit of the open string background fields,

. 1 1 v NAB 0
uyo 7
g (g a B G- 277&’93) - ¢ ( 0 4 /(%b)?) !
(3.952)
A 1 1 o 0 0
R A1) 2 MY —
© (2md) <§4 + 27 B # g — 277&’%’) — 9 (0 eij/b> .+ (3.95b)
det (4 + 276/ B) ,
25, 2 = 927mgsb. )
Go=19 \/ e — G2 =12mg.b (3.95¢)

Therefore, as expected, the action (3.92) describes NCYM with a spatial noncommutativity
[Y2,Y3] & 1/b. This theory has a well-defined effective NCYM coupling,

gneym = Yo = V2mgs b, (3.96)

as long as b # 0. In this setting, the effective action (3.75) of the worldvolume U(1) gauge
potential AH can be expanded around the closed string background field configuration (3.93)
with respect to a small field strength F' = dA. In this way, the term tr (EC) = (27b/gs) — Fy3
in the denominator of (3.75) does not present any singular behavior in the regime where b
is nonzero and |Fhs| < |b].

The above analysis extends to the case where the D3-brane is localized in a longitu-
dinal direction by using the T-dual relation between NCOS and NROS (in the DLCQ),
which suggests that one has to introduce a nontrivial background geometry in the NROS
for the associated effective gauge theory from expanding (3.75) to be well defined [50].
Additionally, one can determine how the Seiberg-Witten map transforms under T-duality
as in [63].

3.4 Nonrelativistic D4-brane

So far, we have dualized nonrelativistic D1-, D2- and D3-brane actions with respect to the
worldvolume U(1) gauge field. We also showed that the dual actions match the nonrela-
tivistic string limits of the associated extended objects in relativistic string theory. Now,
we apply ansatz (2.46), which is well-tested by now, to the relativistic D4-brane action and
its dual. We will show that the dual of a nonrelativistic D4-brane gives rise to a double
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dimensional reduction of a nonrelativistic M5-brane, which arises as the membrane limit
of a relativistic M5-brane. At the end of this section, we will construct the appropriate
membrane limit by generalizing section 3.2.3 to include higher form potentials. We will
argue that such a membrane limit of the covariant PST formalism of relativistic M5-branes
reproduces the desired dual D4-brane after double dimensional reduction. Throughout this
section, we will be content with showing that the stringy and membrane limits lead to finite
results. However, we will not write down any explicit expressions of the D4- and M5-brane
actions in nonrelativistic string/M-theory. These actions appear to be rather complicated.
It deserves future studies to reveal the detailed structure of a covariant formalism of non-
relativistic M5-branes.

3.4.1 Dual D4-brane in relativistic string theory

We start with the relativistic D4-brane action

Spy = —/d5Ye_q)\/—det(Guu+]:;w) +/ <0(5)+C(3)AI+20(1)AI/\I>.

(3.97)
The duality transformation is implemented by adding in the following generating function:

Syen. = % / PY O (Fly —20,A,). (3.98)

Integrating out A, constrains the dual field O to be

~ 1
oM = 3 PO oy O =dA, (3.99)

where A is a two-form potential. The “parent” action S’m + Sgen. becomes
~ ~ ~ ~ N A 1 - ~ ~
Sparent = SpBI + / (C<5> —ONB+HNF+5 COAF A ]-") : (3.100)

where

H=0+CO. (3.101)

Integrating out F in (3.100) leads to the dual action [39, 40]

A & A 1
Sdual:_/dES}/6 ® V —G\/1+y1+29%—y2

. o - (3.102)
—3 / PY 22 GG 0 O H P / (é<5> —OA B) :
where I
—_ tr(GH?%)7 y2:e4@tr(GHGHE}2HGH)7 (3.103)
2(~G) 4(-G)
and
Gy = G+ E2CD DY A = %ew"* Hoon (3.104)
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We have defined G = det Guy and G = det éuw which are related to each other by
G=(1+e*Gmw e eM) 6. (3.105)

The indices are lowered (and raised) by the metric G, (and its inverse).

The dual action (3.102) arises as a double dimensional reduction of the Mb5-brane
action [78]. To understand how this works, we first present the covariant Pasti-Sorokin-
Tonin (PST) formalism [79-81] of the M5-brane action in eleven-dimensional spacetime
with a six-dimensional worldvolume,

Sdual = —/d6Y \/— det (Gﬂﬁ +1 [}qﬂp)
1 o o1
+ E/dﬁY\/—G HY Hazpn + 5/ (N) —OA A(3)> .

Here, we have introduced the six-dimensional index g = (p,5), with p = 0,1,--- ,4,

(3.106)

together with the metric Gzz as well as the three-form potential AB). The i index is
lowered (and raised) by Gzy (and its inverse). We also defined G = det Gy and

I O T s
[ = or K A®) = %% (3.107)

The scalar field a is introduced to ensure the covariance of the six-dimensional worldvolume.

Note that a is purely auxiliary and imposes the self-dual condition on the three-form field
strength ©.

We now consider the double dimensional reduction of the PST action by wrapping
the M5-brane around a compactified spatial circle. This amounts to take the tenth spatial
coordinate to be X' = Y5 and fixing the auxiliary field a = Y°. The reduction map
include the ones for the metric Gy and three-form A®) as in (3.44) in M-theory, which
we transcribe below:

A1) AL 2¢ A1)
24 (G +22CL Gy 220y 3 3) .
Oz = €73 < " b oW 20 | /A/(L) CI(W)P’ A5 = B (3.108)
lj/ e
Moreover,
R _ " 1 euupo)\fH N 1
Ous =H"?=n,=0, HY=_ L2 py=———. (3.109)
" i 3' /_(B (’;155 G55
Consequently, H 7:[Wp, s = —BW, and
o R Apv ~ Ave A) P
o7 = 2bs [ C A1) i q(l)cf ], G=eG. (3.110)
_GHP Cp 6_2(1) + Cp GpU Ca-
Finally, we take the reduction prescription for the six-form potential A®) as
6 5 3 A A A
A ons =2C5) \+10CE) By — 2¢O + OO A B (3.111)

Plugging (3.108) ~ (3.111) back into (3.106) reproduces the dual D4-brane action (3.102).
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3.4.2 Nonrelativistic membrane limit of M5-brane

From section 2.3, we already learned that applying the parametrization (2.46) to the D4-
brane action (3.97) and taking the nonrelativistic string limit by sending ¢ — oo leads to
the nonrelativistic D4-brane worldvolume action,

0 T,
S :—/d5Y —® | —det v
b4 € “\7 Ho+Fu

1
+/<0(5)+C(3)AI+20(1)AJEAI>.

(3.112)

The dual of this action with respect to the worldvolume U(1) gauge potential is given by
the same nonrelativistic string limit of (3.102). This limit gives a rather lengthy result,
which requires future studies to reveal its detailed structure, with the hope that a compact
and understandable form can be acquired. Instead of presenting the detailed expression of
the dual nonrelativistic D4-brane action, which is not very illuminating at this stage, we
will focus on showing that this limit is indeed well defined and gives a finite action.

We start with the first line in (3.102). In terms of the parametrizations in (2.46),
we find

e =G = ce®\ [det(H,) det(r,A H 7,5) + O(c ™). (3.113)

Moreover, by power counting, we have
y1 = 0(%), Y2 = O(c"). (3.114)

However, intriguingly, there is a non-trivial cancellation among the terms under the square
root in (3.102), such that

1 _
Lty 450 =1 =0(c). (3.115)

We explicitly checked this cancellation when 7,4 = 5/’:‘ and H,, = diag(0,0,1,1,1). In-
stead of presenting this lengthy calculation, in the following, we demonstrate that this
cancellation works in the simple case where © + C'®) = 0. We then have

G == (C3+C3+CF) +0(ch, (3.116)
and
te[(GH)| =2(=c)" (3 +C3+¢F)" (3.117)
It then follows that
y=—14+0(c?), Y2 = % +0(c?). (3.118)

As expected in (3.115), the zeroth order terms in ¢ exactly cancel. Combining (3.113)
and (3.115), we find

5 A 1
— /d5ye—¢ V-G \/1 +y1 + §y% —ya = 0("). (3.119)
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Next, we turn to the second line in (3.102). Applying the parametrizations in (2.46),
we find

N A ~ o~ 1
e GG eypor CIVHP HN = o PN Hpor + O(Y), (3.120a)

co|

CP—OAB=HN+0O(L), (3.120D)

where H = © + C®). These two divergences in O(c?) are canceled in (3.102). Together
with (3.119), we find that the nonrelativistic string limit of the dual action (3.102) gives a
finite S-dual of the nonrelativistic D4-brane action (3.112).

The ansatz in (2.46) can be lifted to be a membrane limit in eleven dimensions that gen-
eralizes the one discussed in section 3.2.3, now applied to the relativistic M5-brane action
with a six-dimensional worldvolume. The appropriate parametrizations for the background
fields in (3.106) are given by

Gy = Py + 23 Hyy (3.121a)

H= %(22 YAV AYY € +H (3.121Db)
AB) = —% EVEAY AV € + AB) (3.121c¢)
A = —% EAD AN AN € + AO) (3.121d)

Here, 7., fIW, and A®) are defined in the same way as in (3.28) and (3.29). Note that the
parametrizations of Gz and A®) match the ones in (3.43) for M2-branes. We also require
that, under the double dimensional reduction,

A® 200 L B AR, (3.122)

These parametrizations are constructed such that they reproduce the ones in (2.46) after
plugging in the double dimensional reduction prescriptions in (3.108) ~ (3.111).

4 T-duals of nonrelativistic D-brane actions

In [13], T-duality transformations in the path integral of the sigma model that describes
nonrelativistic string theory have been studied in detail, where nonrelativistic strings are
coupled to an arbitrary string Newton-Cartan geometry background and a Kalb-Ramond
and dilaton field. Due to its codimension-two foliation structure, the string Newton-Cartan
geometry of nonrelativistic string theory admits two distinct classes of T-duality transfor-
mations, depending on whether the isometry lies in the longitudinal or transverse sector.
These T-duality transformations are then classified in [13] according to the nature of the
associated isometry directions. These analyses are then generalized in [50] to include open
string background fields and also applied to the DBI actions for various D-branes. T-duality
transformations in nonrelativistic string theory are summarized as follows:
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1. Longitudinal spatial T-duality. The T-duality transformation is performed along a
compact longitudinal spacelike isometry in nonrelativistic string theory coupled to a
string Newton-Cartan background. The resulting theory is relativistic string theory
coupled to a Lorentzian background geometry with a compact lightlike isometry, i.e.,
the DLCQ of relativistic string theory.

2. Longitudinal lightlike T-duality. The T-duality transformation is performed along
a compact longitudinal lightlike isometry in nonrelativistic string theory coupled to
a string Newton-Cartan background. The resulting theory is nonrelativistic string
theory coupled to a T-dual string Newton-Cartan background with a longitudinal
lightlike isometry of an inverse radius. Applied to nonrelativistic open strings, this
T-duality relates nonrelativistic and noncommutative open strings to each other.

3. Transverse T-duality. The T-duality transformation is performed along a compact
transverse (spacelike) isometry in nonrelativistic string theory on a string Newton-
Cartan background. The resulting theory is nonrelativistic string theory on a T-dual
string Newton-Cartan background with a transverse isometry.

In this section, we include RR potentials to this discussion and derive the associated
Buscher rules. Historically, the relativistic Buscher rules for the RR-potentials were derived
from analyzing type II supergravity [82]. However, the same results can also be derived
by using probe D-branes (see, e.g., [83] and references therein). In section 4.1, we will first
review how the generalized Buscher rules that incorporate the RR potentials are derived
by analyzing relativistic D-brane actions. Then, in section 4.2, we apply the same analysis
to nonrelativistic D-branes in the presence of RR potentials and different isometries. We
will generalized Buscher rules that also act on the RR potentials in nonrelativistic string
theory. Finally, in section 4.3, we show how these generalized Buscher rules are reproduced
by taking the nonrelativistic limit of relativistic Buscher rules, which serves as an extra
sanity check of the generalize nonrelativistic string limit that we proposed in section 2.3.

4.1 T-duals of relativistic D-brane actions

We start with a brief review of T-duality transformations of the Buscher rules for the RR
potentials in relativistic string theory. Such Buscher rules can be derived by using the
relativistic Dp-brane action that consists of both the DBI and CS parts is given in (2.45),

which we repeat below for convenience:

Spp = —/dp+1ye—<i>\/_ det (G + B ) + /Zé(q) nef| (4.1)
q

p+1

Recall that CA?W = GHXM 9, XN GMN and EW = GNXM 9, XN EMN are respectively the
pullbacks of the background metric G v and Kalb-Ramond field B MmN to the Dp-brane’s
worldvolume. For simplicity, we set the gauge field strength F),, on the D-brane to zero
and focus on the closed string background fields. The generalization that incorporates the
worldvolume U(1) gauge field can be obtained straightforwardly by following [84].
Assume that there is a Killing vector k™ in the target space. We defined the target-
space coordinates X = (y, X™) that are adapted to k™, with k™), = 0,. Therefore, the
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translation in y represents an abelian isometry. The standard Buscher rules for the metric
field G MmN, Kalb-Ramond field By and dilaton field ® are derived from performing a
T-duality transformation in the path integral of the worldsheet sigma model [85, 86], with

G o= G, =B @ Gt By B = CGmy Cny (4.2a)
G G " G
vy vy vy
. 1 . G . . By Gy — Bny G
= — 5 Gy, B, =2, Bp,=Bp,— ————4 (4.2b)
ny ny

In the following, we perform the T-duality transformation of the D-brane action (4.1) along
the isometry direction in two different cases, depending on what boundary conditions in
the isometry direction that the open strings satisfy.

¢ Neumann boundary condition. We first consider a D-brane that is extending
in the isometry y direction, i.e., the open strings satisfy the Neumann boundary
condition in y. The D-brane action is already given in (4.1). We choose the adapted
coordinates Y# = (Y, y) with & = 0,1,--- ,p — 1 on the worldvolume of the Dp-
brane. Under the Buscher rules (4.2), there holds the following identity between
different DBI Lagrangians:

e ® \/— det (CA;W + Euy) — \/— det (Gixﬁ + Egﬁ) , (4.3)

where the lL.h.s. describes a Dp-brane extending along y and the r.h.s. describes the

dual D(p —1)-brane localized at a point in y. For consistency, the following condition
must hold for CS Lagrangians:

Z C@ A eé - (Z C'@ A
q p+1 q
such that the T-dual D-brane action is
S(]/:)(pfl) = —/de e ¥ \/— det ( L+ B’ /Z C'D pe ‘ , (4.5)

which is in the same form as the original action (4.1) but in terms of the T-dual

e5’ > Ndy, (4.4)
P

fields and describes a D(p — 1)-brane transverse to the dual isometry y direction. It
is Convenient to define the worldvolume differential forms

Gt = LW Ay n A dYs, Gy = Gy dY®, B, = BaydY®, (46)

and similarly for the primed fields. We will use B (also for other worldvolume forms)
to denote both %E’ag dY*A dY? and %BW dYHANdYY, with p = («,y) to avoid a
cluster of notation. The difference should be clear from the context. Then, (4.2)

becomes
. 1 . B A A By By — Gy G
Gly=>—, Gy==L, Gp=Gpp+ T (47a)
ny ny ny
< . 1. . . G . . B,AG
®=¢—--IndG,,, B ==Y B=b-"L—Y (4.7b)
2T VG G
9y vy
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Note that we always choose to place the index y at the end of the subscript in the
form’s components. Now, the Lh.s. of (4.4) gives

SCWAP| =Ligndy,  Los=3 (CP+CWNB)AE| L (48)
q pt+l q P
Using (4.7), we find
Ala=1) A A A
A ANBy, NG A A B
s =2 (05;1“) 4SBTy gD By) net (4.9)
q Gy P

Here, we rewrote B as B = B' + (B, A G,/G,,). Without repeating further, this is

also the trick that we use for other similar derivations in this section. Finally, (4.4)

gives

CYUAB, NG,
Gyy

Dirichlet boundary condition. Now, we consider a Dp-brane that is transverse to

"9 — C’ZSQ+1) + Ol A Ey + (4.10)

the isometry y direction, i.e., the open strings satisfy the Dirichlet boundary condition
in y. It then follows that d,y = 0. Note that this Dp-brane is still described by
the action (4.1). Under the Buscher rules in (4.2), there holds an identity between
different DBI Lagrangians that is in form the same as (4.3), but now with Y’ =
(Y*,y'). Here, 3 is dual to y in the target space. This implies that (4.3) receives a
different interpretation with the lL.h.s. describing a Dp-brane transverse to y and the
r.h.s. describing the dual D(p 4 1)-brane extending in y’. For consistency, we require

p+2

The Lh.s. of the first equation in (4.11) is the CS term for the Dp-brane transverse
to y. Moreover, (4.12) denotes the dual CS term for the D(p + 1)-brane extending in
y'. Using (4.7), we find that (4.11) implies

Zé(q) AeB = Ll Log=Y (@;(QH) 1@ A B?’J) AP . (4.11)
q pt+l a P
with
Lo A dy — S CHE) p B (4.12)
q

ga+n = oo 4 © UANB NGy CUTING, (4.13)
ny ny

Buscher rules for RR potential. Finally, combining (4.10) and (4.13) that relate
the RR potentials to their T-duals, we find:
Ala) A A
é;(qul) — @ _ w , (4.14a)
Gyy

. . o) s OV AB NG

@ — C?SQH) +C VAR, 4+ Y —y ¥ (4.14b)
Yy

In the following subsections, we will derive the generalized Buscher rules for RR-

potentials in nonrelativistic string theory, analogous to the ones in (4.14). Note that

the differential forms here do not contain dy or dy’.
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4.2 T-duals of nonrelativistic D-brane actions

Now, we return to the nonrelativistic Dp-brane action (2.47) and study its T-dual along
a compact isometry direction in the target space. We address all the three cases with a
longitudinal spacelike, longitudinal lightlike and transverse isometry, respectively.

4.2.1 Longitudinal spatial T-duality

We start with the case where there is a longitudinal spacelike Killing vector k™ satisfying
Ml =0,  EMr,t#£0,  EMERY =o0. (4.15)

Define the coordinates X™ = (X™, y) adapted to kM, with kM 9y = 0y. In terms of
these adapted coordinates, (4.15) implies 7,0 = EyA/ = 0 and 7' # 0. Then, y is a
longitudinal spacelike isometry direction. In the absence of RR potentials, the Buscher
rules for nonrelativistic string theory with a longitudinal spatial isometry in spacetime are
given in [13]. These Buscher rules are derived by using the worldsheet formalism. The dual
worldsheet sigma model describes relativistic string theory in the DLCQ, where a dual
Lorentzian metric field Gy exists, in addition to the dual Kalb-Ramond field By and
dilaton field ®. The Buscher rules that relate these dual fields to the nonrelativistic closed
string background fields TuA, H,,, B, and ® are

_ _ ¢ - - 1
Gp=0, Gumy=—"Y Bpy="2  $=0-_1Inr,, (4.16a)
Tyy Tyy 2
émn _ e (Bmy gny + Bny Emy) + (Hmy Tny + Hny Tmy — Hyy Tmn) ’ (416b)
Tyy
émn _ an _ (Bmy Tny — Bny Tmy) + (Hmy Bny — Hny Emy + Hyy Emn) . (416c)
Tyy

See (2.44) for the definition of £,,. Using differential forms, we rewrite the Buscher rules
associated with Gy, By, and By, as

_ ¢ - M _ By A" + Hy A by + Hyy 0
G, =——~, By:l 7 Bop_BviT Iy ATy C (4.17)
Tyy Tyy Tyy
Here, 7351) = Tay dY®, where « is a worldvolume index excluding y. The fact that éyy =0

implies that there is a lightlike isometry in the dual relativistic target-space geometry. We
also defined

1
(= 3 72 TﬁB eapdY 2 NdYP | by =11, P eapdyY ™. (4.18)

Note that the two-form ¢ here is defined differently from (2.44). We consider how the
following nonrelativistic Dp-brane action transforms under the above Buscher rules:

0 T
Spp = — [ Py e | — det v / @ p B
Dp / e e 7. Hu + B + zq: e

(4.19)
p+1
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The same nonrelativistic Dp-brane action has been given in (2.47), but now we set the
gauge field strength F' = 0 on the D-brane. For the inclusion of the worldvolume U(1)
gauge field in the Buscher rules, see [50].

We first consider the case where the nonrelativistic Dp-brane described by the ac-
tion (4.19) extends in the longitudinal spacelike isometry y direction. The T-dual of this
nonrelativistic Dp-brane is a relativistic D(p — 1)-brane transverse to the isometry direc-
tion §. Note that g is dual to y and is compactified over a lightlike circle. As we already
explained earlier, this is because the dual metric component éyy vanishes in (4.16). We
choose the adapted coordinates Y* = (Y, y), witha = 0,1,--- , p—1 on and Y* the coor-
dinates on the (p+ 1)-dimensional worldvolume of the nonrelativistic Dp-brane. Under the
Buscher rules (4.16), the following identity between different DBI Lagrangians holds [50]:

O T, g ~ ~
—¢ v -
—det = —det (G 3+ B . 4.20
’ \J ‘ (7_'u H,, + Buu> ‘ \/ ¢ ( of aﬁ) ( )

The Lh.s. of (4.20) describes a nonrelativistic D(p — 1)-brane extending in y and the r.h.s.
describes the dual relativistic Dp-brane transverse to 3. For consistency, we require for the
CS Lagrangians that

ZC(Q) AeP

q

= (Z @ p B ) Ady, (4.21)
p+1 q P

in analog with the relativistic case in (4.4). Applying (4.17) to (4.21), we find

CS YA (By AV + Hy A by + Hyy 0)

O — Cz,(/q+1) + a1 A B, +
Tyy (4.22)
N C(a-3) A By A (Hy Ay + Hyy 0) N C@(,q*:)’) NBy NHy N/ '

Tyy Tyy

Next, we consider a nonrelativistic Dp-brane described by the action (4.19) but now
transverse to the longitudinal spacelike isometry y. The T-dual of the nonrelativistic
Dp-brane is a relativistic D(p + 1)-brane extending in the lightlike isometry direction gy
that is dual to y. Under the Buscher rules in (4.16), there holds an identity between
different DBI Lagrangians that is in form the same as (4.20), but now with Y'¢ = (Y* 7).
Then, (4.20) receives the interpretation that the l.h.s. describes a nonrelativistic D(p — 1)-
brane transverse to y and the r.h.s. describes a relativistic Dp-brane extending in y. For
consistency, like (4.11) and (4.12) in relativistic string theory, the following condition for
CS Lagrangians must hold:

(4.23)

(Z C(Q) A eB
q

ANdj =Y CW AP
p+1 q p+2
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Using (4.17), we find in analog with (4.10) that

~ ~ e
CZSQ) + C(q—Q) A vy

Tyy
(4.24)

)ABy/\TZS”JrHyMerHnyJrC<q*5>AByAHyA£'

=l L ole=3

Tyy Tyy

Finally, combining (4.24) and (4.22), we find the following map between the RR po-
tentials in nonrelativistic string theory and their T-dual RR potentials in relativistic string

theory:
_ (g—1) (1) (g—3) H H (g—3) H
ngq) _ C(q_l) _ Cy A Ty + C A ( y AN gy + yy e) . Cy A y A 6 : (4253,)
Tyy Tyy Tyy
-1 1
56 — Gl o o p g4 Cy YA (By Ay + Hy A by + Hy, 0)
Y ! Tyy
Ca=3) A By A (Hy ANy + Hyy€)  CS AB,AH, A
+ y y Ny wt) v y y . (4.25b)

Tyy Tyy

The same Buscher rules (4.25) for RR potentials can be reproduced by plugging the
ansatz (2.46) into the relativistic Buscher rules (4.14) and then taking the ¢ — oo limit.
Note that ¢"(@ in (4.14) will be identified with C'@) in (4.25) after the limit is taken. We
will study this nonrelativistic string limit of relativistic Buscher rules in section 4.3. More-
over, as a nontrivial check, we will further show in appendix B that the Buscher rules (4.25)
are invariant under the infinitesimal version of the Stueckelberg transformations in (2.32)
and (2.38).

4.2.2 Longitudinal lightlike T-duality

Previously, we considered the T-duality transformation of D-branes in nonrelativistic string
theory along a longitudinal spacelike isometry, and the dual D-branes are coupled to a
Lorentzian background geometry with a compact lightlike isometry. For completeness,
we now perform a T-duality transformation along a lightlike isometry for a nonrelativis-
tic D-brane coupled to string Newton-Cartan geometry. This leads to a dual nonrela-
tivistic D-brane that is coupled to a dual string Newton-Cartan geometry. This lightlike
T-duality transformation maps between two lightlike circles with dual radii [13]. This
lightlike T-duality provides a formal relation between nonrelativistic and noncommutative
open strings [50].
We start with a longitudinal lightlike Killing vector k™ satisfying

KMo, #0,  EMF7, =0,  EMEyY =o0. (4.26)

We then have 7, = EyA/ = 0 in the coordinates X™ = (X™, v) adapted to kM, satisfying
EM oy = 0y. These prescriptions require that y be a lightlike isometry. In the absence
of RR potentials, the Buscher rules for nonrelativistic string theory with a longitudinal
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lightlike isometry are derived in [13] using the worldsheet formalism, with the dual fields
T]\/[A7 HMN, BMN and ® given by

1 -
T,=—, ®=®—InT1y, (4.27a)
Ty
_ _ By, — H, H
T,=0, Ty = Tom 7, = B my);y ST (o)
T,
y
~ ~ ~ B - B
HMy =0, Bmy = Tm ) Bin = Byn — my Tn ny Tm > (4'27C)
Ty Ty
~ H — (H, + H
Flon = Hypy + T T T = 7:@; ot Hoy ) 7y (4.27d)
y

Here, we used T);? to denote the T-dual of the longitudinal vielbein field TMA in string
Newton-Cartan geometry.

We first consider a nonrelativistic Dp-brane that is described by the action (4.19) and
extends in the longitudinal lightlike isometry y. This theory is in the sector of NCOS. We
choose the adapted coordinates Y* = (Y, y) with « = 0,1,--- ,p — 1. Using (4.27), we
obtain the following identity between different DBI Lagrangians [50]:

0 T, % 0 T,
_® v —d B
e —det =e —det | - ~ ~ , 4.28
\J (77” HMV + BW’) \l (Ta Hag + Ba5> ( )

where the r.h.s. describes the dual nonrelativistic D(p — 1)-brane transverse to the dual

lightlike isometry y. This dual theory is in the sector of NROS. Requiring that the analog
of the identity between the CS Lagrangians in (4.21) hold, but now with By related to
By as in (4.27), we find

CVAB, AT

C@) — ngq-i-l) + a1 A By + , T=1,dY". (4.29)
Ty

Next, we consider NROS and a Dp-brane that is described by the action (4.19) and
transverse to the longitudinal lightlike isometry y. The T-dual action describes a D(p+1)-
brane in NCOS that extends in the dual lightlike isometry 3. In this case, we continue
to have the identity (4.28) between different DBI actions, but with Y'® = (Y* 7). For
consistency, the same relation (4.23) between different CS Lagrangians has to hold, but now
with the background fields satisfying the Buscher rules in (4.27). Then, the relation (4.23)
implies
Ca=2) A

-3
:C(qil)—i-C(q )/\By/\T'
Ty Ty
Finally, combining (4.30) and (4.29), we find the Buscher rules for the RR potentials,

Ci + (4.30)

(q—1)
cl) — ola-1) _ Gy AT , (4.31a)

Y
Ty

(g—1)
é(Q) —_ CZSQ—H) + C(q—l) A By + Cy A By AT '

(4.31Db)

Ty
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Later in section 4.3, we will discuss how the generalized Buscher rules (4.27) and (4.31)
arise as a nonrelativistic string limit of the relativistic Buscher rules. In appendix B, we will
analyze how these Buscher rules transform under the infinitesimal Stueckelberg symmetry,
whose finite form is given in (2.32) and (2.38).

4.2.3 Transverse T-duality

It is also possible to perform a T-duality transformation along a transverse isometry di-
rection that is compactified over a circle.?* Consider a transverse Killing vector & that
satisfies

M4 =0,  EME,N#0. (4.32)

Recall that Epny = EMA,ENA,. The derivation of the Buscher rules for transverse T-
duality is in form the same as the relativistic case in section 4.1. The resulting Buscher

rules are
N 1 . B, By By — Hiy H
H,, =—, Hy,y="Y Hpp= Y T (4.33a)
yy Hyy my Hyy mn mn ny
1 ~ H ~ By Hpy — Bny H
®=0—_-InHy, Bupy=-—2, Bumy=DBn,— —2+—4 " (4.33b)
2 Hyy Hyy
and
(g—1)
clo = g - G Ny (4.34a)
H
vy
(q—1)
G _ e L oan g G AByAHy (4.34b)
Y Y Hyy

Here, H, = H,, dY“, where the worldvolume index o does not include y. The background
field 7374 remains unchanged under the transverse T-duality transformation, while the
background fields Hasn, Bynv , @ and C@ are mapped to their T-duals, E[MN , EMN , d
and C@. Both the original and T-dual D-brane actions are in the form of (2.47). Also
see appendix B for how these Buscher rules transform under the infinitesimal Stuckelberg
Symmetry.

4.3 Buscher rules from nonrelativistic string limit

Finally, we discuss how the Buscher rules derived in section 4.2 can be reproduced by taking
appropriate nonrelativisitc string limits of the relativistic Buscher rules in section 4.1. Our
starting point are the background fields’ parametrizations given in (2.46), which we rewrite

below as:
éMN:cerN+HMN, i’:@—i—lnc, (4.35a)
B=-2¢+B, CO=2cl2D A4+ 0D, (4.35b)
B, =—-c%t,+ By, ClO = A(CO DN+ COTD L) +CW . (4.350)

Z4Note that all transverse directions are spacelike.
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For ¢ < 0, we set C@ = CA’?SQH) = 0. We have set the worldvolume field strength F},, to
zero. Also note that ¢ and ¢, are defined in (4.18).

e Longitudinal spatial T-duality. In the presence of the longitudinal spatial Killing
vector as specified in (4.15), we learned from section 4.2.1 that the T-dual of nonrela-
tivistic string theory along the longitudinal spacelike isometry direction describes the
DLCQ of relativistic string theory [13]. It has been shown in [15] that the Buscher
rules (4.16) for longitudinal spatial T-duality arise as the nonrelativistic string limit of
the relativistic Buscher rules in (4.2). This is done by plugging the ansatz (4.35) of rel-
ativistic background fields into the relativistic Buscher rules in (4.2), and then taking
tAhe ¢ — 00 limit. Note that we also need to identify G?MN - Gun, BE\/IN — Bun,
@’ — @ after applying the ¢ — oo limit. This procedure also applies to the RR
potentials. Starting with the relativistic Buscher rules for RR potentials in (4.14)
and plugging in (4.35), we find,

- 1
Clrth) = (2 lC(q‘Q) ANl — <1 _ Hy ) Cl=D p by A7y
Yy

2
C™ Tyy

Tyy
CYDNENH, +Ca 2D Ay AH, + O A7

Tyy

+C@ — +0(c7?),

(4.36a)

and

'@ = ¢ (Cfﬂ‘l) A+ CU™3) AL By) + ) 4 clem) A B,

. (CQ - Hyy> C@=3) AL, A By ATsY — CS A gy A7V

Tyy Tyy

+ 75 (CY™ NN By A Hy + CO™) A by A By N H,

— CY™ D A by AHy+ CED A By A TZSI)> +0(c7?).
(4.36D)

In the ¢ — oo limit, ¢"(9 — C@ and CA’Z,,(q) — CV’Z(JQ). Using the identity Ky/\TZSI) =l Tyy,
we find that (4.36) becomes (4.25) at ¢ — oo.

e Longitudinal lightlike T-duality. The construction of the nonrelativistic string
limit that reproduces the Buscher rules associated with the longitudinal lightlike T-
duality transformation appears to be rather delicate and requires a careful treatment.
We start with revisiting the ansatz (4.35) of background fields in relativistic string
theory, but now in the presence of the longitudinal lightlike Killing vector defined
in (4.26). To facilitate the following discussion, we fix the Stueckelberg symme-
try (2.32) and (2.38) by setting =,,4 = mMA as in section 2.3. Accordingly, we
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modify the reparametrizations of background fields in (4.35) as

GMN:CZTMN—FEMN, <i>:(1>+lnc, (4.37&)
B=—-(+M, CW=2N@2D A4 ND | (4.37b)
B, = -0, + M,, Cl0 = A(N\TD AL+ N2 AL)+ N . (4.37c)

We recall that Eyy = En En?, Masn and NJ(Vq[:,l%wq are defined in (2.24) and (2.40),
respectively. Additionally,

1
TANT, Eyzﬁ(%Ty—%yT% T:Tadya7 T =TadY". (438)

Recall that the worldvolume « index excludes y. Moreover, as detailed in sec-
tion 4.2.2, the existence of the longitudinal lightlike isometry in gy implies that
7, = B, = 0 in the adapted coordinates XM = (X™, y). Using (4.37), we find
ny = 0. Upon initial inspection, it seems impossible to take the ¢ — oo limit of the
relativistic Buscher rules because of ny appearing in several denominators in (4.2).

Fortunately, the above difficulty is avoidable by considering a double scaling
limit instead of the original nonrelativistic string limit that only sets ¢ — co. We
first construct such a double scaling limit without any RR potential and show how
the Buscher rules (4.27) for longitudinal lightlike T-duality can be reproduced. In
addition to the parameter ¢ that controls the nonrelativistic string limit in the original
theory, we now introduce a second parameter ¢ that controls the nonrelativistic string
limit on the T-dual side, with

Gy = Tun + Eun, By =—¢2lun +Myy, & =30+, (4.39)

Here, Thiy = Tar TnBnap and by = T TP eap. In addition, we define

Ty ] 7o My Tm
- ~ - m — 'm ~
Y ¢z’ Y c2’ 27, ¢’

(4.40)

where T),, = T),° + 70t and T, = T,,° — T,,'. In the limit ¢ — oo, T, becomes
zero; this is required such that y is a longitudinal lightlike isometry. Further taking
¢ — 00, we find T, — —7m. Moreover, we also require that c?/¢? — 0, such that the
ansatz (4.37) is consistent with the one from setting 7,, to zero identically.?> This
double scaling limit is reminiscent of defining the DLCQ of string/M-theory as a
subtle infinite boost limit [3]. Plugging (4.37), (4.40) and (4.39) into the relativistic

2Note that the definition of the longitudinal lightlike Killing vector originally presented in [13] has
¢! = 0 identically. This does not cause any problem there, since (4.37) uses the path integral of the
sigma model that describes nonrelativistic string theory and does not rely on any limits of relativistic string

theory.
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Buscher rules (4.2), we find

1 — T = M. T,
T,=— T,=—-2 T =Tm — -2 + 2 4.41
Yy 7 ’ Y 62 ) m Tm CQTy 52 5 ( a)
M ~ ~ ~
Tp=="%, Ewn=FEm, Euy=0, &=0-In7,  (441b)
Yy
~ ~ M — M,
Mmy = Tﬂ ) an = mn — o n nY Tm 5 (4410)
Ty Ty

Furthermore, taking the double scaling limit ¢,¢ — oo of (4.41) reproduces the
expressions in (4.27) with a fixed Stueckelberg symmetry (see section 2.3).
Similarly, we parametrize the dual RR potential in relativistic string theory as

C'D =2 N@2) pAp4 N@D Cfl//(q) — o2 (ﬁéqﬂ) A+ N@2) A Zy) + N;q) ,

(4.42)

where N(@ and ]stq) are dual RR potentials in nonrelativistic string theory. Note that
~ 1= -~ 1 - _ o

= §T/\T7 by = i(TTy —T,T), T=TadY", T=T,dY". (4.43)

To facilitate the calculation, we first rewrite Ty, T, Mmy and M, from (4.41) in
terms of differential forms, with

M, - M, — ~ My N
T="Y, T=r-5¥ 4+, My=_, M=M-"2""_  (444)
Ty c“Ty € Ty Ty

Plugging the above ingredients into the relativistic RR Buscher rules (4.14) gives

~2 v(a—2) N (g—2
< (N?Sq—Q)/\f_/\My_}_N(q—Q)/\i_) +N§q) N NI AT AM, + N2 AT
27y 271y
- -1) , - -1
_ c2N§q IAF L NG Néq )/\7"
27y 27y
(4.45a)
and
E2NE=2 AT A M, L@ N2 A1 A M,
2Ty 27y b
4.45
NI AM, AT . . NSTYA M, AT (450)
= — Y _|_Ny(fI+)_|_N(q—)/\My+ Yy '
27y 271y
Solving for Néq) and N (@) we find
(g—1)
N -y _ N AT (4.462)
y 7,
(g—1)
N(Q) — NZSQ+1)+ N(q—l) A My + Ny A My NT ’ (4.46b)

Ty

reproducing the Buscher rules in (4.31) with a fixed Stueckelberg symmetry.
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o Transverse T-duality. In the presence of the transverse Killing vector k™ as spec-
ified in (4.32), we learned from section 4.2.3 that the T-duality transformation along
the associated spacelike isometry in the transverse sector relates nonrelativistic string
theories compactified over dual spacelike circles. The Buscher rules for transverse T-
duality have been shown in [13] to arise from taking the nonrelativistic string limit of
the relativistic Buscher rules in (4.2). This is done by first rewriting the background
fields as in (4.35) and similarly for the dual fields as

G/]\/[NZC2TMN+E[MN, EMN:_C2€MN+§MN7 i)/:i)—klnc, (4.47)

followed by plugging (4.35) and (4.47) into the relativistic Buscher rules in (4.2).
Note that the longitudinal vielbein field TMA does not transform under the transverse
T-duality. The same procedure can also be applied to the RR potentials. In analog
to (4.35), we parametrize the dual relativistic RR potentials as

00 = 2 N g4 G0, G = 2D A g4 O (4.48)

While C@ = €™ = 0 for ¢ < 0. Plugging (4.35), (4.47) and (4.48) into the
Buscher rules (4.14) for RR potentials in relativistic string theory, and noting that
TyA = 0 in the presence of the transverse Killing vector £, we find

) A H,
Hyy

i A H,
Hyy 7
(4.49a)

ACTI AL+ Clth = ¢ <c<q2> - ) AN+ C9 —

and

ACU2D A0+ C@ = 2 <Cy 7

_ -2
@, C“ A H, +Cf )/\Hy/\By> o
vy

(4.49b)
ceYaH, "V AH,AB,
+ .
Hyy Hyy

+ Ol

Solving for C@ reproduces the RR Buscher rules (4.34) under the transverse T-
duality.

5 Conclusions

In this paper, we generalized the worldvolume actions that describe D-branes in nonrela-
tivistic string theory by including RR potentials. Using nonrelativistic D-branes as probes,
we initiated a systematic classification of duality transformations for D-brane actions with
diverse worldvolume dimensions in nonrelativistic string theory. This study uncovers a
class of nonrelativistic duality transformations that are distinct in nature from the ones in
relativistic string theory, and lead to novel dual D-brane actions. These results are fur-
ther corroborated by carefully performing the stringy and membrane limits of relativistic
string and M-theory, respectively. Such limits involve nontrivial cancellations among the
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background metric, Kalb-Ramond and RR fields and elegantly reproduce the finite dual
D-brane actions that we found from the first principles method. A general p-brane limit of
the associated relativistic Dp-brane action has been considered in appendix A, leading to
other corners of relativistic string/M-theory that exhibit nonrelativistic behaviors.

While our analyses focused on the bosonic sector, we have not addressed the structure
of the fermionic sector for the full supersymmetric nonrelativistic brane action propagating
on a supergravity background that generalizes the string Newton-Cartan geometry.?® For
example, it is important to understand how to incorporate local kappa symmetry for nonrel-
ativistic D-actions, which arise in the nonrelativistic string limit of the kappa-symmetric
relativistic D-brane constructed in [87, 88]. Also see [22, 46, 72, 73] for previous works
on the kappa-symmetric nonrelativistic p-brane action that arises as the p-brane limit of
the relativistic p-brane. The supersymmetric generalization of the p-brane limit in flat
spacetime is studied in [72], and its curved-spacetime generalization is recently introduced
in [20].

We have studied the duality transformation of the nonrelativistic D4-brane by du-
alizing the worldvolume U(1) gauge field. This leads to the nonrelativistic M5-brane in
ten-dimensional membrane Newton-Cartan geometry. Nevertheless, future work is still
required for attaining a closed form of the nonrelativistic M5-brane action. Moreover, it
would be highly interesting to apply the techniques developed in this paper to dualize the
worldvolume U(1) gauge field for Dp-branes with p > 4. For example, the nonrelativistic
NS5-brane action can found from S-dualizing the nonrelativistic D5-brane action (or, from
a direct dimensional reduction of the nonrelativistic M5-brane). Along these lines, a hi-
erarchy of nonrelativistic Dp-brane actions and their duals can be built. This would also
generalize the atlas of relativistic exotic branes to their nonrelativistic counterparts.

There are also numerous other future directions for which the concepts and techniques
derived in this paper can be useful. First, the stringy limit has been applied to ten-
dimensional heterotic superstring theory in [20], where there are no RR potentials. It would
be fascinating to apply the stringy limit proposed in this paper to Type I and II supergravity
in ten-dimensions, where RR potentials are present, and compare with the membrane limit
of eleven-dimensional supergravity that has been studied in [33]. This would also make
it possible to construct an S-dual invariant nonrelativistic Type 1IB supergravity action.
Moreover, the inclusion of RR potentials forms an essential step for looking for possible
black hole-like solutions to the nonrelativistic supergravity equations of motion, as well
as a top-down construction of nonrelativistic holography. Secondly, one may also add a
cosmological constant term (or a total derivative term) as [89, 90] did for massive IIA
supergravity theory. It would be interesting to examine how this modifies nonrelativistic
brane actions and T-duality transformations. Finally, we only considered the low-energy
effective action of nonrelativistic D-branes. The full D-brane dynamics are characterized
by Witten’s cubic bosonic open string field theory [91], while the (non-abelian) Born-Infeld
action arises from integrating out all the massive modes in the string field theory. It would
be interesting to understand how the analog of open string field theory can be formulated
in nonrelativistic string theory.

263ce [20] for a supersymmetrization of string Newton-Cartan geometry.
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A Dp-branes in a p-brane Newton-Cartan geometry

In section 3.2.2, we discussed both double and direct dimensional reductions of nonrelativis-
tic M2-branes along a longitudinal spacelike isometry. These nonrelativistic M2-branes are
coupled to an eleven-dimensional membrane Newton-Cartan geometry equipped with a co-
dimensional three foliation. These reductions lead to the actions that respectively describe
fundamental strings and D2-branes in nonrelativistic string theory, where the spacetime
geometry is string Newton-Cartan geometry equipped with a codimension-two foliation. In
this appendix, we consider a direct dimensional reduction of the same nonrelativistic M2-
brane action but now along a transverse isometry [47]. We first review how this procedure
gives rise to a nonrelativistic D2-brane action that is coupled to a ten-dimensional mem-
brane Newton-Cartan geometry, which inherits the three-dimensional foliation structure
from nonrelativistic M-theory. We then propose a membrane limit of relativistic string
theory that leads to the same nonrelativistic D2-brane action. One may then use such
D2-branes as probes for understanding the membrane limit of relativistic string theory.
The corners of the string and membrane limits of relativistic string theory are in this sense
unified under the notion of nonrelativistic M-theory. We then discuss general p-brane limits
of relativistic string theory [8].

We begin with a review of the transverse dimensional reduction of nonrelativistic M2-
brane [47]. Consider the M2-brane action (3.27) in the most general form,

1
Smz2 = -3 /d3YM7'”V H,, — /A/(S), (A.1)

where
H, =0,X70,X7 Hy;, A'® =08,x79,Xx79,x A, T=0,1,---,10, (A.2a)
Vv =V T =0, X A", uw=0,1,2. (A.2b)

Here, X7 are coordinates of the eleven-dimensional target space. Unlike Hy 7 in (3.29),
where the components that contain the tenth spatial index are set to zero, now, all entries
in H l/U/ can be nonzero. We require that the M2-brane is localized in the transverse isometry
direction © = X0 which we compactify over a circle of radius Rjo. Gauging the isometry
by introducing a pure gauge field v,, we write the gauged form of (A.1) as

1
Sgauged = _5 / d3Y\/ _’7/ ’Y/'Lw Hl/“/ — / (A/(3) + v A F) . (A3)
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We take the following Kaluza-Klein reduction ansatz:
H), =3 [H,, + e (¢ +D,0) (¢V + D,0)] | (A.da)

Yy =€ 2B, A®=_Cc® 1 BADO, D,©0=0,0+v,,  (Adb)

where v, = 7,% 7" 0y, is a rank-three matrix. In terms of the one-form V' = cW + Do,
we write (A.3) as

1
Sgauged = D) /d3Y 67@\/_77’7“11 (H;u/ + &% Vi V[/) +/(C(3) +FA cM —FA V).
(A.5)

Integrating out V), in the path integral leads to the dimensionally reduced action

1 1
Sb2 = —3 / P*Y e/~ (w Hyu + 59" 7 Fup }"W> + / (0<3> +F A c<1>) .
(A.6)

2T coupled to ten-

This action reproduces the one in [47] and describes Galilean D2-branes
dimensional membrane Newton-Cartan geometry, which has a codimension-three foliation.
This theory is different in nature from (3.17) that describes nonrelativistic D2-branes cou-
pled to string Newton-Cartan geometry. Upon performing an S-duality transformation on
the D2-brane action (A.6) by following the same procedure detailed in section 3.2.1, the
original M2-brane action (A.1) is recovered.

In a flat limit with ~,, = diag(-1,1,1), H,, = Qﬂr“l 9, and B=CW =00 =0,
the D2-brane is orthogonal to the transverse directions and extends in the longitudinal
directions. Here, 7% are Nambu-Goldstone bosons that perturb the shape of the D2-brane
in the transverse directions, with v’ = 3,--- ,9. We also assume that ® = ®( is a constant,
which determines the string coupling gs = e®0 = ¢2,;, with gy, being the Yang-Mills
coupling. At the quadratic order in field perturbations, the DBI action (A.6) gives

1 1 1 / /
S (4 Fyuy ' + 2 0y 97" ) . (A7)
9ym

This quadratic action is relativistic. It is also possible to consider Galilean D2-branes
transverse to one or both of the longitudinal spatial directions, in which case a nontrivial
geometry background is required for the effective gauge theory to be well defined.

It is also possible to derive the same D2-brane action (A.6) as a limit of the action (3.40)
describing D2-branes in relativistic string theory. We start with the following ansatz:

Gun =P yun + ¢ Hyn CW =3 oW d=0, (A.8a)
Fun =3 Fun, C'J(\S})NL = e P N 1LY €uow + CJ(\EI)NL . (A.8b)

Plugging the above ansatz into (3.40), which we transcribe as

Spy = — / By e_é\/ —det (G + Four) + / (CO+COAF), (A.9)

27See [8] for the origin of the terminology “Galilean Dp-brane”.
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we find that

- A A 1 1
eq)\/— det (GW + ]:W) =%/ <c2 + 3 Y Hy + 1 ]-"‘“’]-"W> + 0(072) ,
(A.10a)
L (60) 4 3CW F) = et T4 ke (0, 4300 F,), (Aob)
o vp) — v 3! vp ) .

31 pvp pvp p

and thus (A.6) is recovered in the ¢ — oo limit. This membrane limit of relativistic string
theory generalizes the one initially considered in [8].

To further continue the study of this sector that is defined from the ¢ — oo limit with
the prescriptions given in (A.8), it would be useful to understand whether fundamental
strings can be defined. It would also be intriguing to consider T-duality transformations
of the action (A.6) and look for a notion of general Dp-brane actions in ten-dimensional
membrane Newton-Cartan geometry. In particular, if one could make sense of a D1-string
action in ten-dimensional membrane Newton-Cartan geometry, it would be possible to
study the associated fundamental strings by performing an S-duality transformation of
D1-strings. We will leave the studies of extended objects other than Galilean D2-branes in
membrane Newton-Cartan geometry to the future.

Finally, it is also possible to generalize the two-brane limit of the relativistic D2-brane
action, defined by the prescriptions in (A.8), to other p-brane limits of the associated
relativistic Dp-brane action. We start with the Dp-brane action (2.45) in relativistic string
theory, which we transcribe below:

gDp = — /dp+1Ye_‘i>\/— det (éuy —*—]‘A—m/) +/Zé(q) A 6]:' (A]_l)
q p+1
Consider the following ansatz that generalizes (A.8):
Gun = yun + P Hyw, Fun =B P2 Fyy o=a, (A.12)
and
CA(](\I/;;T..)MP - Cp+1 eiq) ’VMOuO o 'VMpuP €ug---up + 01(\14)3_13\/[19 ) (A'13a)
C@ = c1(=3)p—a+1) 09 g<p+tl. (A.13Db)

When p = 2, upon redefining ¢ — ¢*/3, the ansatz (A.8) is recovered. Note that the
parametrizations for Gy and O+ match (2.58) for the p-brane limit (up to a rescaling
of C?+1) before identifying it with A®+1) in (2.58)). The ¢ — oo limit of (A.11) gives

)

p+1
(A.14)

1 1
S}’)p =—3 /deYG—CD = (’y’“’ H,, + 3 Y P Fo ]:W> + /Z C@D A F
q

which describes the so-called Galilean Dp-brane first proposed in [8]. A Galilean Dp-brane is
coupled to a ten-dimensional p-brane Newton-Cartan geometry. It is then a straightforward
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exercise to dualize the U(1) gauge field in (A.14) and derive various actions that describe
S-dual objects in Type IIB or membrane configurations in M-theory. This may improve
our understanding of p-brane limits of relativistic string/M-theory. Moreover, it would be
intriguing to derive the Buscher rules associated with T-duality transformations under the
p-brane limits. This will help us understand how to define extended objects other than the
Dp-branes in (A.14) within these corners.

B Stueckelberg transformations of Buscher rules for RR potentials

In this appendix, we apply the infinitesimal version of the Stueckelberg transforma-
tions (2.32) and (2.38) to the Buscher rules containing RR potentials. The infinitesimal
Stueckelberg transformations of B,,,, H,, and C@ are
OeHyn = — (TMA P+t ﬁMB) nap, 0CW=-CUPN5B, q>2, (Bla)
0¢Bun = (TMA fNB - TNA fMB) €AB> 550(0) = 550(1) =0. (B.1b)
In the following, we analyze how the Buscher rules (4.25), (B.8) and (B.11) for RR-

potentials transform under these Stueckelberg symmetries. This serves as an extra check
of the Buscher rules derived in section 4.

e Longitudinal spacelike T-duality. For the T-duality transformation along a lon-
gitudinal spatial isometry that we denote by y, the associated Buscher rules are given
in (4.25), with

- Cy I nT)  CUS A (Hy A+ Hy f)  CF Y AH AL

Cl@ ==l - 1 B |
Tyy Tyy Tyy
(B.2a)
(¢—1) (1)
C@ = olat)) 4 ola=1) A B, + Gy A (By ATy A Hy ANy + Hy, 5)
’ Tyy
+ CU=3) A By A (Hy Ay + Hyy £) n C?E,q_g) NBy NHyNL . (B.2b)
Tyy Tyy

Note that 556(‘1) = 5563,(,‘1) = 0 because C@ and 5’;‘1) are RR potentials in the
DLCQ of relativistic string theory. Therefore, the r.h.s. of both equations in (B.2)
must vanish under (B.1). We start with analyzing (B.2a) and varying with respect
to (B.1) gives

By ATy + Hy Ay + Hyye)
Tyy

5552511) — =3 A J¢ (B _

L CY= N (B A i) + d¢Hy ) + L ClO N6BANH N (B.3)
Tyy Tyy

1
— — A [563 N (Hy Ny + Hyy g) — 0¢By N H, /\4 ’
Tyy
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C(‘Z*5)

The terms proportional to C(¢=3) and Y vanish due to

5€§:B_ByAr§1)+HyA£y+Hyye:

0, deBNL=0, (B.4)
Tyy

where B is the T-dual Kalb-Ramond field in (4.17). Furthermore, we write the
components of (B.1) that are relevant to (B.3) in terms of differential forms as
5§H = — (TAfyBJrTyAfB) NAB » 5§B:TA/\6B6AB, (B.5a)
6¢By = (r4€) 7 €% ) ean,  (B.5D)
where ¢4 = ¢,,4dY™. Substituting (B.5) into (B.3), and using the identities,

€AB'lcp = —€cA'lBD ~ €BCTIAD €A €cp = NapIBc — MAC"IBD > (B.6)
we find that the C{*"® and C(?=%) terms also vanish which is consistent with 6.C{? =0.
Next, we prove the invariance of l(,q) under (B.1). Varying the r.h.s. of (B.2b)
with respect to (B.1), and applying (B.4), we find
~ 1
0¢C'D = — Cl= A [6:B A (6, N Hy = By A7iD) + (3¢By A Hy + By A dcHy) A

Y
Tyy

_ Lot By AHy A (6¢B ALy +8¢By A1)
Tyy

(B.7)
These contributions vanish upon substituting (B.5) directly into (B.7) and using (B.6).

e Longitudinal lightlike T-duality. The Buscher rules of the RR potentials along
a longitudinal lightlike isometry y are given in (4.31), with
(q—1)
Clo = ol — M7 (B.8a)

Ty

C?Sqfl) ANByNT

5@ = gl 4 ¢ A B, 1 . (B.8h)
Yy
We use (2.38) to find that
5.0 — _Cla=9) <5 B_ 553@/”) L otas) ) BT (B.9)
y 3 - Y - )
Y Yy
500 — —caD (6.8 %BNTY a9 5 g (68— Bu T
] 3 - Yy 3 -
Y Y
BAB
_ C@SH) A 9eBAByAT . (B.9b)
Ty

Applying (B.1) and the Buscher rules (4.27), (B.9) can be rewritten in terms of the
T-dual fields, with

5:C 0 = —CU=2 A 4B, (B.10a)
308 = —Cl=D N 6B, — ClT™D NGB, (B.10b)

~ 54—



reproducing the Stueckelberg transformations of C@ and ééq) in nonrelativistic string
theory.

e Transverse T-duality. In the presence of a transverse isometry y, we record the
RR potentials’ Buscher rules (4.34) for convenience

(g—1)
ol — gl _ G NHy (B.11a)
Y Hyy
(¢—1)
6@ — ol 4 olan) p g, 4 G A By Ny (B.11b)

Hyy
Using (2.38), we find
(g—-3) (4-3) _ D)
C A 5§By +Cy A 5§B NH, Cy A (SgHy

Hy, ’
(B.12a)

5¢C\D = —CU™3) NGB +

5:0@ = _CZSq—l) A (653 _ 0¢By NHy + By A 5§Hy>

HZJ?J

o, <6£BABy+ 5§By/\By/\Hy> 9 A 0¢B A By NHy

Hyy Hyy
(B.12b)

Applying (B.1) and the transverse Buscher rules (4.33), (B.12) can be rewritten in
terms of the T-dual fields as in (B.10). This reproduces the Stueckelberg transfor-
mations of the T-dual RR potentials in nonrelativistic string theory.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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