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Abstract

This paperexplicitly solvesa dynamicportfolio choiceproblemin which aninvestor allocates

his wealthbetweena risklessanda risky asset.The solution shows that insights gainedfrom

studying staticportfolio choiceproblemsdo not necessarilycarryover to dynamicchoiceset-

tings. For example,even thoughthe risk premiumof therisky assetin theproblempresented

hereis strictly positive, holdingsof that risky assetmight increasewith risk aversion. More

surprisingly, a risk-averseinvestormight take a shortposition in therisky asset.Thefindings

suggestthatusingstockholdingsasa proxy for risk aversionmaybe inappropriate.Finally, I

show thatvolatility might not preventa risk averseinvestor from holding aninfinite amountof

a risky asset,contraryto HarryMarkowitz’s insightson thestaticportfolio choice.



1 Intr oduction

Many studieshavebeendoneon dynamicportfolio choiceproblemssincetheseminalwork of

Merton(1969,1971).However, with theexceptionof Kim andOmberg (1996),mostsolutions

to theseproblemsaremerelynumerical,andthoseexplicit solutionsthatareavailablearestatic

in nature[for example,Merton (1969,1971)]. Therefore,thesestudiesdo not provide much

insight into dynamicchoice.

The goal of this paperis twofold. First, I explicitly solve a problemof dynamicchoice

betweena risklessand risky asset. I study the comparative staticsof the optimal portfolio

weightof therisky asset.1 Second,usingthederivedportfolio weight, I show thatqualitative

differencesexist betweendynamicandstaticportfolio choice. For example,two well-known

fundamentaltheoremsprovide intuition on staticportfolio choice:Namely, a risk averseagent

(that is, investor)will hold a strictly positive amountof a risky assetanda more-risk-averse

agentwill hold lessof a risky asset,providedthat therisk premiumis strictly positive. I show

that,in thedynamicsetting,boththeoremsareviolated.

This paperusestheframework developedby Merton(1969,1971). Theagentchoosesthe

proportion of his wealth to investbetweentwo assets,a risklessassetanda risky one. The

risklessassethasa constantreturn. Both therisky assetreturnandthe instantaneousvariance

of the risky assetreturn follow diffusion processes.The risk premiumis a power function
1 Becausethereareonly two assetsin the problem, the portfolio weight of the risklessassetis known once

theportfolio weightof therisky assetis known. Therefore,in theremainderof this paper, I refer to theportfolio

weightof therisky assetasthe“portfolio weight”.
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of the volatility.2 The agentrebalanceshis portfolio position continuously to maximize his

utili ty which is a power function of end-of-periodwealth.3 The optimal portfolio weight is

derived explicitly as a function of the instantaneousvolatility, the constantinterestrate, the

investmenthorizon, the constantrelative risk aversioncoefficient, and the parametersof the

volatility process.

Theoptimal portfolio weight in generaldependson thevolatility of the risky assetreturn;

therefore,the agentmust time the volatility. The dependenceof the portfolio weight on the

volatility is determinedby theinstantaneousmarket priceof risk (IMPR), which is theratio of

the instantaneousrisk premiumover the instantaneousvariance.If the IMPR is increasingin

thevolatility, thereturnfor bearingtherisk is highathighvolatilities;therefore,theagentholds

morerisky assetswhenthevolatility is high. Conversely, if theIMPR is decreasingin volatility,

thenthereturnfor bearingtherisk is low athighvolatilitiesandtheagentholdslessof therisky

assetwhenthevolatility is low.

The optimal portfolio weight is a monotonic function of the investmenthorizon. For ex-

ample,whenthe correlationbetweenthe instantaneousSharperatio (ISR) (which is the ratio

of instantaneousrisk premiumover the instantaneousvolatility) and the risky assetreturn is
2 Merton (1980) pointedout that the risk premium is crucial to portfolio choice and is difficult to estimate

empirically. He proposedthattherisk premium might dependonpowers of volatility, with thepower beingeither

0, 1, or 2.
3 Becausethe interestrateis constant,onecanalsogetexplicit solutionsfor themoregeneralhyperbolic risk

averse(HARA) utility.
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negative, 4 a conservative agentwill hold morerisky assetsover a longerinvestmenthorizon,

whereasanaggressiveagentwill hold fewer risky assets.5 On theotherhand,whentheinstan-

taneouscorrelationbetweentheISR andtherisky assetreturnis positive,a conservativeagent

will hold fewer risky assetswhereasanaggressiveagentwill holdmore.

Themoststriking featureof theoptimalportfolio weightis its dependenceonrisk aversion.

If theinstantaneouscorrelationbetweentheISRandtherisky assetreturnis negative,thegraph

of theportfolio weightasafunctionof risk aversionmaydisplayahumpedshape–startingfrom

negativeinfinity atanon-zerominimumrisk aversion,increasingto amaximumatafinite value

of risk aversion,andthendecreasingto zeroastherisk aversiontendsto infinity. In otherwords,

agentswhoarecloseto beingrisk-neutralwill shortaninfinite amountof risky assets,whereas

someotheragentswill shorta finite amount,andstill otherswill hold a positive amount.This

is sodespitethefact thattherisk premiumis strictly positive! This finding is in directcontrast

with theriskaversiondependenceof thestaticportfolioweight,whichis positiveanddecreasing

for all levels of risk aversionif the risk premiumis positive. For all othercases,the optimal

dynamic portfolio weight decreaseswith the risk aversiondependence;however, the optimal

portfolio weightcanbeinfinitely largeandpositive for anonzerominimumrisk aversion.

Although many researchers have studieddynamicportfolio choicesinceMossin (1968),

Samuelson(1969),andMerton (1969,1971),it seemsthat few have attemptedto understand
4 In otherstudies,thetermsinstantaneousmarketpriceof risk (IMPR) andinstantaneousSharperatio (ISR)are

usedinterchangeably. In this paper, �����
	�������� ��� .
5 Throughout thepaper, I referto agentswith aconstant relativerisk aversion(CRRA) largerthan1 as“conser-

vative” agentsandthosewith a constant relative risk aversionlessthan1 but largerthan0 as“aggressive” agents.

Notethataggressive agentsareneverthelessrisk averse.
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thequalitative differencesbetweendynamicandstaticchoicethatarisefrom rebalancing.One

notableexceptionis the work of Kim andOmberg (1996),who studiedthe dynamicchoice

problemin which the risk premiumis time-varying. However, Kim and Omberg’s counter-

intuitive resultsmight be attributed to the negative risk premiumin their model. It is well

known that risk averseagentswill short risky assetsand that the portfolio weight of a risky

assetincreaseswith risk aversionin staticchoiceproblemsif therisk premiumof therisky asset

is negative. But, in the stochastic volatility modelstudied in this paper, the risk premiumis

alwayspositiveandtheshortrateis constant,sothecounter-intuitiveresultcancomeonly from

theeffectsof dynamicrebalancing.

Recently, therehave beenseveral studieson portfolio choiceproblemsin which the risky

assetreturndisplaysstochasticvolatility, includingLiu (1998)andChacko andViceira(1999).

Liu assumesthat the risk premiumis proportional to the varianceof the risky assetreturn

whereasChacko andViceira (1999)assumethat the risk premiumis independentof the vari-

ance.In thispaper, I consideramoregeneralrisk premium.Moreimportant,neitherLiu (1998)

norChacko andViceira(1999)studiesthedifferencesof thedynamicandstaticchoices,which

is thefocusof thispaper. Longstaff (2000)studiestheeffectof liquidity onportfolio choice.In

hispaper, therisky assetreturndisplaysstochastic volatility andtheagenthaslogarithmic util-

ity. Liu, Longstaff, andPan(2000)studytheeffectsof jumpsin bothstockreturnandvolatility.

Finally, Ang andBekaert(1998)andDasandUppal (2000)studyportfolio problemsthatcan

beviewedasalternativespecificationsof thestochasticvolatility.

Theremainderof this paperis organizedasfollows. In section2, I specifytheassetprice

dynamics and the utility function of the agent. In section3, I derive the optimal portfolio

4



weight, studyits comparative statics,anddiscussits dependenceon the volatility andthe in-

vestmenthorizon. In section4, I review two importantpropertiesof staticportfolio choice. I

thenshow thatstriking differencesexist betweendynamicportfolio choiceandstaticportfolio

choice. Section5 gives conclusionremarksandthe Appendixprovidesfurther detailson my

calculations.

2 Model

In thissection,I specifythestochastic volatility modelandtheutili ty functionof theagent.

2.1 AssetPrice Dynamics

Thepriceof therisky assetsatisfiesthefollowing equation:�������������� "!$#&%('*),+-� . !/���10 %2����34�65
(1)

To focuson stochasticvolatility, I assumethat theshortrate
 

is constant.6 Therisk premium#&%('*),+-�
, where

#
and 7 areboth constants,hasCEV (constantelasticityof volatility or vari-

ance)).7 Without lossof generality, I assumethat
#98;:

. This meansthat therisk premiumis
6 Liu (1998) studiesa portfolio choiceproblem in which boththeshortrateandthevolatility of stockreturns

arestochastic.
7 Thereis an important differencebetweenpredictability andstochasticvolatility models. In the caseof pre-

dictability models, the volatility is implicitly assumedto be constantwhile predictability specifiesthe risk pre-

mium. In stochasticvolatility models,thefocusis oftenonvolatility, andtherisk premiumis oftenleft unspecified

whenmarketsarecompleteandtheresearchersareinterestedonly in derivativepricing. As Merton(1980)pointed

out, for portfolio choiceproblems, the risk premium playsa critical role andit is difficult to estimatethe risk
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positive,which is economicallysensible.Thesolution alsoappliesfor
#=<>:

. In thisspecifica-

tion of theassetpricedynamics,theinstantaneous market priceof risk IMPR is
#
% +@?A'- andthe

instantaneousSharperatio ISR is
#&% + - . As I show laterin this paper, theIMPR determinesthe

volatility dependenceof theportfolio weightwhereastheISR determinestherisk aversionand

horizondependence.

2.2 Volatility Processand InstantaneousSharpeRatio

I assumeaninstantaneous varianceprocess%B�C�>D '+� (2)

where
DE�

is asquare-rootprocess,�FDE�C�G�1HJILK=DE� . �FMC!ONQP DE����3JR� 5
(3)

UsingIto’s lemma,onecanshow that theassumption for
%C�

is equivalent to directly assuming

thatthevarianceprocess
%B�

satisfiesthefollowing equation:�S%B�T� U7 %WVYX�Z� []\ H�! N�^_� U I 7 .` 7 IaKb%2Z�"c �FM�!dNe% + -� ��3 R�gfih 7$j�k:l5 (4)

Because
%l�

is a deterministic functionof a square-rootprocesswith thelong-termmean mn ,
%B�

is well-definedprovided mn 8o:
. I assumethat

Nqpr:
for definiteness.8 I assumethat the

premium. He proposesthreepossibleforms for the risk premium, s�tusAv(wxy t and szv y , which arespecialcasesof

my specification( {|�/}�~ , {��9� , and {|��~ in equation(1) respectively ). Subsequentempirical studieshave

yieldedconflicting resultson therelationbetweenvolatility andrisk premium; somestudieshave found positive

relationships,somehave found negative relationships,while still othershavefound norelationship.
8 Thereis no lossof generality because}e� should leadto the sameprocessfor the risky assetandvolatility

whenonechanges � �y to }e� �y and � to }C� .
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correlationbetweentheBrownianmotions
��3��

and
��3J��

is aconstantvalue � . Notethatthein-

stantaneouscorrelationbetweenassetreturnshocks
0 %�����34�

andvarianceshocks�Z % VYX�Z,� ^� ��3 R�
is �����F� � 7 . � : The instantaneouscorrelationbetweenthe two shocksis � when 7 pq:

and
I �

when 7 <�: .
Usingequation(2), theinstantaneousSharperatiocanbeexpressedas���l� �k#
%�+ -� ��#�D '- 5

Therefore,up to a proportional constant
#
^

, the statevariable
D

is the squaredinstantaneous

Sharperatio (SISR). As notedin Liu (1998),the indirectutility function is determinedby the

ISR (insteadof by theinstantaneousrisk premiumor theinstantaneousvolatility separately).I

amableto solve explicitly for the indirectutility function,andthusexplicitly for theportfolio

weightbecauseof thesimplespecificationof theSISRin equation(3). I should point out that

thedynamicsof thevolatility processin equation(4) arenotassimpleasthatof theSISR. Note

that the instantaneouscorrelationbetweenthe ISR or SISRandtherisky assetreturnis � and

doesnot dependon 7 , unlike theinstantaneouscorrelationbetweenthevolatility andtherisky

assetreturn.

A couplecomments are in order: First, when 7 � U , the return dynamics specifiedin

equations(1) and(2) is thesameasthatof theHestonmodel(1993).Hestondid notexplicitly

specifytheriskpremiumof thestockreturnbecausehisprimaryinterestwasoptionpricing. The

risk premiumof theform
#&%&�

wasproposedby Bates(1997)andusedin Bakshi,Cao,andChen

(1997). This form of risk premiumwasmotivatedby thecapitalassetpricing model(CAPM)

andwasoriginally suggestedfor any stochastic volatility model(andnot just theHestonmodel)
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by Merton(1980).Theportfolio selectionin theHestonmodelis studiedin Liu (1998).

Second,when 7 ��I U , thereturndynamicsspecifiedby equations(1) and(2) arethesame

asproposedby Chacko andViceira(1999).For thosedynamics,they studytheportfolio choice

problemwhentheagenthasrecursiveutility definedover intermediateconsumption.

2.3 Utility of the Agent

Theagent’sobjectiveis to allocatehiswealthbetweenarisklessassetwith constantreturn
 

and

therisky assetwith dynamicsspecifiedin equations(1) and(2) to maximizehis utility, which

is apower functionof end-of-periodwealth:

�]�u������ ��� � � � ¡ �£¢�¤ VYX ¥�U Ia¦¨§ h (5)

where ¤ � is end-of-periodwealthof a self-financingtradingstrategy © � :� ¤ ��� ¤ ��ª« ¬!$# © �1% '*),+-i �FM�! © � P %B�®�S3¨�65 (6)

Theutility over end-of-periodwealth(insteadof over intermediateconsumption) is chosenfor

threereasons.First,maximizing end-of-periodwealthwhile controlling for risk is theobjective

of many investors,suchasfundmanagers.Second,I wouldliketo studytheeffectsof theinvest-

menthorizononportfolio choice.Theconceptof aninvestmenthorizonis blurredwhenthereis

intermediateconsumption. Third,andmostimportant,themainfocusof thispaperis theeffects

of agents’risk aversiononportfolio choice.With powerutili ty over intermediateconsumption,

it is difficult to distinguishrisk aversionfrom elasticityof intertemporalsubstitution.
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3 Optimal Dynamic Strategy

Theoptimizationproblem(5) in theprevioussectioncanbesolvedaswasdonein Liu (1998).

Theproblemis first reducedto a Hamilton-Jacobi-Bellman(HJB) partialdifferentialequation

by usingthe principle of optimality, following Merton (1969,1971). The partial differential

equationis then solved by reducingit to an ordinarydifferential equation. This is possible

becauseof thespecificationof theassetdynamicsandutility functionin section2. Theoptimal

portfolio weightis givenin thefollowing theorem:

Theorem 1 (Optimal Portf olio Weight) Theoptimal portfolio weightis givenby

© �� � %i+@?A'-� #¦�¯ U ! UK°I VYX ¥¥ # � N]!O±�²�³A´¶µC��±A·B¸ ` . � U Ia¦ . # � N¦ ¹ (7)� %i+@?A'-� #��1Kº!O±�²�³A´¶µC��±A·B¸ ` .�.¦»�1Kº!O±¼²½³A´�µe��±z·¾¸ ` .�. I>� U Ia¦ . # � N (8)� %i+@?A'-� #¦�¯ U ! UK°I VYX ¥¥ # � N]!d¿Q²½³A´,�À¿�·¾¸ ` . � U Ia¦ . # � N¦ ¹ (9)� %i+@?A'-� #��1Kº!d¿Q²½³A´,�À¿�·¾¸ ` .�.¦»�1Kº!d¿Q²½³A´,�À¿�·¾¸ ` .�. IÁ� U I9¦ . # � N h (10)

with
·]�ÁÂ$I9M

,
±£�ÄÃ K ^ I VYX ¥¥ � ` Kb# � N|!/# ^ N ^ . , and

¿E�ÅI4ÆÀ±
.

The proof of this theoremis in the Appendix. In equations(7) and(9), the first term is what

Merton called the “myopic component”and the secondterm is the “intertemporalhedging

component”. When
¦Ç8 U , the parameter

±
is real for all

·r8 :
. When

¦Ç< ¦ÉÈCÊÌËkÍ
U I n -Î n�Ï�ÐÒÑ �½Ó - Ï�Ð - � - Î VYX Ñ - Ó h ± is purely imaginary. In this case,

KÔ^"I VYX ¥¥ � ` Kb# � NÕ!k#B^¶N�^ . <q:
and

¿(�TI¨Æ1±
is real. Theabove expressionsarevalid evenwhen

±
or
¿

arepurely imaginary.

Theportfolio weight is givenin both
±

and
¿

becauseat leastoneof themis realandit is con-
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venientto work with real variables.Notealsothat theoptimal dynamicportfolio weightdoes

notdependon thelong-runmean mn of thevarianceprocess
%

.

3.1 ComparativeStatics

I now turn to thedependenceof theportfolio weighton thevariousparametersthatspecifythe

assetdynamics.Becausethemyopiccomponentdependson theparametersin a simpleway, I

focusmainlyon theintertemporalhedgingcomponent.

First,asnotedearlier, theportfolio weightdoesnotdependontheparameter
H
, whichspec-

ifies thelong-termmeanof thestatevariable.This is fairly obvious: Thelong-termmeandoes

not characterizethechangesin theopportunity set,andthereforedoesnot affect the intertem-

poralhedgingcomponent.

The following proposition describesthe dependenceof the magnitude of the intertempo-

ral hedgingcomponenton the otherparameters:the mean-reversion
K

, the volatility of the

volatility
N

, thecorrelation� , andtheparameter
#

thatdescribestherisk premium
#&% '*),+- .

Proposition1 (ComparativeStatics)Themagnitudeof theintertemporal hedgingcomponent

is decreasingin
K

, increasingin
N

for
¦9< U , increasingin themagnitudeof � for

¦Öp U , and

increasingin
#

when
� U I9¦ . � p×: .

The proof of this proposition is in the Appendix. Although proposition 1 is proved for the

variousrestrictions, I believe it is alsotrue without thoserestriction. The resultsareintuitive

but not easyto prove, evenwith explicit solution givenin equations(7-10). To thebestof my

knowledge,nootherpaperin theliteratureprovidesproofof similar results.

10



Note that the intertemporalhedgingcomponenthasthe samesign as
� U I�¦ . � anddoes

not changesignsasa function of the investment horizon. Thus,oneneedsto studyonly the

magnitudeof theintertemporalhedgingcomponent;themagnitudeis largerwhenthedynamic

hedgingeffect is larger.

Considertheeffect of
K

. Because
K

is themean-reverting parameterof thestatevariable

[equation(3)], thelargerthevalueof
K

, thefaster
D

revertsbackto its mean mn andthefaster

changesin thestatevariablearedampedout,whichshouldleadto a smallerhedgingeffect. In

fact,when
KÙØ !�Ú

while keeping mn fixed,
DE�

is equalto its mean mn andtheintertemporal

hedgingeffect is zero. Therefore,the magnitudeof the intertemporalhedgingcomponentis

decreasingin
K

. Note that when
K

is negative, the statevariablebecomesexplosive (it is

no longerstationary).And themorenegative
K

is, themorevolatile thestatevariableis and

the larger the dynamichedgingeffect will be, which leadsto a larger intertemporalhedging

component.

Ontheotherhand,thestatevariableismorevolatilewhen
N

is large.Therefore,thedynamic

hedgingeffect should be largeandthemagnitudeof the intertemporalhedgingcomponentin-

creaseswith
N

.

Thesignof the intertemporal hedgingcomponentdependson thesignof thecorrelation�
(aswell as

¦
). Whenthecorrelationis zero,therisky assetcannotbeusedto hedgethechanges

in theopportunity setandtheintertemporalhedgingcomponentis zero.Becausemorechanges

in theopportunity setcanbehedgedwith a largermagnitudeof correlation,themagnitudeof

theintertemporalhedgingcomponentwill belarger.

The larger the risk premiumparameter
#
, the larger the position of the risky assetin the
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myopic component,andthereforethelargerposition to behedged,sothatthemagnitudeof the

intertemporal hedgingcomponentis increasingin
#
.

3.2 Volatility Timing

Proposition2 (Volatility Timing) Theoptimal portfolio weight is decreasingin volatility if

IMPR is decreasingin volatility ( 7 < U ); and increasingif IMPR is increasingin volatility

( 7 p U ). Theratio of myopiccomponentandintertemporal hedgingcomponentis independent

of thevolatility.

Theproof is obvioususingTheorem1. Proposition2 impliesthattheagenttimesthevolatility

aslongas 7×j� U . Theintuition is clear. WhentheIMPR is increasingin volatility ( 7 p U ), the

returnfor bearingrisk alsoincreaseswith volatility; therefore,theagentwill hold morerisky

assetswhenthevolatility is high. WhentheIMPR is decreasingin volatility ( 7 < U ), thereturn

for bearingrisk alsodecreaseswith volatility; therefore,theagentwill hold lessof risky asset

whenthe volatility is high. The constantratio of the myopic componentto the intertemporal

hedgingcomponentis dueto thespecificationof theCEV risk premiumandvarianceprocesses.

In general,this featureof theconstantratio is not true.

Proposition2 providessomeperspective on the so-calledflight-to-quality phenomenon,

whichrefersto investorsmoving capitalfrom stockmarketsto governmentbondmarketswhen

the stockmarketsaremorevolatile thanusual. Accordingto proposition 2, investors should

invest lessin the risky assetif the IMPR decreaseswith volatility, assuming everything else

(including the wealthof the agent)constant.On the otherhand,if the IMPR increaseswith

12



volatility, investorsshoulddo theoppositeandinvestmorein therisky assetwhenthevolatility

is high.

3.3 Investment Horizon

Whenassetreturnsdisplaystochasticvolatility, the optimal portfolio weight dependson the

investmenthorizon,contraryto thecasewhenassetreturnsaredistributed independentlyover

time.

Definition 1 (Aggressive, Logarithmic, and Conservative Agents)An aggressiveagent is a

risk averseagentwith constantrelativerisk aversion
¦

smallerthan1; a logarithmic agent is

a risk averseagentwith constantrelativerisk aversion
¦

equalto 1; a conservativeagent is a

risk averseagentwith constantrelativerisk aversion
¦

greaterthan1;

The portfolio choiceof conservative agentsis very different from that of aggressive agents

becausetheirutility functionsarequalitatively different,asshown in figure1.

Thehorizondependenceof theportfolio weightis summarizedby thefollowing proposition.

Proposition3 (Horizon Dependence)

For conservativeagents(
¦�p U ), the optimalportfolio weight is smaller than the myopic

componentand is decreasingas a function of the investmenthorizon if � pÇ:
; the optimal

portfolio weightis greaterthanthemyopiccomponentandis increasingif � <�: .
For aggressiveagents(

:]<×¦Ô< U ), theoptimalportfolio weightis greaterthanthemyopic

componentandis increasingasa functionof theinvestmenthorizonif � p$: andalwaysgoesto

infinity when
¦

is closeto 0; theoptimalportfolio weightis smallerthanthemyopiccomponent

13
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This figure characterizestheutility function of variousagents.Theutility function of anaggressiveagent ( ÛÝÜ=~ )
is boundedfrom below by zeroandunboundedfrom above; theutility functionof a logarithmic agent( Û£�a~ ) is

unboundedfrom below andabove; theutility function of a conservative agent( ÛßÞÖ~ ) is unboundedfrom below

andboundedfrom above by zero.

Figure1: Utilit y Functionsof VariousAgents
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andis decreasingif � <Å: andcouldgo to positive infinity at a finite horizonif
¦

is closeto 0

and
` K � !$#BNÖp$: .

In all cases,theeffect(thatis, themagnitude)of intertemporal hedgingdemandis increasing

with theinvestmenthorizon.

Usingtheorem1 theproof is straightforwardandis given in theAppendix.It is notanaccident

that the parameter7 hasno influenceon the investmenthorizondependenceof the optimal

portfolio weight.Thedependenceontheinvestmenthorizonis determinedby theintertemporal

hedgingcomponent,andthusby theindirectutili ty function,whichin turn is determinedby the

ISR or SISR,whosedynamics[asspecifiedin equation(3)] doesnot dependon 7 . Figures2

and3 graphthecasesof
� 7 � U h � <�: . and

� 7 � U h � p$: . , respectively.

To understandproposition 3 intuitively, considerthe caseof � <º:
. In this case,the ISR

and the risky assetreturn are negatively correlated. Therefore,a low return is likely to be

accompaniedby a high ISR, that is, a betterfuturerisk-returntrade-off, asif thereturnsof the

risky assetaremean-reverting.

For a conservative agent,the utili ty function is boundedfrom above by zero and is un-

boundedfrom below, asshown in figure 1. Thereforethe agentsuffers hugelossesin utility

from large lossesin returnsbut doesnot have largegainsin utili ty from largegainsin returns,

andthe agentwill focuson avoiding lossesor will preferan assetwith an mean-reverting re-

turn. As pointedout earlier, in thecase� <Ä: , a low returnis likely to beaccompaniedby a

betterrisk-returntrade-off, sothattheagentis lesslikely to incur lossesin holdingsof therisky

assetif � <à:
thanif � �á:

. Therefore,the agentwill hold morerisky assetsif � <T:
than

if � �á:
. Sincethe portfolio weight when � �á:

is the myopic portfolio weight, this means
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This graph summarizesthepossibleinvestmenthorizon dependenceof theoptimal portfolio weightwhen {ß�O~
andthecorrelationcoefficient ��Ü=� . For a conservative agent( ÛEÞb~ ), theportfolio weight increasesmonotoni-

cally to afinite value;for anaggressiveagent ( Û2ÜÕ~ ) with ÛÝâEÛSãBä å , theportfolio weight decreasesmonotonically

to afinite value; for anaggressiveagent( Û�Ü=~ ) with Û�ÜßÛ ãBä å , theportfolio weightdecreasesmonotonicallyand

reaches }çæ ata finite horizon.

Figure2: TheOptimalPortfolioWeightasaFunctionof InvestmentHorizon
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This graph summarizesthepossibleinvestmenthorizon dependenceof theoptimal portfolio weightwhen {ß�O~
andthecorrelationcoefficient �èÞ�� . For a conservative agent( ÛJÞ(~ ), theportfolio weightdecreasesmonotoni-

cally to afinite value;for anaggressiveagent( Û�ÜÕ~ ) with Û2âßÛSãBä å , theportfolio weight increasesmonotonically

to a finite value;for anaggressiveagent( Û2Üé~ ) with Û2Ü]Û ãBä å , theportfolio weightincreasesmonotonicallyand

reaches ê�æ ata finite horizon.

Figure3: TheOptimalPortfolioWeightasaFunctionof InvestmentHorizon
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thatthedynamicportfolio weightwill belargerthanthemyopicportfolio weight.Furthermore,

thelongerthehorizon,thebiggertheeffect. Therefore,theportfolio weightfor a conservative

agentincreaseswith theinvestmenthorizon.

For an aggressive agenton the otherhand,the utility function is boundedfrom below by

zeroandis unboundedfrom above, asshown in figure 1. Thereforetheagentdoesnot suffer

hugelossesin utili ty from largelossesin returnsbut doesenjoy largegainsin utility from large

gainsin returns;thus,anaggressiveagentwill focusmoreon gainsor will preferanassetwith

momentumin its return.Becauseahighreturnis lesslikely to beaccompaniedby abetterrisk-

returntrade-off in thecase� <ë: , therisky assetis lesslikely to compile largegainsif � <Å:
thanif � �G: . Therefore,theconservative agentwill hold lessof therisky assetif � <Å: than

if � ��: . Hence,thedynamicassetwill besmallerthanthemyopic component.Furthermore,

the longerthehorizon,thebiggertheeffect. Therefore,theportfolio weight for anaggressive

agentdecreaseswith theinvestmenthorizon.

Finally, for a logarithmic agent,theutility is unboundedfrom below aswell asfrom above

andthe agentis indifferentbetween� <q:
and � �T:

; therefore,for a logarithmic agent,the

dynamic portfolio weightis equalto themyopiccomponent.

Herearesomespecialcasesin which 7 � U . At a shorthorizon(
·>Ø :

), the portfolio

weightis givenby

© � #¦ \ U I U` · � N \ U I U¦ c # c 5 (11)

In particular, when
·i�ì:

, onegets © � Ð¥ , which is themyopiccomponent.For
¦Ö8Á¦BÈCÊÌË

, the

parameter
±

in equation(7) is realfor all
·

andtheportfolio weightis finite for all horizons.For
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a longhorizon(
·]��Ú

), theportfolio weightis givenby

© � UU !O¦ ª VÑ - I U îíïïð #� ^ !
K°Ikñ K ^ ! ª U I V¥  � ` K � !dNe# . Ne#� N ò½óóô 5 (12)

For
¦�<;¦�ÈCÊÌË

, theparameter
±

in equation(7) is imaginaryand
¿

in equation(9) is real. The

function
²½³A´,�À¿�·¾¸ ` .

in equation(9) variesmonotonically from
!�Ú

to
IõÚ

when
·

changes

from 0 to
`uö ¸z¿

; therefore,thedenominatorin equation(10) approaches0 when
·ÖØ ·_Èe÷ùøEÍ^ú �zû ²�´ � � \ I ún X '®?«üü ÐÒÑ � c 5 9 In thiscase,theportfolio weightreachesinfinity atfinite
·
, andthe

agentwill takeaninfinite position(shortif � <×: or long if � p×: ) in therisky asset.

When 7 � U , the risk premium
#&%&�

is proportional to the variance
%
�

, and the result in

proposition 3 reducesto the result of Liu (1998). When 7 � I U , the risk premium
#
%e�

is

independentof thevariance
%B�

, andtheresultin proposition3 is similar to theresultof Chacko

andViceira (1999). Theportfolio behavior is qualitatively differentin thetwo papersbecause

theISR is increasingwith variancein Liu whereasit is decreasingin Chacko andViceira.

4 Portf olio Choiceand Risk Aversion

In this section,I show thatthedependenceof thedynamic portfolio weightis qualitatively dif-

ferent from that of staticportfolio weights. I first statetwo fundamentaltheoremson static
9 The inversetangentfunction ýÿþ�� � ý������
	 is definedto be valued between� and � ; this is differentfrom the

standard definition, whichis valuedbetween}�� and � � andis denotedas ý � ý�������	 in matlab. Therelationbetweenýÿþ�� � ý������
	 definedhereand ý � ý�������	 is ý@þ�� � ý��
����	e�éý � ý�������	�ê�������}��
	 , where�����
	e�9~ if �JÞi� and �����
	e�é�
if ��Üß� .
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choice;thenI show thatdynamicchoiceviolatesboththeorems.Finally, I arguethattheviola-

tion is theconsequenceof rebalancing.

4.1 Static Portf olio Choiceand Risk Aversion

Two fundamentaltheoremsprovide basicintuitions on static choice. I refer to them as the

“participationtheorem”andthe“calibrationtheorem”,respectively.

Theorem 2 (Participation Theorem) If therisk premium¡��  ����
of an assetis positive , thena

risk-averseagentwill holda positiveamountof theasset.

Thetheoremandtheproof aregiven in HuangandLitzenberger (1988). Theproof is simple.

Suppose¡��  �����p×:
. Themarginalutili ty at © ��: is ¡�� �"! �À $# ! ©  �� .  ��%�%& �('�� � �)! �À $# . ¡��  ����çp�:l5

This impliesthat © � pÅ: becausetheutility function � is concave in wealthandthereforethe

expectedutility functionis concave in © .

Accordingto theparticipationtheorem,agentsshould alwaystake advantageof theexcess

returnsof risky assets.As appliedto the U.S. stock markets, this theoremimplies that all

investors shouldhold a positive amountof stockbecausethe equity risk premiumis positive.

Thefactthatasignificantproportion of theU.S.populationdoesnotholdstocksis theso-called

non-participation puzzle,which is being actively studiedin the literature[see for example,

Mankiw andZeldes(1991),HeatonandLucas(1997),andBarsakandCuoco(1998)].

Theorem 3 (Calibration Theorem) If therisk premium¡)�  ��*�
of an assetis positive, theopti-

malportfolio weightdecreaseswith therisk aversionof theagent.
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The calibrationtheoremis a variationof Arrow’s theoremon insurancepremia. The proof is

given in the Appendix. The theoremis very intuitive: It implies that a lessrisk-averseagent

holdsmorerisky assets.This theoremhasboththeoreticalaswell aspracticalimportance.The

optimal portfolio weightaswell asmany othereconomicvariablessuchasthepricing kernel

in the consumption-basedassetpricing model,dependson the risk aversion
¦

of agents.But

therisk aversionof agentsis not easilymeasured.Onecommonmethodto calibrate
¦
, which

is usedin academicstudiesaswell asin practice,is to infer it from theagents’stockportfolio

weight.Thecalibrationtheoremprovidesthetheoreticalfoundationfor thismethod.

Both theparticipation andthecalibrationtheoremsprovidebasicintuition for expectedutil-

ity theoryasa theoryof risk andhave economicimportance.However, I show thatboththeo-

remsareviolatedin dynamicchoicemodels.

I shouldemphasizethatboththeoremsrequirethat therisk premiumis positive. If therisk

premiumis negative, thenall risk averseagentswill shortthe risky assetandholdingsof the

risky assetincreasewith risk aversion.

4.2 Dynamic Portf olio Choiceand Risk Aversion

Thedependenceof thedynamicportfolioweightonriskaversionissummarizedin thefollowing

proposition.

Proposition4 (Risk AversionDependence)

Theoptimal portfolio weightdecreasesin
¦

and(if
·ip×:

) alwaysreaches
!2Ú

ata non-zero

risk aversionwhenthecorrelation � p×: .
21



Theoptimal portfolio weightdecreasesin
¦

and reaches
!�Ú

at zero risk aversion when

thecorrelation � <Ä: and
` K � !Á#BN,+q:

; the graph of theportfolio weightasa function of

risk aversiondisplaysa humpshape(if
·bp�:

), starting from
IõÚ

at a non-zero risk aversion,

increasingfor small
¦
, anddecreasingfor large

¦
, whenthecorrelation � <×: and

` K � !i#BNbp:
. Theportfolio weightis non-monotonic in

¦
in thelastcase.

Theproof is given in theappendix.Figures4 and5 graphtheportfolio weightasa functionof

risk aversionfor 7 � U . Notethehumpshapeof thesolid line in figure5, which demonstrates

theviolationof theparticipationandcalibrationtheorems.

The participation andcalibrationtheoremsareviolatedwhen � <î:
and

` K � !k#BN�pî:
.

To understandwhy this might happen,againconsiderthecaseof � <�: . Becausethemyopic

componentis the portfolio weight of a staticproblem,it decreaseswith risk aversion,which

is the resultof thecalibrationtheorem.However, theeffect of increasingrisk aversionon the

intertemporal hedgingcomponent[the secondtermin equation(7) or (8)] is not clear. On the

onehand,the smaller myopicamountimpliesa smaller amountto be hedgedandthereforea

smallerintertemporalhedgingcomponent; on theotherhand,a moreconservativeagentvalues

moregreatlythemean-reversioneffect of therisky asset,which will leadto a larger intertem-

poralhedgingcomponent.If the lattereffect is big enough,theportfolio weightwill increase

with risk aversionanda risk-averseagentmaywantto shorttherisky assetwith a positive risk

premium.

The reasonthat an aggressive agentmay short the risky assetcanalsobe understoodas

follows. Becausean aggressive agentprefersmomentum returnsbut the returnof the risky

assetis mean-reverting with � < :
, the aggressive agentcancreatemomentum returnsfrom
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Thisgraphshows thattheoptimal portfolio weightis alwaysdecreasingin risk aversionwhen {2�(~ and �¨Þß� .
Figure4: TheOptimal PortfolioWeightasaFunctionof RiskAversion
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This graph summarizesthe possiblerisk aversiondependenceof the optimal portfolio weight when {(�>~ and�JÜÔ� andwhenthe investment horizon - is finite but non-zero. Thesolid line shows that theoptimal portfolio

weight is increasingfor low risk aversionÛ if thedynamichedging effect is large( .�/2�¼ê�sz�]Þ=��	 ; thedashed-

dottedline shows that the optimal portfolio weight is alwaysdecreasingif the dynamic hedging effect is small

( .�/2�çê sz�£Üß��	 .
Figure5: TheOptimal PortfolioWeightasaFunctionof RiskAversion
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mean-reverting returns.Note thatwhenthe investmenthorizonis shortthedynamicportfolio

choiceproblemreducestoastaticportfoliochoiceproblem.Thus,accordingto theparticipation

theorem,theaggressive agentwill hold a positive amountof therisky assetin thefuturewhen

the investment horizon becomesshort. By shorting the risky assetsnow and holding them

later, theagenteffectively createsa tradingstrategy with momentum returns(which is whatan

aggressiveagentprefers)from anassetwith mean-reverting returns!

Anotherinterestingfeatureof dynamicchoiceis that a risk averseagentcanhold an infi-

nite amountof the risky asset.I believe that this is a norm of dynamicchoiceratherthanan

exception. In staticchoiceproblems, a risk-averseagentwill hold a finite amountof a risky

asset.This is exactlyHarryMarkowitz’s insightonstaticportfolio choice:Eventhoughastock

might havehigherreturnthanT-bills, thestockis risky andbecauseof this risk-returntrade-off

anrisk-averseinvestor will holda finite amountof stock.However, in thedynamicsetting,the

ability to exploit returnsintertemporallygivesagentsanextra dimensionof opportunity. Fur-

thermore,theremaynot bea counterbalancingforce for suchexploits andtheagentmayhold

aninfinite amountof therisky assetwhentheopportunity is goodenough.

Onequestionstill remains:How doesdynamicchoiceevadetheparticipationandcalibration

theoremsof static choice? After all, the dynamic choiceproblemsare usually reducedto a

staticproblemby theprincipleof optimality. Thekey is that thedistribution of therisky asset

in the reducedstatic choiceproblemis different from the true distribution, and the reduced

distribution dependson risk aversion. It is this dependencethat invalidatestheassumption of

thetwo theorems.

25



The violation of the participationtheoremmeansthat investors may not always want to

invest in thestockmarket andthis mayhelp to explain market non-participation. Becausethe

risk aversionof an economicagentis arguablydifficult to measure,stockholdings areoften

usedasa proxy for risk aversion. But the violation of the calibrationtheoremsimplies that

stockholdingsmaynotbeagoodproxy. My resultssuggestthatoneshouldusestockholdings

with shortinvestmenthorizonsinsteadof long investmenthorizons,becausein thelimit of the

short investmenthorizondynamicportfolio choiceproblemsreduceto staticportfolio choice

problemsfor which thecalibrationtheoremholds.

Kim andOmberg (1996)alsofind thata risk averseagentmayshorta risky assetandthe

portfolio weightof therisky assetmayincreasewith risk aversion.However, therisk premium

in theirpaperandin otherrecentpapersondynamicchoiceproblemswith predictability[Bren-

nan,Schwartz,andLagnado(1997);Barberis(1999);BrennanandXia (1999);Campbelland

Viceira(1996)]is anAR(1) randomprocessandthuscanbenegative. As pointedoutearlier, an

agentwill shorta risky assetandhis holdingsof risky assetsmayincreasewith risk aversionif

therisk premiumis negative. So,it is at leastnotconclusivefrom thesestudiesthattheviolation

of thetwo theoremsis theresultof dynamic rebalancing.On theotherhand,therisk premium

consideredin thispaper,
#
% '*),+- [equation(1)], is alwayspositive,sothattheviolation canonly

be the result of dynamicchoice. Thus, fundamentaldifferencesexist betweendynamicand

staticportfolio choice.
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5 Conclusion

Thispaperprovidesoneof thefew explicitly solveddynamicportfolio choiceproblems. I study

dynamic portfolio choicebetweena risklessanda risky asset.Theoptimal portfolio weight is

derived in closedform for the risky assetwhosereturndisplaysstochasticvolatility. Various

resultson comparative staticsareproved; in all cases,themagnitudeof thedynamichedging

effect increaseswith changesin parametersthat lead to a morevolatile opportunity set. To

thebestof my knowledge,no otherpapersgive proof of similar results.Themagnitudeof the

optimal portfolio weightincreaseswith theinvestmenthorizon.

The optimal portfolio weight decreaseswith volatility, a phenomenoncalled “flight-to-

quality” whenappliedto stockmarkets, if the IMPR decreaseswith volatility. However, the

optimal portfolio weightmight increaseswith volatility, if the IMPR increaseswith volatility.

Therefore,it is importantto investigateempirically for the U.S. stockmarket whetherIMPR

decreaseswith volatility.

I show that a risk-averseagentmay shorta risky assetwith a positive risk premiumand

a more risk averseagentmay hold more of risky assets. Both resultsgo againstthe basic

intuitions on static portfolio choiceand are a consequenceof agentsrebalancingoptimally.

Oneimplicationof theseresultsis thatstockholdingsover shorthorizons(insteadof over long

horizons)shouldbeusedasaproxy for risk aversion.

In staticportfolio choiceproblems,thevolatility of risky assetreturnsprevents agentsfrom

takingan infinite positionin risky assets,which is the insight of Harry Markowitz. However,

in a dynamic setting,theopportunity to exploit the intertemporalrelationof assetreturnscan
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besogreatthatvolatility alonemightnotbethecounterbalancingforceto preventa risk averse

agentfrom holdingan infinite amountof risky assets.The optimal dynamicportfolio weight

often becomesinfinite whenthe investment horizonis long enough.In practiceonedoesnot

observe investorswith an infinite position on stocks.Presumably, this maydueto transaction

costs,amongmany otherreasons.
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6 Appendix

6.1 Proof of Theorem1

Thepriceprocesscanbeexpressedin termsof thestatevariable
Dß�

:����� � ���6�À "!/#BD '- + Ï '-� . !/�e� D '- +� ��34�Y5 (13)

Thewealthprocess¤ � satisfiesthefollowing equation:� ¤ � � ¤ ���À "! © �À#�D '- + Ï '-� . �FM�! ¤ � © � D '- +� ��34�Y5
Thederivedutili ty functionis theutili ty of theagentwhentheoptimal allocation© �� is followed0 � ¤ h % h M . Í ¡ �£¢ ¤ � VYX ¥�VYX ¥ § 5
TheHJB equationimpliesthat

0
satisfiesthefollowing equation,�]�u�� ¢210 ! U` ¤ ^ © ^ D '+ 0�343 ! ¤65  "! © #�D '- + Ï '- � 0�3! ¤ © N � D '- + Ï '- 0�387 ! U` N ^ D 0
797 !k�1HWIOK=D . 0
7 § ��: h0 �®Â h ¤ h D . � ¤ VYX ¥VYX ¥ h

(14)

where 10 ,
0�3

, and
0
7

denotethe derivativesof
0

with respectto
M
, ¤ , and

D
, respectively.

Substituting thefirst ordercondition

© � �;I 0�3¤ 0�343 D9X '- + Ï '- \ #J!dN �;:)< � 0�3: D c
into theaboveequation,oneobtains

10 I U` D 0 ^30�343 \ #J!dN � :)< � 0�3: D c ^ !O ¤ 0�3 ! U` N ^ D 0
797 !k�ùHJIOK=D . 0
7 �k:É5
32



Guessingthatthevaluefunction
0

hastheform0 � ¤ h D h M . � ¤ VYX ¥U Ia¦8= ¥ Î > Î � Ó Ï@? Î � Ó 7 Ó h
theabovepartialdifferentialequationreducesto

1A ! 1�FDà!îU I9¦` ¦ ^ Dà�ù#J!L¦&N � �&��M .�. ^ !îU Ia¦¦  "! ¦ ` N ^ D(� ^ !��ùHJIOK=D . �£�k:l5
ThefunctionsA �®M . and

�&�®M .
satisfythefollowing ordinarydifferentialequation(ODE):

1A ! HÉ�è! U I9¦¦  ���: h
1� ! \ IõKà!îU I9¦¦ #BN � c �è! N ^`CB U !���¦|I U . � U I � ^ .%D � ^ !îU Ia¦` ¦ ^ # ^ �Á: hA �®Â . � �&�®Â . �Á:l5

SolvingtheaboveODE producesthefollowing:

A � ` HN ^ � � ^ !L¦¼� U I � ^ .�. < � íð `9E± = Î�FG Ï Fn Ó�H � ^���1K°IÁ� U I9¦ . ¸_¦ # � N . ! E± . ª�I �KJ B E±A· D I U  ! `LE± òô ! U Ia¦¦  u·
� � I ` ª I �KJ B E±_· D I U ���ÀKáIÁ� U Ia¦ . ¸_¦ # � N . ! E± . ª I �KJ B E±A· D I U  ! ` E±8M (15)

with
·]�>Â�IaM

, M �ëI VYX ¥^ ¥ - #B^ , and±Ý� P �ÀKáI>� U Ia¦ . ¸_¦ # � N . ^ ! ` M � � ^ !O¦»� U I � ^ .�. N ^ � ñ K ^ I U IÖ¦¦ � ` Kb# � N|!/# ^ N ^ . 5
SeeLiu (1998)for furthercalculationdetails.Theoptimalweight © � is given by

© �� � D X '- + Ï '-� \ U¦ #J! � NC�&�®M . c� % X '- Ï + -� \ U¦ #J! � NC�&�®M . c 5 (16)
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Note that the function A ��M . is not usedin © � . When
¦Å8 U , the parameter

±
is real andit is

easyto verify that the functions A �®M . and
�&��M .

arewell definedover � : h ÂN�
. When

¦×< U , it is

possible that
±

will beimaginary. In thiscase,
�
�®M .

is still realbut becomesunboundedfor finiteM </Â
. When

�1KÄIL� U IÕ¦ . ¸u¦�# � N . ^4<kI ` M � � ^
!(¦»� U I � ^ .�. N�^ h ±Ý��Æ1¿ is purelyimaginary, and

therefore
¿

is real. In thiscase,onecaneasilyshow that� � I `K I VYX ¥¥ # � Nß!d¿ ²�³A´u��¿S·B¸ ` . M 5 (17)

Onestill needsto verify thattheabovesolution of theHJB equationis theoptimal solution

to theoriginalproblem.For
¦O+ U , onecanusethepositivity of

0 � ¤ � . to show thatP �C� 0 � ¤ � h D � h : . !RQ �� 0�3 ¤TS © S D '- +S �S3 S ! 0�7 N P D S ��3VUS
is a supermartingale. We canthenusethemethodof Duffie [(1996),p. 200], to establishthat0 � ¤ � h % � h : . is theupperboundfor utility of all admissible tradingstrategies. For

¦�p U , the

previous methoddoesnot applyandtheproof of
0 � ¤ � h % � h : . beingtheupperboundmight be

muchmoreinvolved.

Giventhat
0 � ¤ � h % � h : . is theupperbound,andtheadditional technicalconditionthaten-

suresthat
0 � ¤ �� h %B� h M . isamartingale,onecanthenprovethat © �� is theoptimalportfolioweight,

following Duffie [(1996),p. 200].

6.2 Proof of Theorem3

Theproof is avariationof theproofof Arrow’s theoremon insurancepremia.Supposethatthe

utili ty function � is moreconcave thanthe utili ty function
%

andboth areincreasing.There
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thenexistsa concave function W , suchthat � � W �ù% . . Supposetheoptimalportfolio weight

for
%

is © � , andthe risk premiumis positive, so that © � pÄ: . Then ¡�� % ! �À $#¨! © �  �� .  ����Q�à:
.

Therefore:

¡�� � ! �À $#Q! © �  �� .  ����
� ¡�� W ! �� $#Q! © �  �� . % ! �� $#g! © �  �� .  ��X�� ¡)� � W ! �� $#g! © �  �� . I W ! �� $# .�. % ! �� $# ! © �  �� .  ��%�� ¡)� � W ! �� $#g! © �  �� . I W ! �� $# .�. % ! �� $# ! © �  �� .  �� U$Y[Z�\�] �%^ �! ¡�� � W ! �À $#Q! © �  �� . I W ! �À $# .�. % ! �À $# ! © �  �� .  �� U Y[Z \*_ �%^ �8 ¡�� � W ! �À �# . I W ! �À $# .�. % ! �À $# ! © �  �� .  �� U Y[Z \ ] �%^ �! ¡�� � W ! �À $# . I W ! �� $# .�. % ! �� $#Q! © �  �� .  �� U`Y[Z \%_ �%^ �
�k:l5
This impliesthattheoptimal portfolio weightfor � is smallerthan © � .

For thecaseof CRRA preferences,I explicitly show thatthederivativeof theoptimalport-

folio weightwith respectto the relative risk aversioncoefficient
¦

is negative. Thefirst order

condition for © � is

¡�� �� $#g! © �  �� . X ¥  ����
��:l5
Takingthederivativewith respectto

¦
of theaboveequation,onegets

: © �: ¦ � I ¡�� �À $#g! © �  �� . X ¥  �� < � �� $# ! © �  �� . �¦ ¡�� �� $#g! © �  �� . X ¥,XBV  ^� �� I ¡�� �À $#g! © �  �� . X ¥  �� < � � U ! © � Z�\Z�a . �¦ ¡�� �� $#g! © �  �� . X ¥,XBV  ^� �� I ²�³$b B �À $#Q! © �  �� . X ¥  �� h < � � U ! © � Z�\Z�a .*D¦ ¡�� �� $#g! © �  �� . X ¥,XBV  ^� � h
whereI usethefirst ordercondition for thesecondandthird equality. Because< � �À c# ! © �  �� .

is
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strictly increasingif © � p×: , it follows that

¡ 5 �À $# ! © �  �� . X ¥  �� < � � U ! © �  �� $# .�d� ¡ 5 �À �# ! © �  �� . X ¥  �� < � � U ! © �  �� $# . U Y[Z�\�] �%^ d ! ¡ 5 �À $# ! © �  �� . X ¥  �� < � � U ! © �  �� $# . U Y[Z[\ _ �%^ d8 ¡ 5 �À $#Q! © �  �� . X ¥  ��½� < � U . U$Y[Z�\�] �%^ d ! ¡ 5 �À $# ! © �  �� . X ¥  ��½� < � U . U$Y[Z�\ _ �%^ d �k:l5
Therefore,e ��fe ¥ <$: . Notethat,if © � <×: , < � �À $#Q! © �  �� .

is strictly decreasingand e ��fe ¥ p×: .
6.3 Proof of Proposition1

Let g denotethe intertemporalhedgingcomponent,g � � N�� . Using equation(15), onecan

show thatthefunction g satisfiesthefollowing equation:

1g ! \ I4Kà! U Ia¦¦ #BN � c g ! N` � B ¦E!�� U Ia¦ . � ^ .%D g ^ ! U I9¦` ¦ ^ � Ne# ^ ��:É5 (18)

Differentiating equation(18) with respectto
K

, one obtainsthe following equationfor the

derivative g n of g with respectto
K

:

1g n ! \ IõKà! U I9¦¦ #¾N � c g n ! B U !���¦]I U . � U I � ^ . D ghg n I g �k: h
whichcanbesolvedto give

g n �ëI =$i�j�lk ? S Q �� = X icjm k ? U g �Kn�<�: h
with thefunction o definedby

o � \ I4Kº! U Ia¦¦ #¾N � c ! B U !���¦]I U . � U I � ^ .*D g 5
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Becausethefunction g doesnotchangesignsasa functionof
M
, theaboveequationimpliesthatg is decreasingin

K
if g p>: and g is increasingin

K
if g <Á: . In otherwords,themagnitude

of g is alwaysdecreasingin
K

.

Dif ferentiatingequation(18) with respectto
N

, oneobtainsthe following equationfor the

derivative g � of g with respectto
N

:

1g � ! o@g � !îU Ia¦¦ # ��g ! U` � B U !k�®¦|I U . � U I � ^ . D g ^ !îU I9¦¦ ^ # ^ � �k: h
whichcanbewrittenas

1g � ! o@g � ! ¦` � g ^ ! U Ia¦¦ � \ g ! #¦ c ^ ��:l5
Theaboveequationcanbeexpressedas

g � � = i j�lk ? S Q �� = X i jm k ? U ¯ ¦` � g ^ ! U Ia¦¦ � \ g ! #¦ c ^ ¹ h
for
¦O< U , g � pÅ: if � pÅ: ; and g � pÅ: if � <Å: . Therefore,themagnitudeof thefunction g

(theintertemporalhedgingcomponent)is increasingin
N

.

Dif ferentiatingequation(18) with respectto � , oneobtainsthefollowing equationsfor the

derivative g Ñ of g with respectto � :
1g Ñ ! o@g Ñ ! U Ia¦¦ #¾N g ! N ` \ I ¦� ^ !k� U Ia¦ . c g ^ ! U IÖ¦` ¦ ^ # ^ NÕ�k: h

or

1g Ñ ! o@g Ñ I ¦&N` � ^ g ^ ! N ` � U Ia¦ . \ #¦ ! g c ^ �k:É5
Therefore,

g Ñ � N ` =$i`j� k ? S Q �� = X i`jm k ? U ¯ I ¦� ^ g ^ !k� U I9¦ . \ #¦ ! g c ^ ¹ 5
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Fromthisequation,oneconcludesthatfor
¦ép U , g Ñ <×: . Becauseg hastheopposite signas �

for
¦bp U , g Ñ p�: impliesthatthemagnitudeof g , andthusthemagnitudeof theintertemporal

hedgingcomponent, is increasingin themagnitudeof � .
Dif ferentiatingequation(18) with respectto

#
, oneobtainsthe following equationfor the

derivative g Ð of g with respectto
#
:

1g Ð ! opg Ð ! U I9¦¦ N ��g ! U Ia¦¦ ^ # � N=��: h
so g Ð � U Ia¦¦ N � = i`j� k ? S Q �� = X i�jm k ? U \ g ! #¦ c �qnF5
Noting that g p :

if � � U I�¦ . p :
, this equationimplies that g is increasingin

#
when� � U IÖ¦ . p×: or when g p×: .

6.4 Proof of Proposition3

When
±

is real,theproposition is obviousby usingequation(7). When
¦Ô<>¦ ÈCÊÌË

,
¿

is realand

theproposition canbereadilyprovedby usingequation(9).

6.5 Proof of Proposition4

Usingtheequation(8), I definefunction r :sut� � vxw(ycz{� #��[|º!~}��(��������}��p�
�
���� �[|à!~}��(�����C��}��p�
�
�*�9�Á�%�N� � ��#p���� vxw(ycz{� rh�
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First consider
��� �

. Let � � ��|��i!Ä#p�����G� |��q� � #p�
, and � � ���% ¡ ¢ . Then

};�� ��£ ��¤ç!¥�N�C¦§ and � � ¦¦[¨@© {*ª;« {¬ . Letting  � ®¡ ¢ ��  and ¯ �°� � #±�u�
, oneobtains

r � |T!²}��������e��}c�±�
���� �[|à!~}��(�����e��}��p�
�
���L�Á�%�N� � ��#p���� �[�è!  �������e� 
¯ �
�
�*�½�%� !k�³� ¤ �  ¤ ����è!  �(������� �¯ �
���´� � �[��¤µ�  ¤�� � �³��!·¶¸���%� !¹� ¤ �  ¤ �º �
where

º>�»�E!  �������e� 
¯ �
�
�N� � �[� ¤ �  ¤ �
and

¶k�  �������e� �¯ �
�
�
. The following, then, is

straightforward:¼ r¼  � ��¶h½®�%�Q!R� ¤ �  ¤ �C!k�³��!·¶��½�%�l�  �*��º¾�Á��¶h½z!R� �� ���[��!R¶¸�½��� !R� ¤ �  ¤ �º@¤� �¿¶ ½ �[� ¤ �  ¤ � ¤ � �~¶ ½ � � ¤ �²�  �[�è!·¶¸� ¤ �¹�c� �� �¹¶ 
� � �� �[¶��²¶ ½  �º ¤ À � � (19)

Now, considerthecase
� À �

and
�c|��è!�#p� À �

. It is easyto verify that
s t

is decreasingin �
when � �Á�

by usingequation(7):s t� � v w(ycz{� #�°Â �Q! �|Ã� ¦ ª §§ #p���ß!~}��(�����e��}��p�
�
� ���N� � ��#p���� Ä � (20)

Notethat ¼ }¼ � � ����|��õ!$#p�;��#p���} � ¤ À �
and

}�����������}c�±�
�
�
is increasingin

}
andthereforedecreasingin � . Hence,

¦Å ª z�y�ÆÆ ���%  ¨ ®`Ç³È�ÉËÊ�ÌÍ®�Î�Ï ¤�Ð
is increasingin � (noting that

#±��� À �
). Because

¦ ª §§ is decreasingin � and is negative

when � �Ñ�
, it follows that the term in parenthesesin the above equationis decreasingin � .

Because
¦§ andthe term in parenthesesarebothpositive anddecreasingin � , their productis

alsodecreasing,which impliesthat
s t

is decreasingin � .

Now considerthecaseof � À �
,

� À �
, and

��|���!/#±� À �
. Thefunction r canbewritten
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as

r � |T!²}����c���e��}��±���
�� �[|º!~}Ò����������}��p�
�
�*�9�Á�%�N� � ��#p��� (21)� �Q!~Ó)�������e��Ó±Ô��
�
�� �%�Q!²Ól�(�����e��Ó±Ô;�
�
�*�C!k����� � �%Õ � �Q!R¶� �%�Q!R¶Ö�~ÕV�C!RÕ
where

Ó=� ®Å , and
Õ�� ª ���% Å , and

¶¼��Óu� �×Ó)�������e��Ó±Ô;���
�
. Thederivative of r with respectto

Ó
is givenby:¼¼ Ó r � ¶±½�� � ��� !R¶Ø�²Õ�C!¹Õ�´�Á���Q!·¶¸��� � ¶h½z!k���Q!·¶Ù�~ÕV� ��Ú �� � �%�Q!·¶Ø�~ÕV�C!RÕV� ¤� ¶±½��%� � Õ>!RÕV�´�>�%�Q!R¶¸�½��� !R¶Ù�~Õ� ��Ú� � �%�Q!R¶Ö�~ÕV�C!RÕV� ¤ � ¶h½���� � Õ×!¹Õ�´�Á��� !R¶¸�½��� !·¶Ø�~ÕV� ��Ú� � ��� !R¶Ø�²Õ�C!¹Õ� ¤ �
Notethat Ó��CÛ �Q!k���`� � �Ü�`�*Õß���¿�²Õ¿�c��¤��
and � ª ¦Ú � ���Ó �V�� ¤ Õß���¿�²Õ¿�c� ¤ ���
therefore,¶h½®�%� � Õ�!RÕV�´�Á�%�Q!·¶¸���%� !R¶Ö�~ÕV� ��Ú� � �%�Q!·¶Ø�²ÕV�C!RÕV� ¤ � ¶ ½ ��Ó ¤ �Ý�`���[Õ×! Ú { ª ¦¤ ª)Þß { �C!��%�Q!·¶��½�%� !R¶Ø�~Õ�*��Ó� � ���Q!·¶Ø�~Õ�C!¹Õ� ¤ �
For

Óáàâ�
, then

¶h½���Ó ¤ �Ö�`�½�³Õ�! Ú { ª ¦¤ ª)Þß { � �Á¶h½��³Õ]��Ó ¤ �Ö�$�_! Ì Ú { ª ¦ Ð {¤ ª)Þß { �ã�Ý�
(notingthat

¶�½®��Óu�ã�Ü�µähÓ
).

Because
¶¼��Óu�åàÝÓ

, it follows that
�%�Q!·¶»��Óu�����%�Q!·¶»��Óu�´�~ÕV����Óæà;�%�Q!~Óu���%�Q!~ÓÙ�²Õ�*��Ó�àç� �

I usedthefactthat
ÓOàÜÓpè�éëê4� Û �[Õ,�Ü�`� ¤ !k���`�c� ¤ �Ý�`�%Õ ¤

sothat
Ó�àçÕ,�Ý�

.

Now consider
Ó±è�éëê À Ó À �

. Because
�¿�~Ó ¤ �ÜÕß���"�·Õ8��� ¤ �

for all
Ó²à°Ópè�éëê

, it follows

that
¶ ½ ��Ó ¤ �¥�`�½�³Õ�! Ú { ª ¦¤ ª�Þß { �8àì�

. Notethat
¶ ½ ��Óu�"àí�

, we know that
¶ ½ ��Ó ¤ �¥�`�½�³ÕÁ! Ú { ª ¦¤ ªNÞß { �8à��Ó ¤ �Ü�$�½�[Õ�! Ú { ª ¦¤ ª)Þß { �

.
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Therefore,oneobtains¶ ½ ��Ó ¤ �Ü�`���[Õß���¿� Õ� ¤ �C!~Ó ¤ �Ý�`�C!��%�Q!·¶¸���%� !R¶Ö�~ÕV���`Óç���l� Õ� ¤ �àë��Ó ¤ �Ý�`���[Õß���l� Õ� ¤ �C!²Ó ¤ �Ý�$�C!k�%�Q!²Óu�½�%�Q!²ÓÙ�~ÕV����Óç�[�¿� Õ� ¤ ��;�%�N�îÓ ¤ � ¤ �Á�%�N�ïÓ ¤ �%Õ]�[�¿� Õ��¤ �C!·��Óç���%�Q!~Óu� ¤ �Á���Q!~Óu�*ÕV�½�[�¿� Õ��¤ ��;�%�N�îÓ ¤ � ¤ !k�[�¿� Õ��¤ �½��� !²Ó ¤ �½�[��ÓÙ�~ÕV��;�%�Q!~Óu� ¤ ���%�N�ïÓu� ¤ !����¿� Õ� ¤ �½�[��Óð�²Õ�*��;�%�Q!~Óu� ¤ ���¿�~��ÓW!~Ó ¤ �Ü�Q!k���¿� Õ��¤ ������Óð�²ÕV����;�%�Q!~Óu� ¤ ���������ñÓu��!����¿� Õ��¤ �*��Óu�ãàç� �
When

� À �
and

��|��4!d#±�ò�Ü�
, onecaneasilyshow thattheportfolio weightalsoreaches�ló

when � is small enough,as long as
�ô�»�

. Therefore,the portfolio weight cannotbe

decreasingin � for any strictly positive
�
.
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