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ABSTRACT OF THE DISSERTATION

Polarons and Mobile Impurities Near a
Quantum Phase Transition

by

Shahriar Shadkhoo
Doctor of Philosophy in Physics
University of California, Los Angeles, 2015

Professor Robijn F. Bruinsma, Chair

This dissertation aims at improving the current understanding of the physics of mo-
bile impurities in highly correlated liquid-like phases of matter. Impurity problems
pose challenging and intricate questions in different realms of many-body physics. For
instance, the problem of “solvation” of charged solutes in polar solvents, has been
the subject of longstanding debates among chemical physicists. The significant role of
quantum fluctuations of the solvent, as well as the break down of linear response theory,
render the ordinary treatments intractable. Inspired by this complicated problem, we
first attempt to understand the role of non-specific quantum fluctuations in the solvation
process. To this end, we calculate the dynamic structure factor of a model polar liquid,
using the classical Molecular Dynamics (MD) simulations. We verify the failure of
linear response approximation in the vicinity of a hydrated electron, by comparing the
outcomes of MD simulations with the predictions of linear response theory. This non-
linear behavior is associated with the pronounced peaks of the structure factor, which
reflect the strong fluctuations of the local modes. A cavity picture is constructed based
on heuristic arguments, which suggests that the electron, along with the surrounding
polarization cloud, behave like a frozen sphere, for which the linear response theory is

broken inside and valid outside. The inverse radius of the spherical region serves as a
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UV momentum cutoff for the linear response approximation to be applicable.

The problem of mobile impurities in polar liquids can be also addressed in the
framework of the “polaron” problem. Polaron is a quasiparticle that typically acquires
an extended state at weak couplings, and crossovers to a self-trapped state at strong
couplings. Using the analytical fits to the numerically obtained charge-charge struc-
ture factor, a phenomenological approach is proposed within the Leggett’s influence
functional formalism, which derives the effective Euclidean action from the classical
equation of motion. We calculate the effective mass of the polaron in the model polar
liquid at zero and finite temperatures. The self-trapping transition of this polaron turns

out to be discontinuous in certain regions of the phase diagram.

In order to systematically investigate the role of quantum fluctuations on the polaron
properties, we adopt a quantum field theory which supports nearly-critical local modes:
the quantum Landau-Brazovskii (QLB) model, which exhibits fluctuation-induced first
order transition (weak crystallization). In the vicinity of the phase transition, the quan-
tum fluctuations are strongly correlated; one can in principle tune the strength of these
fluctuations, by adjusting the parameters close to or away from the transition point.
Furthermore, sufficiently close to the transition, the theory accommodates “soliton” so-
lutions, signaling the nonlinear response of the system. Therefore, the model seems to
be a promising candidate for studying the effects of strong quantum fluctuations and
also failure of linear response theory, in the polaron problem. We observe that at zero
temperature, and away from the Brazovskii transition where the linear response ap-
proximation is valid, the localization transition of the polaron is discontinuous. Upon
enhancing fluctuations—of either thermal or quantum nature—the gap of the effective
mass closes at distinct second-order critical points. Sufficiently close to the Brazovskii
transition where the nonlinear contributions of the field are significantly large, a new
state appears in addition to extended and self-trapped polarons: an impurity-induced
soliton. We interpret this as the break-down of linear response, reminiscent of what

we observe in a polar liquid. Quantum LB model has been proposed to be realizable
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in ultracold Bose gases in cavities. We thus discuss the experimental feasibility, and
propose a setup which is believed to exhibit the aforementioned polaronic and solitonic

states.

We eventually generalize the polaron formalism to the case of impurities that cou-
ple quadratically to a nearly-critical field; hence called the “quadratic polaron”. The
Hertz-Millis field theory and its generalization to the case of magnetic transition in he-
limagnets, is taken as a toy model. The phase diagram of the bare model contains both
second-order and fluctuation-induced first-order quantum phase transitions. We pro-
pose a semi-classical scenario in which the impurity and the field couple quadratically.
The polaron properties in the vicinity of these transitions are calculated in different
dimensions. We observe that the quadratic coupling in three dimensions, even in the
absence of the critical modes with finite wavelength, leads to a jump-like localization
of the polaron. In lower dimensions, the transition behavior remains qualitatively simi-
lar to those in the case of linear coupling, namely the critical modes must have a finite

wavelength to localize the particle.
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LIST OF FIGURES

(From Ref. [17]) The top panel (a) shows the wave-function of the elec-
tron in liquid water. The outer meshed shell encloses %90 of electrons
distributions whereas the inner opaque shell encloses %50 of that. The
density of water is increased in these regions. (b) shows the zoomed-in

innershell. . . . . . . . .

(From Ref. [39]) (a) shows the imaginary part of the response function
Imy(q,w) for water at ambient conditions. The double peaks occur
at ¢ ~ 3 (A~') and w ~ 1 (meV) . (b) the response function x(r,t)
at times: 100 fs, 250 fs, and 600 fs. As observed from the bottom
panel in (b), the hydration ripples are dissipated at = 600 fs. A two-
dimensional real-space representation of the hydration structure around
a point negative charge. The red and blue rings correspond respectively
to accumulation and depletion of oxygen density with respect to the

background. The distance between the first and second hydration shells

(a) Static structure factors S,,(k) (filled circles), Soo(k) (open cir-
cles), Sy, (k) (squares), S,,(k) (filled triangles) and So, (k) (open trian-
gles). Note that S, (k) and So,(k) are very similar, while Soo (k) and
S,,(k) are virtually indistinguishable. (b) Static site-site structure fac-
tors Soo (k) (open circles), Sou (k) (diamonds) and Syy (k) (crosses).
All data are obtained by MD simulations of SPC/E water at 7' = 300 K

andp=1bar. . .. .. . . . ...
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2.5

2.6

2.7

Left panels: Normalized autocorrelation functions F),,(k,t), Foo(k,t)
and F,(k,t) for several values of the wave vector k. Right panels: Dy-
namic structure factors Soo(k,w), S,,(k,w) and Sy, (k, w) normalized
by the w = 0 value for several different wave vectors k. All data are
obtained by MD simulations of SPC/E water at 7' = 300 Kand p = 1

bar. . . . . e e

Left panels: Normalized cross correlation functions Fo,(k, t) and F,,(k, t)

for several values of the wave vector k. Right panels: Dynamic struc-
ture factors So,(k,w) and S,,(k,w) normalized by the w = 0 value for
several different wave vectors k. All data are obtained by MD simula-

tions of SPC/E waterat 7' =300 Kandp=1bar. ... .. ... ...

Left panels: Normalized site-site time correlation functions for several
values of the wave vector k. Right panels: Corresponding dynamic
structure factors normalized by the w = 0 value for several values of
the wave vector k. All data are obtained by MD simulations of SPC/E

waterat7'=300 Kandp=1bar. . ... ... ... ... .......

Left panels: Dynamic structure factors Soo (K, w) (top row) and S,,(k, w)
(bottom row) of SPC/E water at 7' = 300 K and p = 1 bar. Right pan-

els: Close-up view of the low wregion. . . ... ... ... ......

(a) Low k and w region of the dynamic structure factors Soo(k,w) of
SPC/E water at T' = 300 K and p = 1 bar, obtained from simulations
of a system containing ~ 33000 water molecules with a box size of
~ 10x10x 10 nm?®. The black and red dashed lines show the dispersion
relations of hydrodynamic and the hypothesized fast sound modes with
sound velocities of ¢ = 1510 m/s and ¢, = 3500 m/s. (b) Normalized
slices at fixed & = 2.5, 3.5 and 4.5 nm~!. Filled and open circles show
the positions of the expected Brillouin peaks for the normal and fast

sound veloCities. . . . . . . . .o e e e
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2.8

2.9

2.10

2.11

Left panel: Dynamic charge charge structure factor S, (k,w) of SPC/E
water at 7' = 300 K and p = 1 bar. Right panel: Close-up view of the

lowwregion. . . . . . . . ..

Left panels: Dynamic structure factors Soq(k, w) (top row) and S, (k, w)
(bottom row) of SPC/E water at 7' = 300 K and p = 1 bar. Right pan-

els: Close-up view of the low wregion.. . . . . . ... ... ... ...

(a) and (b) Drag force F and (c) friction coefficient v = F/v of a
charged particle with charge ¢, = e~ as a function of the particle veloc-
ity v as obtained by Eq. (28) (open symbols and solid lines). Different
symbol shapes and line colors denote results for different values of the
upper wave vector cutoff k.«. In (b) and (¢) in addition results obtained
using the single Debye peak approximation, Eq. (33), with £(0) = 80,
g(oc0) = 1, and 7 = 10 (ps) are shown (dashed lines). (d) Comparison
of the friction coefficient in the limit v — 0 as a function of the wave
vector cutoff k.« in Eq. (29) using the full susceptibility from the MD
simulations (open symbols and solid lines) with the single Debye peak
approximation, Eq. (35) (dashed line). The dynamic charge-charge
structure factor used in the calculation is taken from SPC/E water at

T=300Kandp=1bar.. ... ... ... ... .. ... .......

The energy-landscape for (a) below the transition, (b) the coexistence
region, and (c) above the transition. In the landscapes of (a) and (c)
there exists only one minimum, whereas in the coexistence range (b),

the two minima coexist. This is a signature of the first order transition. .

Xiii
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2.12

2.13

2.14

3.1

Effective mass against coupling constant. Other parameters are set at
Aq = 0.3¢qo and 7 = 10. As shown in the picture, the polaron mass
remains around the bare mass for coupling constants & < 55. This
corresponds to panel (a) of Fig. (2.11). As the coupling in enhanced,
the effective mass undergoes a discontinuous jump by two orders of
magnitude. This corresponds to the self-trapped polaron, panel (c). In

between there exists a narrow range of the coupling constant, where the

energy landscape develops two coexisting minima; see panel (¢). . . . .

Zero-temperature phase diagram. The heat map of the critical coupling
constant, as a function of the width of the static structure factor in g
and that of the dynamic part 7—!. The “critical” region, indicates the
region where the first order transition exists. Therefore the effective
mass is becomes discontinuous at the “critical” coupling constant. The
value of this critical coupling can be read off the color code sidebar.
The “No Transition” region is connected to the critical one by a line
of second order transition, where the gap of the effective mass closes.
We note that some values of the critical coupling, obtained from this

model, might be unrealistic in actual systems. . . . . . ... ... ...

Finite temperature phase diagram at 7 = 10. At each Aq/qo, i.e. width
of the peak, the critical coupling constant .. is reduced upon increasing
the temperature 3~ !. The discontinuity in the effective mass closes at a

finite temperature. . . . . . . . ... L.

(From Ref. [71]) The effective mass of the Bose-polaron M /m, versus
the dimensionless coupling constant «. Different curves correspond to
different temperatures 3~!. The inset shows the dependence on the

momentum cutoffat 3 =10. . . . ... ... ... ... ........
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33

3.4

3.5

3.6

3.7

(From Ref. [74]) The picture is a schematic of a transversely pumped
multimode concentric cavity. The atomic cloud is trapped in the center
antinodal sheet with the least loss. The density field gets modulated

when the laser reaches the Brazovskii threshold. . . . . . . . .. .. ..

The dispersion of the Brazovskii modes w? = I'++ x (¢ — ¢o)*. Different
colors correspond to different distances from the QLB mean-field tran-
sition from I' = 1 to I' = 20 at constant field rigidity, x = 100. The

dimensionless parameters are introduced in the text (see below).

The dissipative environment, in general can be represented by a bath
of harmonic oscillator whose displacement is linearly coupled to the
system’s degrees of freedom. The blue cloud indicates the atomic gas.

The dotted edges are the imaginary boundaries of the system. . . . . . .

Effective mass versus dimensionless distance from the ordering transi-

tion I'. Other parameters are setto: =y =~v=100. . ... ... ..

Effective mass versus dimensionless coupling constant and (a) dissipa-
tion, (b) temperature. Other parameters are set to: (a) f = x = 100
and' =1, () y = x =100 and I' = 1. In (a) and (b) the red dots
indicate the critical points where the discontinuity of the effective mass
closes. The dark arrows marked by oy, corresponds to the value of the

dotted line in Fig. 3.5,i.e. v, —oo,atI'=1. . . ... .. ... ...

Free energy versus dimensionless coupling constant and (a) dissipa-
tion, (b) temperature. Other parameters are the same as those in Fig.
3.6. The red dots, again indicate the critical point, where the effective

massjumpcloses. . . . . ... L
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4.1

4.2

4.3

4.4

4.5

Top panel shows the density |1 (x)|* of the BEC. The dip indicates the
dark soliton. The bottom one depicts the phase of the wave-function
¢(x). The figure corresponds to the phase jump Ay = 7, where the

density of the BEC locally reduces to zero, i.e. dark soliton. . . . . . . .

Dimensionless effective potential energy V(A), of the modulation co-
ordinate A. At the transition, the potential clearly has a minimum at
A = /2. The red curve with arrows, represents a saddle-point solution
of the Euler-Lagrange equation, under the boundary condition that the
field modulation at x — —oc is pinned at A = /2, and goesto A =0

atx — F00. . . . e e e e e e e e s e

Dimensionless energy g(x) of a radial modulation profile as a function

of the displacement at the origin. . . . . . . . .. ... ... ......

The amplitude of the modulation for the exact solution in one-dimension,

against the impurity potential V. . . . . . . . . ... L.,

The figure shows a schematic of the modulation profile <7 (r). The red
bar only indicates the location of static impurity and is of no other in-
formation. For small values of the external potential of the impurity, the
minimizing profile of the field can be found within the linear response
theory. As see in Fig. (4.4b), the value of the profile jumps discontin-
uously close to the other phase, invalidating the perturbative analysis.

This is interpreted as nonlinear response regime. . . . . . . . . .. ...

Xvi



4.6

4.7

4.8

Variational free energies as a function of the modulation amplutude
po- The black curves show the condensate energy Fi(po). The dotted
red and solid green curves show the free energy of the impurity for (1)
smaller and (2) larger values of pseudopotential. (a) Massive impuri-
ties: the free energy of the impurity decreases linearly with py. The
total free energy has minima indicated by 1 and 2. For increasing pseu-
dopotential, the absolute minimum shifts from 1 to 2, corresponding to
a transition from the small polaron to the soliton. (b) includes the zero
point energy of a bound-state particle, which follows the green curves.
The minimum at py = 0 corresponds to the large polaron. For increas-
ing pseudpotentials, there may be transitions from the large polaron to
the small polaron and then to the soliton or a single transition directly

from the large polaron to the soliton. . . . . . . . ... ... ... ...

The different states of the BEC-impurity system. The blue color in-
dicates the condensate modulation amplitude while the red cloud indi-
cates the particle. From left to right, large polaron, small polaron, and

the soliton. . . . . . . . . . . e

(Tildes dropped from the labels) The top panel shows V(A) at the
transition. Points A; and A,, indicate where the curvature flips sign,
whereas A,, is where the curvature is minimum. The middle panel
shows a schematic of the profile A(r), taking all the values from Ag
down to 0. The bottom one plots the potential U(r) for GFs. The
dashed Gaussian wave-packet shows the ground state of the fluctua-

tions around the minimum of U(7). . . . . . . . ... .. ... ... ..
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4.10
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The figure shows a schematic of Gaussian fluctuations around the
saddle-point solution, the soliton. The green arrows squeeze the fluc-
tuations back towards the soliton, hence represent stability conditions.
Red arrows, indicate the situation where the fluctuations destabilize the

SOLItON. . . . . . . e

The figure shows a schematic of Derrick’s instabilities around the
saddle-point solution, in the absence of the impurity. Again, the green
arrows squeeze the fluctuations back towards the saddle-point soliton,
hence represent stable conditions. On the contrary, red arrows indicate

the situation where the fluctuations destabilize the soliton. . . . . . . .

The Feynman diagram corresponding to equation (5.31) for quadratic
polaron. Straight and wavy lines represent the particle and the field
propagator, respectively. The incoming particle of momentum k =
(k, 2), is scattered off the phonons with momenta ¢; = (q;,w;) and
G2 = (g2, ws). The space and time translation symmetry requires the
conservation of momenta at each vertex, such that: (k,Q) = (q2 —

q1, W2 — wl). ...............................

Effective mass of the quadratic polaron in d = 3 and for ¢y = 0.
Different colors correspond to different cutoffs ¢. = 80, 100, 150, 200,
while other parameters are fixed at 0 = ;1 = 1. As we see, in the case of
quadratic coupling the effective mass exhibits a first-order localization,
as opposed to the linear coupling in all dimensions (see for example

Fig. 5.4), and also quadratic coupling in lower dimensions. . . . . . . .

Effective mass of the quadratic polaron in d = 1,2. The transition
from extended to localized state is smooth for ¢ = 0. In order to obtain
a discontinuous transition, a minimum ¢, is required which increases

for lower dimensions. . . . . . . . . .. ...

Xviii

146



54

5.5

5.6

5.7

5.8

6.1

Effective mass as a function of the coupling constant and ¢, for d = 3.
Here 6 = u = 1. As expected, a minimum ¢q is required for the first

order transition in the case of linear coupling. . . . . . ... ... ...

At gy = 0 and p = 1, the effective mass is plotted against o and log;, 6
is plotted for d = 3. For intermediate and large coupling constants, the
effective mass decrease as we move away from critical point. This trend
is not necessarily true for couplings a;, < 1. The effective mass of the
polaron develops a maximum at around ¢ ~ 1. Figures (5.6),(5.7) and
(5.8), demonstrate this property for certain values of o, and compare

the results with those of the one- and two-dimensional systems. . . . . .

Atap =1, q¢o = 0 and p = 1, the effective mass is plotted against 6 for
different dimensions. While for d = 1, 2 the effective mass decreases
monotonically upon increasing 6, in d = 3, the effective mass shows a

MAXIMUM. . . . o o o e o e e e e e e e

Atarp =1, go = 0 and p = 1, the effective mass against 6 is plotted
for d = 3 (zoomed-in Fig. (5.6)). . . . ... ... ... ........

At oy, = 10, g9 = 0 and i = 1, the effective mass against 6 is plotted
for d = 1,2,3. In large enough couplings, the maximum of effective

massind = 3 disappears. . . . .. ... ... oL

Dispersion relations of the acoustic and optical phonons. We note that
optical branch is gapped whereas the acoustic branch is gapless at k =
0. In the general form, the gap at the Brillouin zone implies that there
are more than one atoms per unit cell. For atoms with equal masses,

the gap closes at the edge of the Brillouin zone k = w/a. . . . . .. ..

XiX



6.2

6.3

6.4

Top panel (a) shows the minimized ground-state energy as a function of
the dimensionless coupling constant. (b) shows effective mass versus

«. We note that the transition between the small and large coupling is

(From Ref. [72]) Top panel (a) shows the minimized ground-state en-
ergy as a function of the dimensionless coupling constant. (b) shows

effective mass versus a. Beyond a certain cutoff kg, the transition be-

comes diSCONtINUOUS. . . . .« v v v v v e e e e e e e e e

(From Ref. [75]) The renormalization group flows of different parame-
ters in the quantum Brazovskii model. (a) shows how the renormalize
gap A decreases as the bare gap A is lowered below the mean-field
transition value A = 0. (b) shows the same diagram for renormalized
quartic coefficient u. As apparent from the figure, u flips sign around
A ~ —3.5, where according to (a), A ~ 1. When & becomes negative,
the stabilization of the free energy is destroyed. However (c), demon-
strates how during the renormalization process, a positive sixth-order
nonlinearity with the coefficient w, emerges which is required for the
stabilization. Finally (d) shows the resultant free energy (action), as a

function of the order parameter, the amplitude of the mode ¢5. . . . . .
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CHAPTER 1

Introduction

Scientific methods are strictly based upon “observations”, which are performed by
means of suitable apparatuses, and are intended to provide us with useful informa-
tion about an unknown system. The basic idea is to treat any complex system as a black
box; we learn about the system by sending signals and analyzing the outcome, i.e. the
responses of the system to external perturbing stimuli. Depending on the properties of
interest, we may apply various probes. As a general rule, signals with higher energies

are required to probe the system at smaller scales of space and time.

The subject of condensed matter physics mainly concerns the collective behavior
of many-body systems, and as a manifestation of the bulk behavior, studies different
properties of the phases of matter and also the transitions between these phases. In
particular, the theory of critical phenomena investigates the underlying mechanisms of
phase transitions, which are accompanied by changes in the thermodynamic properties
of the system. Interesting phenomena emerge as the energy scales of two competing
contributions become comparable. Phase transitions take place as a consequence of
the competition between different energetic and/or entropic contributions to the free
energy of a system. Classical systems can undergo phase transitions which are driven
entropically due to thermal fluctuations. The role of thermal fluctuations becomes less
significant as the temperature falls below k1" ~ hw, where w is the characteristic fre-
quency scale of the low-lying excitations of the system. Quantum phase transitions—at

absolute zero temperature—are thus driven by quantum fluctuations.



1.1 Impurities in Condensed Matter Systems

1.1.1 General Background

Impurities and defects are omnipresent in actual condensed matter systems. Defects
come in various dimensions, from point-like (zero dimensional) to line dislocations
and ruptures. They are mathematically represented by local potentials which depend
on the nature of the defect. Point-like defects can be viewed as massive, immobile
impurity particles in which the quantum zero-point motion is negligible. The renormal-
ized coupling obtained upon integrating out the zero point motion, differs from the bare

interaction.

In ultra-low temperature condensed matter systems, where the system is subject to
strong quantum fluctuations, the problem of impurities becomes even more cumber-
some. The role of interactions can be highly nontrivial, leading for example, to vio-
lations of Landau theory of Fermi liquids in some metallic systems near the magnetic
phase transitions [1]. The Landau-Fermi-liquid theory is expected to be valid below a
certain non-universal temperature 7™. The value of 7™ depends on many parameters
such as electron-phonon coupling strength. Non-Fermi-liquid (NFL) behavior, which
is characterized by deviations from the Fermi-liquid scaling laws, appears above 7. In
order to observe NFL behavior down to zero temperature in the vicinity of a magnetic
quantum phase transition, the mentioned energy scale 7™ must disappear one way or
the other. Immobile magnetic impurity (Kondo impurity) is a renowned example which
amounts to the zero temperature residue of resistivity in metals [2], and also local NFL
behavior [1]. The Kondo problem studies a magnetic impurity interacting with the itin-
erant electrons. Static nonmagnetic defects are also known to dominate the response of
a system near a magnetic phase transition, which in certain cases results in the so-called
Griffiths behavior [3]. The latter is another source of NFL, which is indeed caused by
broadening the distribution of local 7™ in the system, such that there remains no well-

defined energy scale [1]. At zero temperature near a quantum phase transition, where



the imaginary-time enters as a new dimension, the role of the dynamics is very crucial
in determining the dominating behaviors. In particular we note that at zero temperature,
the static defects are perfectly correlated over this new dimension, and thus can have

dramatic influence on the nature the phase transitions.

Light impurities, like single electrons, are subject to quantum zero-point fluctua-
tions of the position-momentum conjugate pair. We refer to these impurities as mo-
bile impurities. Mobile impurities behave quite differently when interacting with the
surrounding medium. As a result of this interaction, the impurity can “polarize” the
medium around itself; the induced polarization digs a potential well for the particle,
and the particle tends to get localized. This iterative process goes on until the zero-
point motion of the particle balances out the attractive self-trapping energy gain. The
arising excitation is a quasiparticle consisting of the impurity and the induced polariza-
tion. Inspired by the original problem of electrons in polar crystals, this quasiparticle
was coined “polaron” by Landau. The problem initially considered an excess electron
interacting with longitudinal optical phonons of a crystal. However, the notion of po-
laron was later generalized to other structurally similar systems of impurities interacting
with bosonic fields. Mobile impurities can be viewed as polarons, and when the effec-
tive mass of the impurity is sent to infinity, we essentially recover the physics of a static
impurity (defect). Also the attractive nature of the polaron’s self-interaction, which is
counteracted by the zero-point pressure, eventually and at sufficiently strong couplings
makes the particle self-trapped, a state which is characterized by a significantly large
effective mass. As mentioned above, the strong coupling limit of the polaron problem

can thus serve as a model for a static local defect with a renormalized coupling.

The problem of “polarons and mobile impurities near a quantum phase transition”
was originally inspired by the interesting role of quantum fluctuations in the solvation
process of a charged particle in polar liquids. Apart from the solvent-specific effects,
the challenges that one deals with in the solvation problem are reminiscent of those

in the polaron problem. The theoretical studies of impurities embedded in many-body



systems rely vastly on the linear response approximation. The impurity is considered
as an external weak perturbation to the system, for which the leading order response
is captured by the linear term. However, the strong quantum fluctuations in the solva-
tion process or near a quantum phase transition, do not seem to be tractable via linear
response formalism. In fact while the impact of a single impurity on the system is mi-
nuscule on average, and in the thermodynamic limit, this is not true in the vicinity of

the impurity, and the linear response theory might become locally invalid.

Below we briefly mention a few conceptually important steps of derivation and also
some of the consequences and corollaries of the linear response theory, such as Kubo
formula and Fluctuation-dissipation theorem. Next, we discuss some of the difficulties
that one faces in the study of solvation dynamics, and then introduce the formal notion

of polaron.

1.1.2 Linear Response Theory

In the linear response formalism one first assumes that total Hamiltonian of the system
is given by

Hr = Ho + Hexs (1.1)

in which 7:[0 and ﬂext represent the Hamiltonians of the isolated system and the external
stimuli, respectively. The interaction picture of the above system can be constructed by
splitting the dynamics of the system into that of the physical observables following Ho,
and that of the states which is governed by Hexe. Denoting the exact ground state of the
system by |G, we calculate the expectation value of an observable O(x, t) under the
influence of ﬁext:

(GIU(H)O(x, )T (4)|G). (1.2)

In the above expression U (t) is the evolution operator in the interaction picture, and is

given by,

—00

.t
U(t) =T exp (_% / dt’ ﬂext(t/)) , (1.3)



where T denotes the time ordering operator. Assumption of the weak perturbation al-
lows us to expand the exponential in terms of external coupling. The change in the

expectation value is given by

. t
5(GIO(X, 1)]G) = + / dt’ (Gl[Hea(?), O(x,1)]|G), (1.4)
in which it is implicitly assumed that ¢t > #', due to causality. For local observables like
O(x,t), there exists a conjugate external source F'(x,t) which couples linearly to the

observable:

~

Hext(t) = /dd:z: O(x,t)F(x,t). (1.5)

If the operators are normal ordered with respect to the vacuum, which implies that

(G|O(x,1)|G) = 0, we obtain for the fluctuations of the observable O(x, t);
t
(G1Ox,1)|G) = / d'a’ / dt v (x, £ %, 1) F(x, 1), (1.6)

where x(x, t;x',t") defines the generalized susceptibility or the correlation function of

the observable @(x, t). Alternatively, in the frequency domain we get

(GO, w)|G) = /dd / dt (G|[O(x, ), O, t + )]|GYF (X, w). (1.7)
The susceptibility is then obtained by:
_. 0 . A A
X X5w) = = / dr 7 (Q][O(x,0), O(x', 7)]|G). (1.8)

This is called the Kubo formula [4, 5].
e Fluctuation-Dissipation Theorem

The response functions of a system can be calculated by using “fluctuation-dissipation
theorem” which relates the non-equilibrium response function to the ensemble aver-

ages of equilibrium fluctuations, the structure factor. Structure factor is defined as an

/dd /dt ezwt qu )

expectation value:

CS>

(x,1)). (1.9)



Using the time ordering definition we find that ¥(q, —w) = e #"¥(q,w). According
to fluctuation-dissipation theorem, the structure factor is related to the imaginary part

of the susceptibility through

DO | St

Im {x(q,w)} = = (1 — e ") X(q,w). (1.10)

This statement can be interpreted in terms of the intuitive argument, that the local ob-
servable is incapable of distinguishing the external perturbations from the inherent fluc-

tuations, and hence responds similarly [4, 5].

1.1.3 Break down of Linear Response Theory in Solvation Problem

A challenging problem in chemical physics which has attracted so many physicists is
the “solvation” (or hydration) of charged particles in polar solvents. The study of the
solvation of particles in fluids is a fascinating area of chemical physics with an enor-
mous literature [6, 7] that dates back to two centuries [8]. Solvated atoms and ions are
surrounded by partially ordered shells of solvent molecules (“solvation shells”). On the
other hand, solvent molecules surrounding solvated electrons appear to remain disor-
dered [9]. Despite much recent progress, fundamental challenges remain, such as the
breakdown of linear-response theory [10], solvent-specific effects that complicate con-
tinuum descriptions [11, 12] and the role of quantum fluctuations [13]. As an example,
water—a very important solvent—is a highly correlated liquid characterized by com-
plex, fluctuating patterns of hydrogen-bonding [14] which can be viewed as precursors
of the freezing transition. The solvation of a particle in water depends on its compati-
bility with these fluctuations [15]. Path integral simulations of proton solvation in water
indicate that the pattern of hydrogen bonding surrounding a solvated proton is subject
to strong quantum fluctuations [16] while simulations of electrons in water [17] lead to
wave-functions that are suggestive of Anderson localization [18]. In the remainder of

this section, we elaborate on some of the mentioned issues.

In the process of solvation, the energy of the excited solute £¥¢ decays to its ground



state £2", as a result of energy exchanging with the solvent. The solvation energy gap
AE = £ — g8 in the relaxation dynamics of the hydrated electron can be monitored

through non-equilibrium solvent response function [19, 20]:

_ AE(t) — AE(0)
 AE(0) — A&(0)

S(t) (1.11)

The overbar represents the non-equilibrium ensemble average under the initial condi-

tion that the electron is at the excited state at ¢ = 0.

In the study of solvation dynamics, the applicability of linear response approxima-
tion is usually taken for granted. This is based on the Onsager regression hypothesis
[21, 22], based on which the linear response of the system to an external perturbation

is related to the equilibrium statistical fluctuations. The latter is characterized by:

(SAE(0) SAE(t))

=" Gaem

(1.12)

Here (o) means equilibrium ensemble averaging, and JAE = AE — (AE) is the equi-

librium fluctuations of the energy gap.

The validity of linear response theory in the process of solvation can be sometimes
examined by comparing the non-equilibrium solvent response function S(¢), and the
equilibrium solvation time correlation function C'(¢). The two become identical when
the linear response approximation is valid. The reverse statement, however, does not
necessarily hold true; one cannot conclude the validity of linear response based on
the similarity of the two functions [20]. In order to unravel the source of the failure of
linear response one needs to be able to distinguish the effect of a specific type of molec-
ular motions of the solvent (e.g. translational, vibrational, librational), on the solvation
dynamics. A method was devised which employs the projection of the classical bath
degrees of freedom onto the dynamics of classical solute [23]; this was hence utilized
to explain the hidden break down of linear response for the problem of classical sol-
vation [20]. Finally, the formalism was extended to the case of projection of classical
molecular motions onto the solvation dynamics of a quantum solutes [19], and specif-

ically the case of the photoexcited hydrated electron, e, 4. Because of the similarities



between S(t) and C(t), it was believed for a long time, that the linear response theory
holds for this system [24]. On the contrary, it was shown in the study of classical solva-
tion, that linear response theory typically fails to capture the non-equilibrium solvation
dynamics, when it involves size and/or shape changes of the solute particle [25]. Since
the solvation of excited electron is accompanied by a shape change from s-like to p-
like, the dynamics of non-equilibrium and equilibrium solvation processes are expected
to exhibit different properties. This observation intrigued further investigations; mixed
quantum-classical simulations (quantum solute in classical solvent) using the SPC-Flex
model for water molecules which are interacting with an electron through a pseudopo-
tential [26], and with a larger statistical sampling of the phase-space—than that used in
[24]—reported the break down of linear response, and applied the projection method
to investigate the sources of discrepancy between S(t) and C(t) [19]. It is noteworthy
that in all the above studies, it was believed that the electron occupies a quasi-spherical

region surrounded by the water molecules, the so-called cavity picture.

The commonly accepted cavity picture of the hydrated electron was challenged by
a recent study which offered a different picture for the hydrated electron. According to
this new picture which employed a rigorously derived pseudopotential that accounts for
attractive oxygen and repulsive hydrogen features, the hydrated electron—in contrast
to cavity picture—is spread over a region of size ~ 1 (nm), where the density of water

is increased [17] (see Fig. (1.1)).



Figure 1.1: (From Ref. [17]) The top panel (a) shows the wave-function of the electron
in liquid water. The outer meshed shell encloses %90 of electrons distributions whereas
the inner opaque shell encloses %50 of that. The density of water is increased in these

regions. (b) shows the zoomed-in inner shell.



1.1.4 Polaron Problem

According to the standard polaron problem, a quantum mechanical impurity (sometime
interchangeably called “mobile impurity” in the literature and in context as well as
throughout this dissertation), when interacting with longitudinal optical phonons, can
acquire either extended or self-trapped polaronic states depending on the coupling con-
stant. This is the standard Feynman’s polaron which by means of an all-coupling vari-
ational approach, interpolates between the weak and strong coupling regimes, which

were separately studied by Frohlich, and, by Landau and Pekar.

The mode spectrum of the background medium, can drastically influence the po-
laron properties like effective mass and self energy. Parenthetically, we shall mention
that these properties are commonly studied in (ultracold atomic) experiments through
optical absorption and radio frequency (RF) spectroscopy. At finite temperatures where
the quantum fluctuations of the field are largely suppressed, the particle is effectively
interacting with a “frozen” field (or microscopically the constituents of the field). This
mathematically corresponds to the so-called “Born-Oppenheimer” approximation. In
this case if the background medium is in a disordered phase, as in the case of electrons
in polar liquids, the impurity particle is effectively placed in a random potential. This
problem, apart from the mathematical difficulties that may arise from, for instance, the
complex mode spectrum, is conceptually easily approachable, and one might envision
scenarios such as Anderson localization of waves in random potentials. However, for
the regimes where the energy scale of the quantum fluctuations of the field become
comparable to those of the thermal fluctuations and/or the zero point energy of the im-
purity, the interplay between different sources of fluctuations of the many-body as well

as impurity degrees of freedom, makes the problem intractable at early stages.

In the next two sections, we introduce the general scenario of quantum phase tran-
sitions and eventually discuss the role of ultracold atomic physics and some approaches

in studying mobile impurities in correlated systems.
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1.2 Classical vs. Quantum Phase Transitions

Our formal understanding of the classical critical phenomena was initiated and devel-
oped based on the Landau-Ginzburg theory of symmetry-breaking. This phenomeno-
logical framework was later augmented by the idea of renormalization group, in part
by Wilson. The theory of classical phase transitions is fairly well understood: phase
transitions are classified based on the symmetries and the spatial dimensionality of
the system. A key ingredient of Landau-Ginzburg-Wilson theory near a second or-
der phase transition, is the notion of a long-wavelength macroscopic order parameter,
which is zero in the symmetric phase and continuously takes on non-zero values below
the critical point, i.e. in the symmetry-broken phase. The correlation length diverges
upon approaching the critical point, and the scaling exponents are exclusive to univer-
sality classes. The statics and dynamics of the classical phase transitions are separable.
The dynamics of the classical critical phenomena is usually defined according to the

Halperin-Hohenberg classification [27].

In the simplest form of LGW theory (or ¢*-theory), the fluctuations occur around
the wave-vector ¢ = 0, which represents a single isolated point in momentum space. As
mentioned, this gives rise to a second order (continuous) phase transition. The Gaussian
fluctuations around the mean-field solution, modify the critical behavior in 2 < d < 4.
Hence d; = 2 and d, = 4 are called the lower and upper critical dimensions of the
¢*-theory, respectively. The lower critical dimension can be calculated according to
the Mermin-Wagner theorem, which prohibits the spontaneous symmetry breaking in
d < 2 for any positive temperature 7' > 0. In fact the effect of the strong fluctuations
destroys the symmetry-breaking. The upper critical dimension is determined by using
the Ginzburg criterion or renormalization group. This means that for d < 4, the critical
behavior (e.g. exponents) of the theory is dominated by fluctuations; above d > 4, the

scaling behavior can be predicted by mean-field theory.

In spite of a rather thorough understanding of the framework of classical critical
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phenomena, quantum phase transitions pose significantly more difficult theoretical and
experimental challenges. Apart from the nontrivial roles of entanglement and other
properties which are absent in classical systems, statics and dynamics are no longer
separable. In fact the equilibrium critical behavior of a system near a quantum phase
transition is strongly influenced by its dynamics. This enters, for example, in the ef-
fective dimensionality of the system: near a quantum phase transition, correlation time,
like the correlation length, diverges according to a power law. The scaling exponent is

then related to the effective dimensions (see below).

1.2.1 Hertz-Millis Theory of Quantum Phase Transitions

A field theoretical approach to study quantum second-order phase transitions, was de-
veloped by Hertz and later modified by Millis [28, 29]. The theory resembles LGW
theory, except dynamics is—near the quantum phase transition—essentially mixed with
statics, unlike the classical cases where the statics and dynamics are uncorrelated and
their fluctuations can be integrated out separately. Hertz-Millis formalism was in-
tended to describe the itinerant-electron magnetization transitions (e.g. Stoner ferro-
magnetism). At zero temperature, (kz3)~' — 0, the “imaginary-time” is an infinitely
extended dimension; the effective dimensionality of the theory, D, is then increase by
the dynamical exponent z (i.e. D = d + z), where z is obtained by the scaling relation
between correlation time and length: & ~ £*. At finite temperatures, the geometry of
the domain of the order-parameter corresponds to a slab with a finite “length” Sh in

one dimension and infinitely long in other dimensions.

Depending on the type of dynamics, the dynamic exponent z can take different
values. For example the in undamped dynamics case, where space and time enter on
the same footing, we expect the dynamics to add “one” to the effective dimensions,
hence z = 1. In overdamped, z = 2. In general 2/z turns out to be a measure of
the importance of the quantum fluctuations to classical ones. The larger the z, the less

important the quantum effects.
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We now introduce a class of phase transitions which is not encapsulated in the

traditional LGW theory.

1.2.2 Fluctuation-induced First Order Phase Transitions

Fluctuation induced first order phase transitions occur when the order parameter is cou-
pled to a “gauge” field, whose fluctuations diverge at a finite wave-vector ¢o. Examples
include vector potential for superconductors or director field in smectic-A liquid crys-
tals. As another example, in a ubiquitous class of phase transitions, the so-called crys-
tallization, the order parameter seems to adopt a favored wave-vector of size |q| = qo.
(Weak) crystallization is a transition between the disordered phase with continuous
translational symmetry (liquid), and an ordered phase (crystal), modulated by one of
the many degenerate modes with preferred wave-vector qy. Therefore the divergent
fluctuations occur—in spatial dimensions d > 2—around a hyper-sphere, forming a

momentum shell in the momentum space.

The theory of weak crystallization was put forward by Brazovskii. In an attempt
to describe the “crystallization” transition, and in accord with Landau’s earlier trials,
Brazovskii proposed a field theory. This field theory—if treated like a LGW theory,
hence Landau-Brazovskii (LB) theory—results in a second order phase transition at
mean-field level. However if the fluctuations are taken into account, the abundance of
these critical modes keeps the renormalized distance from the transition positive (even
below the mean-field critical point). Also, the quartic vertex becomes negative, but
eventually a positive sixth-order term is generated in the RG procedure which stabi-
lizes the free energy. Therefore the free energy density develops a nonzero minimum
in addition to the zero Gaussian minimum. This implies that the order-parameter, at the
transition where the minima are degenerate, jumps discontinuously from disordered
zero to ordered nonzero value. We note that the consequence of adding the fluctuations
is counterintuitive in the Brazovskii mechanism. The fluctuations are intuitively and

generically expected to smear the singularity of the free energy, however in d > 1-
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dimensional Brazovskii model, including the fluctuations results in a weakly first order
phase transition, where the system avoids the critical point altogether, and prefers pay-
ing the latent heat energy in lieu of the fluctuations’ entropic expense (which occur at
wave-vector ¢p). In superconductivity too, the fluctuating gauge field (vector potential),
yields a similar effect. These phase transitions are commonly called the fluctuation-

induced first order phase transitions.

In the vicinity of a first order transitions, the coexistence of the phases is permit-
ted where the nucleated islands of the ordered phase are separated from the disordered
bulk by a domain-wall with a thickness of the order of the correlation length, which
is no longer divergent. Thus first order transitions are generically not described by a
LGW-type continuum field theory. Nonetheless, in the case of weakly first order transi-
tions, where the discontinuity of the order parameter is small, and where the correlation
length, although finite, is very large, the coarse-graining and field theory formalism
becomes valid again and the field theory description of the weak crystallization is le-
gitimate. It is noteworthy that Landau-Brazovskii (LB) mechanism has been shown, in
certain systems, to persist down to zero temperature making it a quantum phase transi-

tion (QLB).

1.2.3 Phase Transitions in Ultracold Quantum Gases

It was only recently around the turn of the twenty first century, that physicists succeeded
in realizing quantum states of matter, and furthermore became capable of manipulat-
ing the systems and driving the transitions between different states. Ultracold atomic
physics and cavity quantum electrodynamics have employed novel techniques such as
laser cooling and/or evaporative cooling, to isolate the system from energy-exchanging
environments and preserve the quantum characteristics of the system such as quantum
coherence and entanglement, for time scales longer than those required in the experi-
ment. Apart from the experimental interests, the fields provide ideal testbeds for theo-

retical models. Indeed designing the experiments for realizing classical model theories
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through combinations of light-matter interactions of various sorts, is an active area of
research. The engineering of quantum many-body cold atomic systems has been very
successful as it usually provides us with a set of widely tunable knobs to explore the
phase diagram of the system in hand. A commonly used technique, which allows us to
explore the role of interactions (both strength and sign) in quantum gases, is Feshbach
resonance. Through Feshbach resonance, one can tune the scattering length over a rel-
atively large range, sometimes a few orders of magnitude. This can easily be applied
to interactions between the same or different species of ingredients (atoms, molecules,
etc.). Both pure and impure model systems have been employed to explore the role of
quantum fluctuations and their interplay with inter- and intra-species interactions [30].
Furthermore, it is easily possible to change the dimensionality of the system in cold
atomic experiments. Laser-pumping, for instance, can be used to confine the gas so

tightly that the effective dimensionality of the system is reduced to lower than three.

Among the realizable phases, BECs are of special interest because of their long-
range quantum coherence. Pure BECs are commonly described by the self-consistent
nonlinear Gross-Pitaevski equation (GPE), and the fluctuations around the vacuum are
approximated by the gapless Bogoliubov excitations. The self-interaction term in the
GPE of an atomic condensate is represented by a local potential corresponding to the
Lippmann-Schwinger s-wave scattering, in which the strength of the contact pseudopo-
tential is proportional to the scattering length. The nonlinear nature of GPE, also sup-
ports non-dispersive solutions (“Solitons”), appearing concurrently in density and in

the phase of the wave-function.

Optical lattices can be used to trap the bosonic atoms in a BEC, and they have
been used to drive phase transitions. When the lattice depth is sufficiently large, the
superfluid phase becomes unstable towards the Mott insulator phase. Here the explicit
symmetry breaking determines the nodes into which the bosons get trapped. Cavities
on the other hand, allow for a much richer and more complex collective behaviors

through the photon-mediated interactions. These interactions in a single-mode cavity
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result in the appearance of density modulation of a BEC which is trapped in a very wide
parabolic well. Although the potential depth in the case of BEC in single mode cavity

is emergent [31, 32, 33], the nodes are again determined by the cavity mode.

We eventually turn to the case of multimode cavities. The simplest example of a
multimode cavity is a ring cavity with two counter-propagating waves. While the order-
ing transition can be observed in single-mode cavities, through an explicit symmetry-
breaking, the multimode cavities allow for the “emergent” crystallinity. By emergent
here we mean “spontaneous” symmetry-breaking. It has been proposed that sponta-
neous symmetry-breaking of translational symmetry in the form of crystallization tran-
sition can be observed in BECs in multimode cavities which are transversely pumped
by a laser. The transverse laser provides a periodic potential (optical lattice) with par-
allel nodal and antinodal sheets. The atomic cloud is trapped in one of the antinodal
sheets of the laser, and is also interacting with the cavity photons as well as the dissi-
pative extracavity photons. The light-mediated interactions, softens the local modes of
some finite wave-vector ¢o. When the intensity of the transverse laser is tuned above a
certain threshold, the transition takes place. This transition has been analytically shown

to obey the Brazovskii mechanism of fluctuation-induced first order transition.

1.3 Outline

This dissertation is intended to be written in a self-contained manner and I try to provide
the prerequisites of each topic, at the beginning of the corresponding chapter/section.

In this section, we concisely illustrate the goals and results of each chapter.

Chapter 2: In order to study any impure system we first need to understand the
background pure system. In our case of charged particles in polar liquids, the most
relevant statistical quantity is the correlation function of the charge density fluctuations,
i.e. the charge-charge structure factor. In the first part of this dissertation, we present

and analyze the results of Molecular Dynamics (MD) simulations using the SPC/E

16



model of water. Furthermore, we calculate the dielectric drag force on a slowly moving
charged particle, using a linear response theory. The discrepancy between the results
obtained from the MD simulations, and those predicted by a linear-response Debye-like
relaxation of the polarization field, signals the break-down of linear response. Next, by
means of the Leggett’s influence functional method, we propose an analytical model
for calculating the effective mass and self-energy of the impurity. To this end, we use a
model structure factor which is believed to capture the main features of a polar liquid.
We observe, in certain circumstances, a first order transition in the effective mass of
the impurity. When the system is viewed as a variant of polaron theory, the result can
be contrasted against the Frohlich polaron, in which the transition from the extended
to the self-trapped state is smooth. We finally present the zero- and finite-temperature

phase diagrams.

Chapter 3: In order to systematically study the role of quantum fluctuations of both
the impurity and the medium, we adopt a model field theory, the so-called Landau-
Brazovksii field theory. The model has been used extensively in its classical form to
study the ordering transitions to lamellar phases of block-copolymers and liquid crys-
tals. According to Brazovskii renormalization program, even though the model pre-
dicts a second-order phase transition in mean-field approximation, accounting for the
fluctuations in spatial dimensions d > 2 renders the transition discontinuous. Bra-
zovskii transition, is thus an example of the so-called fluctuation-induced first order
phase transitions. A quantum generalization of the Landau-Brazovskii model (QLB)
suggests that the first-order weak crystallization transition survives down to zero tem-
perature, namely in the presence of the fully quantum mechanical fluctuations of the
order-parameter (density field). It has been proposed that such emergent crystallization
can be realized in ultracold Bose condensates, through light-mediated interactions, in
transversely laser-pumped multimode cavities. When the laser intensity approaches a
threshold, the resonant Bogoliubov excitations on top of the condensate vacuum, ap-

pear at finite wave-vectors which satisfy a condition that depends on the geometry of
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the cavity.

The QLB theory and the proposed experiment seem to serve as promising candi-
dates for examining the role of quantum fluctuations with finite wave-vectors on the
polaron physics. Indeed, the laser intensity, an easily adjustable parameter in the exper-
iment, is directly related to the distance from the Brazovskii transition; by tuning the
laser intensity, one can tune the strength of fluctuations. Therefore, we adopt this model
field theory to study the role of the non-specific quantum fluctuations of a solvent on
the impurity and the phenomenon of solvation. We observe that far from the ordering
transition, where the nonlinearities of the theory can be neglected, at zero effective tem-
perature of the impurity particle, and also for frozen quantum fluctuations of the order-
parameter (Born-Oppenheimer limit), the effective mass of the polaron undergoes a
discontinuous transition (similar to the one from the phenomenological influence func-
tional approach). At effective zero temperature, increasing the quantum fluctuations
of the field gradually closes the jump of the effective mass at a second-order critical
point. Alternatively, including the thermal fluctuations yields a qualitatively similar re-
sult. In the absence of the thermal and quantum fluctuations of the field, the “critical”
coupling constant of the first-order transition of the effective mass, «., is calculated via
a self-consistent approximation. This is shown to be proportional to the square root of
the distance from the mean-field Brazovskii transition, which matches reasonably well
with the numerical results. Therefore, away from the Brazovskii transition, the phase
diagram consists of two branches of polaronic states corresponding to extended and
self-trapped polarons, which are separated, in some regions of the phase diagram, by a

line of first-order transition, which terminates at a critical point.

Chapter 4: This chapter begins with a quick overview of the soliton solutions
the Gross-Pitaevskii equation. We discuss the density and phase solitons in atomic
systems, and the role of interatomic interactions. Next, we turn to the case of impurity-
induced solitons in BECs: close to the mean-field critical point of the QLB model,

the effects of nonlinearities are no longer negligible, and indeed completely alter the
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driving mechanism of the transition. We show, using the renormalized theory, that
in addition to the aforementioned polaronic states, a new impurity-induced solitonic
solution emerges, which correspond to the locally ordered structures of the symmetry-
broken phase. The size of these solitons (also called “droplets™) is of the order of
the correlation length, which does not diverge at the first-order transition. We show
that the soliton solutions are robust against Gaussian fluctuations, and also Derrick’s
instabilities. Gaussian fluctuations are shown to be irrelevant in spatial dimensions
d > 2. Also according to Derrick’s theorem, soliton solutions of scalar field theories
are unstable against scaling transformations for d > 2. We show that a finite-size
impurity is able to stabilize the solitons in any dimensions. Based on the currently
accessible ranges of the intra- and inter-species interactions via Feshbach resonance,
we estimate that many features of the theoretically explored phase diagram should be
realizable in a atomic mixture, composed of a dilute impurity-gas of °Li atoms in a

condensate of 22Na atoms, and at temperatures of the order of nano-Kelvin.

Chapter 5: The analysis of mobile impurities near the quantum phase transitions
is generalized in this chapter to the case of quadratic coupling of the impurity to the
field. Inspired by the role of nonmagnetic impurities in itinerant-electron magnetic
systems, a model system is proposed to produce this form of coupling: a magnetically
polarizable mobile impurity interacting with the magnetization field of a system near
a magnetic phase transition. The basic idea is that the induced magnetization of the
impurity is proportional to the nearby magnetic field, which in turn is obtained by
an integration over the contributions of the magnetization from all over the sample.
In this chapter we focus mainly on the second-order transitions. The second-order
quantum phase transition model is borrowed from Herz-Millis theory. Furthermore, we
present the results for the case of fluctuation-induced first order transitions in magnetic
systems. These transitions which follow the general scheme of Brazovskii transition,
have been proposed to take place in paramagnon-magnetic roton phase transition, as

well as paramagnet-helimagnet transition in itinerant magnets [34, 35].
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We show in this chapter, that in three dimensions, the quadratic coupling induces a
first order transition in the effective mass of the impurity, even in the absence of a pre-
ferred ordering wave-vector of the host system. We compare this result with those of
the linear coupling formalism, where a minimum preferred wave-vector is required for
discontinuous self-trapping of the particle to occur. In lower dimensions, a quadratic-
type coupling alone cannot cause the first order transition of the effective mass, but like
the case of linear coupling a finite ¢ is required for the localization to be discontinu-
ous. We also present the results of some perturbative calculations, in small and large
coupling limit.

Chapter 6: The appendix provides some supplementary materials as well as the
theoretical backgrounds of different theories, which have been used throughout the
previous chapters. These include (i) the details of MD simulations of chapter 2, (ii) an
overview of the standard polaron notion and their properties, and (iii) a brief introduc-
tion to fluctuation-induced first order transition and Landau-Brazovskii theory of weak

crystallization.
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CHAPTER 2

Charged Particles in Polar Liquids

In this chapter, in line with our final goal of studying (quantum) impurities in polar
liquids, we first aim at studying a ubiquitous and of course very important polar lig-
uid, water. We determine time correlation functions and dynamic structure factors of
the number and charge density of liquid water from molecular dynamics simulations.
Using these correlation functions we consider dielectric friction and electro-acoustic
coupling effects via linear response theory. From charge-charge correlations, the drag
force on a moving point charge is derived and found to be maximal at a velocity of
around 300 m/s. Strong deviations in the resulting friction coefficients from approxi-
mate theory employing a single Debye relaxation mode are found that are due to non-
Debye-like resonances at high frequencies. From charge-mass cross-correlations the
ultrasonic vibration potential is derived, which characterizes the conversion of acoustic
waves into electric time-varying potentials. Along the dispersion relation for normal
sound waves in water, the ultrasonic vibration potential is shown to strongly vary and

to increase for larger wavelengths.

The last section of this chapter is devoted to a heuristic approach towards a path-
integral formulation of the particle’s degree of freedom. However the approach has

some limitations which are discussed at the end of the section.
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2.1 Classical Particles in a Classical Dielectric Medium

The dynamic structure factor .S (E, w) contains ample information on the structure and
dynamics of condensed-matter systems. For water, where each molecule consists of
one oxygen and two hydrogen atoms, various structure factors can be defined. The
oxygen-oxygen structure factor Spo is the dominant quantity for X-ray scattering ex-
periments: Since X-rays interact predominantly with the electrons, the electron density
is the relevant density related to the scattering cross section. In liquid water, due to
the high electronegativity of the oxygen atom, the electron density is mainly centered
around the oxygen atom and therefore one can determine the scattering cross section
to a good approximation from the oxygen-oxygen structure factor using an isotropi-
cally averaged form factor [36, 37], which can be conveniently obtained from quantum

chemistry calculations [38].

The recent usage of high intensity third generation synchrotron sources for inelastic
X-ray scattering makes it possible to measure S(k,w) for water over a wide range of
wave vectors and frequencies [39] from which Greens functions and interfacial water
dynamics have been reconstructed [40]. An interesting result of the inelastic scattering
studies was that the excitation spectrum of water is richer than that of simple liquids,
which is dominated by Rayleigh and Brillouin scattering. Water has two pronounced
peaks in S(k,w) with w in the meV range and |k| in the inverse Angstrom range that

are absent in simple liquids (see Fig. 2.1).

Neutrons on the other hand interact predominantly with the atomic nuclei, and have
a high scattering cross section for hydrogen atoms. To model neutron scattering ex-
periments one therefore has to take into account additionally the oxygen-hydrogen and

hydrogen-hydrogen structure factors Spg and Sy [37].

For the case of acoustic perturbations, which are associated with mass displace-
ments, the center of mass density structure factor .S,, is relevant [41], while electro-

static fluctuations and correlations are embodied in the charge density structure factor
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Figure 2.1: (From Ref. [39]) (a) shows the imaginary part of the response function
Imy (g, w) for water at ambient conditions. The double peaks occur at ¢ ~ 3 (A=) and
w =~ 1 (meV) . (b) the response function x(r,t) at times: 100 fs, 250 fs, and 600 fs. As
observed from the bottom panel in (b), the hydration ripples are dissipated at = 600 fs.
A two-dimensional real-space representation of the hydration structure around a point
negative charge. The red and blue rings correspond respectively to accumulation and
depletion of oxygen density with respect to the background. The distance between the

first and second hydration shells is ~ 2.6 (A).
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Sqq» Which determines also the solvation and dynamics of charged particles in water,
like ions and electrons. In classical simulations, the structure factors S,, and Sy, can
be constructed to a good approximation from the three site-site structure factors Spo,
Son, and Sy, which therefore contain the complete structural and dynamical knowl-
edge on the pair-correlation level. The importance of structure factors is due to a large
extent to the fact that they are related to the linear response functions via the fluctuation
dissipation theorem [42]. If, for example, one knows the charge density structure factor
Sqq then one can directly obtain the imaginary part of the dielectric response function.
This provides us with the polarization response of the medium to an external charge
or potential distribution. To give an explicit application, the Bethe formula relates the
stopping power of water for an electron to the dielectric response function of water

[43].

In the following sections we determine the auto and cross-correlation functions and
associated dynamic structure factors of the oxygen and hydrogen sites in liquid water
over a wide range of wave vectors and frequencies. From those functions we derive
diagonal and off-diagonal structure factors involving mass and charge densities. From
the charge-charge dynamic structure factor we derive the dielectric friction force on a
moving point charge via linear response theory. As a function of the point charge ve-
locity, the drag force exhibits a pronounced maximum around a velocity of the order
of 300 m/s. When compared with the standard theory for the friction of an electron
in liquid water that employs a single Debye relaxation mode approximation, we find
friction forces that are considerably larger. This deviation is due to non-Debye-like res-
onances at high frequencies in the simulated water susceptibility. The good agreement
between single-Debye mode theory and experimental data for the electron mobility in
water is nevertheless retained since the high-frequency domain is effectively preempted
by a high-momentum cutoff that in a crude manner accounts for dielectric saturation
effects. However, these non-Debye effects might be relevant for the kinetics and motion

of partial molecular charges.
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2.2 Dynamic Structure Factors

We define the auto- and cross correlation functions of the particle number and charge
densities in reciprocal space as

— 1 — —

Fos(k,t) = —=(a(k,t)p*(k,0)), (2.1)

alk,t) =Y e ™0, (2.2)

denotes the Fourier transform of the oxygen, hydrogen and molecule number density,

while
aft)=ed D ze FEO, (23)

is the Fourier transform of the charge density. Here, z, and 7 (¢) are the partial charge
and the position of the atomic site & = O, H while 7 (¢) is the position of the cen-
ter of mass of the i-th water molecule. The total number of water molecules is NV,
X* denotes the complex conjugate of X and e is the elementary charge. The density-
density autocorrelation function Fpp(/;, t) is also called the intermediate scattering func-
tion. The static structure factor is the ¢ — 0 limit of the correlation function, i. e.,

Sap(k) = FQB(E, 0) for o, f = O, H, p, q. The dynamic structure factor Saﬁ(E, w) is

the Fourier transform of the correlation function,

- 1 [ S
Sap(k,w) = 2—/ Fos(k,t)e™dt, (2.4)
™ —o
The structure factor Sag(E, w) can be calculated from a simulation trajectory either by

Eq. 2.4 or from the alternative expression,

—

Sos () = %mt(ﬁ, ), (B w)) /(NA), 2.5)

where the Fourier transform of the densities for the observation interval At is defined
by

—

At
an(k,w) :/ a(k, t)e™tdt, (2.6)
0
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The charge density correlation functions can be expressed in terms of the site-site cor-

relation functions as follows:

qu = 62212{ (4FOO —4Fon + FHH) , 2.7)

Fo, = ezn(—2Foo + Foun), (2.8)

The static structure factors S,,(k), Sy(k), So,(k) and S,,(k) and the static site-
site structure factors Spo(k), Sou(k) and Suu(k) are shown in Fig. 2.2a. It is seen
that S,,(k) (filled circles) and Spo(k) (open circles) on the one hand and S, (filled
triangles) and So, (k) (open triangles) on the other hand almost perfectly overlap with
each other. This reflects the fact that due to the small mass of H there is practically no
difference between the oxygen and the center of mass positions in a water molecule. In
the dynamic case there are differences as will be discussed below. The static site-site
correlation functions Soo(k), Son(k) and Syup (k) are shown in Fig. 2.2 b normalized
by the site multiplicity. With this normalization they converge towards the same value
in the long wavelength limit, since in this limit the small differences in the atomic

positions are negligible with respect to the molecular position.

Figure 2.3 shows the autocorrelation functions F,,(k,t), Foo(k,t) and F,,(k,t)
and the corresponding dynamic structure factors Soo(k,w), S,,(k,w) and Sy, (k,w),
while Fig. 2.4 shows the cross correlation functions Fo,(k,t) and F,,(k,t) and the
corresponding dynamic structure factors So,(k,w) and S,,(k,w) for several values of
k = 3.5, 10.5, 20.5, 28.5 and 36.5 nm~!. Our results for the charge-charge corre-
lation function compare well with the calculations of [44], who also used the SPC/E
water model. Similar results for F,(k, t) and Sy, (k,w) have also been obtained for the

TIP4P [45] and the BJH [46] water models.

If one compares Fo,(k,t) with F, (k,t) for k = 3.5 nm™, it is evident that the
high frequency oscillations present in Fo,(k,t) at short times ¢ < 0.3 ps are absent in
F,,(k,t). Correspondingly, the peaks in Soo (k,w) and So,(k,w) around w &~ 175 ps~!

are absent for S,,(k,w) or much weaker for S,,(k,w). These differences can be ex-
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plained by librational modes of the water molecules. These are small rotations around
an axis through the center of mass of the molecules, which are manifest in the motion

of the oxygen atom but not in the center of mass motion.

Site-site correlation functions Fou(k,t) and Fuy(k, t) and the corresponding struc-
ture factors Sop(k,w) and Suu(k,w) are plotted in Fig. 2.5. Since Sou(k,w) exhibits

zero-crossings for several values of k£ we plot the absolute value.

Figures 2.6 - 2.9 show the logarithm of the dynamic structure factors Soo(k, w),
Spp(k,w), Sgq(k,w), |Soq(k,w)| and |S,,(k,w)| for the full k-w-plane in 2D contour
plots. An enlarged view of the low-k and w region for Soo(k,w), obtained from sim-
ulations of a system containing ~ 33000 water molecules and a box size of 10 x 10 x
10 nm?, is shown in Fig. 2.7. Also included in Fig. 2.7 are the dispersion relations,
w(k) = ¢k, of propagating sound waves for hydrodynamic (dashed black line) and the

hypothesized fast sound (dashed red line) modes [47]. The hydrodynamic (adiabatic)

=] ——, 2.9)
KT Pm

where v = ¢,/c, is the adiabatic index, k7 is the isothermal compressibility, py, is

sound velocity is given by

the mass density and ¢, and ¢, are the isobaric and isothermal heat capacities of water.
For the SPC/E water model at 7' = 300 K we obtain ¢, = 86.7 J/(mol K) and ¢, =
83.7 J/(mol K) from linearly fitting the temperature dependence of the enthalpy and
energy, respectively, yielding v = 1.037. With kr = 45.5- 107! Pa! and p,, =
0.999 kg/l1 [48] we obtain c¢; = 1510 m/s.

The literature discussion on the fast sound mode has a long and lively history: From
the analysis of the dynamic structure factor S,,(k,w) obtained by MD simulations of
the ST2 [49] water model [50] found two excitations, which they attributed to prop-
agating modes with sound velocities of ~ 1500 m/s and ~ 3000 m/s. Many experi-
mental [51, 52, 53, 54] and simulation [55, 56, 57] studies have been performed since
and the current opinion is that rather than having two coexisting excitation modes, the

ordinary sound branch with a sound velocity of ¢, =~ 1500 m/s exhibits a gradual tran-

27



' b)
(@) 5 ClS[=s® [ T T ]
1.5 / s S 02 .

= g — 84 ,"'" y - 1
-Q 1 ,E-E' 1F rr"“f ". ,'.’ M“.\ _‘A"y”%
L - § w oaan
£05 j /
g 2 0dl I e e ]
g o g frn —
_S -8 __...I;{ soart
E—O.S c% 0 — Pr_,,...w
v 1 . T

0 204060 0 0% 20040 60 80

k[1/nm] k [1/nm]

Figure 2.2: (a) Static structure factors S,,(k) (filled circles), Soo(k) (open circles),
Sqq(k) (squares), S,,(k) (filled triangles) and So, (k) (open triangles). Note that S, (k)
and So,(k) are very similar, while Soo(k) and S,,(k) are virtually indistinguish-
able. (b) Static site-site structure factors Soo(k) (open circles), Son(k) (diamonds)
and Sun(k) (crosses). All data are obtained by MD simulations of SPC/E water at

T =300 K and p = 1 bar.

sition to the fast sound dispersion with a sound velocity of ¢, ~ 3500 m/s [47] at higher
wave vectors. In the k-range studied in this work, the Brillouin peak corresponding to
the propagating sound wave is quite broad and overlaps with the central Rayleigh peak,
which is due to diffusion of the water molecules. Consequently, it is only discernable
as a slight shoulder and not as a pronounced maximum in Figure 2.3. The Rayleigh
peak is reflected in Fig. 2.7 a by the slight bulge in the contour lines in between the two
dashed lines. As indicated in Fig. 2.7 b, with increasing wave vector k the position of
the shoulder moves from the position predicted by the dispersion relation of the normal
sound c; (filled spheres) towards the prediction of the dispersion relation for the fast

sound ¢, (open spheres).
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Figure 2.3: Left panels: Normalized autocorrelation functions F),,(k,t), Foo(k,t) and
F,,(k,t) for several values of the wave vector k. Right panels: Dynamic structure
factors Soo(k,w), S,,(k,w) and Sy (k,w) normalized by the w = 0 value for several
different wave vectors k. All data are obtained by MD simulations of SPC/E water at

T =300 K and p = 1 bar.
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Figure 2.4: Left panels: Normalized cross correlation functions Fo,(k,t) and F,,(k,t)
for several values of the wave vector k. Right panels: Dynamic structure factors
Soq(k,w) and S,,(k,w) normalized by the w = 0 value for several different wave

vectors k. All data are obtained by MD simulations of SPC/E water at 7' = 300 K and

L=

p = 1 bar.
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Figure 2.5: Left panels: Normalized site-site time correlation functions for several
values of the wave vector k. Right panels: Corresponding dynamic structure factors

normalized by the w = 0 value for several values of the wave vector k. All data are
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obtained by MD simulations of SPC/E water at 7' = 300 K and p = 1 bar.
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Figure 2.6: Left panels: Dynamic structure factors Soo(k,w) (top row) and S,,(k, w)
(bottom row) of SPC/E water at ' = 300 K and p = 1 bar. Right panels: Close-up

view of the low w region.
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Figure 2.7: (a) Low k and w region of the dynamic structure factors Soo (k, w) of SPC/E
water at 7' = 300 K and p = 1 bar, obtained from simulations of a system containing
~ 33000 water molecules with a box size of ~ 10 x 10 x 10 nm3. The black and
red dashed lines show the dispersion relations of hydrodynamic and the hypothesized
fast sound modes with sound velocities of ¢ = 1510 m/s and ¢s = 3500 m/s. (b)
Normalized slices at fixed k = 2.5, 3.5 and 4.5 nm~!. Filled and open circles show the

positions of the expected Brillouin peaks for the normal and fast sound velocities.
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Figure 2.8: Left panel: Dynamic charge charge structure factor S,,(k,w) of SPC/E

water at 7" = 300 K and p = 1 bar. Right panel: Close-up view of the low w region.
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Figure 2.9: Left panels: Dynamic structure factors Soq(k,w) (top row) and S, (k,w)
(bottom row) of SPC/E water at 7" = 300 K and p = 1 bar. Right panels: Close-up

view of the low w region.
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2.3 Electrostatic Effects

2.3.1 Linear Response Formalism

We briefly review here the basic definitions of electrostatic linear response theory which
we will need in the following (see e.g. [46]). The dielectric response tensor .,z 1s de-
fined by the relation between the polarization density P and the dielectric displacement
D,
P(7.1) = / a / s (7 — .t — ) Dy (1) (2.10)
v —o0

For a homogeneous medium the corresponding expression in Fourier space is
Po(E,w) = Xap(k,w)Ds(k,w), (2.11)

In an isotropic medium the response tensor can be decomposed into longitudinal and

transversal parts,

Xas(k,w) = kzljﬁm(/faw) + (5aﬂ - ki?) X1 (k,w), (2.12)

with
Xi(k,w) = %xaﬁ(/?,w), 2.13)
x1(kw) = ((5a5 — kZi%) Xa,g(lg, w), (2.14)

The longitudinal response function is related to the charge density structure factor by
the fluctuation dissipation theorem [42],

p

T

Sqeq(k,w), (2.15)
We further have

qind(E, w) = —X||(k,w)qext(E,w), (2.16)
where eyt (lg ,w) and ¢inq (l; ,w) are the Fourier transforms of an external and the induced
charge density. In non-magnetic media and at low frequencies (quasistatic approxima-
tion), the transverse response function x (k,w), does not enter the equations for the
electrostatic potential, and will not be studied further in this work. It can be obtained

directly from the polarization density correlation function [46].
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2.3.2 Dielectric Friction and Drag Force on a Point Charge

Next, we derive an expression for the drag force on a charged point particle moving
through a medium with velocity v, using the linear response formalism. The external
charge density arising from the moving charge then is gy (7, t) = qod (7' — Ut), where g
is the charge of the particle and §(7") the Dirac delta function. Accordingly, the external

charge density in Fourier space is
qext(E, w) = 27Tq05(E- U —w). 2.17)
The induced charge density follows from Eq. 2.16 as
qind(g,w) = —2mqox| (K, w)cs(E U= w), (2.18)

In the quasi-static approximation, the electric potential produced by the induced charge

density is given by

1 gina(k,w)

wa(kw) = ST 2.19
P (> ) k2 e (2.19)
. 1 27TqO -
= T, W)k T w), (2.20)

Applying the inverse Fourier transform, we obtain

N dw d3k g ’LA_)"I_’»—UJ
Oina (T, 1) = —/%/W¢ind(k,w)e(k 2 2.21)
Pk do 7N (kKU
-~ [ e @.22)

The force on the moving particle due to the induced charge density then is F =

—qoV Gina (T, t)| 7=, which yields

—

2
= .4 k -
F=i (27r§)3€o /d3k—k2x|(k:, k-v), (2.23)

Without loss of generality we can assume ¢ = ve, and write the integral in spherical

coordinates,

. qg 27 1 kmax .
F=i / d / ds / dkkx (k, kvs), (2.24)
@) /. o] ds | X ( )
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where s = cos(f) and we have introduced an upper wave vector cutoff k.

It is easily seen, that the = and y components of F vanish and with F = Fe, we

obtain

q2 1 k‘max
F=i ( 2 / ds / dkksy (k, kvs), (2.25)
- 0

271')260

Writing the response function as x = x’ + ix”, we have

X' (k,w) = X'(k,—w), (2.26)
X'(kw) = —x"(k,~w), (2.27)
and therefore we obtain
1 Eamax
— d dkksY" (k. k 2.28
277)280 /_1 8/0 SX( ) US)? ( )

The minus sign indicates here that F is a friction force in the direction opposite to that
of the velocity. As expected, only the imaginary part of the susceptibility contributes to
the rate of energy dissipation. Using Eq. 2.15 we can express the friction force in terms

of the charge density structure factor as

qopv e
F = 2.2
47T50kBT/ ds/ dks*Syq(k, kvs), (2.29)

The same result appears as an intermediate step in the derivation of the Bethe stop-
ping power [58]. Figure 2.10 a shows the drag force I’ obtained using Eq. 2.29 and
the dynamic structure factor of SPC/E water at 7' = 300 K and p = 1 bar as shown
in Fig. 2.8. We find a pronounced dependence on the upper wave vector cutoff £,,..;
the friction force increases with increasing cutoff. The highest cutoff we consider is
Fmax = 70nm~1 since for higher wave vectors we expect the point-charge model em-
ployed in our classical MD simulations to become inaccurate. The friction force is
shown to exhibit a maximal value at a velocity around v = 300m/s and to slowly de-
cay for larger velocities, in stark contrast to Stokes friction. The concept of dielectric
friction has a long history [59, 60], but note that previous simulation estimates for the

friction of a moving charge in water used approximate theories and therefore could not

36



resolve the velocity dependence of the friction force in full detail [61]. Although it is
clear that the dielectric friction and non-electrostatic friction are of course intimately
coupled and difficult to disentangle [62], the decrease of friction with increasing ve-
locity is certainly noteworthy and points to collective effects. For electrons in water,
we expect non-electrostatic friction effects to be rather small and therefore the effect
predicted in Fig. 2.10 a might be directly observable. In situations where the dielec-
tric adsorption spectrum has features at lower frequencies than in bulk water, such as
in water-filled protein cavities or close to membrane-water interfaces, we expect the
velocity of maximal friction to be shifted to lower values. In Fig. 2.10 b we plot the
friction coefficient 7 = F'/v as a function of the velocity, which monotonically decays;
here the crossover seen in the friction force is not directly seen. We note that in the
limit of ¥ — 0 Eq. (28) simplifies and the friction coefficient is given by

2 e%p

Yv=0)=-3 Are2kpT

kmax
/ dkS,q(k, 0) (2.30)
0

and takes on a finite value, as seen in Fig. 2.10(c).
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Figure 2.10: (a) and (b) Drag force F and (c) friction coefficient v = F'/v of a charged
particle with charge gy = e~ as a function of the particle velocity v as obtained by
Eq. (28) (open symbols and solid lines). Different symbol shapes and line colors
denote results for different values of the upper wave vector cutoff k.x. In (b) and (c)
in addition results obtained using the single Debye peak approximation, Eq. (33), with
£(0) = 80, e(00) = 1, and 7 = 10 (ps) are shown (dashed lines). (d) Comparison of
the friction coefficient in the limit v — 0 as a function of the wave vector cutoff k.«
in Eq. (29) using the full susceptibility from the MD simulations (open symbols and
solid lines) with the single Debye peak approximation, Eq. (35) (dashed line). The
dynamic charge-charge structure factor used in the calculation is taken from SPC/E

water at 7' = 300 K and p = 1 bar.
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2.4 Break-down of Linear Response Theory; Limitations of the

Single Debye-peak Approximation

To understand the strong cutoff dependence of the calculated friction forces and fric-
tion coefficients in Figs. 9(a) and 9(c) it is useful to compare our results to the limiting
case of a single Debye relaxation mode, in which limit the calculation can be done ex-
actly. First we note that the standard electrodynamic relations between the polarization

density P, the displacement field D, and the electric field £, namely,
D =P +¢E, (2.31)

and D = gpeE, yield in comparison with our definition for the susceptibility in Eq.
(10) the relation
x(k,w)=1—¢e"1(k,w) (2.32)

The imaginary part of the susceptibility then equals:

" . 5//(]{3,00)
X' (k,w) = ECIE (2.33)

The original Debye model for the dielectric response (polarization decay), ignores
the k-dependence:
£(0) — (o)

1 —wr

e(w) = + e(00), (2.34)

which describes a single relaxation mode with characteristic time 7. Then the imaginary

part of the susceptibility for Debye model reads:

" o WT(‘C:(O) _ 6(00))
X @)= 50y 3 22(00) (wr) (2.35)

We note that while ”(w) has a maximum at w = 7!, the maximum of x”(w) is
shifted to higher frequencies and occurs at w = (£(0)/e(c0))7~!. Inserting the single-
Debye approximation Eq. (33) into the expression Eq. (27) we obtain an approximation
for the friction force F. Choosing €(0) = 80 as appropriate for the static dielectric

constant of SPC/E water, choosing the dielectric constant in the optical to equal the
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vacuum value £(o0) = 1, which reflects the absence of high-frequency polarization
effects in the MD simulations, and a relaxation time of 7 = 10 (ps), which again is
close to the actual relaxation time in SPC/E water, we obtain via numerical integration
of Eq. (27) the broken lines in Fig. 9(b) which correspond to three different values of
the upper momentum cutoff k. It is seen that for the smallest value kpa = 10 nm=*
denoted by a black broken line, the deviation from the result using the full susceptibility
from the MD simulations (black circles and black solid line) is quite modest, but grows
significantly for k. = 20 nm~! (red broken line and red data points) and for k., = 30
nm~! (blue broken line and blue data points). In Fig. 9(c) we show the single-Debye
peak approximation for the friction coefficient v = F'/v as a function of the velocity for
the three smallest values of the upper wave vector cutoff k..« (broken lines). We again
observe that for the smallest value k., = 10 nm™~! (black broken line), the agreement
with the result using the full susceptibility from the MD simulations (black circles and
black solid line) is quite good, but significant deviations are seen for kp, = 20 nm™!

(red broken line and red data points) and for k. = 30 nm~! (blue broken line and blue

data points).

In the limit of vanishing velocity of the point charge, v — 0, the expression for
the friction coefficient using the single-Debye peak approximation can be calculated in
closed form and reads

1 g5(£(0) — e(00))7hy

—0) = — max 2.36
(v =0) 1872 £0e2(0) (230)
Approximating £(0)—&(0c0) = £(0), defining the Bjerrum length as (z = —477505%(%)) T

which for a unit charge gy = e~ has a value of roughly /5 ~ 1 (nm), and relating the

upper cutoff to an effective radius R as ky,x = 7/ R, we obtain the simple expression

27T2 EB]%BTT
9 R3

2 ,
(v =0) = —%ﬁBkBTrkﬁ,ax = (2.37)

which has the same scaling and a very similar numerical prefactor as previously

derived expressions. The cubic dependence of the friction coefficient on the upper wave
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vector cutoff k.« explains why the data in Fig. 9 depend so sensitively on ky,.x. Putting
in numbers which presumably are appropriate for electrons in water, i.e., /g = 1 (nm),
7 = 10 (ps), kT = 4 x 10721 (J), kmax = /R = 10 m~!, we obtain the value
y(v = 0) ~ 2 x 1072 (Ns/m). Through Einsteins relation D = kgT/~ we obtain
a diffusion constant of D ~ 2 x 1072 m?/s = 2 x 1075 cm?/s, which agrees well
with experimental results for the electron diffusivity and previous theoretical estimates.
Incidentally, an estimate of the hydrodynamic friction for a particle with a radius R =
0.1 (nm) gives, using Stokes law with a water viscosity of = 1072 kg/(ms), a friction
coefficient of Yhyg = 67nR = 2 x 1072 Ns/m which is identical to the dielectric
friction estimate. This reflects that dielectric and hydrodynamic friction effects have
very similar magnitudes for liquid water if the characteristic radii are chosen similarly
and of the order of R = 0.1 nm. The static friction coefficient (v = 0) according to
Eq. (35) is shown in Fig. 9(d) as a function of £, by a broken line and compared to
the result using the full susceptibility in Eq. (29) (solid line and symbols). It is seen that
for kmax < 10 nm™! the two calculations agree while for larger values of k., the single
Debye peak approximation underestimates (v = 0) by roughly an order of magnitude.
To understand the cause of this deviation in more detail, we show in Figs. 10(a) and
10(b) the susceptibility x|/(k,w) for different fixed values of k as a function of w. It
is seen that for small values of k at w =~ 175 ps~! a sharp peak is present, which by
comparison with the results for .S, in Fig. 2 is traced back to the fast librational motion
of the hydrogen atoms. Figure 10(c) compares Xill (k,w) in the small w-region with
the Debye form, Eq. (33), for a few different values of €(co). The overall agreement
is not impressive, but the comparison shows that the small hump in x|/(k,w) around
w =~ 10 ps~! is related to the dielectric Debye relaxation which only becomes accurate
in the limit £ — 0.We conclude that the strong deviations in x//(k,w) at finite values
of k from the simple Debye form lead to the pronounced deviations between the results
based on the numerical integration over the full x|/(k,w) and the single-Debye peak

approximation in Fig. 9.
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We finally want to explain how the upper wave vector cutoff k., can be derived
for a toy model of a charge distribution with a finite radius . Considering a moving

external charge that is distributed over a spherical shell with a radius R,

qo

qext (7:; t)

the analogous calculation leading to the friction force, Eq. (28), gives for the present

case of a charged spherical shell the friction force

B0 [ g [ ;
F = _47T€(2)—/€BT /1 ds/0 dks*Syq(k, kvs) x J§(kR), (2.39)

where Jy(x) = sinx/z is the first spherical Bessel function. For vanishing sphere
radius R — 0 we recover the previous result from Eq. (28), but for finite R the squared
Bessel function in the integral leads to fast convergence of the momentum integration,
so that the upper integration boundary can be set to infinity. In an approximate way, the
Bessel function can be thought of as imposing a smooth upper momentum cutoff at a
value of roughly kn.x =~ 7/R, so that the two expressions, Eqgs. (28) and (37), are in

fact equivalent.

It remains to be discussed why we need to impose a rather small upper cutoff k.x =
/R = 10 m~! in order to obtain a value for the friction coefficient that roughly
matches the experimental one for an electron. In fact, the need to impose a cutoff
kmax comes mainly from a breakdown of the assumption of linear response theory (in
addition, the susceptibility obtained with the point charge SPC/E water model is also
inaccurate at high momentum, but this effect is of secondary importance). As is easy
to see, the electric charge of an electron is too large for linear response to hold and
as a result of the strong polarization of the hydration water, a dielectrically saturated
shell forms around the point charge with a radius of a few water molecules. Outside
this radius linear response theory applies. A simple approximate remedy to this issue
is to use a heuristic cutoff, leading to Eq. (28), or to consider the friction force on

a charged shell with a radius R corresponding roughly to the dielectrically saturated
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region, leading to Eq. (37).

In the remainder of this chapter, we introduce a prescription for quantizing the par-
ticle’s degree of freedom, then we apply the method to our problem. We finally discuss

the limitations of this approach.

2.5 Path Integral Quantization of the Particle’s Degree of Freedom

Although one can treat heavy impurities (such as heavy ionic solutes) classically, lighter
particles like electrons suffer from stronger quantum fluctuations, and one needs to
quantize the corresponding degree of freedom. Caldeira and Leggett, in a seminal work
[63, 64], and in an attempt to study the macroscopic quantum phenomena, proposed
a prescription for calculating the tunneling rate of a quantum degree of freedom in a
double-well potential, subject to an Ohmic dissipative force. Suppose that the classical
equation of motion of the degree of freedom ¢(t), is given by

Vlg(t)]

Mil(t) + ni(t) + =t

= Fex(t), (2.40)

where M the inertia associated with ¢(t), and 7 is the “Ohmic” dissipation coefficient,
which results in the rate of dissipation 1¢?, and is independent of frequency, etc. Finally
Vq(t)], is a conservative potential associated with q. They proved that the tunneling

rate can be calculated using
Punn = Aexp(—B/h). (2.41)

Here A is expressible in terms of the fluctuations around the saddle-point “bounce” tra-
jectories between the wells of the potential and is therefore a function of the parameters
in Eq. 2.40. Next, B is the effective WKB exponent for the saddle-point path. They fur-
ther showed that in the presence of dissipation, the tunneling rate is always suppressed
compared to the dissipationless case. This also implies the loss of quantum coherence
of the coordinate, as a result of interaction with an energy-exchanging reservoir (envi-

ronment). Noting that “measurement” (or perturbing with classical probes) results in
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the collapse of wave-function in Copenhagen interpretation of quantum mechanics, this
theoretical model, based on a minimal set of ingredients, can serve as the explanation

of this collapse.

This formalism was later extended by Leggett to the cases where the coordinate ¢
is acted upon by a rather general (frequency dependent) integro-differential operator,
provided a number of commonly satisfied conditions hold. Let us assume that the

classical equation of the motion is described by:

Kq(t) = —%Z(m, (2.42)

in which K is a linear integro-differential operator, which obeys causality. In the case
of Eq. 2.40, K reduces to: k' = Md?/dt? +nd/dt. By means of the Fourier transform
+oo )
flw) = ft)e ™ dt, (2.43)
we write the above equation as:
oV (q
K@) = - (T3] @) .44
q
where K (w) is now a complex function, and is generally related to an impedance-like

function. In the following subsection we briefly review the derivation of the Euclidean

action from the classical equation of motion, via Leggett’s prescription.

2.5.1 Leggett’s Quantization Prescription

According to Caldeira-Leggett model, the environment which is in general an energy-
exchanging heat reservoir, can be modeled by a bath of harmonic oscillators. The
spectrum of such bath (usually denoted by J(w)) determines the induced dynamics, as
a result of the particle-environment interaction. In the specific case of Ohmic damping,

where the dissipative force is proportional to the conjugate velocity ¢, we have: J(w) =
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nw. The appropriate hamiltonian for such a coupled system is written as:

2
Hig.p: a.m,}) =2+ Volo Z[ + g

- Z (@,p)2; + Gj(q:p)p] + ®(g:p).  (2.45)

In the above equation (2.45), (¢, p) and {(z;,p;)} are the (coordinate, conjugate mo-
mentum) pairs of the particle and harmonic oscillators of the environment, respectively.
Also M, {m;} and {w;}, represent the bare mass of the particle, masses of the envi-
ronmental harmonic oscillators, and the frequencies of the harmonic oscillators, re-
spectively. On the right hand side, the first line is the sum of the hamiltonians of the
decoupled particle and bath system. The first term in the second line is the coupling
between the particle and bath, which must be linear in the bath coordinates. Note that
although F; and G are labeled by the oscillators’ indices, they are independent of the
dynamical variables {(z;,p;)}. Finally ®(q, p) is a real function which might in turn

depend on the parameters m;, w;, F;, G; but not on dynamical variables.

For the Leggett’s prescription to be valid, there are constraints to be imposed on the

Hamiltonian:

(I) The assumption of “weak” perturbation due to environment. This allows us to
neglect the nonlinear effects of the bath, effectively keeping only the linear terms in

bath degrees of freedom.

(II) The condition of “strict linearity”. This means that the microscopic interaction
Hamiltonian of the particle and environment, can only contain the terms either (a) linear
in particle variables (¢, p) when coupled to environment, or (b) quadratic in particle

variables when the environment variables are absent.

(III) Time-reversal symmetry. This is not an essential assumption but simplifies the

derivation.

Occurrence of the terms which include higher order terms than linear, in environ-

mental degrees of freedom implies that the assumption of “weak” perturbation due to
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environment is no longer valid and one needs to resort to other techniques such as adi-
abatic approximation. In order for the second condition to hold, we note that F}, G;
must be linear in (g, p), whereas ®(q, p) can be bilinear. This allows us to write down

the interaction term in the following form:
D 1 1 5 1 4
Hip = =~ Y Firj—q) —Gyp; + ap* + 5bd”, (2.46)
J J

where a, b are constants. The last two terms can be absorbed in the Hamiltonian of the

bare particle, resulting in renormalization of the mass, and a shift in potential V;(q),

M1l=M"14q (2.472)

1
V(g) = Vola) + 5ba” (2.47b)

After a set of canonical of the coordinates and Legendre transformations, we obtain the

total Lagrangian of the system:

o~ A 1"‘”. e 1 ~ L ~9 ~
L. {55.85)) =5 M@ = V() + 5 Dy (3 — &)
J

C?
— C.x; — q* I 2.48
q E T —q E 22 (2.48)
J J J
It is now convenient to introduce the spectral density of the environment as:
=23 s (2.49)
w) = — ——0(w — w;), .
2 - mjwj J

J

and also a complex function of w in the lower half of the complex plane:

K(w) = —w? F /0 h dw’# + 1\7} : (2.50)

T w? — w?)
such that ImK (w) = J(w) for [Imw| — 0. Now if we calculate the equation of motion

from Eq. 2.48, and eliminate the environmental degrees of freedom, we get for g(w),

the real-time Fourier transform of ¢(t):

K (w)q(w) = — (av@ ) () 251)




where w = Rew + ie and € — 0F. Therefore K (w) is identical to K (w) for [Imw| — 0.
Now following the Caldeira-Leggett prescription, we get for the effective Euclidean
action in “imaginary-time”:

Salatr) = [ |30+ V(o) ar

[e.9]

w3 [ aerat =) - a2 (252)

o0

We call the last term AS.g. In the above equation we «(7 — 7’) is given by:

aft—7') = ! / h J(w)e I dw. (2.53)
0

~ o
Now by defining the Fourier transform in the imaginary-time domain for the coordinate

q,

+oo
qw) = / q(T)e”™7dr, (2.54)
we get for AS,:
1 [+ o
ASesr = 5 [a(w) — a(0)]]|g(w)|*dw, (2.55)

where we have

1 +oo o] , )
_ d dw'e v |7 T (S
a(w) (27T>2 /;oo 7-/O ve ‘ (w )
1 o0 W, (w/)
" o2 /0 w? + w? 4o’ (2:50)

From Eq. 2.55, we get:

1 [r l— 1o [T J(w') ~ 2
Seff:% N dw [éMw +71 7w /0 dW/w’(w’Q—f—w?) |G(w)|” + Sy, (2.57)
where,
+o00
Sy = / drVig(r)], (2.58)

is the action of the potential V' [¢(7)]. From comparing Eq. 5.33, it is concluded that if

the classical equation of motion governing ¢(w) is,

K(w)q(w) = — (agff)) (), (2.59)
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then the effective action is given by the following expression:

Sald@) = - [ SECikli) P+ Svla@). @60

The prefactor of G(w), for the simple Ohmic dissipation case, reduces to ﬁ(]\/[ w? 4
nwl).

The Leggett’s prescription facilitates the derivation of effective Euclidean action
for a coordinate (corresponding to a single impurity in our problem), from the classical
equation of motion, which in turn is expressible in terms of the influence functional
K (w) which is induced by the bath. In other words, by integrating out the harmonic
degrees of freedom of the bath, we obtain the reduced density matrix of the particle, in
terms of the influence functional. This implies that given a (phenomenological) influ-
ence functional which is—as mentioned above—related to an impedance-like quantity
of the bath, we can construct the effective action for the particle. However we note that
in order for the prescription to be strictly valid, the aforementioned three conditions
must be satisfied. We will see below that the second criterion runs into difficulties in
our system and some approximations are required in order to be able to utilize Leggett’s

formalism.

2.6 Influence Functional and Effective Action of a Charged Parti-

cle in a Dielectric Medium

In this section, we essentially follow the same lines as the beginning of this chapter,
namely we find the dielectric drag force acting on a slowly moving particle. Inspired
by the Leggett’s formalism sketched above, we would like to find the influence func-
tion of the environment, from which the effective Euclidean action is straightforwardly
concluded. So we begin with deriving the classical equation of motion of a particle in

a dielectric medium. We wish to write it in the following form:

K(w) R(w) = F(w). (2.61)



Here R denotes the coordinate of the particle and plays the role of ¢ in the original
formalism. We note that the above formula is valid for a one dimensional system. A
more general form reads:

K (). R(w) = F(w). 2.62)

where ? (w) is now the influence functional tensor, R the position vector of the particle
and F, the dielectric force which is naturally expected to be in opposite direction as
R(t).

We now start with a single classical charged particle which is moving very slowly
at velocity v in a certain direction. As a result of the electrostatic interaction between
the particle and surrounding medium, the medium gets polarized, as a consequence of
the opposite displacements of positive and negative partial charges of the constituents
of the medium. Thus as the particle moves through the medium, it has to drag the cloud
of polarization. This clearly amounts to the increase of the inertia or effective mass
of the particle. One can think of this problem (at this level) as the classical version of
the polaron problem. Now Leggett’s prescription is essentially designed to transform
this classical problem to its quantum mechanical counterpart. Therefore one might
hope that by deriving the influence function and then performing the consequent quan-
tization, one would find the effective action of a polaron. However the strict linearity
condition on the coordinate of the particle, inhibits us from making further mathemat-
ical progress, as this coordinate appears not quadratically but in fact as exp(iq.R(t)),
where ¢ is the wavevector. We, however, note that starting off directly with quantum
mechanical hamiltonian does not resolve this issue. In fact a similar mathematical dif-

ficulty arises in the polaron problem.

Now using the expression obtained for the dielectric force on the particle we get:

PO = = [ [aw] Db aw -

2m2q?

X /d—t/ expliq.(R(t) — R(t")) —iw(t —¢")]|.  (2.63)

2
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where e is the charge of the particle and where €(q, w) is the dielectric function of the

medium. Now the classical equation of motion for the particle reads,
MR =F[{R(t)}] (2.64)

If the force F[{R(t)}], after Fourier transform to frequency domain, could be written in
the form ?(w) R(w), we could deduce the influence function. It is not hard to see that
such a simplification can be achieved by approximating the exponential exp|iq.(R.(t) —
R(t'))] by 1 — iq.(R(¢t) — R(t')). This approximation is only valid for slowly moving

particles where q.R(w) < 1. Therefore we can rewrite the force as:

t) = —i [ d*q | dwexp(—iwt) 622q2 (e Hqw) — 1| (—iq.(R(w)—6(w)R(1))).
2m2q
(2.65)

Neglecting the zero frequency part, we arrive at:

-5 [ @] g aw) )| @R@). @6

We note that this force is proportional to —e?, hence negative and insensitive to the
sign of the charge. From this we find the relation for influence function in terms of the

dielectric function of the medium:

_ __/ {271’ (e (aw) - 1)} (2.67)

Now using Leggett’s formalism, we can derive the effective Euclidean action of the

particle. Further by means of the fluctuation-dissipation theorem, we can recast the
above equation (expressed in terms of dielectric function) in terms of the charge-charge
structure factor of the medium S(q,w) = (|p(q, w)[?), which is the ensemble average

of the charge density fluctuations p(q,w).
Bh 1

) d3 L
Ser = — M\R] +af” Z —4 W)
0

,Bf
X //0 dtdsexp[—iq.(R(t) — R(S)) + iwy|t — s|].
(2.68)
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Here « is the self-interaction coupling constant which depends on the charge of the
particle and other characteristic constants of the system. Next, 5 = 1/kgT is the
inverse temperature and w,, = 27n/f is the bosonic Matsubara frequency. We note
that this action is derived for the Coulomb potential V; = 1/¢?. Note that in order to
retain the original form of R-dependence we have here (and after deriving the influence
function), re-exponentiated the coordinate. With the above definition of the effective
action, the equilibrium partition function of the particle can be written the following
functional integral as: Z = [ D[R(t)] exp(Serr[R(t)]/ k), where D[R(t)], denotes the

path-integration measure.

Equation 2.68 suggests that one approximate strategy to study the quantum particles
in dielectric media, could be to derive the structure factor and substitute that in Eq.
2.68. We shall mention here that the approximation of the quadratic dependence on
R, becomes more and more accurate as the mass of the impurity is increased. The
heavier the impurity, the less significant the zero point motion of the particle and the
more localized the wave-function, hence the more valid the Taylor expansion. In the
language of polaron problem, this corresponds to large self-interaction, which causes
the self-trapping localization. We also note that from the results of the MD simulations,
we only can extract the classical S(q,w) at room temperature. Hence the quantum
fluctuations of the environment are absent. The full quantum mechanical fluctuation-

dissipation theorem between the response function and structure factor reads:

Im{x(q,w)} = 2%(1 — e ) S(q,w). (2.69)

This implies that the structure factor is not an even function in the full quantum me-

chanical form and is in fact obtained by a detailed-balance equation:
S(q7 —CU) = e—,@flws(q’ UJ), (270)

which in the classical limit Sw — 0, reduces to the classical form.

The dynamic structure factor of polar liquids, as numerically calculated for the case

of water, reveals pronounced peaks in (q,w)-plane, in the range of small frequencies.
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One can fit the numerical results using a combination of simpler solvable models, e.g.
Debye-like dynamics. For the imaginary part of the dielectric response function x(q, w)
is in general related to the structure factor via fluctuation-dissipation theorem. In the
classical limit the relation takes the form: Im{x(q,w)} = 27fwS(q,w). Fitting the
response function y(q,w) to the actual numerical data, suggests the following general
form [46]:

A17'1 A27'2
1+ w?r? 1+ w?r

As v y
+ 2 (<W0+w)2—|—f)/2 + (wo_w)2+72):|7 (271)

in which Ay, Ay, 7y, 79, 7, are free parameters which are obtained by fitting. Based on

Im{x(q,)} = 4785(q) [

this analytical model, obtained from the numerical analyses, we calculate the polaron

properties in a model polar liquid.

For simplicity, we focus on the major component of the dynamics corresponding
to the dissipative mode, namely the first term in the brackets in Eq. (2.71). The static
structure factor S(q), also has a peak at ¢ = go. The peaks in the structure factors
can be well modeled by Lorentzians. Following this common approach we propose the

general form,
1

(¢ —q)* + (Ag)*

In the above equation, Aq determines the width of the peak of the structure factor. We

S(q) ~ (2.72)

note that the sum-rule requires that the static structure factor satisfies
+oo
S@= [ wSew). 273
—0o0
which is the equal-time correlation of the fluctuations (a snapshot of the system). We
now insert this phenomenological model in the effective action of the particle. The goal
is to find the self-energy and the effective mass of this particle as a result of interaction

with this dissipative local modes.
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2.6.1 Zero Temperature Limit

From previous sections effective Euclidean action according to Leggett’s formulation,

SETR( :——/ dt |RJ2— // dtds/ d“”ﬁ ¢“lt=sl [R(#) — R(s)|?,

(2.74)

where,

vo-tf g mnl) e

In the original Leggett’s formalism, the coupling between the particle and medium is
linear. It is not the case in our problem; the force is not linear in particle’s degree of
freedom. In order to match it with the Leggett’s method, we expanded the exponential
interaction to the linear order in terms of the generalized coordinates. The justification
for such a generalization is the following. In the case of Feynman theory, where the
electron interacts with a single dispersionless mode, the formulation matches with that
of Leggett’s where the linear coupling is a basic assumption, if we expand the force to
the linear order. In our case, the electron is coupled to a distribution of modes which
does not make any fundamental difference with Feynman’s problem. Thus the natural
and reasonable way to generalize the Leggett’s theorem to find the effective action
in our case seems to be the same. Therefore we re-exponentiate the linear term to the

original form of the force. Eventually the effective Euclidean action takes the following

ot w5

« _2€w\t sl gia (R(1) - <>>Im{

form.

(2.76)
q

€(q1, w) } ’

We drop the superscript ” E”” denoting the Euclidean action hereafter. Note that a minus

sign is already included in the effective action such that, e % = f e” D[R
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e Variational Method

Since the path integrals with the above actions are not analytically solvable, we intro-
duce the following trial action with two free parameters to be fixed. The trial action is

of the following form,

/ IR|%dt — — / / IR(t) — R(s)|?ePlt=*ldtds, (2.77)

The free parameters are intuitively chosen in a way to determine two physically separate
characteristics of the interaction. C' is the strength of the interaction, while D shows
how fast the distortions are mediated through the medium i.e. the temporal Kernel of
interaction. This form of trial action reflecting pure dissipation is in consistence with
the physical intuition of the polar liquids as mentioned before. The Debye-like decay is
the most important contribution of the modes in polar liquids, approved by numerical

methods. Exponent D, represents this time constant.

In the path integral representation of the free energy, the following relation exists
between F’, Fy,.S and S;, denoting the free energy of the original system, free energy
of trial action, original Euclidean effective action and trial Euclidean effective action,

respectively,

F<F+ 6(5 S1), (2.78)

At the zero temperature limit the dominant term in the free energy is the ground state,
such that we can replace the effective energy of both the original and the trial actions

by the ground state energies which are denoted by F and £ respectively.

(S—8)=A+B, (2.79)

|~

where,

S /

1
zw\t s| /i
< e (e >1m{6 - } (2.802)
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B
B= %% / /0 (IR(t) — R(s)[})e Plt=sldtds, (2.80b)

Note that all the averages are defined with respect to the weights, e**. For later con-
venience we define a new parameter in terms of the primary variational parameters,
v? = D?+4C/Dm.

For brevity we call the last term in the integrand of Eq. (2.80a) , (exp)®) hereafter
(the superscript (0), becomes clear in the next section). This term is calculated by

Feynman for the above-mentioned weights [65, 66, 67, 68],

o _J explia.(R(t) — R(s))]e* D[R]

(exp) TeS DR
2hCq? iy RD*¢?
—ep [‘mvsp (L) =5l =
hq?
=exp [— QmUQQ(]t — s, (2.81)
where,
2 _ D2
Glu) = D*u + 2 —— (1—e). (2.82)

Now we may calculate B,

_lg g _R(s)[2) e L5l gt ds
B35 [ (R0 = RGPt
3C

= 2.
et (2:83)

which can be readily approved by taking the second derivative of (exp)(®) with respect
to q.
3

Ey=3(v—D), (2.84)

Using Eqgs.[2.78,2.79], we obtain the upper bound for the original ground state energy,

M2
po3=Dr (2.85)
4 v

At this step we have to minimize Eq.[2.85] with respect to variational parameters D, v.

These parameters are going to be used in the effective mass calculation later in this
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paper. The minimizing set of variational parameters, we call (D*, v*) gives us an upper

bound of the ground state energy. But let us first work out the integral in Eq. (2.80a).

2 [ f

" _ezwu o (e (R -R (s >>>Im{ 1 }

e(q,w)
/ / dtds / /
hq

o | gt = s m{ o @

The integration over imaginary times ¢ and s, needs to be discussed here. The upper

iwl|t—s|

X—2€

limit of the integrals in the path-integral representation of the free energy is the inverse

temperature which goes to infinity at zero temperature limit.

iy / atds f (1t — ) = lim / " 28— u) ()
— 28 / " Fu)du, (2.87)
0

for fast enough decaying function f(u), and u = |t — s|. Equation (2.76) can be slightly

/ | o =
x q—Qe exp{ 2:3302(](“)} Im{g(ql’w)}, (2.88)

Therefore, Eq. (2.85) reduces to the following,

E:i(v— / / d’q dw

X %e “exp { nggg(u)} Im{

q

simplified,

2.89
(q.o) } ) (2.89)

()

(2.90)

In Fig. (2.11), we see the energy landscape as a function of the variational parameters
(D, v), for three different ’s, and for specific Aq, 77'. Two minima coexist for in-
termediate coupling constants which defines the coexistence region, while one of them

fades away beyond that.
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Figure 2.11: The energy-landscape for (a) below the transition, (b) the coexistence
region, and (c) above the transition. In the landscapes of (a) and (c) there exists only
one minimum, whereas in the coexistence range (b), the two minima coexist. This is a

signature of the first order transition.
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o Effective Mass

In order to calculate the effective mass, we use a mathematical trick, which was used
by Feynman. We add a term, U(¢ — s) to (R(#) — R(s)) in the exponential, assuming
that particle in moving with a constant “velocity” U, in the imaginary time domain.
Then we expand the exponential to the second order in U. We eventually come up with
a modified (exp), defined in the previous section,

2
2mu?

1
x (14 iq.U|t — s| — §q2U2]t — s|*cos® 0 + O(U?))

(exp) = exp [-5——=G(|t — s])]

1
=(exp) V1 +iq.U|t — 5| — §q2U2|t — s|* cos? 0

+0(U%)]

—(exp) @ + (exp)® + (exp)® + ..., (2.91)

where 6 is the angle between U and k. The linear term vanishes after the integration
because of isotropicity. We are now left with a U-independent term and a quadratic
term in U, whose coefficient along with the kinetic term’s coefficient gives us the ef-
fective mass.

The effective action turns out to be of the following form,

(SE) = < — % / IR|? dt> + A+ Ay(U), (2.92)

where A, is the interaction part in the U = 0 case, discussed in the previous section and

A, (U), is the "velocity”-dependent term and takes the form,

1,486 /°° / d?q /dw
A>(U) = 2U 2 /o du @2r)3 ) 2n
_ hq® 1
2 2 4 wu _ 1 2.
X u’ cos” e “"exp [ QmUZQ(u)} m{s(q,w)} ; (2.93)

The second equality results from zero temperature approximation discussed above

and also integration over . The coefficient of U? in the energy is equal to mT Therefore
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Figure 2.12: Effective mass against coupling constant. Other parameters are set at
Aq = 0.3qp and 7 = 10. As shown in the picture, the polaron mass remains around
the bare mass for coupling constants o < 55. This corresponds to panel (a) of Fig.
(2.11). As the coupling in enhanced, the effective mass undergoes a discontinuous
jump by two orders of magnitude. This corresponds to the self-trapped polaron, panel
(c). In between there exists a narrow range of the coupling constant, where the energy

landscape develops two coexisting minima; see panel (c).
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Figure 2.13: Zero-temperature phase diagram. The heat map of the critical coupling
constant, as a function of the width of the static structure factor in ¢ and that of the
dynamic part 7 1. The “critical” region, indicates the region where the first order tran-
sition exists. Therefore the effective mass is becomes discontinuous at the “critical”
coupling constant. The value of this critical coupling can be read off the color code
sidebar. The “No Transition” region is connected to the critical one by a line of second
order transition, where the gap of the effective mass closes. We note that some values of

the critical coupling, obtained from this model, might be unrealistic in actual systems.
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the effective mass turns out to be,

mo__ 2 A,(U)
m B U2 | peysy

(2.94)

where (D*, v*), are the values of the variational parameters minimizing the free energy.
The result of the effective mass calculation is shown in Fig. (2.12). There coexistence
region is specified in the figure. This type of behavior is observed for a so-called “Crit-
ical” area marked in Fig.[2.13], where Aq and 7, lie in a specific range. Therefore the
border of this critical area defines a second order transition line which separates it from

no transition part.

2.6.2 Finite Temperature

We derived the effective action in the case of zero temperature limit using the Leggett’s
influence functional theorem in Eq.[2.76], where the only allowed process is dissipating
energy from the particle to the environment through the term e~“I*~*/. However in the
presence of thermal fluctuations, absorption processes play role as well as emission.
Mathematically these processes are reflected in a more general form: {N +1}e ==l 1
{ N}e“lt=sl, which is the result of integration over a bath of harmonic oscillators at finite
temperature. Here N = [exp (Shw) — 1]7, is the Planck distribution function.

We now use the theory of a polaron at finite temperature [69], where we introduce a

general form of the trial action,

m 5 . 1 (B B
Sy = __/ IR|?dt — _/ / K(|t — s|)|R(t) — R(s)|*dtds, (2.95)
2 0 2 0 0

the kernel of the trial action, (|t — s|) = K(u), reduces to Ce Pl = Ce=P¥ in
our case, allowing both negative and positive values of minimizing D, for emission and

absorption of the excitations of medium respectively. Defining the Fourier components

of the kernel in terms of Matsubara frequencies v = 2”7”, we have,
K (u) ! > Kne™ (2.96)
u) = — ne’t, .
B4
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where v = 27n /3, and for the aforementioned form of trial action, we have,

- 20D

Similar to the vase of zero temperature, we would need to calculate the average of the

actions for which we need,

hq?
0) — 2 A(lt = 2.
fexp) = exp |5 Al - 5], 2.98)
where,
At —s|) = Z gu(1 — cosvu) (2.99a)
I/>0
and,

g = [ +2(Ky - K,)] "

1
- (2.99b)
v? 5D2V—i-l/2

We can still use the first equality of Eq.[2.87], provided that the (exp)®), is a function
of |t — s|. Following the general formalism of variational method, discussed in previous
sections,

F=F —(A+B), (2.100)

for which we need to calculate F}, the free energy associated with the trial action, and
eventually minimizing [/ with respect to variational parameters. According to [69], B

can be easily calculated having the trial action in hand,

3 D D2
:_Z b (2.101)

The last equality could be easily verified in a few lines of simple algebra. The free

energy of trial action F}, also satisfies the following differential equation,

di B
dC _C
Z DD”"; , (2.102a)
6 zx>0 D D212
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with the boundary condition,
F(C=0)=0, (2.102b)

which can be easily solved,

2

3 4 v
F=—= n{l4+ ———— 2.103
! 62V:n(+DD2+v2)’ (2109
o Effective Mass

Using the method of Feynman we calculate the effective mass at finite temperature.

This results in the following expression:

*

-1
m* 32
=0 [Z gV] 7 (2.104)

v>0

The effective mass experiences a first order transition at zero temperature as well as
finite temperatures up to a certain point depending on the phase-space parameters
(Aq, 77Y). Figure (2.14) shows «, as a function of Aq and temperature, at fixed 7.
As we see in figure (2.14), the transition happens at finite temperature as well, up to a
certain temperature which depends on Ag and 7. According to the above figure, in the
presence of thermal fluctuations, the first order transition of effective mass takes places

at weaker couplings and goes away beyond a specific temperature.
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Figure 2.14: Finite temperature phase diagram at 7 = 10. At each Aq/qo, i.e. width of

the peak, the critical coupling constant .. is reduced upon increasing the temperature

B~L. The discontinuity in the effective mass closes at a finite temperature.
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2.7 Conclusions

Using classical MD simulations of the SPC/E water model at ambient pressure and
room temperature, we determine the auto- and cross-correlation functions and associ-
ated dynamic structure factors of the oxygen and hydrogen sites in liquid water over a
wide range of wave vectors and frequencies. Based on the diagonal and off-diagonal
structure factors involving mass and charge densities we consider dielectric friction and

electro-acoustic coupling effects in liquid water.

On the linear-response level, the friction force on a moving point charge is maxi-
mal at a velocity around v = 300 (m/s) and decays for larger velocities. This quasi-
resonant friction feature is reminiscent of frequency-dependent Stokes friction, which
also shows deviations from a linear velocity dependence. Although our calculation is
strictly valid only on the linear-response level and thus neglects the nonlinear effects
the presence of a point charge has on the water surrounding, this finding is interest-
ing and points to complex dynamic phenomena for moving charges in liquid water.
This might be even biologically relevant for electron and proton charge-transfer pro-
cesses in proteins. In situations where the dielectric adsorption spectrum has features at
lower frequencies than in bulk water, such as in water-filled protein cavities or close to
membrane-water interfaces, we expect the velocity of maximal friction to be shifted to
lower values. The friction forces we calculate are for elevated momentum cutoff values
considerably larger than predicted by the single Debye relaxation mode approximation,
which is due to non-Debye-like resonances related to librations at high frequencies in
the simulated water susceptibility. For an electron a sufficiently low momentum cutoff
basically eliminates the high-frequency domain, which can be thought of as to account
for dielectric saturation effects in a heuristic manner. However, non-Debye effects can
be relevant for the kinetics and motion of partial molecular charges which do not lead
to dielectric saturation at small length scales (i.e., high momenta). We note that in the

high-wave vector/high frequency regime classical MD simulations become unreliable
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as polarization and quantum effects start to be important, therefore in this regime our

results should be merely viewed as indicative.

Furthermore, in the last part of the chapter we proposed a heuristic and phenomeno-
logical approach, where a few approximations are needed, which in turn limit the appli-
cability of our results. We used the Leggett’s influence functional method to derive the
effective Euclidean action of the particle as a result of the interaction with a presum-
ably bath of harmonic oscillators. The formalism is based on linear-response theory.
Whether this is a good approximation or not, thus depends on the validity of linear-
response theory, and hence the strength of interaction. In the actual system of an excess
electron in water, we observed from calculating the dielectric friction, that the linear
response breaks down. This was justified using the discrepancy between the predic-
tions of the linear-response relaxation of the polarization field (Debye-relaxation), and
that of the molecular dynamics simulation data. However, this toy model gives us some
clues about the effects of local modes on the properties of polarons. We observed that
local modes are capable of localizing the polaron, at sufficiently large couplings. The
transition is jump-like; the jump closes if the width of the peak of the structure factor
or the characteristic frequency of damping are increase beyond a region shown in Fig.

(2.13).

From chapter 3 on, we switch to a rather systematic approach: a model field theory
which is also realizable in cold atomic experiments is proposed to be a good candidate

for capturing some physical aspects of the phenomenon of solvation.

Inspired by the above discussion, we shall seek models involving nonlinear effects,
which invalidate the perturbative expansion in coupling constant, and therefore linear
response theory breaks down. In the case of an electron in water, we heuristically and
phenomenologically interpreted the formation of hydration shell as a manifestation of
the break-down of linear response theory. Hydration shell, in our phenomenology, can
be thought of as a “frozen”, dense layer of solvent molecules. This local structure

corresponds to an ordered state, not achievable by expanding the free energy around
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the liquid phase minimum.

The model we adopt in the next chapter describes a quantum field in the vicinity
of a mean-field second order quantum phase transitions. We know, from the theory of
critical phenomena, that near a critical point the fluctuation occur at all length scales,
and consequently, the static structure factor S, o< (|p,|*) diverges. Here p, is the Fourier
mode of the density fluctuations. Therefore by moving close to or away from a critical
point, one can tune the strength of the fluctuations. The model, near its transition,
shows instabilities towards an ordered state with the characteristic length q;*. This
has dramatic consequences on both the nature of the transition in the bare system, and
the polaron properties in the impurity problem. We investigate the role of quantum
fluctuations of the medium on the solvation of the particle and the break-down of linear
response theory which is characterized by the formation of solvation shell. We also
address the experimental feasibility and discuss the possible realizations in an impurity-

doped ultracold Bose gas.
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CHAPTER 3

Ultracold Bose Gases and Mobile Impurities

Ultracold atomic quantum gases, specifically in the BEC state can be served as model
systems for investigating the role of quantum fluctuations. Bose gases in shallow har-
monic traps can simulate nearly ideal gases, when the interatomic scattering length agg
is much smaller than the interatomic spacing, which is proportional to n~¢, where n is
the density of the gas and d is the spatial dimensionality. For an ideal gas at tempera-
ture 7', the mean momentum per particles is py ~ /MgkgT, apart from a coefficient
of order unity. Here M is the mass of the bosons and kg is the Boltzmann’s con-
stant. From this, and the de Broglie’s relation one can calculate the thermal wavelength
A ~ h/pr ~ h//MgkpgT, with h the Planck’s constant. Therefore the short wave-
length limit corresponds to, either & — 0 or 7" — oo. This describes the classical limit
with no quantum interference. When 7 is decrease below a critical temperature 7, the
thermal wavelength becomes of the order of n¢. In this limit (\; > n~%), and also for

lower temperatures, the quantum effects start playing significant roles.

Using Feshbach resonance techniques, one can change the scattering length, and
thus the interaction strength, over a few orders of magnitude. For dilute alkali-metal
atoms, the scattering length is of the order of a few nanometers. Feshbach resonance
technique, allows us to remarkably increase this length, roughly by a factor of 103.
When the interaction become important the ideal Bose gas theory fails and needs to be

modified. Below, we discuss the famous Gross-Pitaevskii theory.
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3.1 Nonlinear Gross-Pitaevskii Equation

The intraspecies interaction of a Bose gas is usually of the Lennard-Jones type. The
low-energy s-wave scattering of the bosons is described by a short-range isotropic po-
tential. For dilute enough gases, the potential can modeled by a local potential. In first
quantized form, a bosonic gas, with inter-particle interaction Vg (r—r’) = ggpd(r—r’),
can be described the following Hamiltonian:

47Th a
_ 2 Amivapg ¢
E (QMBV + V(r; ) + E —r;j), (3.1)

1<j

where Mg is the mass of the boson, and where we used ggg = 4mh%agg /Mg for the
contact pseudopotential. The many-body wave-function of the system in Hartree-Fock

approximation, is a product state of the single particle states.

U(ry, 1o, ...,rn) = ¥(r))(rs)..0h(ry). (3.2)

The Gross-Pitaevskii equation is derived by applying the Hamiltonian to the many-body

wave-function.

hQ
o= 2 Mg

V@) + V)P + B ) (3:3)

Here V(r) is an external potential, and V2 = Y_. V? is the total laplacian operator. By
minimizing the energy functional with respect to the many-body wave-function, for a

conserved number of particles, we get the non-linear local Schrédinger equation.

—h?
V2 4+ V(r)+ ges|U(r)? ) U(r) = p¥(r). (3.4)
2Myg
The chemical potential x4 is a Lagrange multiplier that can be found by applying the

conservation of the particle number constraint:
N = /ddr|\11(r)|2. (3.5)

In the Gross-Pitaevskii approach the many-body wave-function W(r) is reminiscent
of the order parameter notion in the Landau-Ginzburg theory of second order phase
transitions. The nonlinear Gross-Pitaevskii equation also allows for “soliton” solutions

which will be discussed in some details in the following chapters.
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3.2 Second Quantization Description and The Bogoliubov Theory

In the second quantized representation, and in the absence of the external potential, the
Hamiltonian takes the form:
; h'q* oot
Haoson = 3 57-0htla + 988 D Qg clarta; (3.6)
q 9,9k
in which (aq, ) are the (annihilation,creation) operators of the bosons at momentum

g, and satisfy the canonical commutation relations:
(ag, aly] = dqq- (3.7)

The ground-state of such a system forms a BEC. The fluctuations around the BEC
state are commonly described by Bogoliubov approximation. The latter originates from
the following: The vast majority of the bosons are assumed to form the BEC, and a
small number of bosonic excitations are out of condensate. Mathematically, this is
equivalent to say that the mode with q = 0, is macroscopically occupied, and hence
the BEC state |[BEC), is insensitive to creation or annihilation of a single boson to the
condensate: aL:0|BEC> ~ aq—0|/BEC) ~ \/ng|BEC). Here no = N,/ is the density
of the condensate where /N, is the number of bosons and (2 is the volume of the system.
This means that we can replace the creation and annihilation operators of this mode by

\/ng, where we have neglected 1 in comparison to /ny.

Within the above approximation and using a canonical transformation from (a,, afl)

to a new set (b, bL) which are related to the former through:

bg = uqa:rJl + vq0q, (3.8a)
b, = ujaq + vial, (3.8b)

one can diagonalize the original Hamiltonian, such that:

H=> hwgblbg. (3.9)

q
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Here wy is the dispersion of a Bogoliubov mode with wavevector q is equals:

wq = cqv/ 1+ (¢€)?/2, (3.10)
where ¢ = \/ggpno/Msp is the speed of sound in the condensate, and § = 5 MB;BB”O

1
\/iMBC

is the healing length of the condensate.

The “canonical” transformation preserves the commutation relations such that:
[bg; chry] = [aq, aiy] = 0qq'- @G.11)

This results in the following relation:

|vg)? = |uql® =1, (3.12)

so we can write them as:
v =e" coshr (3.13a)
u= e ginhr (3.13b)

3.3 Mobile Impurities in Bose-Einstein Condensates

Atomic gas mixtures with large concentration imbalance are used to study the impuri-
ties in many-body systems. While heavy impurities can be thought of as static defects
and treated classically, the finite-mass quantum impurities (“polarons”) can acquire ei-
ther extended or self-trapped states [70, 71]. The interaction of a quantum impurity
with dispersionless gapped longitudinal optical phonons results in a smooth transition
from extended (Frohlich) to self-trapped (Landau-Pekar) polaron [67]. However, the in-
teraction with gapless acoustic phonons, in the presence of the momentum cutoff (edge
of the Brillouin zone), yields a smooth self-trapping transition up to a critical cutoff,
beyond which the effective mass of the polaron experiences a jump as the coupling
constant is enhanced [72]. A quantum impurity coupled to the gapless Bogoliubov ex-

citations (“Bose polaron”) can be described by a Frohlich-like Hamiltonian. In atomic
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mixtures such as impurity-doped BECs, a momentum cutoff should be introduced to
the Bogoliubov excitations; turns out that although the results are almost independent
of the cutoff for realistic choices of the order of inverse interatomic interaction range,
they show a pronounced crossover at a critical coupling constant from quasifree to self-

trapped state; very similar to acoustic polaron [73].

3.3.1 Bose-polaron and Mapping to Frohlich Hamiltonian

Low energy s-wave scattering of the impurity-boson atoms is described by a contact

pseudopotential of the form:
Vis(R —r) = gd(R — 1), (3.14)

where R and r denote the impurity and boson position vectors, respectively. The
Hamiltonian of quantum (mobile) impurities immersed in atomic BEC’s can be written

in the second quantized form as,

T i
2M ch + E ekakak + E Ves(q)ay, Wkt q U0k’
kk’,q

- Z Vis (@)l g cxafy _qaw. (3.15)

In the above equation, M| is the mass of the impurity, and (cT , cq) the (creation, annihi-
lation) operators of the impurity with dispersion ¢, = h%*k? /2 Mg — 1, in which p is the
chemical potential of the condensate. The first and second terms represent the kinetic
contributions of the free impurity and the free Bose gas, respectively. However it is
more convenient to convert the impurity’s degree of freedom to first quantized form.

Therefore the contribution of the impurity to the Hamiltonian reads:

Himpurity = ot Z Vis(@)A(@)af_ g, (3.16)

where P is the momentum operator of the impurity, and p;(q) is the impurity density

operator.
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The third term in Eq. 3.15 is the boson-boson interaction which is elaborated in the
previous section. The last term which accounts for the impurity-boson interaction, is
the part we desire to recast an rewrite in the Frohlich form. This mapping is possible
through the Bogoliubov shift. The resulting second quantized Hamiltonian in terms of

the Bogoliubov excitations reads,

N P2
H=-0+> Eblbe+ Ecp+ NoVip(0)
oM
N,
+Z\/5“ 2Vis (k) "+ bl (3.17)
k+£0
Here

B = /& (& + 2N Vs (K)), (3.18)

is the dispersion of the Bogoliubov excitations, and & = h?k?/2Mp = € + p. Next
Eip 1s the Gross-Pitaevskii energy of the condensate:
Eap = Noco + 015 (0)+1ZNV (k) (3.19)
Gp = {Vo€o 9 BB 5 oVBB(K). .
Kk£0
The forth term in Eq. 3.17, NyVig(0) is the interaction of the impurity with the ho-
mogeneous condensate in the background with total number of bosons N,. Therefore

the resulting Hamiltonian of the impurity-Bogoliubov interaction in the Frohlich form

reads,
Hrwsien = 5 M +) Ebfbe+ > Vie™ bl + by (3.20)
I o0 kA0
with ”
k
= /Mo giB (( <§) >+2) : (3.21)

Now upon integrating out the Bogoliubov excitations in favor of the particle’s degree

of freedom, one can calculate the effective Euclidean action for the “Bose-polaron’:

5= / M‘|R|2dt Z'Vk|2// dtds G(k, |t — s|) explik.(R(t) — R(s))]

k£0
(3.22)
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The propagator of the self-interaction term equals:

cosh(wk (|t — s| — BB/2))
sinh(hfwy/2) ’

Gk, |t — s]) = (3.23)

where wy is introduced in Eq. 3.10. It is apparent from Eq. 3.22, that the path-integral
over the particle’s coordinate is not possible because of non-quadratic form of the ac-
tion. It is noteworthy that usually in the large coupling limit, the particle acquires a
self-trapped localized state, in which the quadratic approximation of the action in terms

of R is plausible.

3.3.2 Feynman’s Variational Method

In order to deal with the non-linearities in the problem, one can employ variational
methods to gain some intuition. Variational ansétze are usually designed to match per-
fectly in certain exactly (or perturbatively) solvable limits. A few free parameters are
included in each ansatz to play effectively the role of some combinations of actual pa-
rameters. In order to determine and fix the free parameters, we demand that the free

energy must be minimized with respect to all the free parameters.

Feynman’s variational method makes use of the convexity of an exponential func-
tion, namely exp(S/h). In this method one introduces a trial action Sy, which is pre-
sumably path-integrable, hence Gaussian. Now using the following equation for parti-

tion function,

Z=ehPF = / D[R (t)]eSIBOI/E, (3.24)

we get, after a few lines of algebra,

1
F < Fo+ ﬁ@(} —8)s,- (3.25)

In the above equation Fj is the trial free energy associate with Sy, which is obtained
by using Eq. 3.24. Also (e)s, denotes averaging e with weights exp(Sy/h). The right
hand side of the above inequality contains adjustable parameters to “best” replicate the

original action. The “best” is achieved by minimizing the free energy with respect to
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these parameters. In the case of Feynman polaron, a simple yet powerful trial action is
of the harmonic form with a self-interaction propagator, which at zero temperature 3 —
oo dies off like e~ P!*~*'I in “imaginary-time”; D is one of the variational parameters. A
prefactor or coupling constant C' is also included which mimics the polaron coupling

constant. At finite temperature the action reads:

ns 2 e
SO:_/ 1(%) dt—f. [ R()dt
hg
__// K(t — ¢)[R(E) — R(¢)[2dtdt, (3.26)

where

C’ h — h3/2
7_ Z anT _ COS ( (T 5/ )) ) (327)
hﬁ = sinh(ABD/2)
We note that the wave-vector dependence of the kernel is completely ignored in the
variational action. The second term in Eq. 3.26 represents a constant force on the

particle. This term is included for later calculations of the effective mass.

After mapping, the Bose-polaron Hamiltonian is of the Frohlich form, thus the same
variational action can be written as,

"1 (dR\’ "

MW‘”’ ' cosh(IV ¢ 1] - 1/2) N st
// Smh(rAw ) IR — R(E)[dide,(3.28)

where M = C/D? and W = D are the variational parameters.

Using the above variational ansatz, Tempere, et.al, calculated the self-energy and
effective mass of the Bose-polaron. The results share common properties with those of
acoustic polaron. Note that Bogoliubov excitations look like acoustic phonos at large
wave-lengths. The polaron crossovers sharply from extended state at small couplings
to localized state at large couplings. The quantitative results are clearly dependent on

the momentum cutoff, like in the case of acoustic polaron (see Fig. (3.1)).

The problem of Bose-polaron has been a center of attraction to the condensed mat-

ter and ultracold atomic physicists. With the advent of experimental techniques, several
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Figure 3.1: (From Ref. [71]) The effective mass of the Bose-polaron M /m, versus the
dimensionless coupling constant «. Different curves correspond to different tempera-

tures 3 1. The inset shows the dependence on the momentum cutoff at 3 = 10.

studies have considered various aspects of this problem. Besides the Feynman’s varia-
tional method, other techniques such as second order perturbation theory, renormaliza-
tion group, and Monte Carlo simulations have been applied to the problem. However
the results seem to be considerably sensitive to the method for the intermediate coupling

regime.
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3.4 Bose-Einstein Condensates in Multimode Cavities

The first section of this chapter provides an overview of the calculations and results
presented in Ref. [74]. First, consider a system of N bosonic atoms with the internal
two-state structure. The atoms are both confined in an optical cavity and transversely
pumped by a laser (along z direction). An interatomic interaction of the strength U is
also included in the model. The geometry of the cavity is concentric, i.e. two spherical
caps of mirrors with nearly coincident centers. Assuming that the level-spacing of the
internal states of atoms is hw,, one can write down the Hamiltonian as:

N

D2
7:[:2 2];\)} —i—hwaof +U Z (5(Xi—Xj)
i=1 B 1<i<j<N
N
+ Z hweal a, + ihz Z[ga(xi)alai_ —H.c]
o =1 «
N
+ihQY cos(kpzi) (o — o) + Haiss - (3.29)

i=1
In the above expression, x;, f’,-, o, are the position, momentum and Pauli matrices of
atom ¢, respectively. The cavity-photon annihilation operators are represented by a,,.
Also, go(x) = ¢gZ=.(x), in which g is the atom-cavity coupling. For modes « the
normalized mode functions are =,. This depends on the cavity geometry. In concentric
cavity a = (I,m,n), where [ is the number of nodes in the direction of the laser; m
counts that in the angular direction and n in the radial direction. The Rabi frequency
() is proportional to the laser intensity, with the wave-vector k. Finally the dissipation
is included in H g, which includes terms the leaking of intracavity photons through
cavity with rate . In a rotating-wave approximation for the laser frequency wy, red-
detuned from the cavity mode. Both frequencies are in turn significantly red-detuned
from the internal level-spacing: w; > w, — wr > w. —wr > 0. We will use the

following detuning frequencies in the next steps:

A, =W, — We >~ W, — W, (3.30a)
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A, =we —wp. (3.30b)

First, the full action of the system can be written as:

S = Satom + Sphoton + ‘Sint + Sdiss (331)
where
VAR
_ d * _ _ =
Satom —/d zdr {% (x,7) (87' oM h) Yy(x,7)
N IAVE 1
+ i (x,7) (ar - m +wa — g) Ye(x, 7)
U
T e R AUNCS o) R

where 1), . are the ground, excited coherent-states of the bosons, and 4 is the chemical

potential. Also 7 is the imaginary time. Because of the large internal gap A 4 of atoms,

|1he|* < |ty

2, hence the term |1, |*

is neglected. Next,

Sphoton = /dT Z CLZ (7-)(87 + Wc)aa (7'), (3.32b)

is the the action of the intra-cavity modes.

Sint = /dedx {Z 190 (X)02 (%, 7)1y (X, T)aa(7) + H.c.

+iQYl(x, 7))y (x, T) + H.c} , (3.32¢)
Suiss = / A7) AX(0; + w)Ac+ Y Kacal Ac+ He, (3.32d)

Here A, represent the extracavity modes. In order to obtain an effective field theory
for the condensate, one integrates out all the environmental degrees of freedom. The

resultant action reads (see Ref. [74, 75]):

2
Sett = Z/ddx v (wy, X) {iwy — ;%B — %] U(wy, X)
Y [ ardtadta'z, (0 PR X)

+ 5 [ardialumrt+ . (3.33)
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Here we have used the following definitions: w,, are the Matsubara frequencies, and the

coupling constant
PPA,

(= A2(AZ+ ) (3.34)

3.4.1 Order-parameter and Its Effective Action

One can define an order-parameter as the expectation value of the amplitude of the

density modulation in mode a.

(po) = / de (" (x, 7) %) Ea (%), (3.35)

The relation expresses the expectation value of the amplitude of the density field with
mode «, in terms the mode eigenfunctions =,. For example, in a concentric cavity
with modes o = (I, m, n), the atoms would like to crystallize into modes which satisfy
[ +m+n = qR/2r, where R is the radius of the cavity. In this case [ = 0, that
is the node at z = 0, contributes the most and has the largest amplitude. For the
atomic clouds extended over many optical wavelengths, the orthonormal mode basis

approximately satisfy,
/ d’2TLE 0, (X) = 65 1mi.005, 14,05 (3.36)

analogous to the momentum conservation condition. Here I1; denotes the product oper-
ation. After introducing some auxiliary fields and using identities, the effective action

of the order parameter can be derived as presented in Ref. [74]:

2

§=). Z% [+ wl + x(2m(m + n) — R)*] |ovmn

v o mn

+%/d7ddaj[@(x,7)]4+ (3.37)

Here p represents the Bogoliubov excitations in the condensate. Other parameters are

hg \?  (NThg2
I 0 o 0
r <2MB) I (3.38)

given by:
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and y determines the width of the static structure factor of the model around ¢,. The
effective action obtained in Eq. (3.37) is reminiscent of the Brazovskii model for weak
crystallization. The difference is in the mode basis into which the crystallization is

favorable. The mean-field threshold of the laser field for the crystallization to happen

is given by: Yo o ,
hqs AZ(AZ + k%)
Vp = -« 3.39
ME ™ oMy  NREA g2 (3-39)
Transverse pump laser Tz

Pump antinodal
sheets

7

Atomic cloud

Figure 3.2: (From Ref. [74]) The picture is a schematic of a transversely pumped mul-
timode concentric cavity. The atomic cloud is trapped in the center antinodal sheet with
the least loss. The density field gets modulated when the laser reaches the Brazovskii
threshold.

As Eq. (3.37) suggests, above the mean-field threshold {2y, the density field un-
dergoes a spontaneous symmetry-breaking transition which belongs to the Brazovskii

class. Brazovksii renormalization calculation predicts that the transition point is shifted

by [74, 751:

2 8 2\ 1/3
9 A QTHMBR) . (3.40)

2 2
Oy — e =~ (Ag(Ag +k2) KNy
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It is clear as also mentioned in Ref. [74, 75], that the mode structure of the cavity is
not a crucial component and the choice is only for simplicity of calculations. In the next
section, we combine the Bose-polaron theory with the quantum Brazovskii field theory
presented in this section, in order to study the effects of nearly critical fluctuations on
the polaron physics. To this end, we ignore the specific mode basis of the concentric

cavity geometry, and work in the plane-wave basis where

Ea(x) = exp(iq.x). (3.41)

This choice is in particular convenient for the study of mobile impurities and polarons,
and indeed generalizes the applicability of our treatment to actual crystallization in con-
densed matter systems. Therefore, we adopt a quantum Brazovskii model and include
the interaction with the particle’s degree of freedom which is also subject to quantum

fluctuations.

3.5 Impurity-doped Bose-Einstein Condensates in Cavities

It is well known that ultracold atomic physics provides realizations of interesting quan-
tum many-body systems [76, 77, 30]. In particular, and as discussed in the previous
section, the emergence of spatial order and other forms of spontaneous symmetry break-
ing in quantum systems can be studied in BECs confined to transversely laser-pumped
cavities [31, 32, 33, 74, 75]. We focus on the problem of an impurity in a correlated
quantum liquid near a continuous (or weakly first-order) symmetry breaking transition.
The role of quantum fluctuations on impurity solvation and transport in correlated lig-
uids like water [9] is currently the subject of active debates in the physical chemistry
literature. The failure of linear-response theory plays a central role in these debates

[17].

As introduced in the previous sections, the physics of impurities in ultracold quan-
tum gases [78, 79, 80] and in uniform BECs has already been well explored [81, 82,

83, 84, 85, 86]. The interaction between a (neutral) impurity and the Bogoliubov ex-
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citations of the BEC maps onto the so-called Frohlich Hamiltonian [70, 87, 88, 71], a
linear-response theory that has been extensively applied to charged impurities in po-
larizable media (polarons). Such a “Bose-polaron” can undergo a transition from an
extended state to a self-trapped—or Landau-Pekar (LP) [89, 90]—polaron as a func-

tion of the coupling constant [73].

In a transversely pumped, multi-mode cavity, a BEC undergoes a spontaneous phase
transition from the uniform state to a state in which the the density of the condensate is
periodically modulated, with density p(r) = ppe~ ‘4" +c.c. . This transition is described
by a quantum version of the Landau-Brazovskii theory for fluctuation-driven first-order
phase transitions (QLB)[74]. In this letter we will combine the Frohlich Hamiltonian
description for impurities and the QLB theory for symmetry breaking in BECs to in-
vestigate the fate of a BEC polaron near the onset of spontaneous positional ordering.
The aim is to determine whether impurities in a BEC in a multi-mode laser-pumped
cavity can serve as a model system for the study of the effects of quantum fluctuations
on solvation and the breakdown of linear response theory without the molecular level

complexities that hamper studies of impurities in correlated liquids like water.
e Model:

Our model is defined by a Lagrangian that is the sum of three terms, respectively refer-
ring to the impurity particle, the condensate, and the lossy cavity. The Lagrangian of

an impurity particle in a BEC condensate is
1 .
L= 5MI|R|2 — /d3r V(R(t) — 7)p(r,t), (3.42)

with M the impurity mass, R(¢) the impurity location and p(r) the deviation of the
local density of the condensate from the mean density ng = Ny /€ (N and €2 are the
number of bosons in the condensate and the volume of the system respectively). We
note that M; might be different from the bare mass of the impurity, and renormalized

due to interaction with the laser and/or cavity modes. This is similar to the mass of the
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Bloch electrons as a result of their interaction with a periodic potential. We only focus

on the interaction with the BEC.

Next, V (r) is the pseudopotential for the interaction of the impurity particle with

the bosons. In the s-wave Fermi approximation,
V(R—r) = gud® R —r) (3.43a)

with

g = 2magh’ /M, (3.43b)

where ajg is the impurity-boson s-wave scattering length and )/, the reduced mass of a

impurity-boson binary system:
M7= M7+ Mgt (3.44)

In order to adopt the Feynman’s variational method, we first write down the classical

Lagrangian of the field. The Lagrangian for the excitations of the BEC reads
1 hi( . ol 1o
Iy =g 2 | 17al’ —w(@lpal” ) + L. (3.45)
q q

Here we used the Fourier transform definition,

p(r,t) = Q1) pg(t)e (3.46)
q
and
Cq = no€o(q) /. (3.47)
with
eo(q) = h*q* /2 Mg, (3.48)

the free boson dispersion relation. For a uniform BEC, the dispersion relation is given

by the Bogoliubov spectrum

huwo(q) = v/€o(q)(co(q) + 2nogss). (3.49)
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where

gep = 4mapph® / Ms, (3.50)

is the pseudopotential for boson-boson scattering (agg is the boson-boson scattering
length). Non-linear terms are represented by Ly;. For BECs in an optical cavity, both
the boson-boson and boson-impurity scattering length are experimentally adjustable
parameters. The Frohlich Hamiltonian of BEC polarons in uniform condensates is
recovered upon canonical quantization of the linear and quadratic terms of equations

(3.42) and (3.45).

The modes of a BEC inside a laser-pumped optical cavity, are mixed Bogoliubov
excitations and electromagnetic modes [31, 32, 74, 75]. The mode frequencies are
depressed and driven to zero around ¢, as the amplitude increases. Near the instability

threshold, the spectrum can be approximated as [74, 75]:
w(@)” ~ A+ AR*(la| - 0)*, (3.51)

where A is frequency squared of the lowest frequency mode, R the dimension of the
cavity, and A a phenomenological parameter determining the range of wave-vectors
over which the depression takes place. It is itself determined by the width of the cavity
resonance and other factors [74, 75]. In MF theory, this Lagrangian describes a contin-
uous ordering transition at A = 0 from a uniform phase to a density-modulated phase

with modulation vector g, and modulation amplitude proportional to |A|'/2 [91, 92, 93].

In chapter 2, we introduced the Caldeira-Leggett formalism, where a classical de-
gree of freedom can be quantized using path-integral formulation. The effective action
of such a system is then obtained by the influence function of the bath. This formalism
is in particular useful and can be conveniently incorporated in the field theory lan-
guage. The modes of the BEC are also coupled to the electromagnetic modes outside
the pumped cavity that act as a reservoir. These are included in the form of a distri-

bution of harmonic oscillators coupled linearly to the BEC modes. Their Lagrangian
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Figure 3.3: The dispersion of the Brazovskii modes w = I' 4+ x(¢ — ¢o)*. Different
colors correspond to different distances from the QLB mean-field transition from I' = 1
to I' = 20 at constant field rigidity, x = 100. The dimensionless parameters are

introduced in the text (see below).

is

1 :
L= §mj{g;j? — wir?} - Z CaPaly- (3.52)
7.9

j
The nature of the dissipation is determined by the choice of the oscillator spectral den-

sity [63, 64].

J,(w) = gz (CJ—‘f) 5w — w;) (3.53)

m;ws
We will restrict ourselves to the simplest case of “Ohmic” dissipation with J,(w) =
nqw, for low frequencies where 7, is an effective friction coefficient. For higher fre-

quencies, a UV cutoff should be introduced. The classical equation of motion for the
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System Borders
(Cavity)

Atomic Cloud

Environment’s Degrees of Freedom

Figure 3.4: The dissipative environment, in general can be represented by a bath of
harmonic oscillator whose displacement is linearly coupled to the system’s degrees of
freedom. The blue cloud indicates the atomic gas. The dotted edges are the imaginary

boundaries of the system.

impurity, obtained by minimizing the total action, is of the Langevin form with a fric-

tion coefficient that diverges at the MF critical point as 7,, /A

The equilibrium partition function Z of the impurity is proportional to the func-

tional integral

[ exp(SIDIROID (a0} D0} (3.54)
over all degrees of freedom R.(%), pq(t), z;(t), which must obey periodic boundary con-
ditions in “imaginary time” 0 < s < (8 = 1/kgT). This condition is a consequence

of tracing over bosonic degrees of freedom. We have,

R(0) =R(B), pq(0) = pq(B), ;(0) = zg(6). (3.55)

Here, St is the Euclidean action. The path integral over the environmental oscillators
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can be carried out analytically because of their Gaussian form. This, in the case of
Ohmic bath, adds a new overdamping term to the bare action of the density field of the

form: y|wy||pq.n|? (see below).

The remaining path integrals over condensate modes and particle trajectories will

be discussed separately for positive and negative A.

3.6 Above the Mean-field Critical Point

For positive A, the non-linear terms (Ly;) do not play a significant role. The density

fluctuations can then be integrated out, leading to an effective action for the particle

trajectories:
’1(dR - [P
3:—/ L (—) d—f [ R
o 2\ ds 0
+a / d*q / / d3d5'GP (|5 — &) RE-RE], (3.56)
0
where
2 3 3
JisdoCh ( M
= 3.57
o= s () 7
plays the role of a dimensionless coupling constant. The kernel, for ¢ around ¢, is
given by
1 +oo eiwnf
GO(r) = = ) 3.58
(7 ﬁnzzoox(q—l)zwLFﬂLvlwnqu% (359
The summation is over dimensionless bosonic Matsubara frequencies
wy, = 2mn/p, (3.59)

so the periodic boundary conditions in imaginary time are obeyed. The dimensionless

distance to the MF critical point of the QLB is defined here as

[ = A(M/hg3)?, (3.602)
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the dimensionless friction coefficient as
v = n(M/hgj) (3.60b)
and the dimensionless field rigidity as
= A(M;/hg5)*(Rao)*. (3.60¢)
We shifted here to dimensionless quantities (indicated by tildes), by setting
My=h=q =1 (3.61)

The energy is then measured in units of h2¢2 /M; length is measured in units of ¢; ', and
time in units of M;/(hq?). The dimensionless inverse temperature 3 = (figy)?/MkpT
is the ratio of the zero-point energy of the particle confined in a well with a dimension
of order 1/qo and the thermal energy. We drop the tildes for convenience hereafter, but
will return to actual units when needed, to make the interpretations more straightfor-
ward. Also, in order to later compute the effective mass, an infinitesimal external force

f , is included in the action (see below).

e Variational Action:

As mentioned in the previous sections, the perturbation theory fails in the regime of
most interesting cases of solid state. The coupling constant is usually of the order
~ 1 — 10. In ultracold quantum gas experiments, this coupling can be easily varied
via Feshbach resonance. In order to cover the entire interesting possible values of cou-
pling constant, a very successful method to adopt is the Feynman’s variational method,
specifically devised for the path-integral formulation. Therefore, the path integral over
the particle trajectories is performed variationally [65, 66, 67, 68] by a defining suitable

Gaussian trial action. For the present case we choose

St:—/o _(E) ds—f/ R(s

! // s — IR(s) - R(s)"dsds’, (3.62)
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where the kernel

1 .
K(t)=— e, 3.63
() ﬁn;o (3.63)
with
Ko = C/(D + y|wn| +w?), (3.64)

is similar to the actual kernel. The constants C' and D play the role of variational

parameters.
e Free Energy:

The variational parameters C', D have to be adjusted to minimize the free energy. In
particular, close enough to the phase transition, the integral is dominated by the ¢
mode. Therefore we expect the minimizing D to be of the same order as I'. The free

energy satisfies Feynman’s inequality:
F<FABHS =S (3.6)

Here 7 = —kgT'In Z is the free energy of the particle. Expectation values are com-
puted using the Gaussian trial action. The right hand side of the inequality is a function
of the variational parameters. By minimizing this expression with respect to C, D, we

find an upper bound to the actual free energy.
o Effective Mass:

For a free particle with mass M* subject to a force f, the second derivative of the free

energy with respect to the applied force equals (in actual units).
OPF|Of?| j=0 = 2 B*/12M*. (3.66)

Using this as the definition of the effective mass [69] and applying the trial action gives

(in dimensionless units):

5 h
M =2 [Zgn] , (3.67)

n>0
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where
1

Gn = |wi + %(’Co -K)| - (3.68)

The minimizing C, D should be substituted in Eq. (3.68) to obtain g,,. This in turn is

substituted in Eq. (3.67), to calculate the effective mass.

3.6.1 Zero Dissipation and Close to the Mean-field Critical Point

In the limit of v = 0, and close to the mean-field critical point of the QLB transition,

the effective action takes the following form:

i1 (ar\ b
~— | (=] d5—f. | R(5)ds
S /02<d§> 5 /OR(S)S

b 1 cosh(wg(|5 = & = B/2)) satieis)—fice
d3~ d~d~/ il q Zq.[R(S)f (s )} 36
+ a/ q//o 568 Wy sinh(w,3/2) ¢ ’ (3.69)

where we have:

wy = [x(q — 1) + T2 (3.70)

Close enough to the QLB transition, the integral in momentum space is dominated by

the shell ¢ = 1. Therefore one can crudely assume that the kernel G,(f:)l(r) decays as
GP (1) ~ exp(—VTT). (3.71)

This looks like a Feynman polaron [65, 66, 67, 68] with the effective mass increasing

smoothly as a function of a.

3.6.2 Large Dissipation Limit: Classical Field

When quantum fluctuations of the field are suppressed by taking the limit v — oo, the
only Matsubara frequency contributing to the summation in temporal kernel is the n =
0 term. We shall mention here that in our formulation, following the usual convention,
we have absorbed 1/¢,, = 1/(, the coefficient of w? (let us call it the mode effective

mass) in the definition of the coupling constant and set it equal to unity. Therefore we
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need to take v — oo to reach the classical field limit. However, if we leave the effective
mass of the mode as a free parameter, then 1/¢ — oo limit, also serves as a classical
field. From the experimental point of view, the latter is constrained by the zero-point
motion of the Bose atoms, namely they should be of the same order of magnitude for
the spatial order to emerge. On the other hand, a lossy environment could be more

easily provided.

This limit corresponds to the Born-Oppenheimer approximation where a quantum
particle interacts with a quasi-static configuration of the surrounding medium. In this

limit, the kernel is independent of time and reduces to
Gy =[B(x(g—1)>+D)]". (3.72)

The effective action for the particle then reads:

f 1]dR
S=— ds —|—
/0 "2 ds

We need a criterion for the appearance of a self-trapped state. Assume that the trajec-

2 + « / d*q G, /0 ’ /0 ’ dsds’ expliq.(R(s) — R(s))]. (3.73)

tories R(s) that dominate the path integration in the partition function
z- / DIR(s)] exp(S), (3.74)

are confined isotropically in a spherical region around the origin and then, a-posteriori,

verify the assumption. At low temperatures, the factor

B
fi = 5_1/ ds’ exp[iq.R(s)], (3.75)
0

samples a long trajectory and thus depend only on the magnitude ¢ of the wavevector.
The action can be written as:

B
s=- [ a3
0 2

2 B
i +apf | dq Gqfq/o ds exp[—iq.R(s)]. (3.76)

A self-consistency condition for f; is then

d
da

Fla)= -p / &g Gyl 377
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with F' = —1/f1n Z. After integrating over the angular directions of the wavevector,

the action reduces to

f 1ldR
S=— [ ds=|—
/0 SZ’ds

" / " 4s U(R(s)). (3.78)

where

sin(qR)
T

U(R) = 4maf /00 dgqGyf, (3.79)
0

This expression resembles the action of a particle in the radial potential U (R). If this
radial potential has one or more bound states, then the lowest bound state is isotropic
and the path integral, indeed would be dominated at low temperatures by isotropic
trajectories, as assumed. In order to determine whether there are bound states, we note
that the integration over ¢ is dominated (in dimensionless space) by ¢ = 1 since G|, is

peaked at ¢ = 1 close to the transition. It follows that

2\/§7T204f1 sin R
vxI' R

For negative f; this represents a potential well near the origin (the case of interest), and

U(R) ~ (3.80)

for positive f; a repulsive potential. For small R, one can expand U(R) to the sec-
ond order in R, which leads for negative f; to a three dimensional harmonic oscillator

potential:
22120 fi
v xI'

The ground-state energy level of the harmonic oscillator lies a distance Ae = %hwo

U(R) ~ (1—R?/3!+..). (3.81)

dralfi]

3T
least one bound state is obtained by demanding that the lowest energy level E(«) =

above U(0), where wy = An approximate condition for the existence of at

U(0) + A€ of the harmonic oscillator is negative. Here

Ba) = - 2Y2alhl | 3 [2V3ralf (3.82)

vxI' 2 3vXI

and consequently,

3v2 VXT
Qe > .
1672 | f1]

(3.83)
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In the low temperature limit, with F'(«) ~ E(«), the self-consistency condition for f;

reduces to

2
—2V2m?| fi] + Z\/Q\/§7r B\QX_FW = —2v27%| f1]*. (3.84)

3v2 VXT . . .
162 Th] and inserting this

Recalling that the minimum « value for a bound-state is v =

into the self-consistency condition gives, v/2|f1| = 2v/2|f1|?, with solutions f; = 0 and

fi1 = —1/2. Taking the second solution to be the bound-state gives the final result
3V2
o > SL;/XF, (3.85)
™

Therefore we see that, in the opposite limit of v — co, where the quantum fluctua-
tions of the field are suppressed and only the n = 0 term remains (corresponding to MF
classical static structure factor ~ 1/[x(q — 1)? + I'], the model reduces to the Landau-
Pekar theory of the small polaron. The effective mass indeed undergoes a discontinuous
jump as a function of increasing coupling constant at a critical value o, ~ /xI'. From
Fig.3.6(a), as the damping coefficient is reduced, the effective mass discontinuity is

reduced and goes to zero at a critical point.

According to Fig.3.5, the critical value of the critical coupling constant for the tran-
sition between the large and small polarons is strongly reduced as one approaches the
ordering transition of the BEC. This is an important result: the transition from large to

small polaron can be induced much easier in a BEC near the ordering transition.

3.6.3 Phase Diagrams

In this part, we calculate the effective mass and self-energy of the polaron in the general
case of finite dissipation and temperature. The discontinuity of the effective mass oc-
curs at a line of first order transitions which terminates as either the thermal fluctuations

or the quantum fluctuations of the field is enhanced; see Figs. (3.6,3.7).
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Figure 3.5: Effective mass versus dimensionless distance from the ordering transition

I'. Other parameters are set to: § = x = v = 100.
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150

Figure 3.6: Effective mass versus dimensionless coupling constant and (a) dissipation,
(b) temperature. Other parameters are set to: (a) § = x = 100 and I' = 1, (b)
7= x =100 and I' = 1. In (a) and (b) the red dots indicate the critical points
where the discontinuity of the effective mass closes. The dark arrows marked by oy,

corresponds to the value of the dotted line in Fig. 3.5,1.e. 7,5 — oo, at ' = 1.
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Figure 3.7: Free energy versus dimensionless coupling constant and (a) dissipation, (b)
temperature. Other parameters are the same as those in Fig. 3.6. The red dots, again

indicate the critical point, where the effective mass jump closes.
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3.7 Conclusions

In this section, we first introduced the theory of trapped ultracold Bose gases and the
effect of mobile impurities in them. We discussed how the Bogoliubov transformation
can be applied to map the problem onto a Frohlich Hamiltonian, the standard frame-
work of the field-polaron model. Using this approach we presented the physics of
Bose-polaron. As the Bogoliubov excitations look like acoustic phonons in the long
wavelength limit, the behavior of the effective mass of the polaron, seems to be similar
that of the acoustic polaron. The latter shows dramatic momentum cutoff dependence.
As the cutoff is increased beyond certain values, the transition between extended (small
coupling) to self-trapped (large coupling) shows a kink-like point, where the derivative

of the effective mass becomes discontinuous.

Next, we introduced the theory of ultracold Bose gases in cavities, with a focus on
multimode cavities. We discussed the main steps of the derivation of the effective ac-
tion for the density field, and observed that the order parameter follows the scenario of
a quantum Landau-Brazovskii first order transition. We then introduce a dilute impurity
gas to the system. We studied the Bose-polaron physics away from the ordering tran-
sition, as a function of other parameters such as the dissipation of the order-parameter
field and the effective temperature. We find that at zero temperature and infinite damp-
ing, (i.e. when quantum fluctuations of the bath are suppressed), the particle undergoes
a first order transition. Adding either one of these sources of fluctuations, smears the
jump in the effective mass. The gap finally closes at separate second-order critical point
(similar to that of the liquid-gas transition). We note that although a similar behavior
has been observed in acoustic polarons, in the latter the cause of jump-like self-trapping
transition is the short wavelength fluctuations as the jump appears beyond a certain
sharp cutoff, namely the edge of the Brillouin zone. In our model, the effective mass is
insensitive to the cutoff and is instead dictated by a local mode ¢, which is not depen-

dent on the microscopic details of the Bose gas. In fact as suggested ¢, ! turns out to
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be of the order of many interatomic distances. We also plot the phase diagram of effec-
tive mass versus coupling constant and the distance from the transition point. However
we keep the distance large enough such that the nonlinear effects are not crucially im-
portant and can be neglected. We observe that as we move close to the transition, the
transition to the self-trapped state is facilitated by the large fluctuations of the order
parameter, and thus happens at a smaller coupling constant. We compared this with an
analytical result obtained from self-consistent approximation at infinite damping and

zero temperature.

In the next chapter, we devise a method for studying the impurities very close to
the Brazovskii spatial ordering transitions, where the nonlinearities become important,
so the perturbative solutions fail, and indeed a new type of interesting solutions appear:
the solitons. We show how the new soliton state appears upon increasing the impurity-

boson interactions; hence called the impurity-induced solitons.
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CHAPTER 4

Solitons in Bose-Einstein Condensates

Bose-Einstein condensates are the matter analogues of light, where a condensate of
photons give rise to coherent propagation of the electromagnetic waves. Bose-Einstein
condensates are commonly described by the so-called nonlinear Gross-Pitaevski equa-
tion, which accounts for the self-interaction of the condensate. Gross-Pitaevskii equa-
tion is a mean-field model, very similar to the nonlinear Schrodinger equation. The
latter is a key component in the field of nonlinear optics. Therefore BEC systems
are promising candidates to be probed and gain insight into various systems from.
The successful description of BECs by a mean-field model is due to the long-range
(macroscopic) coherence of the wave-function. In the previous chapter, we studied the
low-lying excitations in a condensate, by means of Bogoliubov transformation and ap-
proximation. Bogoliubov theory is a perturbation around the Gross-Pitaevskii equation
which gives us the effective action of the fluctuations around the vacuum state. There
are other types of solutions which are not predicted in this approach. These are the
nonlinear solutions, e.g. solitons. Solitons in general refer to stable localized waves

(envelopes) which propagate in a shape-preserved manner.

As mentioned above, a natural consequence of the nonlinear Gross-Pitaevski equa-
tion is the appearance of non-dispersive solutions, ‘“solitons”, which are stabilized
agains dispersion, by a quartic nonlinear term. Indeed, the BEC solitons arise ‘““spon-
taneously” as the system crosses the condensation transition, a second order symmetry
breaking transition. If the interatomic interaction of the bosons is repulsive (ggg > 0

and thus agg > 0), only dark solitons are allowed. In nonlinear optics the “dark™ soli-

99



tons are the nonlinear solutions indicating the local “low-intensity” regions. The same
term is thus being used for matter fields such the wave-function of a Bose-Einstein
condensate. Alternatively, attractive interaction allows for “bright” solitons, where the
amplitude of the soliton is above the homogeneous background density of the conden-
sate. The solitonic solutions of nonlinear Gross-Pitaevskii occur concurrently in the
amplitude and the phase of the Bose-Einstein condensate. The phase jump at the po-
sition of the density minimum, gives the dark solitons a topological nature (discussed
below; also see Fig. (4.1)). One of the experimental methods for manipulating the
wave-function is the quantum phase engineering. For instance, solitons in BECs can be

generated by optical phase imprinting [94].

4.1 Solitonic Solutions of the Gross-Pitaevskii Equation

In this section we briefly overview the soliton solutions of the Gross-Pitaevskii equa-
tion. We start with the one-dimensional version of this equation in the absence of
external potential of the trap.

e * 90 922

(ing " -l 0,0 + 1) WG, ) 0. @)
where ng is the density of the condensate, ggg = 47h?apg/Ms is the self-interaction
of the BEC, and 1 = gggnyg is the chemical potential. The characteristic length scale
dictated by the differential operator is ¢, = h/\/Mgngg. Therefore, Eq. (4.1) is a
valid description of the macroscopic wave-function, as long as ¢, is much larger than
the mean inter-particle distances, i.e. o > 1/(no0), where o is the transverse cross

section of the BEC.

4.1.1 Dark Solitons

Solitons can be considered as particle-like excitations. One can assign a degree of

freedom, like a position and a conjugate velocity. For positive boson-boson scattering
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length agp > 0, and thus g > 0, there exists a dark soliton solution with the y — z nodal

plane moving with velocity v in the = direction. This is expressed as:

(z,t) = /nge /" {g +4/1 —v2%/c% tanh (\/1 —v?/ck (x — xo)/ﬁ())] . (4.2)

in which z is the location of the nodal plane on the z-axis (coordinate of the soliton as

a particle), and cg is the speed of sound:

gno
= /5 4.3
cs Mg 4.3)

It is assumed that the velocity of the soliton v is smaller than the speed of sound:

v < cg. The energy of this state is:
1
H = §///c§ (1—v?/3)32, (4.4)

where .# = 4ngolyMp, is the inertial coefficient of the soliton. If the velocity of the

nodal plane is much smaller than the speed of sound: v < cg, we get:

H = %///cg — %,///qﬂ. (4.5)

4.1.2 Bright Solitons

For negative scattering length (agpp < 0), corresponding to attractive interaction (g <
0), the soliton solutions is called a “bright” soliton. In principle, the attractive interac-
tion allows for collapse of the wave-function. The Gross-Pitaevskii equation, or equiv-
alently the nonlinear Schrodinger equation, admits singular or spreading solutions, in
the presence of a focusing nonlinearity (i.e. negative scattering length). In two di-
mensions, collapse occurs when the total number of atoms exceeds a critical value. In
three dimensions, however, the collapse may happen for any number of atoms. For a
quasi-one-dimensional gas which is trapped in the radial direction with frequency w;.,

we define the radius of the trap

(4.6)
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Figure 4.1: Top panel shows the density |¢(z)|*> of the BEC. The dip indicates the
dark soliton. The bottom one depicts the phase of the wave-function ¢ (z). The figure
corresponds to the phase jump Ay = 7, where the density of the BEC locally reduces

to zero, i.e. dark soliton.

The bright soliton is then expressed by the following expression:

-  Mean? 2,2
EMBUJ]—E( BY hﬁ)t].

ar sech <x—vt) e [
S — T )ex
\/2|GBB|I{ R P h h

Vet = 2 20y
@.7)

Here x = a?/(|agg|N) is the width of the soliton envelope.
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4.2 Impurity-induced Solitons of BECs in Multimode Cavities

As discussed in the previous chapter, above the mean-field Brazovskii transition, in the
large damping limit and/or at small temperatures, the impurity acquires either extended
or self-trapped states for small and large couplings, respectively. We observed that
adding the quantum fluctuations of the field, for example by decreasing the dissipation
and allowing more Matsubara frequencies to contribute, finally closes the discontinuity
of the effect mass at a critical point. On the other hand, increasing the thermal noise
amounts qualitatively to the same effect, i.e. closes the jump of the effective mass at a

distinct critical point.

We can get the system progressively closer to the mean-field transition point by
cranking up the laser intensity closer to the mean-field threshold. For systems in spa-
tial dimensions D > 2, the phase-space volume of the fluctuations corresponding to
the modes around ¢ = ¢y, and consequently the entropic cost of these fluctuations,
eventually become so large that the system avoids the second order critical point, and
instead pays the latent heat expense, by jumping discontinuously to a non-zero mini-

mum, which emerges during the renormalization procedure.

According to the renormalization flow of the parameters as a function of the dimen-
sionless mean-field distance to the critical point I', the renormalized quartic coefficient
u flips sign at around I' ~ —3.5. At this value of I', the renormalized distance to the
critical point is ' ~ 1. Therefore we see that for negative values of I, the nonlinear
effects have to be taken into account. Practically this can be done by replacing the bare

parameters with the renormalized ones, in the full bare action.
¢ Below the Mean-field Critical Point of Quantum Brazovskii Model, A < 0:

We start with the full Lagrangian again:

1 h
Ly :ﬁzc—q(‘ﬂ'qu —W(Q)ZIPqP) + L. (4.8)
q
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For negative A, the non-linear terms of Eq. (4.8) must be taken into account. It can be

shown that only even terms need to be included [74, 75]:

Ly = —u / &r p(r)|* - w / & [p(x)[°. (4.9)

In order to perform the functional integrals for this non-linear case, first expand the
free energy F'[R(s)] in a Taylor expansion in powers of the impurity pseudopotential
gis- Then perform, term by term, the functional integrals using the non-linear action.
The zero-order term in the expansion is the partition function of the condensate in the

absence of the particle. The first order term is
FOR( gIB Z G (w, / / dsds’ e/t RE-RE) (4.10)

Here, Q(SQ) (wp) is the full two-point Green’s function of the non-linear bare system. The
second order term contains the full four-point vertex function of the pure system. These
full correlation functions are obtained by a second expansion, now in powers of Lyp.
The non-linear terms can be included by the renormalization group method [74, 75].

To one-loop order, this leads to a renormalization of A to A with
A~ A+ Puln(A./A), (4.11)

where P o ¢o? and A. a high-energy cutoff. The effective gap A of the spectrum
remains positive for negative values of A. The renormalized quartic coefficient u is
given by

(4.12)

u>u

1+ ull’
with IT = P/A; so & becomes negative if the effective gap A drops below Pu (which
happens for slightly negative A). The functional integral over the renormalized quadratic
Lagrangian no longer suffers from strong fluctuations, even for negative . For negative

u and decreasing A, a first-order phase transition takes place at

u* = 4hAw/(. (4.13)

104



At the transition, the modulation amplitude changes discontinuously from the symmet-

ric phase p = 0 to the symmetry-broken phase at
p=V2(hA/Cla))? . (4.14)

Although the mean-field correlation length diverges at the second-order critical point,
renormalization suggests that the correlation length remains finite at the first-order QLB

transition. The correlation length at the ordering transition is

E=Ry\AA. (4.15)

This renormalized action SY has the same form as the bare action Sy but with « and A
replaced by the renormalized ones: it can be analyzed by MF theory plus fluctuation

corrections.

4.3 Static Impurities (Local Defects)

In this section we study the effect of the static impurities with a local potential, on a
Brazovskii field, very close to its first order phase transition. In one dimension an exact
solution is presented. In higher dimensions, in particular in three dimensions, we resort
to a variational ansatz for the radial modulation profile of the field. The ansatz is of the

form which can be obtained from linear-response theory.

4.3.1 Exact Solution in One Dimension

The mean-field Brazovskii free energy is minimized by a density modulation with the

preferred wave-vector qq:
p(z) = A exp(igox) + c.c.. (4.16)

By substituting the ansatz into the Brazovskii action, and keeping terms up to ¢2, i.e.
up to second order derivative V2, we obtain an effective action for the modulation

amplitude.
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When the static impurity is added to the system, the modulation amplitude at the
location of the impurity, serves as a free parameter which should determined by mini-
mizing the total energy cost of the impurity interaction and that of the deformation of

the field.

The energy cost of a soliton certainly depends on the value of the field at the bound-
aries. At the transition, the two vacua of the system corresponding to disordered and
ordered phases are degenerate. Trivial homogenous solutions arise from the uniform
boundary conditions, that is constant at the boundary (type I). The trivial solution is
that the value of the order parameter remains constant across the system. Other types
of boundary conditions can be imposed; for instance, in one dimension, one might de-
mand that the boundary values are different at the two ends © — o0 (type II). Then the
saddle-point solution, namely the lowest energy field configuration is called a “kink”.
The kink solutions starts from the value at one end, remain mainly close to this value
until a point far from the ends where the field amplitude is changed to the value at the
other end. This decay occurs over the correlation length, which is finite at the first order
transition, and small compared to the system size. It is worth mentioning that under the
former boundary condition, and on top of the trivial uniform solution, there exist solu-
tions consisting of even number of kinks. Configurations with odd number of kinks can

be considered as excitations corresponding to the second type of boundary conditions.

We, in this section, are facing a new set of constraints: (i) the usual type I boundary
conditions, plus (ii) a non-zero value at the origin, which should be found by mini-
mizing the free energy. We name such soliton solutions, “droplets”. A droplet is a
local modulation of the ordered phase, embedded in the bulk disordered phase. At the
transition and assuming that the field is cooled down from the high temperature phase,
the nucleation of a droplet is in fact causes the coexistence of the phases which are

separated apart by a domain-wall (kink) of the size of the correlation length.
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FlA(2)] = / s {mz (%?) g V(A(:c))} . 4.17)
According to our constraints, that is a non-zero value of A at the origin, we know that
the everything is symmetric under parity transformation: x — —x. We assume that the
value of the field at the origin is some value A*. Above the transition, any modulation
on top the uniform field is costly. If the field is pinned at a non-zero value at the origin, it
will have to fall down to the Gaussian minimum corresponding to the disordered phase.
Right at the transition, the minima are degenerate. Upon imposing the aforementioned
boundary conditions, the field is again forced to decay to zero (see Fig. (4.2)). We
will calculate this deformation cost in the following. This situation is however costly,
and its energy has to be provided in the actual system by the impurity potential. The

value of the field at the origin is then determined by the counterbalancing forces which

couple to the field.

In the above equation (4.17), the effective potential for the modulation amplitude is

equal to:

V(A(z)) = —Vyo(x)A + %AQ + aA* + wAS. (4.18)

We note that w < 0. The Euler-Lagrange equation derived from minimizing the free
energy in Eq. (4.17) reads:

d*A(z) 1 dv(4)
dz2  2)\R2 dA

(4.19)

For x # 0, the equation is that of the bare (i.e. without the impurity, but renormalized)
field. We now need to calculate the total free energy of the system under the condition
that the field is, after minimization, pinned at A(z = 0) = A*, and decays to A(x —
o0) = 0, following the Euler-Lagrange equation. The total free energy can be written

in two terms:

F(A") = =Vo A" + Faop(A™) . (4.20)

The two terms on the r.h.s arise respectively from the impurity and self-interaction of

the field. As mentioned above, the system is invariant under parity. Therefore we know
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Figure 4.2: Dimensionless effective potential energy V(A), of the modulation coordi-
nate A. At the transition, the potential clearly has a minimum at A = \/2. The red curve
with arrows, represents a saddle-point solution of the Euler-Lagrange equation, under
the boundary condition that the field modulation at x — —oo is pinned at A = V2, and

goesto A =0atx — +o0.
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that any such solution consists of two kink-like solutions, which are connected to one

another at the origin. We call this a droplet. Thus,
fdrop = 2fkink' (421)

Consequently it suffices to calculate the kink energy as a function of its value at the

origin. The kink energy is:

Fiink = 2AR? / dr {— (d—) + V(A)} . (4.22)
0 2 \ dz
Here V(A) = V(A)/(2A\R?). Now using Euler-Lagrange equation we get:
T 1 (dAN? | o A =
| — A)p = Ar2V(A). 4.2
[Tels () wh- [T e

We note that we can exploit this relation only in one dimension. Therefore the total free

energy of the system is:

A*
F(AY) = — VA" + 4/\732/ dA4/2V(A)
0

A*
— VA" 4+ 4VARE / dAN(hAJQ) A2 + aAt + wAS. 4.24)
0

At the transition there exist a relation between the coefficients: 4> = 4whA./(, where
A, is the value of the gap at the Brazovskii transition. By rescaling the field amplitude

to, o = A/Cu/ KA., we can rewrite the free energy as:

F(e*) = = Vor/ hA./Ca o7

RANY? 1 1
+4VAR2 < At || = ol 4 Ll (4.25)
0

Note that the minimum of the new potential of the field < is at .o/ = V2. We define

the dimensionless function g(x), as follows

@ 1
g(z) = / dyy/y* —y* + Zyﬁ- (4.26)
0

This is shown in figure (4.3).
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Figure 4.3: Dimensionless energy g(x) of a radial modulation profile as a function of

the displacement at the origin.

The plot of g(z) shows that this function is monotonic in z. For small z, g(z) is
proportional to z2. With increasing z, the second derivative of g(x) becomes negative.
The slope decreases to zero at - = /2 where g(x) has a cusp singularity. For larger ,
the slope starts to increase again and the second derivative is positive once again. The
intermediate region where ¢” () is negative is unstable. For dimensions above one, this
expression is no longer the exact scale function but the qualitative features remain the

same.

Using this definition we find:

X 2
f(gf*)/, [RA./Cu = =V o™ + 4V AR? <h£) g(/™). (4.27)

The stable solution that minimize this free energy satisfies: 6F/0.%7*|,» = 0 and

62F /6.a7**| 7+ > 0. When these conditions are applied, the minimizing <" is obtained

as plotted in Fig. (4.4) against the impurity potential.
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Figure 4.4: The amplitude of the modulation for the exact solution in one-dimension,

against the impurity potential V.
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Nonlinear Response

Linear Response

Figure 4.5: The figure shows a schematic of the modulation profile .o (r). The red bar
only indicates the location of static impurity and is of no other information. For small
values of the external potential of the impurity, the minimizing profile of the field can
be found within the linear response theory. As see in Fig. (4.4b), the value of the profile
jumps discontinuously close to the other phase, invalidating the perturbative analysis.

This is interpreted as nonlinear response regime.
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Figure 4.6: Variational free energies as a function of the modulation amplutude py.
The black curves show the condensate energy Fi(po). The dotted red and solid green
curves show the free energy of the impurity for (1) smaller and (2) larger values of
pseudopotential. (a) Massive impurities: the free energy of the impurity decreases
linearly with py. The total free energy has minima indicated by 1 and 2. For increasing
pseudopotential, the absolute minimum shifts from 1 to 2, corresponding to a transition
from the small polaron to the soliton. (b) includes the zero point energy of a bound-state
particle, which follows the green curves. The minimum at py = 0 corresponds to the
large polaron. For increasing pseudpotentials, there may be transitions from the large
polaron to the small polaron and then to the soliton or a single transition directly from

the large polaron to the soliton.

4.3.2 Variational Method in Three Dimensions

As mentioned above, the simplest case of the QLB model is the strong damping limit,
when the condensate density modulation can be treated as quasi-static with respect to
the dynamics of the impurity. We take v — oo to approach the classical field limit. The

MF minimization of S¥ leads to a radial density modulation around a static impurity at
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the origin of the form

exp(—r/&). (4.28)

Generally p(r) retains this form if gor 2 1. Using Eq. 4.28 as a trial function (with py
the free parameter), leads to non-linear MF free energy cost Fg(po) for radial density

modulations:

Fa(po) =~ . 3 (271A(q05)

7T2QO ¢

where Fg(po) has in general the form of a double-well potential with one minimum

_ w
[pol” + alpol* + §|Po|6) (4.29)

at p9 = 0 and a second near the modulation amplitude p* = \/W of the or-
dered phase (see Fig.4.6). The second minimum represents the energy cost of a soliton-
type spherically symmetric deformation of the condensate, the center of which has
the structure of the ordered phase while far from the origin the condensate reduces
to the uniform state. At the transition point, the energy cost of the soliton is F* ~
7r38—%4(Ac]m/w)(qof). If the mass of the impurity is so large (M; > h%q2/pogis) that
quantum fluctuations of the impurity can be disregarded, the impurity free energy is

F1 ~ —|gspo| as shown in Fig.4.6(a):

For small g the absolute minimum of F(pg) = JFp + JFi as a function of py is
proportional to gy (marked “1” in Fig.4.6), which corresponds to the small polaron,
while there is a metastable minimum near p* that corresponds to the soliton (marked
“27). For larger values of gig, the absolute minimum jumps near p*. The soliton state

has lower energy if

8h -
7Tg—qg,c(Aclﬂl/’w)((zoﬁ) < lgwpt| - (4.30)

Since & oc A~1/2, the soliton state necessarily has a lower energy than the polaron state
for sufficiently large correlation lengths and hence linear-response theory must break
down for sufficiently large correlation lengths. When typical values for a pumped BEC
condensate are inserted in this inequality, one finds that the polaron-soliton transition

should be experimentally accessible.
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4.4 Mobile Impurities: Including the Quantum Fluctuations

We studied the nonlinear saddle-point solutions of the Landau-Brazovskii model in the
limit of large damping, where the dynamics of the field is quenched. We further showed
that static impurities can locally stabilize the ordered phase, by lowering the free en-
ergy density of the field around itself. Therefore a “droplet” of the ordered phase can
form (analogous to the “hydration” shell formation), when the impurity is so massive
that can be considered static. Next, we include quantum fluctuations of the impurity
particle. We intuitively expect this to be a destabilizing effect, which contributes a pos-
itive energy cost. This energy cost corresponds to the zero-point motion of the confined
particle. However we will observe in this section that, the droplet survives against these

quantum fluctuations, provided that certain conditions hold.
The effective Lagrangian is:

sin(qoR)

R exp(—R/¢). (4.31)

1 .
Ly 2§MI\R|2 + g po|

The impurity free energy JF is obtained from L; by integrating over particle trajectories.
This leads to
3
Filpo) = ~lgmpol + SHQp0) + .. (432)

The first term is the earlier classical limit while the second term is the lowest-order cor-
rection due to quantum fluctuations. The natural frequency of the bound state impurity
particle in the effective potential is:

g polad \
Q(PO)I(STIO) : (4.33)

The bound state disappears if the right-hand side of Eq. (4.32) is positive, in which case
J1 should be set to zero (dotted red lines Fig.4.6(b)). The small polaron minimum is
replaced by a minimum at py = 0 that corresponds to the large polaron. The condition
for the small polaron to survive in the presence of the zero-point fluctuations of the

impurity is gig > go = \/h]:\}—lAf or o, ~ Xf, which is just the earlier criterium for
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Landau-Pekar self-trapping. The soliton state is significantly more stable against zero

point fluctuations of the impurity than the small polaron state.

Quantum fluctuations of the condensate are included by treating po(t) as a time-
dependent coordinate with a kinetic energy K = (21¢/q2) (dpo(t)/dt)*. In the double-
well potential, the condensate coordinate now can tunnel between the two minima, al-
lowing for a linear superposition of the small polaron and soliton states. As the strength
of the quantum fluctuations of the condensate increases, the soliton state disappears,
roughly when the zero point energy of the condensate coordinate exceeds the depth of
the well. The transition between small polaron and soliton states can be viewed in terms

of a variant of spin-boson model.

Large Polaron =~ Small Polaron Soliton |91B)|

Figure 4.7: The different states of the BEC-impurity system. The blue color indicates
the condensate modulation amplitude while the red cloud indicates the particle. From

left to right, large polaron, small polaron, and the soliton.

An important concern regarding the soliton solutions is their instabilities in spatial
dimensions D > 1, due to Derrick’s theorem [95]. We show in the following that the
coupling with the particle’s degree of freedom stabilizes the soliton. Further, Gaussian

fluctuations are shown to be irrelevant in D > 2.

In summary, the QLB theory predicts that impurity particles generate a variety of

structures as the excitation spectrum is progressively depressed. Above the MF transi-
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tion point, the impurity generates either a large or a small polaronic state, depending on
the coupling and damping constant. Below the MF transition—but above the actual or-
dering transition—a new state appears: the soliton with a self-trapped impurity particle

(see Fig.4.7).

4.5 Stability Analysis of Non-topological Solitons in Brazovskii Model

It is well known that any kind of stable solution must survive the fluctuations. The
fluctuations can occur in different forms. A famous type of fluctuations is Gaussian
fluctuations corresponding to the harmonic oscillations of the order parameter field
around the saddle-point solutions. We first study the effect of these fluctuations, in
the absence of the impurity. In other words, the stability conditions derived here are

universal for the model theory.

Another relevant type of instabilities originate from stretching or compressing the
solutions in space. Based on straightforward scaling arguments which utilize the fact
that the free energy density of different terms scale differently under scaling the space
coordinate, one can determine the stability conditions. This is called the Derrick’s

theorem, and can be viewed as a variant of the virial theorem.

4.5.1 Gaussian Fluctuations

In order to examine the stability of the soliton solution, we expand the action to quadratic
order in fluctuations 6 A, so A — A + 6 A. Here the tildes indicate the dimensionless
quantities at the Brazovskii transition. For simplicity, we focus on the system right at
the Brazovskii transition. It is clear that the generalization to slightly above the tran-
sition is straightforward by expanding the control parameter A around its value at the

transition. The free energy of the fluctuations reads:
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§F =28 / d®r {0A(r)K5A(r)}, (4.34)

with

K=-V2+U(r) (4.35)
the operator of a Schrodringer equation with potential

U(r) = 3VIA(r)]. (4.36)

N | —

Stability requires all the eigenvalues of K to be positive. When the field — at some
distance from the origin — passes over the barrier of V(A), the potential U (r) becomes
negative, because of the negative curvature of f)([l) The mean field solution is unstable
if the ground state of the Schrodinger equation is a negative energy bound state of this

potential well.
The ground state energy is greater than the minimum of U (r) by

D
where () is the frequency of small oscillations around the minimum of the potential
U(rm), specifically, 2 = |V2U |%/:2Tm, where 7, is the distance from the origin where U
takes its minimum value. In terms of the amplitude A, the corresponding minimum is
at A, = /4 /5 (see Fig. (4.8)). In order to have no bound states, we must demand %Q

to be larger than the barrier of U (7). Also

U(r =0) = %aﬁﬁ([x = Ay) = 4, (4.38a)
and
U(r — o0) = %aﬁifz(/i =0)=1. (4.38Db)
We have
27 (aAd\ v dA
O =|VULL, = % <5> = V24 5‘. (4.39)




V(A)

A(r)
>

Figure 4.8: (Tildes dropped from the labels) The top panel shows V(A) at the transition.
Points A; and A,, indicate where the curvature flips sign, whereas A,, is where the
curvature is minimum. The middle panel shows a schematic of the profile A(r), taking
all the values from A, down to 0. The bottom one plots the potential U(r) for GFs.
The dashed Gaussian wave-packet shows the ground state of the fluctuations around

the minimum of U(r).
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We also know from Euler-Lagrange equation, that

N\ 2
d 2(D—-1) dA d -~ -
—F——2 | — | =—V(A 4.4
{dr + r } (dr) drv( ) (4.40)
and hence,
A - .
i—r < V(A)|? = 6v5/25, (4.41)

and () < 2.74. The equality is approached either for one dimension, or for large r,, in
higher dimensions, where the effect of curvature is negligible. As shown in Fig. 4.8,
the minimum of the potential is U,,, = —1.4. If U,,, + %Q > 1, the bound state does not

form. This is valid for D > 2 (for upper bound of €2).

Figure 4.9: The figure shows a schematic of Gaussian fluctuations around the saddle—
point solution, the soliton. The green arrows squeeze the fluctuations back towards the
soliton, hence represent stability conditions. Red arrows, indicate the situation where

the fluctuations destabilize the soliton.

4.5.2 Stability of Solitons in Scalar Field Theories: Derrick’s Theorem

The soliton solutions of the scalar field theories are shown to be unstable in general, by
Derrick’s theorem. The idea is to consider the stretching-compressing transformations
where the radial coordinate is scaled: » — Ar. Following a few straightforward argu-

ments on can see that in D > 2, the solitons are unstable. Suppose that the free energy
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functional of the time-independent solution ¢(r) can be written in the following form:

F = /dDr {(Vo(r)* + Vip(r)]}. (4.42)

The saddle-point solitonic solutions satisfy: 0F = 0, i.e. the first order variations of
the free energy around the solutions vanish. We assume that a function ¢(r) satisfies
this equation. The stability condition involves the second order variations: 62F > 0.
We now perform the scaling » — Ar, and denote the resultant free energies by .7-"1’\,2.

Substituting this in the above equation gives:

Fi= / dPr (Vp(r)? = F=XP"F, (4.43a)
Fy = / dPrVip(r)] = Fp=Xx"F. (4.43b)
Applying the first condition:
o7 =0 (4.44)
OA |1 - .
we get:
(2—D)F, — DF, = 0. (4.45)
So we have:
2—-D
Fo=— F1. (4.46)

D

Note that F; > 0. So if we are expanding around the true vacuum for which F, > 0,

only D = 1 can satisfy the equation.

Now the stability condition requires that the energy cost of the second order varia-

tions about the solution be positive:

62 F
—_— > 0. 4.47
N2 |\, 0 (447)
Calculating the 1.h.s gives:
2—-D)1—-D)Fi+D(D+1)F, > 0. (4.48)

Substituting Eq. (4.46), in the above equation also gives:
22— D)F, > 0. (4.49)

Again for F; > 0, this suggests that the only acceptable answer is D = 1.
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4.5.3 Derrick’s Instabilities in the Presence of Impurity

Let A(r) be a solution of the Euler-Lagrange equation (dropping tilde signs), including
the impurity potential. The energy of a modulation pattern that is stretched in space by

a scale factor A\, hence A(Ar), is given by
UN) = AETDLF - NPF + Fy + N F + . (4.50)

where the coefficients

3 :/dDT (dA(T>>27 ;EQZ/dDT V[A(r)], (4.51a)

dr

1
Fy=-VoA(0),  Fi=—314"(0), (4.51b)

are all positive. The dots stand for higher-order even powers of \. We will drop these
terms hereafter, in which case U ~ F; + F5 + F3 + Fy4, is the energy of the original
soliton. As a function of the scale factor, /() has a single minimum that is stable.
From the fact that A(\r) is a solution of the Euler-Lagrange equations for A = 1, it

follows that the minimum where d2/(\)/dA = 0 must be at A = 1 so
(D —2)F, + DFs — 2F, =0, (4.52)

which can be viewed as a virial theorem. Note that in the absence of the impurity po-
tential, the soliton solution is unstable for D > 1, which is just Derrick’s Theorem, but
that the impurity potential suppresses the instability. Note also that the zeroth moment
of the impurity potential does not enter in this expression, namely a localized static
potential V' (r) = V58P)(r) does not suffice to stabilize the soliton in D > 2, simply
because the contact interaction does not see the stretching and squeezing of the nearby
field. Therefore we need to include higher moments of this potential. The odd moments
vanish by analyticity and symmetry arguments. The first non-zero contribution comes
from the first even moment, i.e. the second moment. It is worth mentioning that the
broadening of the effective interaction range between the impurity and the field has in

principle two origins. For static heavy impurities, the finite range can be assigned to the
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Figure 4.10: The figure shows a schematic of Derrick’s instabilities around the sad-
dle-point solution, in the absence of the impurity. Again, the green arrows squeeze the
fluctuations back towards the saddle-point soliton, hence represent stable conditions.
On the contrary, red arrows indicate the situation where the fluctuations destabilize the

soliton.

size of the impurity. For lighter impurities, as we observed in the previous section, the
particle gets trapped at a smaller coupling than the soliton formation. Thus the particle
is confined within a cell of size g, 1. In this state, and to the first non-zero approxi-
mation, the wave-function of the particle (or equivalently the ensemble of the particle
trajectories) is a Gaussian like with a finite width. Including the second moment of the

potential also fixes the curvature of the modulation profile at the origin to be:

(D —2)F, + DF, -

A"(0) = — v

0. (4.53)

Since the zeroth moment of the impurity potential is of the order of one at the transi-
tion point between linear response and the soliton solution, and since J 2 are positive
numbers of the order of one, it follows that the curvature |A”(0)| ~ (£/a)® must be

large.
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4.6 Experimental Realization

For a uniform BEC condensate composed of 2*Na atoms with SLi impurities, the di-
mensionless coupling constant o can be tuned between 103 — 1 through Feshbach
resonance methods and the large to small polaron transition may or may not be acces-
sible. However, by approaching the critical point, the critical value of « for the tran-
sition between large and small polarons can be decreased to about 0.3 (see Fig.3.6(c))
so the transition between the large and small polaron states now should be experi-
mentally accessible. To estimate the onset of the soliton state, take ¢o = 4(um)™!,
€0(qo)/h = 2 (kHz), a relative density modulation amplitude (—/w)'/?/ng of the
ordered phase of 0.1, a width dg of the depressed mode interval equal to 0.1gp—so
M2Réq = €y(qo)/h = 2 (kHz)—then the condition reduces to the requirement that
agé qg 2 2.0. For a scattering length a;g enhanced by Feshbach resonance to 100 (nm),

this requires that the correlation length £ has only to exceed about ten times the repeat

length ¢, ! of the ordered phase.

For experimental realization, we choose the 2Na condensate hosting a dilute Li
impurity gas with mass ratio Mg/M; = 3.8 and hence M, ~ 0.8 M;. The Lippman-
Schwinger scattering length of Li-Na two-body system is a;g = 0.8 nm. The coupling
between the impurity particle and the Bogoliubov excitations has been proposed to be
tunable via Feshbach resonance, over a few orders of magnitude, from o ~ 1073 to
a ~ 1; hence bridging the small and large coupling regimes. To this end, we need to
minimize the scattering length agg of sodium atoms, which is achieved at sodium Fesh-
bach resonance near 907 G. The Li-Na scattering length—desired to be maximized—is
tuned near the corresponding Feshbach resonance at 796 G or the predicted 1186 G
resonance. The wavevector gy ~ 1073 nm~! = 1 um™~'. Therefore the low temperature

limit 5 ~ 100 is achieved at around 7" ~ 1 nK.
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4.7 Conclusions

In this chapter we studied the problem of impurity-induced solitons in BECs near the
Brazovskii transition. This new type of soliton should be discerned from the intrinsic
soliton solutions of the GPE or equivalently those of the nonlinear Schodinger equation.
Using the renormalized action, we showed that static impurities (local defects) are able
to locally stabilize the ordered phase. We calculated, at the Brazovskii transition, the
amplitude of the soliton at the location of the impurity. This can be calculated ex-
actly in one-dimension, whereas we need to resort to a variational approach in general

dimensions.

For the case of mobile impurities, we derived the conditions under which the zero-
point fluctuations of the impurity do not destabilize the soliton. Furthermore, we ad-
dressed the Gaussian and Derrick’s stability analysis, and observed that Gaussian fluc-
tuations are irrelevant in D > 2, and Derrick’s argument for instability of scalar field

theories in D > 2 becomes invalid in the presences of the impurity.

Regarding the relevance to the phenomenology of solvation problem, in the intro-
duction we posed the question whether impurities in a BEC can serve as a model system
for the study of the role of quantum fluctuations and the breakdown of linear response
theory in solvation theory. We have found that linear response theory breaks down
when a pumped BEC system becomes increasingly correlated on approach of a sponta-
neous symmetry breaking transition, signaled by the formation of a soliton state. Does
this agree, at least qualitatively, with solvation phenomena in conventional fluids? It
is believed that the breakdown of linear response theory for small ions in water is re-
lated to the formation of partially ordered shells of water molecules (“solvation shells™)
around the ion [9]. Water is a highly correlated fluid and solvation shells indeed could
be—crudely—viewed as local realizations of the low-temperature ordered phase (i.e.
ice). On the other hand, the water molecules surrounding solvated electrons, with much

stronger zero-point fluctuations, remain disordered. A recent mixed quantum-classical
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simulation of electrons solvated in water have a wavefuntion that is relatively delocal-
ized (“wet electron™) [17]. According to the theory, a soliton state destroyed by the

zero-point motion of the particle would have to be an extended polaron.

We also addressed the experimental feasibility of our model in a cold atomic ex-
periment. Quantitative experimental studies of impurities in BECs in pumped optical
cavities that would verify the association of the breakdown of linear response theory
with solitons should, according to our estimates, be possible and would be of great
value as a model system to study quantum effects on solvation in a system described
by a general theory that does not require detailed assumptions about molecular interac-

tions.

In the next chapter, we mainly follow the second aim of this dissertation: the physics
of polarons in correlated disordered phases. We generalize our model to the case of a
quadratic impurity-field interaction. The standard polaron problem, and in the previous
chapters, the field appears linearly in the interaction term of the total action. Does
the quadratic coupling influence the polaron properties qualitatively? How does the
dimensionality affects the results? In chapter 6, we first introduce an actual model
system in which the interaction is quadratic. Next, using the variational method as well

as perturbation theory, answer the above questions.
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CHAPTER 5

Polarons in the Vicinity of a Quantum Phase Transition

In order to understand the physics of impurities in critical systems, we first briefly re-
view the most prominent theories of classical and quantum phase transitions. Second
order phase transitions have been center of attraction since the early days of their ob-
servations. They exhibit macroscopic ordering transitions owing to the divergence of
the correlation length £. This makes a continuum field theory, e.g. Landau-Ginzburg-
Wilson (LGW), an appropriate approach to study these systems. There are numerous
examples of systems with different symmetry-breaking scenarios between disordered
and ordered phases, which fall into the general LGW scheme. The classical Ising model
in d > 2, for instance, undergoes the ferromagnetic phase transition where the free en-
ergy continuously develops a non-zero minimum of the magnetization. The mean-field
approach is known to be valid, i.e. the fluctuations do not modify the critical behavior,
in spatial dimensions d > d,, where d, is the upper critical dimension of the theory
(d, = 4 for LGW). Also according to Mermin-Wagner theorem, at finite temperatures,
the spontaneous continuous symmetry-breaking is not possible in d < 2. However in

fundamentally discrete systems such as 2D Ising model, this does not hold true.

In the LGW and Hertz-Millis theories of the second-order transitions, the dispersion
of the fluctuations is minimized at zero wave-vector ¢ = 0. The crystallization-like
transitions where the dispersion is minimized at g, are thus not captured by LGW-type
theories. As we mentioned in the previous chapters, the theory of weak crystallization is
well described by Brazovskii field theory. Apart from its traditional applications, in the

recent years, more systems are found to obey the Brazovskii mechanism. One example
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of artificial realization of such systems in ultracold quantum gases, was presented in
the previous two chapters. In ultracold quantum gases, Bose-Einstein condensates are
proposed to exhibit emergent crystallinity in transversely pumped multimode cavities,
as a result of atom-light interaction [74, 75]. When the strength of the the transverse
field reaches a threshold, the BEC self-organizes itself into a density modulation which
breaks the continuous translational symmetry of the system. The emergent modes and
their wavelengths depend on the geometry of the cavity and are larger than the inter-
atomic distances of the BEC. This transition was shown to persist down to zero temper-
ature, creating a quantum phase transition [74, 75]. In this variant of Brazovskii model,
the effective action of the density field includes only even-powered terms, which results
in transition to lamellar ordered phase. When including odd terms such as a cubic term,
the ordered phase can exhibit three-dimensional unit cells e.g. tetrahedral structures

[91, 92, 93].

Another example of the critical systems which fall into the fluctuation-induced Bra-
zovskii first order transition class is the helimagnetic materials. Helimagnets possess
partial order in the symmetry-breaking phase. The partial order is a result of two
counteracting couplings, one favoring the ferromagnetic order on short length scales,
competing with an antiferromagnetic term which favors staggered ordering on a larger
length scale. This competition is characterized by a new length-scale, which turns out
to be the pitch of the helix formed by the chiral order-parameter (discussed below). The
microscopic origin of such partial ordering might come from the non-centrosymmetric
structure of the unit cells of the lattice. The lack of inversion symmetry in these unit
cell (most notably MnSi), allows the relativistic spin-orbit coupling interaction to play
role, although the spin-orbit coupling is typically minuscule in solid state systems. If
the spin-orbit coupling is absent, the partial order can still be imposed on the system us-
ing an external field (such as pressure) which utilizes the asymmetry of the underlying

lattice.

A phenomenological approach to these systems was proposed by Dzyaloshinskii
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and Moriya. They introduced a chiral interaction term to the action of the critical
model. This chiral term is defined by a coupling ® which is commonly called the
Dzyaloshinskii-Moriya (DM) interaction. The preferred wave-vector, or the inverse
length-scale of the partial order is naturally dependent on DM interaction. In the ab-
sence of DM term, we retrieve the Hertz-Millis theory for the second order quantum
phase transitions. For finite values of ©, the antiferromagnetic order becomes im-
portant. The newly defined preferred wave-vector and the critical fluctuations of the
corresponding modes, give rise to a fluctuation-induced first order transition similar to
the Brazovskii scenario. In two dimensional thin films this results in the formation of
Skyrmion lattices, which are promising candidates for topological magnetic data stor-
age [96, 97, 98]. In order to perform any kind of computation, we need to understand

the physics of bits or g-bits in the host system.

In this chapter we intend to study the physics of mobile nonmagnetic impurities
(to be defined exactly below) near a magnetic quantum phase transition. Our goal and
motivation are twofold. First, in line with the model used in the previous chapters (the
Brazovskii model), we would like to explore other parts of the phase diagram (e.g. in
terms of the preferred wave-vector), and bridge the gap between truly second order,
and mean-field second-order transitions which turn first order upon including the finite
wave-vector fluctuations. Second, this analysis complements the previously studied
role of static defects near such phase transitions. We know that the attractive nature
of the self-interaction (polaron self-energy), results in the localization of the particle
at sufficiently large particle-field couplings. Whether or not this transition in a nearly

critical environment is discontinuous or smooth is not trivial.

Nonmagnetic defects are usually assumed to couple quadratically to the magneti-
zation field. The magnetic impurities with permanent magnetization (spin), couple lin-
early. However, magnetically polarizable impurities with zero permanent magnetic mo-
ment also couple quadratically to the magnetization field. This can be verified through

a self-consistent condition: the potential energy of a magnetic dipole in an external field
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is proportional to the dot product of the two vectors. But the induced magnetization of
the impurity is itself proportional to the nearby magnetization. Therefore the coupling
is quadratic in the external field and is in general nonlocal in both time and space. A
simplifying model based on local interactions is presented in this chapter, using which
we examine the physical properties of the mobile impurity. We will observe how the

quadratic coupling changes the behavior of the polaron drastically in various respects.

In order to setup the basis of our model theory, we briefly introduce and discuss
some features of the Hertz-Millis theory of quantum phase transitions. We first derive
the Hertz-Millis effective action. Next, we introduce the chiral Dzyaloshinskii-Moriya
interaction and present the consequences of this term. As expected, the treatment and
the final result are very much similar to those of the original Brazovskii methodology

for scalar field theories.

5.1 Hertz-Millis Theory of Quantum Phase Transitions
We start with a Hubbard Hamiltonian [28, 29]:

N
Hrubbard = —t Z (Cl-L?UCjJ + C}yacigg) + UZ T 41 | (5.1
1

(i,j),0 =

Here cT

1,07

ci - are respectively the creation and annihilation operators of an electron at
site 2 and with spin o. The first term (H,) represents the non-interacting part which
accounts for the hopping of electrons between neighboring sites denoted by (7, j) in the
summation; the hopping coefficient is t. The second term is the on-site interactions of
electrons with opposite spins (due to Pauli exclusion). The strength of the interaction
is U. We now note that the interaction term (7{’) can be separated in terms of charge-
and spin-density operators:

N N

N
U U
H=UY nimiy = 1 D (g +niy)? - 2 D mip—ni)’ (52
=1

i=1 i=1
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In order to calculate the partition function: Z = Trexp(—/7H ), we switch to interaction

picture where we have:

Bh
e PH = ¢ T exp {—/ dTH/(T):| : (5.3)
0

where 7' is the time-ordering operator. We now use the Hubbard-Stratonovich transfor-

mation to obtain:

I
_ —BH _ - 2
Z =Tre —ZO/D\P exp ( 5 /o dei:\IJi (7’))

Bh
X <TrTexp <_/o dTZJV}(T)nw(T)>> . (5.4)

In the above relation Z is the partition function of the free system, and we have V;(7) =
VU/2W,(7) is in fact the magnetic field at site ¢ and imaginary time 7. Note that 1/
accounts for spin fluctuations and we ignore the charge fluctuations as they are expected

to be irrelevant. Now using the Green’s function of the noninteracting system,

_ 5 Zexpsz R;) —iE, 7]

; (5.5

we can simplify the partition function as:

/D\p exp (——/ dTZ\If2 +) Trin(l - gVG0)> . (5.6)

Here V and G° are matrices. The elements of V are: V; ;(7,7') = Vi(7)d;;6(Tr—7"). The
exponent in the above equation is then the free energy (or Euclidean action) associate
with the order parameter Syer,; We denote the free energy by Syer,[V]. Expanding the

free energy in a power series in W leads to the following general expression:

Sters | sz a,w)|¥(q,w)* + = 4ﬁN D va(aws, Gows, Qaws, Qaws)
qwn qi,wWs
4
X ‘I/(Q1>OJ1)‘I’(Q2,W2)‘I’(Q3,W3 Q4,w4 (Z q1> o <sz> +
i=1

(5.7)
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Here v, and v, are the vertices. In certain cases the vertices can be calculated, and the
full Euclidean action takes the form:
1
SHertz = B_V Z eo(T + &lal® + wnl /7(0)) g n —a,—wn + Sa- (5.8)
qQ,Wn
In the above relation ¢ and &, are microscopic energy- and length-scales respectively.
We note that the above calculation is carried out for a metallic system in which the
particle-hole excitations cause the Landau damping, hence the dynamics of the order
parameter is overdamped. In a more general form, the dynamic term is replaced by
1 1 1
Sayn = —— -+ =— nd(q, wn) |2 59

We list four different systems and the corresponding dynamical coefficients, in table

(5.1).

Class Cq Iy
Undamped Ising antiferromagnet const. | — o0
Undamped Ising ferromagnet ~1/q | const.
Metallic (overdamped) antiferromagnet — const.
Metallic Ising ferromagnet — ~ q

Table 5.1: The dynamical coefficients for different critical systems near the magnetic

phase transition.

As mentioned in the introduction of this chapter, if we deal with systems with non-
centrosymmetric structures (i.e. lacking the inversion symmetry), e.g. the unit cell
of MnSi, the effect of spin-orbit coupling (SOC) term which also breaks the time-
reversal symmetry becomes important. Such couplings collectively add a chiral term
to the original Hertz-Millis action. This term is represented by a phenomenological
coupling constant ©, and is called the Dzyaloshinskii-Moriya (DM) interaction. The

DM magnets (also called helimagnets) in three dimensions, exhibit a chiral phase below
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the transition point. This is somewhat similar to the “Blue phase” of cholesteric liquid
crystals. The static action of the bare field near the magnetization transition can be

written as [34, 35]:
s _ / dt/dd { SO (VM) + DMLY x M)
+§!M|2+%|M!4—H.M}, (5.10)

where M(r,t) is the magnetization field (M and ¢ will be used interchangeably in
the context), and where i lables {x;} = (z1,...,x4); the d spatial coordinates. The
second quadratic term is the Dzyaloshinskii-Moriya (DM) interaction due to lack of
inversion symmetry and hence SOC. In spite of the relativistic nature of SOC, it can
shown that this term (DM) dominates other contributions arising from anisotropies such
asy . (0;M;)? and > M;‘ (see Ref. [34] and references therein). Next, 7 measures the
distance from the critical point of the mean-field model, and © measures the strength
of forth order nonlinearities which is a positive constant to guarantee the stability. For

convenience we choose the units in which [M(r,t)]? = [Length] ¢

The dynamics of the order parameter is determined, for example, by coupling to
the electron-hole excitations around the Fermi surface. Again in a general form the

dynamic term is expressed as [34, 99]:
Soane = ,w Z h\wn!/eFW\M(r wn)l, (5.11)

where I'! is the dimensionless dynamical coefficient. At finite temperature we intro-
duce the Matsubara frequencies w,, = 2mn//h as the Fourier conjugate of imaginary

time.

5.1.1 Systems Without Inversion Symmetry: Helimagnets

Systems without inversion symmetry (chiral magnets), most notably MnSi, allow for

SOC which collectively yields the DM interaction. In has been shown that such systems
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exhibit a fluctuation-induced first order phase transition, which falls into a quantum
version of the Brazovskii class of phase transitions, i.e. the kernel of the action takes

the following form:
X' =0+ (el = Q) + T w7, (5.12)

where Q) = qo h/v/Mep.

Here, we briefly review the MF analysis of a bare helimagnetic system [35]. At MF
level, we use the following ansatz for the vectorial order parameter M, to minimize
the bare action. The ansatz contains terms which represent the para- and helimagnetic

phases separately:
M = Godo + Unae’ @7 + e TET, (5.13)

in which ¢y and qgg are the paramagnetic background field and its direction and
is the complex amplitude of the helical order with pitch vector QQ, a free parameter to
be determined by minimizing the free energy, and finally é* = (é; & ié;)/v/2, such
that é; X €y = Q and Q = Q/Q. We assume that below the transition, there is
an infinitesimal external magnetic field to single out a direction for the paramagnetic
background of the ordered domains ((;ASO) to be oriented along H, also parallel to the
pitch vector Q In general, even in the absence of external magnetic field, higher order
contributions of SOC break the rotation symmetry by generating cubic anisotropies, e.g.
(111) is the preferred crystallographic direction in MnSi. For simplicity we neglect the

cubic anisotropies and instead include a small external field.

Inserting the ansatz of Eq. (5.13) in the original static action, we get S2© = 5 L%,

stat

where,

0
fo =500 + (6 + 1Q* = 22Q)|¢al”
+ 63 + 20inal®)? — Hoo, (5.14)

is the free energy density which gives us the equation of state of the phase when min-

imized with respect to the fields and free parameters. In the above equation ¥ =
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D h/\/MeéL, is the dimensionless DM coefficient, and u = g (v/Mep/h)?/ep is the
dimensionless quartic coefficient. In the paramagnetic phase where || = 0, the uni-
form magnetization ¢, is parallel to the external field ngﬁo — H and satisfies the equation
of state: O¢ + ugs = H. The solutions of this equation in the limit H — 0 are: zero
for # > 0 and i\/T/u for # < 0. Now minimizing with respect to the pitch vector
Q, we get: ) = Z/p. In the limit of zero external field, the minimized free energy

density of the helimagnetic order parameter vy, reads,

frim = Althe|* + ultna|* (5.15)

where A = 6 — ;1 Q? is the gap of the chiral mode, which is the paramagnetic gap
shifted by the deformation cost of the mode (). For A > 0 the DM interaction is
not large enough to overcome the paramagnetic gap 6 and |¢y,|. When increasing the
chiral interaction, A becomes negative for 22 > 0, the helical order parameter favors
a finite magnitude || = \/T/Qu Below we discuss the consequences of this

non-zero ordering wavevector (), on a mobile impurity.

In the previous chapters we studied the interplay of a quantum mechanical particle
linearly coupled to the density of an ultracold BEC which is interacting with a trans-
verse as well as the photons of a multimode cavity. As mentioned above, the system
undergoes an emergent crystallinity above a threshold laser intensity, and is describe
by the LB theory. In particular the role of the large quantum/thermal fluctuations of the
BEC was investigated on the quantum mechanical features of the particle. It was shown
that the particle, far from the transition and at zero temperature, experiences a discon-
tinuous self-trapping transition, which is closed at a “critical” point, as the quantum
fluctuations of the field are enhanced. Thermal fluctuations also close the discontinu-
ity. Close to the LB transition a new class of non-linear solutions appear which cannot
be obtained perturbatively. In that system, the local tendency of the field towards or-
der around the particle yields the emergence of a “droplet” of the ordered phase. The
boundary between the coexisting ordered and disordered phases, is of the order of the

finite correlation length.
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In this chapter we study a single mobile impurity coupled to a field near a second
order or a weakly first order quantum phase transition. To this end, we (i) generalize
the case of study of chapters 3 and 4 to quadratic particle-field coupling, in (ii) general
spatial dimensions d and dynamic exponents z = 1, and finally (iii) vary the pre-
ferred wave-vector ¢y from zero (corresponding to Hertz-Millis theory) to finite values
corresponding to LB-type transitions. In particular for this model system of itinerant-
electron magnetism, we discuss and derive—based on heuristic arguments—that non-
magnetic impurities couple quadratically to the magnetization field. The case of linear
coupling is already solved for many of the above-mentioned cases. For example, the
case of ¢p = 0, at the critical point is similar to “acoustic polaron”, where the particle
is interacting with Goldstone phonons. Away from the critical point, where the mode
spectrum has a gap at ¢ = 0, the theory resembles the “optical polaron”. These cases
are well studied in the literature of polaron problem. Therefore, in the case of linear
coupling we calculate the polaron properties as a function of this gap, in general dimen-
sions, and also at finite g;. We finally compare the results of the quadratic and linear
couplings and find significant differences between the two. In particular, we observe in
three dimensions, to one loop order and also using Born-Oppenheimer approximation
for the field (corresponding to the frozen field dynamics in the limit of large effective
mass of the mode), the quadratic coupling makes the wave-function collapse. Fur-
thermore we show this localization takes place at a finite coupling constant when the

quantum fluctuations of the field are added.

Our approach to this problem is mainly based on the Feynman’s variational method
to calculate the self-energy and effective mass of the polaron. Throughout this chapter,
we keep the magnetic transition as our model system, mainly for concrete interpretation

of the parameters.
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5.2 Model Field Theory

We start with the Hamiltonian of the Hubbard model interacting with a dilute electri-
cally neutral bosonic impurity gas in their zero magnetization single particle states. The
impurity gas is assumed to be of low enough concentration such that the atoms do not

see each other and we neglect this term in our Hamiltonian.

We write the partition function in the imaginary-time path-integral representation:

Z- / Dlo(x. HIDIR()] exp(—S[b(x. 1): R(1)] /). (5.16)

The action S is the full action of the system plus impurity which consists of three
terms: bare field, free particle, and their interaction (see below). The path-integration
is over all the spatial and imaginary-temporal configurations of the field ¢(x,t) and
particle coordinate R/(¢), under the periodic boundary condition in imaginary time i.e.
o(x,0) = ¢(x, Bh) and R(0) = R(Sh). We start with the action of the quantum field

plus particle.
e Bare Action:

For notational convenience we rename the magnetization field ¢(r,t) = M(r,t). The

full bare action of the field equals:

1 dd+l 4
Sbare :é/ ( )d+1 q _1 ¢q /H ( d+1 qqu) (d+1) <Z q2> ) (5.17)
i=1

where ¢ = (q, w) denotes the momentum (d + 1)-dimensional vector, and we use the

definition

/ d*g/(2m)*t = (BALY Y (5.18)

q,Wn

for a d-dimensional system with linear size L at temperature 37!,

In the quadratic kernel

Xz =7+ Mdl = q)” + T er (hlwnl /ep)**, (5.19)
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er 1s the Fermi energy of the itinerant electrons, and 7 the distance to the critical point.
The preferred wave-vector is ¢qg = © /. The field stiffness A and the dynamic coeffi-
cient I'~! are positive constants. The exponent 2/z measures the quantum-to-classical
field crossover for increasing z. The important cases of z = 1,2 correspond to un-

damped and overdamped (Landau damping) dynamics, respectively.

5.3 Quadratic Polaron

We now introduce an impurity which couples quadratically to the system. In a semi-
classical approximation for the magnetization of the impurity with large total angular
momentum, we assume that the induced magnetization is proportional to the local mag-
netic field which is in turn, predominantly determined by the nearby magnetization field
of the host system. Thus in a self-consistent approach, for the magnetic interaction en-
ergy we have:

U = —m(t)B(R(t)), (5.20a)
m(t) = / tdt’w(t — \B(R(t)). (5.20b)

where w(t — t') is the temporal kernel of the polarizability of the impurity magnetic
moment. We approximate this polarizability by w(t—t") = wd(t—t'). For the magnetic

field at the position of the impurity we have:
B(R(t)) = /ddr J(IR(t) — r|)M(x, t). (5.21)
We first use J (1) = Jo69 (r), and get:
U= -wIZIMR®)). (5.22)

The sign of the magnetic polarizability of the impurity determines the nature of its effec-
tive magnetic interaction with the magnetization of the medium; either ferromagnetic
or antiferromagnetic. However as we shall see below, up to one-loop order approxima-

tion of the self-energy, this sign is unimportant. For a finite mass impurity, there exists
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a kinetic term. Then the total action of the impurity reads:

Bh Bh
Sop = [ @ RE+g [ ar [[ainaly 76— RO)T@ RO 000" ),
(5.23)

The second term can be cast in Fourier form,

Bh dd dd '
int. il 2 * —i(gz—a1).R(?)
dit t t : 24
Slmp A // (27T)d (27T)d¢q1( )¢Q2( )qujqze (5 )

As discussed above, we can choose a potential of the form 7 (|r|) = J, §(¥ (r), where

Jo = —wJZ. We note that when |¢(r,¢)|? has dimensions of [Length]~¢, we have
(o] = [Energy] x [Length]?.

Although the above equation is local in time, it can represent the most general
bilinear coupling of the particle to the field in space. Another possibility which can be
viewed as a model for the coupling of non-magnetic impurities to a magnetization field
is [100, 99]:

Bh
sth=3 | ot [ave—ROo 0P (525
in which case the vertex product J;, Jq, in Eq. (5.24) is replaced by Vy, —q, (see below).

It is clear that the models are equivalent for J (r — r') = J56(¥(r — 1), such that

TR —1)d DR —1') = VoD (r —1). (5.26)

The action of the full system is the sum of the actions of the bare field and impurity,

and their interaction. Using the latter form of coupling, we derive the full action:

Bh M 1 dd+1
= dt —|R|* + —1 |12
dd+1 d N 4
+ —
/H < 2 d+1¢‘h) ZQZ’
=1
dd+1q dd+1 B
// )AL (27)d+1 ¢q1¢Q2/0 dt V_i(t). (5.27)

The first three terms correspond to the free particle and bare action, respectively, while

the last term represents their interaction. Defining k = g, — §; the interaction potential
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equals:

V_i(t) = Vgi—qo €xp[i(we — w1)t —i(q2 — a1).R(t)]. (5.28)

Due to the quadratic nature of the coupling the field-impurity interaction induces cou-
pling between the diagonalizing modes of the field. We note that, away from the critical
point, although the coupling to the impurity is a perturbative effect to the field, it can

be disturbing enough to the particle to localize it.

Like in the case of polaron problem, we are interested in calculating the effective
action for the particle. To this end, we integrate out the field’s degrees of freedom. We
thus consider the quartic and impurity-field interactions as perturbations to the diagonal

quadratic action of the field. Defining

d*g, dd+1 3
Q5 R // d+1 d+1 ¢q1¢q2/0 dt VE(t)

d d+1 QZ . 4
/H ( 27T d+1 gqu) ( ) Zq@ ) (5.29)
=1

we get,

Sl R(H] = Sy + (Al — (A6 — (A3 + .. (530)

where S action of the free impurity and (e)g is the average of e with respect to
the unperturbed diagonal Gaussian field action. It is easy to see that (A)g is indepen-
dent of R, hence irrelevant. The second cumulant includes four-, six- and eight-point

correlation functions. The first non-zero contribution is:

(Id lq d 1 dtdt |t t k( (t) ( ))
-+ 1 1) / (2
1 _— //’ 1 1 q1Xq2|V (’ //

(5.31)

in which Q = wy —w; and k = qy — q;. For V(r) = V6@ (r) (contact interaction) we
have |Vi| = V4. We note again that the sign of the polarizability becomes irrelevant in

this approximation, as V{ appears quadratically in Eq. (5.31).
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Figure 5.1: The Feynman diagram corresponding to equation (5.31) for quadratic
polaron. Straight and wavy lines represent the particle and the field propagator, re-
spectively. The incoming particle of momentum k = (k,(2), is scattered off the
phonons with momenta ¢; = (qi,w;) and ¢ = (qo,wsz). The space and time
translation symmetry requires the conservation of momenta at each vertex, such that:

<k7 Q) = (Q2 —q1,W2 — wl)-

We now switch to dimensionless parameters by setting h = e = M = 1. Thus
length is measured in units of ii/\/Mep = Apy/m./M, proportional to Fermi wave-
length; m, is the mass of electron. Time is measured in units of /i/ep. Also 8 — epf,

(q,w) = (qh/v/Mep,wh/er). In these units we have:

X7t =0+ p(lal — Q)% + I Hw, |77, (5.32)

q

where 0 = 7/ep , p = AM/W?, Q = qoh//Mer = (D/\) h//Mer and thus
xq_l, are all dimensionless. So the effective action for the particle in dimensionless

parameters reads:

1

B B
SalR(O) =5 [ aRE—a [[ @t jaR@a0r 53

where we introduced the shorthand notation AR(%,t') = R(¢t) — R(¢') and At =t — ¢

and x(r,?) is the inverse Fourier transform of x;. We introduced «, the dimensionless

2 d
a= % (Z—i) (]\f_;F) . (5.34)

We note that to first non-zero order in the coupling V|, the effective action looks like

polaron coupling constant:

that of the linear polaron, with the inverse correlation function squared.
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For z = 1, time can be treated on the same footing as space. The correlation
function decays in space and time over the correlation length (§) and correlation time
(1/+/erl'X £), respectively. In spatial dimensions d we get the following relations for
the limiting cases (i) : |r|?/u + T't? < 6~ and (ii) : [v|*/p+ T2 > 607%

.\ p—d/2r1/2 (d—
(i) 4 (e a4 D)0,

(i) LoD 2002/ expl /o T

(d=1)Sa+1 (Ir[?/ptTe2)d/a

Xz:l (I‘, t) ~

The above approximate expression is in general dimensions.

The general form of the action can be modified for gaining various insights. For
instance, one can take the inverse Fourier transform to time domain, leaving the g-

dependence explicit:

1 FEF d91 dQ2 2
sty 0 [ [[ S Ly

X G(—qu, |t —t'|) G(qa, |t — t' y)e—“‘AR(t’” (5.35)

where the two-point correlation function is:

1 cosh(uy(u — /2)
wq  sinh(Bwg/2)

where w? = Iep(7+ X|q|?). The kernel reduces in the zero temperature limit (3 — oo)

G(q,u) =

(5.36)

to:

1
G(q,u) = — exp|—wqul. (5.37)

Wq

This form is specifically useful for variational method.
e Variational Method

The path-integral over the degrees of freedom are most conveniently carried out using
Feynman’s variational approach. The effective mass and self-energy of the particle can

be evaluated using this method. We introduce the trial action:

1 B
S = Sty +3 [[[ a0t K~ D IARG P, 539
0
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and use the Feynman’s inequality F < F; + <Setf Sy )y, for the free energy of the
impurity. The average is taken with respect to the Gaussian trial action. The trial kernel
Kt —#)) = 1Y, K.e®=¥1 should be chosen to best mimic the actual kernel,
yet contains free parameters to account for the difference in the form of R-dependence,

i.e. to minimize the free energy.

-1
K, = % > { [B+ T wm|”] [B+ T wn, + Qa]*7] } : (5.39)

or,

WmU €+iwgu
ZZ{BJFF Yw|?#B+T- 1|w|2/z}

=C|P.(B, B;u)|, (5.40)

with C and B the variational parameters playing the roles of coupling constant « and
the distance to the critical point 6, respectively. Note that besides the fact that I is
dimensionless, its presence is merely for later interpretational convenience. In general
it can be absorbed in the definition of C,B. For z = 1, we have ®,_;(B, f;u) = G(q =
0,u)|g=s-

With the trial kernel K, we can calculate the upper bound of the free energy. Af-
ter angular integration between the vectors q; and g, we get for the average of the
interaction part of the original action:

(1)
Blggo <S;n£ = 371;2252 // dqrdgaq{ g5~ 2/ du G (a1, u) G(qz, u)

X m {expl—|a1 — @?Aw)] — exp[~|a1 + g2PA(u)]},  (5.41)

where A(u) is given by:

=3 Z gn|l — cos(wpu)], (5.42)
n>0
in which
B 1
In = 2 12Ky — )

(5.43)
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5.3.1 Quadratic Polaron Near a Classical Phase Transition

The limit of simultaneous classical order parameter and quantum impurity is achieved
in the limit B¢,, > 1 while (7I')~! > (%% altogether ¢;! < 8 < (7T')7*/2. In
this regime the order parameter behaves classically and the phase transition is classical.
However since the temperature is much smaller than the zero point motion of the par-
ticle, the latter ought to be treated quantum mechanically. In this limit, only the zero
frequency terms of the order parameter correlation functions contribute to the action,

and Eq. (5.31) reduces to:

d? dd
lmp / / % Q2 Xar Xao | Vok|? / / dtdt’' e~ kAR (5.44)

In three dimensions we get:

B8 /
1 —Q / eXp(_z‘AR(tat )‘/5)
Simp. =5526% (o) 160 / /0 AR, )22

__ @ b exp(—=2|AR(t, )|/€)

where x, = Xqw=0 = (0 + pg*)~'. We note that this result is naturally independent
of z. This corresponds to a single quantum mechanical particle in a time-independent
potential. The ground-state energy of the particle is then achieved by the effective
potential well, created by the field configuration. Far from the critical point, where
N T < m2ep/Mh* = A\im./M, the kernel is dominated by the exponential part with

correlation length £/2.

This is equivalent to a nonlocal non-linear Schrédinger equation (NLSE) with a

time-independent Hamiltonian. The potential is a two point function:

exp(—2J% — %/€)

% — x|?

Vies(%, %) o (5.46)

The hat above the parameters indicates their operator nature. In the following, when
they are projected onto xz-space, we drop the hats. The time-independent Schrodinger

equation is derived from the energy functional:

[%VQ /ddx']w(x’)PVdﬂx — x| ¥(x) = E¢(x). (5.47)
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Such a problem has been shown to feature the “collapse” of the wave-functionin d > 2,
for singular potentials V'(x,x’) ~ f(x — x')/|x — x|* with v > 2. The collapse is

defined mathematically when the norm of the gradient of the wave-function diverges:

1/2
Collapse: ( / diz ywy?) — 00. (5.48)

Therefore, it is clear that in the case of quadratic polaron, d = 1,2 would not support
the collapse. In d = 3, the potential has the required singularity to yield the collapse of
wave-function. Note that this is the direct consequence of quadratic coupling. Linear-
coupling in three dimensions, results in a potential decaying as ~ 1/|x — x| [101]. We
will demonstrate in the following, that the localization (collapse) of the wave-function

occurs at a finite coupling constant after adding the quantum fluctuations of the field.

5.3.2 Quadratic Polaron Near a Quantum Phase Transition

In the case of a quantum phase transition, dynamic terms of the field also contribute to
the properties of the polaron. There are a few points that we need to mention here. The

averages (S

imp.) is convergent for linear coupling in all physical dimensions d = 1,2, 3

and for the delta potential. In the case of quadratic coupling the integrals converge for
d = 1,2 and for delta potential but diverge for d = 3. This is the consequence of
unphysical choice of the contact potential. The divergence originates from the equal-
time (v — 0) correlations. In order to regularize this, we introduce a soft cutoff of the
form exp(—q?/q?), where q. is the cutoff, and can be regarded as the range of the actual

potential.

By introducing the cutoff we observe a similar behavior as in the acoustic polaron.
The effective mass transforms smoothly from extended to localized for small cutoffs.
For larger cutoffs, the transition becomes first order. The onset of this first order line
signifies a critical point at around ¢. ~ 20. Below we present the results of effective

mass of a quadratic polaron, at zero temperature and for z = 1:
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Figure 5.2: Effective mass of the quadratic polaron in d = 3 and for gy = 0. Different
colors correspond to different cutoffs g. = 80, 100, 150, 200, while other parameters
are fixed at @ = 1 = 1. As we see, in the case of quadratic coupling the effective mass
exhibits a first-order localization, as opposed to the linear coupling in all dimensions

(see for example Fig. 5.4), and also quadratic coupling in lower dimensions.
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Figure 5.3: Effective mass of the quadratic polaron in d = 1, 2. The transition from
extended to localized state is smooth for ¢ = 0. In order to obtain a discontinuous

transition, a minimum ¢y is required which increases for lower dimensions.
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5.4 Linear Coupling and Comparison

Now, in order to compare our results, we study the case where an impurity is linearly
coupled to a nearly critical field. We use the same parameters 6, i, I', but we note
that their physical interpretation might be different from the case studied in previous

sections. The action of the impurity reads

B M .
Sio :/0 dt {7\R12+/ddr V(r—R(t))¢(r,t)}. (5.49)

Next, the action of the bare field is the same as in Eq. (5.17). Due to lack of the
impurity-induced mode coupling, we can integrate out the field degrees of freedom
exactly. This leads to the following effective action S /R for the impurity with a new

dimensionless coupling constant for the linear coupling .

PR N L S B L ol t—t'|—iq. AR(4,¢))
Sie = 5/0 dt|R|*—ay //0 dtdt /W Xq €% iq. ), (5.50)
where x; is given by Eq. (5.32), and
1 (Vo\? [ Mep\?
ap =7 (i) ( h2F) . (5.51)

Note that the difference with the case of quadratic coupling is the power of the second
factor on the r.h.s. For § = 0, the problem resembles a variant of acoustic polaron,
whereas 6 # 0 corresponds to optical polaron, where the impurity interacts with a
gapped optical phonon. An interesting question is the behavior of the effective mass as a
function of gap. We will see below that this behavior is dependent on the dimensionality

as well as the coupling constant.

The main features of linear coupling was captured in chapters 3 and 4. We here
complement this analysis by extending the calculation to general dimensions and also

their dependence on g.
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M* /M

Figure 5.4: Effective mass as a function of the coupling constant and ¢, for d = 3.

Here 6 = ;1 = 1. As expected, a minimum ¢ is required for the first order transition in

the case of linear coupling.
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Figure 5.5: At gy = 0 and ;1 = 1, the effective mass is plotted against « and log;, ¢
is plotted for d = 3. For intermediate and large coupling constants, the effective mass
decrease as we move away from critical point. This trend is not necessarily true for
couplings a;, < 1. The effective mass of the polaron develops a maximum at around
6 ~ 1. Figures (5.6),(5.7) and (5.8), demonstrate this property for certain values of «,

and compare the results with those of the one- and two-dimensional systems.
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Figure 5.6: Atay =1, g0 = 0 and p = 1, the effective mass is plotted against 6 for
different dimensions. While for d = 1,2 the effective mass decreases monotonically

upon increasing 6, in d = 3, the effective mass shows a maximum.
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Figure 5.7: Atap =1, ¢ = 0 and p = 1, the effective mass against 6 is plotted for
d = 3 (zoomed-in Fig. (5.6)).
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Figure 5.8: At a; = 10, o = 0 and p = 1, the effective mass against 6 is plotted
for d = 1,2,3. In large enough couplings, the maximum of effective mass in d = 3

disappears.
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5.5 Conclusions

In line with our second goal of understanding the role of quantum fluctuations on the
polaron properties, we extended our model from the previous chapters, to the case
of quadratic coupling. We proposed a model system which supports this coupling.
We took the Hertz-Millis theory of second-order quantum phase transitions and its
generalization to the case of helimagnets which requires an additive chiral term, the
Dzyaloshinskii-Moriya interaction. This interaction induces a fluctuation-induced first
order transition of the previously introduced Brazovskii form. Therefore the model
seems to be a good candidate for studying the role of quadratic couplings within the

same framework as in the previous chapters.

We observe that in three dimensions, the behavior of polaron is significantly altered
by quadratic coupling. In the linear coupling case, a minimum preferred wave-vector
qo of the field is required to localize the particle in all dimensions. However quadratic
coupling in three dimensions was shown to cause the collapse of the wave-function in
the classical field limit. After including the quantum fluctuations of the field, in three
dimensions a divergence appears because of the nonphysical contact potential. We
introduced a soft Gaussian cutoff to regularize this. For small cutoffs ¢. << 20 the tran-
sition is smooth. Increasing the cutoff opens up a gap in the effective mass. This is very
similar to the case of acoustic polaron. We note that the effective mass of the polaron
increases very rapidly as a function of «, even before the discontinuity is approached.
The numerical values are obtained for a specific set of parameters § = ; = 1, and thus
¢ = 1. For shorter correlation lengths, the transition takes place at smaller couplings.
In d = 1, 2 the situation is qualitatively the same as the linear coupling. For gy = 0, the
transition remains smooth, and a minimum ¢ is required to cause the first order tran-

sition. The minimum required value of g is larger for lower dimensions (as expected),

and is zero for d = 3.
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Although the main features of the linear coupling case was addressed in chapters
3 and 4, we extended the phase diagram by varying ¢, so to compare the results with
the quadratic case. At ¢y = 0, we also calculate at small oy, = 1 and large couplings
oy, = 10, the effective mass as a function of distance from the critical point of the field.
For a;, = 1, the effective mass is monotonically decreasing for d = 1,2 whereas it
develops a maximum in d = 3 (see Figs. (5.6,5.7)). At larger couplings o, ~ 2, the
maximum of the 3D case disappears and becomes monotonically decreasing like 1D
and 2D cases. It is noteworthy that the dimensionless coupling constants in both linear
and quadratic cases, are themselves dependent on the dimensionality, and thus, have
different expressions in terms of the actual parameters, for each dimension. In all the

above calculations, we have absorbed this dependence in the definition of a.
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CHAPTER 6

Appendix

In the appendix of this dissertation, we first present in section 6.1, the details of the
molecular dynamics (MD) simulations performed to obtain the results of the classical
charge particle in water. Next, in section 6.2, we review the traditional polaron prob-
lem and present their results based on perturbation theory and variational method. We
finally introduce the formalism of the classical fluctuation-induced first order phase

transitions in section 6.3, specifically the Brazovskii renormalization approach.

6.1 Molecular Dynamics Simulations

Molecular dynamics (MD) simulations are performed using the Gromacs simulation
package. Throughout this study, the SPC/E water model is used, which consists of
three point charges arranged in a fixed geometry with partial charges z;; = +0.4238 on
the hydrogen atoms and zp = —0.8476 on the oxygen atom. Dispersion interactions
between the water molecules are modeled by a Lennard-Jones interaction centered on

the oxygen atom.

We consider systems of two different sizes: The smaller system consists of 895
water molecules in a cubic box with periodic boundary conditions. At 7" = 300 K this
corresponds to a box size of roughly 3.0 x 3.0 x 3.0 nm3. We perform simulations
at a temperature of 7' = 300 K and at a pressure of p = 1 bar. The system is equili-
brated first in a NV ensemble (constant particle number, volume and temperature) for

t = 50 ps and then in a NPT ensemble (constant particle number, pressure and tem-
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perature) for ¢ = 10 ns, in order to determine the box size corresponding to the pressure
of p = 1 bar. The box size is then set to the average obtained in the /NPT simulation
and after an additional equilibration of ¢ = 50 ps production runs are performed in the
NV'T ensemble for ¢t = 0.4ns. Configurations are saved with the full time resolution
of 0t = 0.002 ps. Additionally, longer simulations are run for ¢t = 2.0 ns and configura-
tions are saved with a time resolution of 6t = 0.01 ps. To determine the heat capacities
at constant volume c, and constant pressure c,, additional simulations at temperatures
of T" = 280 and 320 K are performed in the NV'T"and N PT" ensembles for ¢ = 10 ns,

respectively.

To reach lower wave vectors and to obtain a better resolution of the low-wave vector
region of the dynamic structure factor, we also simulate a larger system containing
~ 33000 water molecules, which corresponds to a box size of 10 x 10 x 10 nm?, in the
NVT ensemble for ¢t = 2.0 ns, where configurations are saved each 0t = 0.01 ps, after

equilibration in the N PT" ensemble for ¢ = 2.0 ns.

A Berendsen weak coupling thermostat and barostat with a relaxation time of 7 =
1.0 ps is used for temperature and pressure control. All non bonded interactions are
cut off at a radius of 7. = 0.9 nm. Long-range electrostatic interactions are treated by
the particle mesh Ewald method with tinfoil boundary conditions. For the Lennard-
Jones interaction an analytic long-range correction is applied to energy and pressure.
The bonds and angles in the water molecules are kept fixed using the analytic SETTLE

algorithm, and a timestep of 2 fs is used for the integration of the equations of motion.
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6.2 Polaron Theory

The notion of Polaron was first introduced by Landau. Searching for the possible
sources of conductivity in ionic crystals, Landau and Pekar [102] considered the effects
of fluctuations of the ion cores around their equilibrium position, i.e. phonons, on elec-
trons. When the oscillations of ion cores are frozen, the electron is subject to a periodic
potential with the periodicity of lattice constant. Such a problem is well understood; the
electrons form the Bloch bands. Upon including the phonons, the Hamiltonian of this
systems consists of three terms, corresponding to: (1) the kinetic energy of the electron,
(2) the energy of the optical phonons, and (3) electron-phonon interaction. In the weak
coupling regime, where the electron is extended over many lattice sites, the system is

usually described by Frohlich Hamiltonian:
Heon = He + Hyn + Hepn. (6.1)

where H, and prh are the free electron and phonon Hamiltonians respectively, while

the last term ﬁ[e_ph is their interaction. We introduce each term below.

]f[e = Z en,q,scjz,%scn,q,s, (623)
q,n,s
Hyy = hwwbl b, (6.2b)
k,v
]:]e_ph = Z Yo (Q K, V)Wk,vciy,q,scn,q—k,sbk,u + H.c. (6.2¢)

a.k,n,n’ s,

where €, 4 5 1 the eigen-energy of the free electron part in band 7, momentum q and

spin s. Similarly for the second contribution we have, Ay , is the energy of phonons

with momentum k and band index v. The last term is the electron-phonon interaction

with vertex v, ./(q, k, v). This term accounts for electrons-phonon scattering. In the
a3k

above we have used the shorthand notation: _, = [ @B
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Frohlich Hamiltonian describes the polaron as an electron-field interaction. An
electron-lattice model, in the limit of strong coupling where the electrons are localized
is usually studied using the Holstein Hamiltonian,

Hyg = —t » (cl,cju+He) + hwy ¥ blbi+g> (bl +b).  (6.3)
(f),s i i
Here i, j label the lattice sites, and (ij) means the summation over nearest neighbors.
Therefore the first term accounts for hopping events between neighboring sites ¢, j.
Also (¢!, ¢;) and (b, b;) denote the (creation,annihilation) operators of the electron and
lattice ions respectively. Finally the last term represents with the local interaction of
T

electron number n; = )¢, .¢; s, and the displacement of the ion cores.

s 1,8

6.2.1 Optical Polaron

Optical polaron forms as a result of the interaction of the electron with longitudinal
optical phonon. The optical phonons have a relatively dispersionless spectrum where
the frequency is—within the range of interest—independent of the wave-vector: wy =

wopt- The dispersion relations of the acoustic and optical phonons are shown in Fig. 6.1.
For simplicity, we can ignore and drop spin and band indices and assume the in-

teraction of an electron with mass M, with a single optical mode. Setting /i = wop =

M, =1, we get:

. P2 : 1 —i i
H=g 2 Wt iV2am 5 plbee™ = b ™8 (64

Here (R, P) are the canonical (position,momentum) coordinates of the electron. The
components of these coordinates satisfy [R;, P;] = ihd; ;. Also « is the dimensionless

electron-phonon coupling constant, given by:

e? 1 1Y [ 2Mwe\
_ 2 ([ 2 Wop 6.5
@ 2hwop (eoo eo> ( h ) ©6.5)

where e is the charge of the electron, and where €., and ¢, are the high-frequency and

static dielectric constants of the medium respectively.
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Optical

Wk

Acoustic

ka

Figure 6.1: Dispersion relations of the acoustic and optical phonons. We note that
optical branch is gapped whereas the acoustic branch is gapless at k = 0. In the general
form, the gap at the Brillouin zone implies that there are more than one atoms per unit
cell. For atoms with equal masses, the gap closes at the edge of the Brillouin zone

k=mr/a.

In the following we briefly review the results of second order perturbation theory,

as well as variational method.

e Second order perturbation theory:

We consider the interaction term as a perturbation to the free terms. Therefore we
would like to calculate the energy shift due to this interaction AF,. We assume that
the unperturbed Hamiltonian is diagonalized in the basis |n), which represent the si-

multaneous eigenstates of the particle and phonons. To second order perturbation we

have:
HS_” Hgfo
AEOZHQ_?,ﬁZﬁJF..., (6.6)
n 0 n
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where H% = (n|Hepn|m), and EY is the n® eigenvalue of the unperturbed Hamilto-
nian. We see from Eq. (6.4) that f[e_ph changes the number of phonons. Thus the first
term in the above perturbative expansion vanishes. The second term is the first contri-
bution, corresponding to an electron-phonon scattering. The initial and final states are,
an electron with momentum P and with no phonons present, whereas the intermediate
state corresponds to an electron with momentum P — k, and a phonon with momentum

k. We finally need to integrate over all possible k’s. It turns out that the energy shift

can be written in the following form:

3
AE, = —4\/§m/ (‘217:;3 e 21P.k Ty = \/?5 sin”~! %. (6.7)
For the particle at rest, P — 0, we get AE = —«. If we include higher orders of «, we
get:
AE = —a +0.01260°. (6.8)

If we instead expand the r.h.s of the last equality in Eq. (6.7) for small P, we get:

P2

A= ae) -

a, (6.9)
which suggests that the effective mass of the polaron can be obtained by:

M*/M =1+ «/6. (6.10)
e Variational method:

Unlike the case of electron-photon interaction with coupling constant, o = €?/hc =
1/137, (with ¢ the velocity of light), the coupling constant of electron-phonon interac-
tion for typical polar crystals is of the order o ~ 3—6. This implies that the perturbation
theory fails very fast. In order to study the intermediate and large couplings, Feynman
proposed an all-coupling variational approach based on path-integral formalism. This
approach was introduced in treatment of the Bose-polaron problem where using the
Bogoliubov shift, one can map the electron-atoms interaction to a Frohlich type Hamil-

tonian. Here we present the results for the simplest case of an electron interacting with
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longitudinal optical phonons, originally presented by Feynman. The advantage of this
method (of course with the aid of computers) is its capability to bridge the small and

large coupling regimes. The formulation starts with the definition of partition function:
Z=e M =Trle M=) e (6.11)

The free energy F is dominated by the ground-state £ in the zero temperature limit

[ — oo. The trace in the above equation can be calculated using path-integral method;
Z =Tr[e ¥ = / D(path)e™®. (6.12)

In order to better make use of this representation it is convenient to transform the
creation-annihilation operators of the phonon to their displacements and conjugate mo-

menta, corresponding to the motion of crystal, namely:

1
= (bl +b_y), 6.13a

7
pk_ﬁ

If we use the present form of these coordinates, the electron-field interaction turns out

(0", — b). (6.13b)

to be px-dependent, which is not suitable. By performing a canonical rotation in the
(qx, pic) or in the (bl , by) spaces, we can resolve this issue. After these transformations

we obtain the full Hamiltonian,

A P2 1 1 :
H="— - 2 2 2 2 1/2 o 7,k.R. 6.14

We can now interpret the shorthand measure D(path):

Trle PH] = RO)_R(H e DIR(u)]DP]g2(w)]D[q1(w)]... (6.15)

qi(0)=q:(8)

where the action is,

S = /du {M + Z % (Qi(u) + qi(u)) + \/5(\/57@)1/2 Z ‘%lqk(u)eik.f{(u)}
(6.16)
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We note that the path-integral over the field degrees of freedom can be carried out due to

its Gaussian form. We are then left with and effective Euclidean action for the particle:

&k 1
= 5/ dt |R|> — V2ra // dtds/ mEVEL e li=sleileRO-RE) - (6.17)
0

As we see, the coordinate of the particle does not appear quadratically. Therefore the

path-integral cannot be performed exactly. We now introduce a trial action, with a few

adjustable parameters to minimize the free energy.

N A
S = 5/ dt |[R|* + 5// dtds e”"I"#|R(t) — R(s)[” (6.18)
0 0

where we assume the particle is interacting through a spring with constant K = MV/?

and a coupling constant C' = MW?3 /4.

The Feynman’s variational inequality utilizes the convexity of the exponential func-
tion e~/ and, thus the inequality (e=/) > e~{f). Using this inequality, an appropriate
relation can be derived between the free energies of the original and trial actions, and
their actions:

F<F+ %<S — Si). (6.19)

The subscript ¢ in (e); means averaging using the weights e=>*, corresponding to the
trial action. In the zero temperature limit, one can replace F and JF; by ground-state
energies I/ and F,, respectively. According to the above inequality, we need to calculate
(S)4, i.e. the average of the original action with respect to trial action. We note that this

can be done by calculating,

- k2 2
<e—zk.(R(t)—R(s))>t = exp {__ {—|t _ S| +

: ¢ [1— e—lt—slv]H . (6.20)

in which the dependent parameter V is defined by V? = W?2 + 4C/W, for later
convenience. We can also calculate F, and (S;); immediately, using the fact that
E,(C = 0) = 0. Consequently the Feynman’s inequality reads:

V2 _ W2 —1/2

5 oV - L 62D

E< 2 (V-w)p?- =

—u 2
%G due {W u +
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We now need to minimize the above action with respect to W, V. This can only be done

analytically for the small and large «, separately.

Small coupling: For small a, we expect C' to be very small, thus one can take
V = W(1 + €). Using this approximation we will obtain for the ground-state energy

and the effective mass of the polaron,
E < —a —0.012302, (6.22a)

M* /M =1+ % +0.02502. (6.22b)

We remember that from perturbation theory, the result is

E = —a — 0.0126a2. (6.23)

Large coupling: In the large coupling regime, we use another approximation: V/W >

1. This leads to the following relations:
2 3 3 2
E < —a /27?—5(21112%—7)—14—0(1/04 ) (6.24a)

M*/M = (2a/3m)*. (6.24b)
In the first equation -y is the Euler-Mascheroni constant, v = 0.5772.

The intermediate coupling regime can be explored using numerical methods. As
a result of exact minimization with respect to W, V', we obtain the following result:
Figure (6.2) shows that upon cranking up the coupling constant, the extended polaron
with an effective mass of the order of the bare mass, is transformed continuously to a

self-trapped polaron with large effective mass.
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Figure 6.2: Top panel (a) shows the minimized ground-state energy as a function of the
dimensionless coupling constant. (b) shows effective mass versus «. We note that the

transition between the small and large coupling is smooth.
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6.2.2 Acoustic Polaron

In addition to the optical phonons where the neighboring lattice sites oscillate out
of phase, there exists another branch of phonons, the “acoustic” phonons. Acoustic
phonons are gapless Goldstone modes, which arise as a result of continuous transla-
tional symmetry. For ionic mass m, and elastic constant of the interatomic potential
K, we define w = \/W, in terms of which the dispersion relation of the acoustic

phonons reads (see Fig. 6.1):
wr = 2w |sin(ka/2)|, (6.25)

where a is the lattice constant. In the £ — 0 limit, the dispersion becomes linear:
limy, 0 wp = walk|.

Acoustic polaron is created when an impurity particle is added to a bath of acoustic
phonons. We can follow the same lines as in the case of optical polaron. According
to Peeters and Devreese [72], the final result of the effective mass and self-energy of
acoustic polaron is dependent on the momentum cutoff. Beyond a certain large cutoff,
the effective mass of the polaron indicates a discontinuity at a critical coupling constant

of order a ~ 0.1.

Figure (6.3) shows that for large enough momentum cutoffs kg, upon cranking up
the coupling constant, the extended polaron with an effective mass of the order of the
bare mass, is transformed discontinuously to a self-trapped polaron with large effective
mass. We note that this is similar to the behavior of Bose-polaron in harmonic traps.
The similarity is mainly because the Bogoliubov excitations look like acoustic phonons

in the small & regime.
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Figure 6.3: (From Ref. [72]) Top panel (a) shows the minimized ground-state energy
as a function of the dimensionless coupling constant. (b) shows effective mass versus

«. Beyond a certain cutoff kg, the transition becomes discontinuous.
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6.3 Fluctuation-induced First Order Phase Transitions

We repeatedly discussed the importance of the critical modes with finite wave-vector,
and used in particular the consequences of the Brazovskii renormalization approach.
We mentioned that in spatial dimensions d > 2, the fluctuations around the momentum
shell with radius gy, renders the second-order mean-field transition, a weakly first-order
transition. This is also called the weak crystallization theory, as the first order jump re-
mains small; hence a large correlation length. In fact the justification of a field theoretic
(continuum) description of a first order transition lies in the weakness of transition. In
this section we demonstrate the renormalization procedure of a class of the Brazovskii

action.

6.3.1 Brazovskii Class of Phase Transitions

We start with the Euclidean action of the Brazovskii model, which can be written as a
sum of a quadratic and a quartic terms; S = S® + S®:
]' *
S= > 04, (Wi + A+ AR (la| — 0)%) dqu +SW. (6.26)
q,V
The first term of the r.h.s corresponds to the quadratic part S@. The dynamics is

assumed to be undamped. We note that v > 0 is required for stability. The second

term, the quartic contribution, can be written in the Fourier form:

U 4 4
SO =7 D banPandasmbasnd” (Zqz)ﬁ(Z%)- (6.27)
i=1 =1

“{aid vt

A class of static saddle-point solutions can be suggested as:
o(x,7) = Aexp(iqp.x), (6.28)

which correspond to modes (in all directions), with wave-vector q = qg. The amplitude
of this mode is denoted by A. The modes clearly are time-independent corresponding

to w, = 0, where the quantum fluctuations are quenched. The Euler-Lagrange equation
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for A, determines the amplitude of the mode:

oS
— = AA+uA® =0. 2
5A +u 0 (6.29)

For A > 0, the acceptable solution is A = 0. The amplitude can be nonzero for A < 0.
In this case we get: A = /—A/u.

This mean-field order-parameter is equivalent to the one used in the classical model
where the frequency summation is dominated by w, = 0 term. In the classical form the

quadratic term reads:
]' *
SUh=pF =5 ) 0, (A+ AR (lal = 0)*) éa (6.30)
q

In any case, when the action is treated like a Landau-Ginzburg model, i.e. assuming
a large correlation length in the vicinity of the transition, such that the coarse-graining
procedure is legitimate, the Brazovskii model, at the mean-field level, predicts a second
order critical point at A = 0. This is, however, not the correct fate of the story. In
order to investigate the effects of fluctuation, one needs to design an appropriate renor-
malization analysis, where the high-energy modes around ¢ = ¢y are integrated out

step-by-step. Their effects are then included in the renormalized coefficients.

6.3.2 Renormalization Procedure

The renormalization procedure in classical systems can be carried out separately in
space and time (if required). The statics and dynamics of classical systems are inde-
pendent. At zero temperature, where the quantum effects are most significant, space
and time are no longer independent. One needs to carefully integrate out the high-
energy modes in momentum and frequency spaces simultaneously. In other words, in
each step of this process, the momentum- and frequency-shells shrink together. The

RG program presented in this section is based on the one presented in Ref. [75].

We first recast the action in a more convenient form for RG process:
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S = %/dlA(1,2)¢(1)¢(2)5(1 +2), (6.31a)

and,
SW = % /d1d2d3d4u(1, 2,3,4)6(1)p(2)p(3)p(4) (1 +2 + 3 +4).  (6.31b)

In the above notation, we have

1 oo
dl= —— / do, / ¢ tdg, / dw;, (6.32)
/ (QW)d lg—qol<Q ’ -0

where (2 is the solid angle, and () is the renormalization group scale. We are now ready
to perform the RG transformation, by first integrating out the modes in a momentum
shell that satisfy: Q/b < |¢—qo| < Q, withb = 1+ ¢, and ¢ < 1, and second rescaling
the length-scales which results in: ¢ — bg and ¢ — ¢/b. Under these transformations

the two-point vertex transforms to:

¢ 1
_ 12
Q=@ - (8@ +Pu(@ | wxm). 6
where P o ¢? is called the self-energy coefficient. Using b = 1 + /, we get:
dr QPuy(Q)
W 2A(Q) + AQ) + QU (6.34)

We note that the four-point vertex now renormalizes in different manners, depending
on how many of the fields (two or four) are identical. Hereon, u; refers to the one with
two identical fields, whereas uy corresponds to the four identical fields part. For the

two renormalized vertices (u, us) we get:

dul — PU%Q Ple
a0 2u; — AQ)+ @2 [AQ) + Q2]1/27 (6.35a)
d'LLQ — ,PU%Q P’IUQQ
F/ 2uz = 2A(Q) + Q2 + [AQ) + Q22 (6.35b)

Here, w denotes the six-point vertex, which becomes essential as v might flip sign and
is then insufficient for the stability of the free energy. For exactly the same reason as for

u, the six-point vertex also renormalizes depending on whether two, four, or six fields
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are identical. But in order to make the RG flow equations dimensionless,

the following change of cariables:

Q=Qe"/VPU,

w{i}(Q) = w{,-} (f) 6_2€P2/U.

we first make

(6.36a)

(6.36b)
(6.36¢)

(6.36d)

In terms of the new RG scale parameter Q and others, we can write down the flow

equations as follows:

A
dQ A4 )"
an_ @
dQ_A—i—QQ [A—FQQ]UQ’
di, — 2uf Wy
inA_FQQ [A+Q2]1/27
dw1 . 3@1’[1)1 . 2@?
dQ A+ Q2 [A_,_Qz}?’/?’
dUJQ o 4@111)1 + UswWo _ 471?
dQ - A+Q2 [A+Q2j|3/27
dw3 . 8’(2111)2 . 12@%
dQ o A+QQ [A—I—QQTS/Q

(6.37a)

(6.37b)

(6.37¢)

(6.37d)

(6.37e)

(6.371)

The numerical integration of the above equations results in the renormalized parame-

ters, which are shown in Fig. (6.4).
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Figure 6.4: (From Ref. [75]) The renormalization group flows of different parameters
in the quantum Brazovskii model. (a) shows how the renormalize gap A decreases as
the bare gap A is lowered below the mean-field transition value A = 0. (b) shows
the same diagram for renormalized quartic coefficient @. As apparent from the figure,
u flips sign around A ~ —3.5, where according to (a), A ~ 1. When u becomes
negative, the stabilization of the free energy is destroyed. However (c), demonstrates
how during the renormalization process, a positive sixth-order nonlinearity with the
coefficient w, emerges which is required for the stabilization. Finally (d) shows the
resultant free energy (action), as a function of the order parameter, the amplitude of the

mode qp.
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