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Abstract

The objectives of lateral control in the PATH project are to let vehicles track
the center of a lane with small error and to maintain good ride quality under
different vehicle speeds, loads, wind gust disturbances, and road conditions.

In this paper, two models were developed to describe the lateral dynamics of
a vehicle for different purposes. The lateral feedback and feedforward controllers
are designed to satisfy the above objective based on a linearized model, which
includes only the lateral and yaw motions. The performance of the controllers is
evaluated on a complex model, which includes motions in all six directions (long-
itudinal, lateral, vertical, roll, pitch and yaw). It has been validated by numerical
simulations that the responses of the complex model and the simplified model
remain close to each other when the steering is not too abrupt. The frequency-
shaped linear quadratic (FSLQ) control theory is used for the design of the feed-
back controller. By using this design theory, the ride quality can be included in
the performance index explicitly, and the high-frequency robustness characteristic
can be improved by properly choosing the weighting factors. It is shown that a
controller with fixed gains does not perform satisfactorily under all conditions.
Therefore, an estimator for the cornering stiffness of tires is proposed to enhance
performance. The gain-scheduling technique is used to tune the feedback and
feedforward controllers utilizing the informations on C, and V. Simulation results
show that this adaptive control approach works satisfactorily under a variety of
conditions including intermittent measurement of lateral tracking error.
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1 Introduction

The lateral control of vehicles has been studied since late 1950’s[l].
Senders et al. [2] show that the lane keeping task needs little attendance from the
driver, and is therefore regarded as an easy task to achieve [3][4]. The design of
lateral controllers can be approached in two different ways. One is based on
mimicing human driver behaviors [3],[5]-[7], and the other is based on vehicle
dynamic models and control theories [8]-[l l]. The former approach does not
require exact knowledge on the vehicle dynamics; it requires only a simple model
representing the response characteristics of the vehicle (rise time, stability factor,
damping,.. .) together with a controller simulating the “control algorithm” of a
human driver. The latter approach usually requires a good dynamic model of the
vehicle and then utilizes different control algorithms to achieve the specified
goals(tracking, ride quality, etc). Two interesting issues of the lateral control
problem remain relatively untouched. First, none of the previous works incor-
porate the ride quality explicitly though many researchers ([8],[9],[ 111) recognized
its importance. Secondly, the system parameters (vehicle speed, load, and road
condition) vary over a wide range, which makes it difficult to tune a fixed-gain
controller. In this paper, the controller is designed based on the minimization of
a performance index which includes both the tracking error and the ride quality.
Furthermore, it is proposed to estimate time-varying vehicle parameters and to
introduce adaptation capability to the controller so that its performance is accept-
able over the entire operating range. For measurement of lateral tracking error,
the discrete magnetic marker scheme[l2] is emphasized.

Two models are utilized to represent the lateral dynamics of a front-wheel-
steering rubber-tire vehicle in this research: a complex model and a simplified
model. The complex model, which includes the dynamics of the mass center of
the vehicle in the three translational and three rotational directions, is a nonlinear
model; and the simplified model, which includes only the lateral and yaw
motions, is a linear model. The controllers are designed based on the simplified
model, and their performance is evaluated on the complex model.

The overall controller consists of a feedback controller and a feedforward
controller. The frequency-shaped linear quadratic (FSLQ) control theory is used
for the design of the feedback controller. By using this design theory, the ride
quality can be included in the performance index explicitly and, meanwhile, the
high-frequency robustness characteristic can be improved by properly choosing
the weighting factors of the performance index. If the curvature of the upcoming
road is available as preview information, the performance of the controller could
be further improved. The feedforward controller can generate the steady-state or



3

preview steering command corresponding to the curvature of the road.

The lateral dynamics of the vehicle strongly depends on the cornering
stiffness C, and longitudinal velocity V. Their values change over a wide range.
While V is normally measured, direct measurement of C, is not easy to achieve.
Furthermore, it is a state-dependent as well as input-dependent parameter. A
parameter identification scheme is proposed to estimate the cornering stiffness
from the measurement of lateral acceleration and yaw rate signals. The gain-
scheduling technique is used to tune the feedback and feedforward controllers
utilizing the informations on C, and V.

The remaining content of this paper is organized as follows. The complex
and simplified models are described in section 2. Open-loop simulation results of
the two models are shown in section 3. Section 4 presents the design and
analysis of controller and parameter identifier. Simulation results of this control
system under various operating conditions are shown in section 5. Conclusions
are given in section 6.

2 Modeling

Two models have been developed for the PATH project. A six-degree-of-
freedom (DOF) nonlinear model is developed to represent the vehicle as realisti-
cally as possible. A simplified model is obtained by linearizing the complex
model, and retains the lateral and yaw motion dynamics. The feedback and feed-
forward controllers are designed based on the simplified model and the perfor-
mance evaluations are based on the numerical simulations on the complex model.
Both models can describe four-wheel-steering, four-wheel-drive vehicles. How-
ever, in this paper they are used for front-wheel-steering, front-wheel-drive vehi-
cles only, These two models are introduced in the following subsections.

Complex Model

The complex model describes the six DOF motions (three translational and
three rotational) of the mass center of the vehicle. It is based on the model
developed by Lugner[l3], and a tire model by Sakai[ 141 is introduced in place of
the one used in [13]. The schematic diagram and the equations of the complex
vehicle model are given in Appendix 1. The number of state variables is sixteen;
twelve for the six DOF motions and four for the tires.
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For the purpose of linearization, the following relation is used to define the
effective value of the cornering stiffness C, to be used in the simplified model:

(1)

where F,, is the lateral force generated from the tire, and a is the tire slip angle
[14]. It should be noted that the cornering stiffness C,, which dominates the
lateral dynamics of the vehicle, is not constant.

Simplified Model

The simplified model includes only the lateral and the yaw motions of the
mass center of the vehicle. This model is obtained from the complex model.
The equations and the schematic diagram of the simplified model are presented in
Appendix 2.

In state space, the system can be expressed as:

d
dt

0
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0
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where the variables and symbols are as defined in Appendix 2. Measurement of
the lateral position of the vehicle is relative to the centerline of the roadway. If
the measurement of lateral deviation from a sensor located at a distance d, ahead
of the mass center is chosen to be the output, it can be expressed as:

Ys=Yr+d,(E-&Ed)=[l,O,d,,OlX (3)

This measurement would be available continuously from a guidance wire refer-
ence or intermittently from a discrete marker reference [12]. In this paper, the
latter reference scheme is emphasized. The transfer function from the front wheel
steering angle 6(s) to the output y,(s) is:

Y,(S) 1
6o=z K4.Bz+~l)s2+

~,<B~A~-BzA~>+BzAz-B~A~

V
s+B 1A3-B2A J

where

A1+A4
d(s>=s2[2 - --y- s +

CA 1A4-A2A  3)

V2
+ A31

(4)

(5)
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The vehicle dynamics depends on the cornering stiffness ( C, ), which dominates
the characteristics of the tire-road interaction, the load ( m ,I, ), and longitudinal
velocity ( V ). The value of C, is affected by many factors. In addition to the
tire slip ratio and the tire slip angle as explained in Appendix 1, it depends on the
tire pressure, load, velocity, temperature, and most of all, the road conditions
[ 15][ 161. The nominal and extreme values of these parameters are summarized in
Table 1. Figures l-3 are the Bode plots of the transfer functions of the vehicle
model (4) when one of the three system parameters (V, C,, and m(l,)) changes. It
is clear that the cornering stiffness C, and the velocity V are the dominant param-
eters. They vary in a wide range and change the response of the system drasti-
cally.

Table 1 System parameters of the simplified model

parameter

mass (kg)

I moment of inertia (kg-m2)

symbol nominal value min max

m 1550 0.85(“) 1.15(*)

4 3100 0.85(*) 1.15(“)

cs 42000 0.2(k) 2.0(“)

V I 70 I 25 I 85 I

( * ) relative to the nominal value

3 Open-loop Simulations

The objective of the open loop simulations is to confirm that the responses
of the complex and the simplified models remain close to each other under typical
operating conditions.

The system parameters of the complex and simplified models used in the
open-loop simulations are given in Table A.1 and Table 1 respectively. Three
types of input signals are used in the simulations: sinusoidal, ramp, and tra-
pezoidal. For the steering commands shown in Figure 4, the simulated responses
by the complex and the simplified model are as shown in Figure 5. Responses of
the complex model and those of the simplified model remain close to each other,
i.e., the simplified model is a good approximation of the complex model for typi-
cal inputs. However, the final justification will be based on the closed-loop simu-
lation with the complex model.
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4 Controller Design

As pointed out before, the control objective is to keep the tracking error
small while maintaining good ride quality under widely varying system parame-
ters. High gain robust controllers deteriorate ride quality and are not considered
to be serious candidates. The overall controller in this paper consists of a feed-
back part and a feedforward part. The gains of the controllers are tuned based on
the values of the system parameters C,, V, m, and I,. While V, m and I, can be
easily measured or estimated, the estimation of C, is not straightforward. The
frequency-shaped linear quadratic (FSLQ) control theory is used to design the
feedback controller. Assuming that the radius of curvature of the current road is
available, the steady-state steering signal command is generated by the feedfor-
ward controller to improve the system response. Notice that both the feedback
and feedforward controllers are dependent on the estimation of the cornering
stiffness.

4.1 FSLQ Controller

The FSLQ control theory [17][18] provides a controller design tool for a
linear system based on the minimization of a quadratic performance index, which
includes the frequency as a parameter. The FSLQ control theory has the follow-
ing advantages in the design of the lateral control problem.

(1) Frequency dependent weighting factors are placed on the tracking
error, lateral acceleration, and control effort terms in the performance
index to compromise these conflicting objectives.

(2) The weighting factors on the tracking error terms can be shaped in the
frequency domain to enhance the robustness of the controller when the
plant is subject to high frequency measurement noises or unmodeled
dynamics. Meanwhile, the tracking ability in the low frequency region
is not deteriorated.

(3) The weighting factor on the lateral acceleration term can be shaped in
the frequency domain so that a good ride quality is assured in the fre-
quency range where passengers are sensitive.

The formulation of the performance index and shaping of individual weight-
ing factors to realize these advantages are presented below.
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Formulation of the Performance Index

The feedback controller is designed by minimizing the performance index:

In Eq.(6) a is the difference between the lateral acceleration j;a and its desired
value, and is expressed as:

where p is the radius of curvature of the road, and yu is the lateral deviation of
the mass center from the reference (magnetic markers).

The coefficient ha determines the weighting on each frequency component in
the lateral acceleration, and is crucial for ride quality. Coefficients $, and & are
tuned to enhance the high-frequency robustness of the controller while maintain-
ing good tracking capability. After choosing the values of ha, $, and A,,, the
values of %, qy, qE and qi are adjusted for further tuning.

Ride Qualitv

The ride quality is reflected in the lateral acceleration term of the perfor-
mance index. Many standards have been developed to express the ride quality in
terms of a frequency-dependent weighting index on the lateral acceleration.
Among them are the ISO[19],  and rms[20] specifications. It has been shown [21]
that all these specifications can adequately describe the ride quality. In order not
to increase the number of augmented state variables excessively, the weighting is

.1simplified to the one shown in Figure 6. In particular, hLI is set to be -
607~  ’



11

High-freauencv Robustness

The relative degree of the simplified model is two. Therefore, the gain of
the transfer function decays with -40dBldec in the high-frequency range. In other
words, high frequency components of the steering command do not excite the
output yS as much as low frequency components. High frequency components in
the steering input are not desirable because of the following two reasons: they
deteriorate the ride quality and they may excite unmodeled dynamics of the vehi-
cle.

It is well-known that better robustness in the high-frequency range can be
achieved by reducing the gain. Therefore, it is recommended to shape the
weighting factors Q,,@) and Q&w) to the one shown in Figure 6. This results in
a smaller control gain in the high frequency range, and improves the robustness
of the system. The steady state tracking error approaches zero because of the
integral action introduced by Qi(@).

The coefficients hy and & are tuned to satisfy two performance require-

ments: tracking capability and measurement noise rejection capability. 1
- and
2%

1
2nh,

should be larger than the maximum frequency of the desired reference sig-

nal to have good tracking performance. On the other hand, they should be
smaller than the rate of measurements so that the high frequency measurement
noises and alias noises are attenuated.

According to [22], the minimum designed radius of curvature p of the free-
way is, roughly speaking, a function of the designed vehicle speed V,. Assuming
that the speed V of the vehicle is less than or equal to the designed speed V,, we
obtain

V2 <z<.
%zteral = - -

P cm”
(8)

where amax is the maximum allowable lateral acceleration. To have good track-
ing capability, we should have:

1 1 ~maxI~~(V)I=maxI~l
amax

h,(v)‘W
=-

P v

For the discrete marker reference scheme[23], to have good high frequency
robustness, the following relation should be satisfied:

(10)
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where f,(V) is the rate of measurement in Hz and Df is the spacing between two
adjacent markers in the discrete marker scheme.

From (9) and (lo), hy and & are chosen to be:

(11)

Transient and Steady-state Responses

After choosing h,, &,,, and h,, parameters qa, q,, qE and qi are tuned to
compromise the ride quality and the tracking error. The FSLQ problem can be
transformed to a standard LQ problem by introducing augmented state variables,
and the gain vector of the feedback controller can be computed by solving a Ric-
cati equation. Details of the FSLQ design are given in Appendix 3.

It should be noted that in solving the FSLQ problem by transforming it to a
LQ problem, the system order will be increased because of the introduction of
augmented state variables. In our problem, the augmented system is of eighth
order; therefore, when the system parameters V and C, vary, it is impossible to
match the responses arbitrarily close to those of the nominal system by tuning
four parameters qa, q,,, qE, and qi. That is, the responses vary when the system
parameters change.

4.2 Feedforward Controller

The freeways in California are designed to have fixed curvatures, and tran-
sient spiral curves are not standard [22]. Therefore, if the radius of a curved sec-
tion is known, the steering angle can be set constant at curved sections, From the
simplified model, if the radius of curvature p is given, the corresponding steady
state steering angle 6 can be computed from:

6=
V2A3 - A2A3 + A1A4

pb43B1  - A$,)
(12)

where Ai and Bi are system parameters defined in Appendix 2. The feedforward
controller sets the steering command in accordance with Equation (12). A more
sophisticated usage of curvature information is possible if it is given as preview
information[24].  Work is in progress to incorporate preview informations in the
FSLQ controller and will be discussed further in details in the next report. It
should be noted that the effect of the superelevation has not been included in
Eq.( 12).
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4.3 Estimation of the cornering stiffness C,

As described in section 4.1, the FSLQ performance index and hence the
feedback controller depend on the cornering stiffness C, and the longitudinal
velocity V. V may change quickly, but its value can be easily measured. C, is
usually slow-varying, but its value is difficult to obtain. Furthermore, C, may
change abruptly in some cases: e.g. hitting a patch of ice. An estimation scheme
for C, is described below.

Assuming that the estimation of the “average” C, for the four wheels is good
enough from the viewpoint of the gain scheduling, that is, Csi = C, i=1..4, we
obtain from the simplified model:

mja = m(jr + V2p)= ZC,[&- $ +
U2-4Nv ] (13)

where ja is the lateral acceleration of the mass center. If jcl and i: are measured
by a lateral accelerometer and a yaw-rate sensor, and j is computed from jn, then
C, can be estimated based on Eq.(13). The least squares algorithm with a forget-
ting factor [25] has the following form:

t,(k) = Num(k) = K Num(k-1) + a,(k)b,(k)
Den(k) K Den(k-1) + b:(k)

(14)

where Num(0) and Den(O) must be assigned, and

a,(i) = my,(i) (15)

b,(i) = 2@(i) - g +
(4-4)W)

Vi>
1 (16)

The forgetting factor K is set to be less than one to prevent the adaptation ability
from dying away as time increases. Figure 7 shows the result of a simulation
with the complex model when the vehicle is driven on a curved section as shown
in Figure 8. The vehicle is controlled by the FSLQ feedback and feedforward
controller with nominal system parameters listed in Table 1. It should be noted
that the estimation scheme is turned off when the steering angle is small. This is
for avoiding the parameter drift when the excitation signal is not suited for
parameter identification. If the signal magnitude drops down below a certain
value, it is difficult to conclude whether the error is due to parameter mismatches
or noises. The estimation algorithm identifies the change of C, with small time
lag (< 0.2 set). However, the estimation can be adversely affected by wind gust
and measurement noises. Also, when the vehicle is driving on a straight road
section, there is a noticeable error (7%). The estimation algorithm in Eq.(14)
relies on the measurements ja and 6. Care must be taken on the measurement of
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j;a on a superelevated section because of the gravity component.

The simplified model (2) ignores the steering actuator dynamics. In the
simulation study presented in the next section, the actuator dynamics were
assumed to be :

6 1-=-
6d l+zS (17)

where 6, is the steering command from the controller, 6 is the actual steering
angle from the actuator, and z is the first order time constant of the actuator. The
structure of the overall vehicle lateral control system is shown in Figure 9, where
Gi and Zi represent the augmented dynamics and state variables respectively. See
Appendix 3 for details.

5 Numerical Simulations

In the simulations, it is assumed that the values of p, V, m and IZ are avail-
able, and the gain scheduling technique is used to tune the gains of controllers
automatically. The gains are pre-computed based on the FSLQ theory as func-
tions of C, and V. The measurement rates are assumed to be 100 Hz unless oth-
erwise stated. Simulations with the vehicle speeds 10, 32 and 40mlsec are
presented for comparison. The first order time constant of the actuator z is
assumed to be 32 msec. The controller is evaluated on the desired trajectory
shown in Figure 8. The curve parameters are summarized in Table 2. Initial
conditions in the simulations were yu = 20~ and & - &d = OO. It should be
emphasized again that all the simulations are performed on the complex model.

Table 2 Parameters of the desired trajectories

velocity (m/sec) Xstart (m) p ( m ) 0 (deg) time (set)

10 50 50 206.265 30

32 160 630 52.385 30

40 200 1500 27.502 30

Nominal case

Figure 10 shows the simulation results of the nominal system without any
disturbances and measurement noises. The overshoot due to the initial position
error of 20 cm is less than 10% and the overshoot due to the curved section is
less than 6cm. The maximum lateral acceleration is kept small (O.lg) except in
the curved section.
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Wind gust disturbance

Figure 11 shows the results when the vehicle is subject to wind gust with net
force of -500 Newtons and moment of -200 Newton-meters in the lateral direc-
tion for three seconds. It can be seen that the controller quickly responds to the
wind. Both the lateral deviation and acceleration are not significantly affected by
the disturbances. Also, it can be seen that the effect of the wind gust increases
when the velocity of the vehicle increases.

Discrete marker scheme

Figure 12(a) shows the results when the discrete markers are placed at a
spacing of 10 feet, which determines the measurement rate of the lateral position
deviation. All other measurements are performed at the rate of 100 Hz. The
overshoot due to the initial position error is larger than those of the nominal
cases. When the vehicle speed decreases, the deterioration becomes more
significant. The steering and acceleration signals are more abrupt, especially
when the vehicle speed is low and the curvature of the road changes. Figure
12(b) shows the responses of the vehicle with different marker spacing. The
vehicle speed is l0m/sec and the lateral deviation measurement is assumed to be
contaminated by the noise listed in Table 3. It can be seen that the lateral track-
ing error becomes more oscillatory when the spacing increases. Simulation
results show that at the speed of 10m/sec, the maximum allowable spacing
between markers is around 17 feet. However, when the vehicle speed increases,
this allowable spacing will also increase.

ICY road

The road conditions are assumed to be unchanged in all of the above simula-
tions. In this simulation, it is assumed that a section of the road is icy and causes
the value of C, drop to its minimum value for one second in the curved section.
It can be seen from Figure 13 that the tracking error is kept to be less than
20 cm, which is the working range of the magnetic markers investigated in the
PATH project [23]. A controller with fixed gain corresponding to the nominal
system (V = 32mlsec) has a maximum tracking error of 26 cm,  and is considered
as unacceptable. This calls for the necessity of gain scheduling. It should be
noted that the time delay between the front wheels and rear wheels is considered.
It was found in the simulations that if this effect is not considered, the maximum
lateral deviation will be 30-40% less because the yaw rotation due to this time
delay is not considered.
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Uneven tire cornering stiffness

As pointed out earlier in section 3, many factors affect the cornering
stiffness C, of a tire. Assuming that for some reasons, the cornering stiffness C,
is not uniform among the four tires. Figure 14 shows the case when the C, of the
rear tires are 50% higher than those of the front tires and the (one second) icy
section is also present. It can be seen that the performance is still acceptable
although the overshoots in the icy section become larger. This suggests that the
estimation of the average cornering stiffness is good enough for the gain schedul-
ing purposes.

Combined effects

Figure 15 shows the result when the wind gust, discrete marker scheme
(with spacing of 10 ft) and icy road are all present. Furthermore, the measure-
ments are assumed to be contaminated by the noises listed in Table 3. The per-
formance is acceptable except that when V=10m/sec, the overshoot in acceleration
is too high (0.43g) when the vehicle enters the icy section.

Table 3 Measurement noises

measurements

mass (kg)

moment of inertia (kg-m2)

lateral position (m)

yaw rate (radlsec)
lateral accel (g)

longitudinal Velocity (mlsec)

base length (m)

symbol

m

4
Yr
E

il
V

11 12

type magnitude(*)

offset 5

offset 10

Gaussian 0.005

Gaussian 0.005

Gaussian 0.0005

(*) magnitude of offset/standard deviation of Gaussian white noise

Braking

The controller should perform satisfactorily not only under normal driving
conditions, but also under emergency conditions. Figure 16 presents the
responses of the vehicle when the vehicle is decelerating at the rate of -0.5g. The
initial vehicle speed is 32 m/sec and the initial tracking error is 5 cm. Further-
more, the braking forces from the front wheels are assumed to be 80% larger than
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those from the rear wheels. It should be noted that no braking model has been
utilized, the torque needed to achieve the deceleration is assumed to be available
and applied on the wheels(controlled by, say, ABS system). Two cases are
presented: the solid lines represent the responses when the brakes are well bal-
anced; and the dotted line shows the responses when the right two wheel have
33% more braking power than their left-side counterparts, i.e., the braking system
is very poor-balanced, It can be seen that the controller steers the vehicle in the
right direction. Although the velocity range is defined to be within 10 m/sec and
40 m/sec, the vehicle speed is decelerated to be less than 3m/sec while the lateral
deviation is kept under 5cm even with unbalanced brake.

Superelevated road

It is well known that if a road is superelevated properly, vehicles can drive
through a curve with a much smaller steering angle, that is, road superelevation is
a road geometry parameter as important as the curvature. Figure 17 shows the
vehicle responses when the road has a 6O sinusoidal superelevation angle. The
vehicle speed is 32 m/sec. Because the superelevation information is not included
in the feedforward control signal, the steering angle tracks the road superelevation
angle with a time delay, therefore, the lateral deviation can be as large as 4cm.
This suggests that if tight tracking is desired, the road superelevation information
should also be included in the feedforward control signal.

6 Conclusions

The FSLQ feedback control theory has been utilized to include the “ride
quality” in the performance index explicitly in the design of the lateral feedback
controller. Furthermore, by properly choosing the weighting factors in the perfor-
mance index, the high frequency robustness of the controller can be enhanced.
The FSLQ problem was transformed to a standard LQ problem by introducing
augmented state variables, and the optimal control gains were computed by solv-
ing a Riccati equation. A feedforward controller is used to generate the steady-
state steering command when the vehicle is in a curved section.

An estimator for the cornering stiffness C, has been developed. This
identification algorithm required two sensors: a lateral accelerometer and a yaw
rate sensor. Simulation results showed that this algorithm estimates the true value
of the cornering stiffness with an error less than 7%.

Numerical simulation results show that this control system has good distur-
bance rejection capability, and the discrete marker scheme does not cause a
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road
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significant degradation of performance. When a section of icy road is present, the
FSLQ controller with fixed gains fails to keep the tracking error to be less than
20 cm. Yet, when the gain scheduling technique is applied, the controller per-
forms satisfactorily. Moreover, it has been shown that the performance of the
controller is acceptable even under an emergency braking condition.
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Appendix 1

Figure Al .l indicates the scope of the vehicle complex model. The dynam-
ics of this model are described by sixteen state variables, two in each of the long-
itudinal, lateral, vertical, roll, pitch, and yaw directions and four for the tires.
The inputs are the steering angles and traction (or braking) torques acting on the
four tires. These inputs can be independently specified in the model. Therefore,
this model is suited for four-wheel-steering, four-wheel-drive vehicles. However,
at this stage of the PATH project, we use this model only for a front-wheel-
steering, front-wheel-drive vehicle.

The dynamic equations are derived based on the results of Lugner[ 131, with
some changes in state variables and tire models. In this model, the roll and pitch
motions of the mass center are assumed to be relative to their undisturbed posi-
tions. The yaw motion relative to the chassis is assumed to be small, therefore,
the yaw angle used is with respect to an inertial coordinate. The nomenclatures
of the complex model are summarized below:

X:

Y:
2:

0:
8:

E:

P:

w:

Y:
6i :

F,i :
Fyi :
FAi (FBi) :
Pi 1

motion in longitudinal direction

motion in lateral direction

motion in vertical direction

roll angle

pitch angle

yaw angle

vehicle side slip angle

vehicle velocity angle yf=&+P

super-elevation angle

steering angle of ith tire

traction(braking) force on ith tire

side force on ith tire

longitudinal(lateral) force from ith tire

normal force from ith tire

moment in x (y)(z) direction

moment of inertia in x (y)(z) direction

wind force in x (y) direction

distance from c.g. to front (rear) axle
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Figure Al.1 Schematic diagram of the complex vehicle model
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h, : distance from c.g. to roll center

h, (h,) : z(x)-distance from c.g. to pitch center

sb : track

In the derivation of the dynamic equations, the angles $, 0, /3, y, and 6i are
assumed to be small, so that sin(e) = 8, cos(8) = 1, etc. Referring to Figure Al.1,
let Vo3 represent the velocity of the point Os, the projection point of the mass
center ( 0, ) on the road surface with respect to the OsX,Y,Z,  coordinate, and
o,~ be the angular velocity of the point 0, with respect to the O&3YsZs coordi-
nate, we have:

V03 = ( i ,i, 0 jT

r;,, = $ Wo3)  + @,XVo3

It can be seen from Figure Al.1 that

6303=(r9rP-wr,Ur-b>T

q?4/03 = ( 44 4 0 jT

From (A1.3) and (A1.4),

( A l l )

(Al -2)

(A1.3)

(Al .4)

o,=(d,+r,rP-~y+e,U’-P)T (Al S)

ho4  = (;I;+r,r~+jP-u,~-wj+ii,u,-jj>T

Substituting (Al. 1) and (A1.3) to (Al .2), we obtain

r;,, = [ i - yi,j+xi, jj-i(jp-$y)IT (Al .6)

Note that the quantities 0~4 and CD,~,~ in (A1.5) are measured in the 03x3Y3z,
coordinate. Let oo4,4 represent the angular velocity of the mass center with
respect to the coordinate OJ4Y4Z4 which is fixed on the car body (sprung mass).
Assuming that 8, $ are small, we have
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The distance from O4 to O3 varies when the vehicle is subject to roll, pitch and
vertical motions, in OsX3YSZS coordinate it can be expressed as:

r*4/03 = t h40, - hp$, 2 - h+IqT (Al .9)

The relative velocity and acceleration between O4 and O3 can be obtained by
differentiating (Al .9):

d
rdlo3 =-

dt ro4/03 + 003 x ro4/03

z [h4~+djp-\;ry)+h&, -h& + h4%-;l(Z - h@), i--h& - h2@#

. .
r,4/o3 = [ h4 6, -h2 6 - z i, i’- h5 6 IT

(A1.lO)

(Al.l l)

From (A1.6) and (Al.ll),

(A1.12)

Equation (Al .12) gives the accelerations of the mass center in the three transla-
tional directions when the vehicle is subject to external forces. The dynamic
equations governing the angular motions of the vehicle are obtained from the
Euler equations:

c iv, = r, 0, - (zy-Iz)oy oz (A1.13)

c My = Iy cby - (Iz-~x)oz cu, (A1.14)

c iv, = I, 0, - (I,-l,)o, coy (A1.15)

where I,, Iy and I, are the moments of inertia of the car body along its principal
axes. Assuming that the principal axes coincide with the X4Y,Z, axes(Figure
Al.l), the components of o and kr are those shown in Equations (A1.7) and
(Al -8) respectively.

External inputs in this model include wind forces, tire forces, and the
corresponding moments generated from the tire forces. They are modeled as fol-
lows:

Wind forces:

(A1.16)

(A1.17)
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where Fwx and F,,,,, are the wind forces in x and y directions, and K, and KY are
the corresponding wind resistance coefficients. The quadratic relation between
velocity and drag force is assumed.

Tire forces:

FAI = Fxicos(GJ - F,,$t~(t$) i=l..4 (A1.18)

FBi = FiShI + FylCOS(Gi) i=l..4 (A1.19)

Pi = wl2

2(41-Q
+ Poi + PFi i=1,2

Pi =
Wh

N,+l,)
+ P,i + PFi i=3,4

(Al .20)

(Al .21)

The four tires are numbered as labeled in Fig. Al .l. Fti and Fyi are the longitu-
dinal and lateral forces along the tire orientation. The first, second, and third
term in (A1.20) (and (A1.21)) are contributed by gravity, shock absorber and
spring of suspension system respectively.

The forces F,i and Fyi are computed from the tire model [14]. Poi and PFi
are computed from the suspension model [13]. These two models are described
below.

Tire model:

When the characteristics of the tire (tire pressure, road and tire surface con-
dition, temperature, etc) are fixed, the traction and turning forces generated from
the tire are solely determined by the tire slip angle a and tire slip ratio s.

The tire slip angle is the angle between the tire orientation and its forward
velocity. That is,

oli = 6i - & (Al .22)

where 6i is the ground steering angle and ci is the orientation angle of velocity of
the ith tire. 6i’S are set by the steering controller and 5i’S are computed from:

tar&) =
j + r&

s i f”Q =
bx--

s,t:

2
X + -

2

(Al .23)

tad&) =
s&

tan(L) =
x-- s&

2
X+-

2
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The tire slip ratio is defined by:

During braking Si =
Vi COS(C$)  - ricOi

Vi COS(O$
(Al .24)

During traction
Vi COS(ai) - riCUi

Si =
riOi

(Al .25)

where Vi is the translational speed of the center of the tire computed from:

v, = [o; + z&2 + (I; (Al .26)

GE 2 0.5v, = [o; + l&2 + (I; + 2) ]

v, = [o; - l# + (I; - 3210.5
GE 2 0.5v4=[o;-z&2+(i+~)]

(Al .27)

(Al .28)

(Al .29)

ri in (A1.24) and (A1.25) is the effective rolling radius, and Oi is the angular
velocity of the ith tire. ri is computed by:

P,
(Al .30)

where rio is the original radius of the ith tire, Pi is the vertical load, and Ki, is the
spring constant of the ith tire in the vertical direction.

To describe the tire force model, additional parameters need to be intro-
duced. In order to simplify the presentation, the subscript i is omitted in the
sequel. The parameters which determine the road-tire interactions are:

RC : characteristic coefficient of road-tire interaction

C = C,*RC : stiffness constant of tire-road interface

vs = v,*RC : static friction coefficient

V,=Vdo"RC  : sliding friction coefficient

1, : contact length of tire with ground

Wt : width of tire

P: normal load on the tire

The contact length of tire with ground is given by:

lt = 2 ( I-$ - r-2 p5 (A1.31)
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Three intermediate parameters are defined to simplify the final expression:

kt =
c w, 1;

2

h, = [ (tan(a))2  + s2 ]-o.5

(Al .32)

(Al .33)

kt
4t = 3 v, P h,

(Al .34)

The longitudinal and lateral forces F, and Fy can be expressed as follows:

During braking

F, = kt s (1 - qt)2 cos(a) + P vd q; (3 - 2q,)h, s - f, P

Fr = kt (1 - s)(l - qt)2 Sin(a) + P vd q; h&3 -2q,) tan(a)

(Al .35)

(Al .36)

During traction

F, = kt s (1 - qtj2 + p vd 47 (3 - 2q,W, s - f, f’ (Al .37)

Fr = kt (1 - S)(l + s)(l - qt)2 tan(a)  + P vd qf h,(3 -2q,)  tan(a) (A1.38)

where f, is the rolling resistance coefficient of the tire. The characteristics of the tire
are shown in Fig A1.2.

Suspension model

The suspension of the vehicle is assumed to be composed of a spring and a
shock absorber. The spring and damping forces are functions of the deflections at the
suspension joints from their equilibrium positions. These deflections are calculated
from:

65-1  = z() - z + h5e + 1,0 - (Al .39)

e2 = z. - z + h,8 + l,e + (Al .40)

e3 = z. - z + h,e - 12e - (Al .41)

e4 = z. - z 4- h,e - z,e + $$ (Al .42)

where z. is the original height of the mass center relative to the ground.
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Figure Al.2 Characteristics of tire model
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The spring force is given by:

P,i = C,i(ei + C,i t?“) i = 1..4 (Al .43)

where C’li, Czi are the spring constants. If Czi > 0, (A1.43) describes a hardening
spring.

The damping force is modeled as:

Poi = Di ei lij <iT i =  1..4 (Al 44)

= Di E-t& (ii-@) ii 2 i?

=-Di~+~i(~i+R) ii<-@

That is, the hysteresis effect is neglected, and the force-velocity characteristic of the
damper is approximated by three straight lines.

Moments:

Using (Al .18)-(A1.21), the moments acting on the vehicle through the tires can
be computed as:

Mx3 = (2 + h,$)(P1 + P3) - ($ - h2aw2  + P4) + (2 - h,8) i FBi (A1.45)
i=l

MY~ = (12 + h,e)(P, + P4) - (11 - h48)(P1 + P2) - (Z - h58) ~ FAi (Al .46)
i=l

&3 = (11 - h4WQ31+  432)  - (22 + h4W533  + b4) (Al .47)

sb sb
- ‘T + b@)(F~l + FAN) + ‘1 - h2$)(& + FAN)

where Mx3, My3 and A4z3 are the moments in the X3, Y3 and Z3 directions respectively.
Remember that the sprung mass rotate relative to the unsprung mass with roll and
pitch motions. To use the Euler’s equations (A1.13)-(A1.15),  the moments must be
expressed in the principal axes X4, Y4 and Z4. They are given as:

pJ=[; 4 jqz] (Al .48)

The angular velocity of the vehicle expressed in the 04X,Y,Z4 coordinates is shown in
(A1.7). Substituting (A1.7), (Al.8) and (A1.48) to (A1.13)-(A1.15),  and combining
(Al .18)-(A.21) with (Al .12), the dynamic equations of the vehicle are then obtained as
follows:

m(ji - j k + hq6 ) = F, - mgy p + i FAi
is1

(Al .49)
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m(j + I;- i - h$ - .z$ = Fv - mgy + i FBi
i=l

(Al SO)

m(i’- h$-i(i p - $ y) + ;I j) =-mg + i Pi
i=l

(A1.51)

The values of the parameters used in the simulations are listed in Table A.1
for reference.

Table A.1 System parameters of the complex model

msec 32

--
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Appendix 2

The simplified model is derived from the complex model. Assuming that
the vertical, roll, and pitch motions can be neglected, the superelevation of road,
side slip angle, and error in yaw angle (E-Q) are small, and the longitudinal velo-
city is constant, the complex model derived in Appendix 1 can be simplified to a
linear model. The number of state variables is only four, two for each of the
lateral and yaw motions. Referring to Figure A2.1, nomenclatures for the
simplified model are as follows :

Yr : lateral distance between the mass center and the center line of road

E: yaw angle of vehicle body

&d : desired yaw angle set by the road

d, : distance from vehicle mass center to magnetic sensor

V: longitudinal velocity of vehicle

P: radius of curvature of the road

6 : front wheel steering angle

Other variables not explicitly stated here are similarly defined as the com-
plex model. Assuming that y,., E - Ed, and i: are small, the following equations
can be obtained from (A1.50) and (A1.54):

mCjr+ V2p)=F,+~F,i
i=l

The original definition of the cornering stiffness C, is as follows [14]:

aF
c, = --A,=0aa

(A2.1)

(A2.2)

(A2.3)

(A2.4)

The C, is assumed to be constant in the simplified model, that is, the lateral force
generated from the tire is assumed to be proportional to the tire slip angle:

FY = c, a (A2.5)

The rate of the lateral deviation between the mass center and the center of road
is:

jl, = j+V(E-Ed) (A2.6)
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Figure A2.1  Schematic diagram of the simplified vehicle model
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Assuming that X >> s& we obtain from (A2.6) and (A1.23):

Fyi = Csi ( Si -
jr + I, i:

v +&-Ed) i=l, 2

Fyi
* -z,i:

= Csi ( 6i - Yr v +&--Ed) i=3, 4

(A2.7)

(A2.8)

Assuming that the angles are small in (Al .18), (Al .19) and (Al .47), we obtain:

i FBi = i Fyi + i Fxi 6i (A2.9)
i=l i=l i=l

&3 = Z,(F,l + FBZ) - l2(FB3 + FB~) - 3 (FAI + FAN)  + YJsb (F,Q + FAN) (A2.10)

Since we are considering front-wheel-steer, front-wheel-drive vehicles, let
6, = 6, = 6, 6, = 6, = 0 and Fn3 = Fx4  = 0. By substituting (A2.9) to (A2.2) and
(A2.10) to (A2.3),

4
j;r = v jlr

A2-A,(&-E&+~ (&kd)+B16+dl (AZ.1 1)

i A3
- Ed = -i- jr

A4- A, ( &--Ed ) + v ( k-f& ) + B, 6 + d2 (AZ. 12)

where

A, = =-+,l + c, + cs3 + cs41

A2 = + [ 41 ( c,, + c,, > + 12 ( cs, + cs4 > 1

A,= f [ -1, ( Csl + cs2 ) + 12 ( c,, + cs4 ) 1
Z

A4 = -f [ zf ( c,, + c,, ) + z: ( q3 + c,4 )I
z

B, = $Fxl + Fx2 + C,, + C,,l

B2
4

= -p + F.v, + Csl + C,,l
z

dl = Fwy+Fdisturb  V2 A2 . A2 .- -
m P

+ 7 &d = ;il - v& + 7 Ed

Tdisturbd2= I A4 .+ 7 &d - iid = 22 +
A4 .

z

(A2.13)

(AZ. 14)

(A2.15)

(A2.16)

(A2.17)

(A2.18)

(A2.19)

(A2.20)
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In Eqs. (A2.19) and (A2.20) FdiStllrb  and Tdistu,+,  are the disturbance force and
torque acting on the vehicle. The simplified model (A2.11) and (A2.12) can be
written in the state-space form,

0 1 0 o - -?
Yr Al A2

d 31- 0 -A,v v

dt =&---Ed 0 0 0 1 = A x + & 6 + d (A2.21)

&Ed o A3 -A A4
v 3T-

The output of the magnetometer located at a distance d, ahead of the mass center
can be expressed as :

YS = yr + d, (E - EJ = [ 1, 0, d,, 0 1 x (A2.22)

The output ys is affected by the input signal 6, the disturbances aI, d2 and the
reference signal (the road path). The relation can be represented in the transform
domain as follows:

Y,(S)  = --!- [(d$,+B,)s2+
d,(B,A,-B2A1)+B2A2-B1A4

A(s) V
s + B1A3 - B2A1]6(s) (A2.23)

1
s + A3]d&s) + -

A(s) [d
s s2 + A,-Ml  -

V s - A&W

d,s+V

2
&Cd

where

A(s) = s2 [ C? -
Al +A4v s + cAlA  - A2A3)

V2
+ A31 (A2.24)
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Appendix 3

From Appendix 2, the simplified model of the front-wheel-steering vehicle
is:

0 1 0 o-
Yr

Al A2 Yr

d jlr
Ov-Alv j

r

z =&--Ed 0 0 0 1 &--Ed +

&-id 0 A3

0

%

0 6+

g2

'0

dl

0
=Ax_+&s+d(A3.1)

d2

where 6 is the steering angle of the front wheels, y, is the lateral deviation of the
mass center, and E is the orientation of the vehicle in yaw direction. Ai and Bi
are determined by Eqs.(A2.13)-(A2.18),  and dl and d2 are defined by (A2.19) and
(A2.20). Remember that the objective of the lateral control is to keep the track-
ing error small and to maintain good ride quality, the performance index is
chosen to be:

(A3.2)

2
+ (&(jW)-&&o))* 1+$02 (&O’U))--Ed(@))  + y;o’@ 4’-y,O’o)+6*O’o)GO’o)]do

E WI2

where a is the difference between the total lateral acceleration Ya and its desired
value, i.e.,

V2a=);l-p=j;’ (A3.3)

The first term in (A3.2) is used to represent the ride quality, the second, third and
fourth terms are included for tracking capability, and the fifth term represents the
control effort. The approximation a = Yr is utilized in (A3.2) to change the per-
formance index J to standard form. The FSLQ problem is transformed to a stan-
dard LQ problem by introducing augmented state variables. Let

(A3.4)
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(A3.5)

(A3.6)

(A3.7)

Substituting the approximation (A3.3) to (A3.4), zI(s) can be expressed as:

(A3.8)

Or in the time domain:

i,(t) = -Izl(t) +ha = $z,(t) +
a

++Bl SJ
a

where

Al A2
C2 = 10, y-7 -A,, , I

(A3.9)

(A3.10)

is the second row of the state matrix A in (A3.1). The disturbance dt is assumed
to be unknown to get (A3.9).

(A3.5)-(A3.7)  can be rewritten as:

i , ( t )  = -Iz2(t) -I- ‘lu

5 TYr@)

ig(t) = LL,&) f
LE

j$-&do)

(A3.11)

(A3.12)

it(t) = s;v,(t) = sic&) (A3.13)

From (A3.1), (A3.9), (A3.11), (A3.12) and (A3.13), the augmented system can be
put in the state space form:



x
Zl

d
dt z2

z3

=
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A 0 0 001
arc2  -1 A A i-1I

A, x0 ““X

?,O,O,Ol  0

Zl

+ 0 0 z2+
I*Y ‘Y II IZ1
O,O,$Ol 0 0 $- 0 24

E E IIJ
qg 0 0 0 0I

B
SaBl

&l

0
0
0

d
0

6+ 0 (A3.14)
0
0

where x is the original fourth order state vector and x, is the augmented state vec-
tor of eighth order.

Use the enlarged state vector in (A3.14), the performance index J of (A3.2) can
be written in the standard form of a LQ problem as follows:

J= ‘(-1
20

z;zl + z;z2+ z;z3 + ziz4 + ST@ dt (A3.15)

Now that the system equation is in the standard LQ form, the gain vector of
the feedback controller can be computed by solving the corresponding Riccati
equation. In particular, we use the solution of the algebraic Riccati equation to
simplify the optimal problem and make state feedback control gain vector K to be
constant. Figure 9 shows how the signal flow inside the FSLQ feedback con-
troller. G,, G,, G, and G4 represents the dynamic filtering effect of the aug-
mented state equations (A3.9), (A3.11), (A3.12) and (A3.13) respectively.
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