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POSTPROCESSING GALERKIN METHOD APPLIED TO A
DATA ASSIMILATION ALGORITHM: A UNIFORM IN TIME
ERROR ESTIMATE

CECILIA F. MONDAINI AND EDRISS S. TITI

ABSTRACT. We apply the Postprocessing Galerkin method to a recently intro-
duced continuous data assimilation (downscaling) algorithm for obtaining a
numerical approximation of the solution of the two-dimensional Navier-Stokes
equations corresponding to given measurements from a coarse spatial mesh.
Under suitable conditions on the relaxation (nudging) parameter, the resolu-
tion of the coarse spatial mesh and the resolution of the numerical scheme,
we obtain uniform in time estimates for the error between the numerical ap-
proximation given by the Postprocessing Galerkin method and the reference
solution corresponding to the measurements. Our results are valid for a large
class of interpolant operators, including low Fourier modes and local aver-
ages over finite volume elements. Notably, we use here the 2D Navier-Stokes
equations as a paradigm, but our results apply equally to other evolution equa-
tions, such as the Boussinesq system of Bénard convection and other oceanic
and atmospheric circulation models.

1. INTRODUCTION

Forecast models attempt to capture the future behavior of a real physical system
by using only theoretical arguments. The purpose of data assimilation algorithms
is to combine a forecast model with observational data in order to produce an
even better approximation of reality. Our goal in this work is to investigate the
continuous data assimilation algorithm introduced in the recent work [2] from a
numerical analysis viewpoint, by providing an analytical estimate for the error
obtained when using a spatial discretization scheme given by the Postprocessing
Galerkin method [24] [25].

The continuous data assimilation algorithm introduced in [2] was inspired by
ideas from feedback control theory (see, e.g., |3 28] 29 [37, 38| [42] [46] and references
therein) and consists in a nudging type approach that is applicable to a large
class of dissipative evolution equations. In [2], the algorithm is illustrated for the
2D Navier-Stokes equations and under the assumptions of continuous in time and
error-free measurements. Further works extended this approach to more general
situations, such as continuous in time data assimilation with stochastically noisy
data [5] and discrete in time observations with systematic errors [20] (see also [31]).
Moreover, noisy observations were also considered in [6] [35] in the context of the
3DVAR filtering method. Applications of this algorithm to the physically important
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context of incomplete observations, as described, e.g., in [§], were done in the works
i)

Here, we also consider, as a paradigm, the forecast model given by the two-
dimensional Navier-Stokes equations,

0
a—ltl—uAu—i—(u-V)u—i—Vp:f, V-u=0, (1.1)
where u = (u1,u2) and p are the unknowns and represent the velocity vector

field and the pressure, respectively; while ¥ > 0 and f are given and denote the
kinematic viscosity parameter and the density of volume body forces, respectively.
We assume that u and p are functions of a spatial variable x and a time variable
t, with x varying in a set  C R? and ¢ varying in the time interval [ty,00). For
simplicity, f is assumed to be time-independent, although similar results are valid
for a time-dependent f whose L2-norm is uniformly bounded in time.

Our reference solution, whose exact value is unknown, is assumed to be a solution
u of (II)). The given measurements, corresponding to u, are observed from a coarse
spatial mesh and are assumed, for simplicity, to be continuous in time and error-
free, as in [2]. We denote the operator used for interpolating these measurements
in space by I, where h denotes the resolution of the coarse spatial mesh of the
observed measurements. Thus, the interpolated measurements are represented by
I(u). Since the initial condition u(tp) for u is missing, one cannot compute u
by integrating (LI directly. The idea consists then in recovering the exact value
of the reference solution u by using the given measurements, I (u), through an
approximate model. In other words, our purpose here is to provide a downscaling
algorithm for recovering the fine scales of u from the coarse scale measurements
Ih (u)

In [2], this is done by seeking for an approximate solution v = (v, vg) satisfying
the following system, for (x,t) € 2 x I C R? x R,

ov

i VAV + (v - V)V +Vr =f — (I (v) — I(u)), V- -v=0, (1.2)

where the unknown 7 is the pressure of the approximate flow v; v > 0 and f are
the same viscosity parameter and forcing term from (1), respectively; and § is the
relaxation (nudging) parameter. The second term in the right-hand side of the first
equation in (2)) is called the feedback control term and its role is to force (or nudge)
the coarse spatial scales of the approximating solution v towards the coarse spatial
scales of the reference solution u, which is done by suitably tuning the relaxation
parameter 5. In [2] Theorems 1 and 2], the authors prove that, provided g is large
enough and h is sufficiently small, both depending on the physical parameters,
the approximate solution v of ([[2)), corresponding to an arbitrary initial data v,
converges, exponentially in time, to the reference solution u of (IIJ).

The aim of this paper is to obtain a numerical approximation of v, which is done
here by using the Postprocessing Galerkin method [24, 25], and thus indirectly
approximate the reference solution u. First, let us rewrite the system of equations
([C2) in the following equivalent functional form

(Cll—;’—FVAv—I—B(V,V) :g—ﬂpg(lh(v)_jh(u))v (1'3)

where P, is the orthogonal projection of (L?(2))? onto the phase space H asso-
ciated to ([Z), which is endowed with the norm of (L?(Q))?, |- |12; A = —P,A
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is the Stokes operator; B(v,v) = P,[(v - V)v], a bilinear operator (see section
for more detailed definitions); and g = P,f. Since A is a positive and self-
adjoint operator with compact inverse, it admits an orthonormal basis of eigenvec-
tors {w;}ien. Then, for each N € N, we can consider the finite-dimensional space
Hy = span{wy,...,wy} = PyH, with Py denoting the orthogonal projection of
H onto Hy. A numerical approximation of the solution v of (L3]) can be obtained
by computing the Galerkin approximation vy € Py H, which satisfies the following
system of ordinary differential equations

dv
d—ziv +vAvy + PyB(vy,vy) = Png — BPNn Py (In(vn) — In(u)). (1.4)

Notice that, since vy € PyH, the error committed in approximating v by vy
must be greater than or equal to the error associated with the best approximation
of vin PyH, Pyv, i.e.

|[v —vn|p2 > |v—PyV|rz = |QNV]|L2,

where Qn =1 — Py.

The Postprocessing Galerkin method provides us with an efficient way of ob-
taining a better approximation of v than vy. The idea consists in complementing
the finite-dimensional approximation vy € Py H of v with a suitable part lying in
the complement space @ H. Adapting the algorithm introduced in [24] 25] to our
situation, we can summarize it in the following steps:

For obtaining an approximation of v at a certain time 7' > t,

(i) Integrate (L4 in time, over the time interval [¢o, T'], to obtain vy and compute
VN (T),
(ii) Obtain qu satisfying vAqy = Qn[f — B(vn(T),vn(T))];
(iii) Compute the new approximation to v(T"), and hence to u(7T'), given by vy (T")+
qn-
The equation satisfied by qy in step () is inspired by the definition of the
approximate inertial manifold introduced in [I8], in which the authors obtain an
approximation of Qyu, with u being a solution of ([LIJ), given by

Qnu = (I)l(PNu) = (VA)ilQN[f — B(PNu, PNU)]. (15)

The graph of the mapping ®; : PnH — QnH is called an approximate inertial
manifold. This approximation is obtained by applying the projection @y to equa-
tion (LI) and, based on theoretical arguments, neglecting all lower order terms, i.e.,
the time derivative of @ yu and the nonlinear terms involving Q xu, in comparison
to the remaining terms. Since our idea is to ultimately obtain an approximation of
u, it is natural to consider as an approximation of Qv the same type of approxi-
mation used for @Qnu in (LH), in which Pyu is replaced by vy, given that this is
the approximation of Pyu that we consider.

Our results show that the Postprocessing Galerkin method yields a better conver-
gence rate than the standard Galerkin method, as also obtained in [25]. However,
an important difference in our results is that our error estimate is uniform in time,
while in [24] [25] it grows exponentially in time. This remarkable difference is due to
the fact that the approximate system (4] has a stabilizing mechanism imposed by
the feedback control term, which kills the instabilities in the large (coarse) spatial
scales caused by the nonlinear term. As a consequence, as proved in [2, Theorems
1 and 2], under suitable conditions on the parameters 5 and h, the solutions of
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([T2), corresponding to arbitrary initial data, all converge to the same reference
solution u. This shows that, with the appropriate conditions on £ and h, system
(T2 is globally asymptotically stable. Hence, the Galerkin approximation vy of v
converges to v uniformly in time, as IV tends to infinity.

This stabilizing effect was also observed by the numerical computations per-
formed in [27] by using the Galerkin method (see also [I]), which showed that the
required conditions on the parameters S and h are remarkably less strict than sug-
gested by the analytical results in [2]. Consequently, this work provides a rigorous
analytical justification for the computational study in [I} 27].

It is worth mentioning that the introduction of the Postprocessing Galerkin
method was preceded by another spectral method also derived from the standard
Galerkin approach and inspired by the idea of approximate inertial manifold, known
as the Nonlinear Galerkin method (see, e.g., [10, [16], 32 40] and references therein).
The main difference between the two approaches is that, in the Postprocessing
Galerkin method, the integration of the low modes does not use the information
about the high modes: only at the final step the high modes are used in order to re-
fine the solution (see step (i), above). On the other hand, in the Nonlinear Galerkin
method, the time step integration of the low modes is continuously updated by us-
ing the information on the high modes. For this reason, the Nonlinear Galerkin
method, although providing a better error estimate in comparison to the standard
Galerkin method, has the disadvantage of being a lot more computationally ex-
pensive and thus, in practice, less efficient (cf. [24] 251 30, B9]). In an attempt of
obtaining an algorithm that would overcome this disadvantage, while still keeping
the better accuracy of the Nonlinear Galerkin method, the Postprocessing Galerkin
method was developed.

Moreover, it is shown in [39], by using a truncation analysis argument, that the
Postprocessing Galerkin method is more than a technique for improving efficiency.
The authors show that the Postprocessing Galerkin method is actually the correct
leading order approximating scheme, and not the standard Galerkin method, as it
is commonly believed.

We emphasize that, the case of continuous in time measurements and continuous
in time Galerkin approximations were considered here for simplicity and in order
to fix ideas. However, combining ideas from this work with those in [20], one can
extend our results to the case of discrete in time measurements with errors and
to discretize, accordingly, the Galerkin scheme ([L4]) in time. This is a subject of
future work. Moreover, we considered here the Galerkin approximation based on
the eigenfunctions of the Stokes operator. However, following the ideas from [26],
one can also employ the Postprocessing Galerkin method in the context of finite
elements and apply it to our data assimilation scheme. Furthermore, since our
data assimilation algorithm is inspired by feedback control ideas, we expect that
our results will equally apply to feedback control systems.

This paper is organized as follows. In section [2, we provide a summary of the
necessary background related to the two-dimensional Navier-Stokes equations that
will be needed in the sequel. Section [3 contains the main results of this paper. The
purpose is to show a uniform in time estimate of the error committed when ap-
plying the Postprocessing Galerkin method described in ([{)-(i), above, to system
(T2, in order to obtain an approximation of the reference solution u satisfying
(TI) (Theorems and B4). We divide the presentation into two subsections:
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subsection 31l deals with the case of an interpolant operator given by a low Fourier
modes projector; while subsection [3.2] deals with a more general class of interpolant
operators satisfying suitable properties, for which an example is given by the op-
erator defined as local averages over finite volume elements, in the case of periodic
boundary conditions. Finally, in the Appendix, we show for completeness that such
example of interpolant operator verifies the properties considered in subsection 3.2

2. PRELIMINARIES

In this section, we briefly recall the necessary background on the two-dimensional
incompressible Navier-Stokes equations ([LI). For further details, see, e.g., [9] 17,
{13, i3],

Consider a spatial domain Q C R? and a time interval [tp,o00) C R. We as-
sume, for simplicity, that the forcing f is time-independent and lies in the space
L?(2)2. We remark, however, that similar results are also valid in the case f €
L%([t, 00); LA(Q)2).

We consider two types of boundary conditions for system ([I): periodic or
no-slip Dirichlet. In the periodic case, we consider the fundamental domain 2 =
(0,L) x (0,L). Moreover, we assume that the velocity field and the pressure are
periodic with period L in each spatial direction x;, i = 1,2, and that f has zero
spatial average, i.e.,

f(x)dx = 0.
Q
In the no-slip Dirichlet case, we consider € as a bounded subset of R? with suffi-
ciently smooth boundary 02 and assume that u = 0 on 0.

The definition of the space of test functions, denoted here by V, depends on the
type of boundary condition being considered. In the periodic case, V is defined as
the set of all L-periodic trigonometric polynomials from R? to R? that are divergence
free and have zero spatial average. In the no-slip Dirichlet case, we define V as the
family of C™ vector fields with values in R? that are divergence free and compactly
supported in €.

We denote by H the closure of V with respect to the norm in L?(2)2, and by
V the closure of V under the H'(2)? Sobolev norm. Following the notation from
[17], we denote the inner products in H and V by (-, )2 and ((-, ) g1, respectively.
They are defined as

(u,v)rz = / u(x) - v(x)dx, Vu,veH,
Q

0 0
(u,v) g1 = /Z u Vx, Yu,v eV,
Q

ox; 81:1
: . 1/2 1/2
and the associated norms are given by |u|z2 = (u, )5, [[ullm, = (u,w)) ..
The fact that || - || g1 defines a norm in V' is justified via the Poincaré inequality,
given by
Mo ulps < uflm, vueV, (2.1)

where A1 is the first eigenvalue of the Stokes operator, defined in (23)), below.
Given R > 0, we denote by By (R) and By (R) the closed balls centered at 0
with radius R, with respect to the norms in H and V', respectively.
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We also consider the dual spaces of H and V', denoted by H' and V', respectively.
After identifying H with its dual, we obtain V' C H C V', with the injections being
continuous, compact, and each space dense in the following one. Moreover, we
denote the duality product between V and V' by (-, )y v.

Let P, be the Leray-Helmholtz projector, i.e., the orthogonal projection of
L?(Q)% onto H. Applying P, to system (L)), we obtain its following equivalent
functional formulation:

d
d—ltl +vAu+ B(u,u) =g inV’, (2.2)

where g = P,f € H, B : V xV — V' is the bilinear operator defined as the
continuous extension of the operator given by

B(u,v) = P,((u-V)v), Yu,ve,

and A : D(A) CV — V' is the Stokes operator, defined as the continuous extension
of

Au=—-P,Au, VYueV, (2.3)

with the domain of A, D(A), given by V N H?(Q)2.

The Stokes operator is a positive and self-adjoint operator with compact inverse.
Therefore, it admits an orthonormal basis of eigenvectors {w,, }men associated
with a nondecreasing sequence of positive eigenvalues { A\, fmen, with \,, = co as
m — 00.

We also consider, for each N € N, the low modes projector Py, which is defined
as the orthogonal projector of H onto the subspace Hy = span{wi,...,wx}.
Moreover, we denote Qn = I — Py.

The bilinear operator B satisfies the following property:

(B(uy,uz),us)y v = —(B(ui,u3), uz)yr,y, VYui,ug,uzeV. (2.4)

Recall the Brézis-Gallouet inequality [7 [19], given by

1/2
Aul;2
[lullLe < cpllullg |1+ log (%)1 , Yue D(A), (2.5)
Al
where cp is a nondimensional (scale invariant) constant, and || - ||« denotes the

usual norm in L*°(Q2)2.
We now recall some inequalities satisfied by the bilinear term B. Using Brézis-
Gallouet inequality (23], we obtain that, for every u; € D(A) with u; # 0 and

every us € V and us € H,
A 1/2
1+ log <1|/2“i>] . (26)
Al [

We also recall the following logarithmic inequalities from [47]:

For every up,us,us € V, with ug # 0,
sl \]7
u
1+ log (J/;’ifpﬂ .27
A lus e

|(B(ui,uz),u3) 2| < cpllu|| g ||zl g [us| 2

|(B(ur,u2),u3) 2| < ezl g f[uz | g us| g2
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For every u; € V, and every ug,us € D(A), with us # 0,

A 1/2
1+ log (%)] .
Ay g g

(2.8)

[(B(u1,u2), Aug) 2| < erflui || ||zl o [Aus| L2

Also, for every uj,us € V', we have

B(uy,u;) — B(ug,u2) = B <111 — uy, %) + B <¥,ul - 112) .

Then, it follows from the result in [, Proposition 6.1] that, for every a > 1/2,
A7 (B(u,u) = B(v,v))| < calQ* 2 |Ju+ V]| u = vz, (2.9)

where || denotes the area of © and ¢, is a constant depending on « through the
Sobolev constants from the Sobolev embeddings of H2*(R?) into L>(R?), and of
H*(R?) into LY(R?), with 1 > s > (2 — 2a), and ¢ = 2/(1 — s). Thus, ¢, — 00 as
a— %Jr.

Along this paper, we denote by ¢ a positive absolute constant or a nondimensional
positive constant depending on €2, whose value may change from line to line; while
the capital letter C' denotes a dimensional constant, depending on the physical
parameters, such as v, Ay and |g| 2.

Finally, we recall some results concerning uniform bounds, with respect to the
norms in H and V, for the solutions of (). It is well-known that, given uy €
H, there exists a unique weak solution of (1)) satisfying u(tp) = ug and u €
C([to,00); H)NLE  (to,00; V), with du/dt € L2 (to,00; V'). From now on, whenever
we refer to a solution of (ILI]), we mean a solution in this sense.

The proof of the next proposition can be found in any of the references listed
above ([9, 177, [43] 45]). Recall the definition of the Grashof number, which is the

nondimensional quantity given by

_ |glL:
1/2)\1 '

Proposition 2.1. Letug € H and let u be a solution of ([[1) satisfying u(to) = ug.
Then, there exists T =T (v, A1, |g|L2, [uo|r2) > to such that the following hold:

1) In the case of periodic boundary conditions
(i) In th f p dic b dary d ,
u()|2 < 2vG,  |u@®)|m < 20M?G, vt >T. (2.10)

(i) In the case of no-slip boundary conditions,

4
lu(t)|rz < 20G,  |u(t)||g < CUA}/QGeGT, Vit >T. (2.11)

In order to simplify the notation, we write the uniform bounds in the H and V'
norms from Proposition 2] by using constants My and M, respectively, i.e.,

[u(t)|r2 < Mo, |la®)|lgr < My, Vt>T. (2.12)

Notice that the value of M; changes according to the boundary condition being
considered.

The following theorem follows immediately from the result proved in [I8, Theo-
rem 1.1] (see also [48]).



8 C. F. MONDAINI AND E. S. TITI

Theorem 2.1. Let ug € H and let u be a solution of (1) satisfying u(to) = uo.
Then, there exists T =T (v, \1,|g|r2, [uo|r2) > to such that

Onu(t)] e < Co ALN . W>T, YNeEN, (2.13)
N+1
L
1Qnu(t)||m < oleg, Vt>T, VN €N, (2.14)
/\N+1
where
B An 1/2
Ly =|1+log|—— , (2.15)
A1
2
Co=c (—'QNg|L; ek ) : (2.16)
2 2
Ci=c (lQNg|L2 M Moiwl ) : (2.17)
14 1%

and My and My are as given in (Z12).

The next theorem was proved in [I8, Theorem 2.1], and it provides uniform in
time estimates, in the H and V norms, for the distance between a solution u of
([CI) and its vertical projection on the graph of the mapping ®;, given in (3.

Theorem 2.2. Let ug € H and let u be a solution of (1) satisfying u(to) = uo.
Then, there exists T =T (v, \1,|g|r2, [uo|r2) > to such that

Ly
N+1
and I
[@1(Pyu(t) = Quu@®)lm <O 5, V=T, WNEN, (2.19)
Jr

where C' is a constant depending on v, \1 and |g|r2, but independent of N.

Remark 2.1. In the results of section [, we will assume that the reference solution
of (L) has evolved long enough so that the uniform bounds from Proposition
211 Theorem 2.1l and Theorem are always valid, i.e., for simplicity, we assume
that T = £y. Notice that, in particular, the uniform bounds from Proposition 21
Theorem [2.1] and Theorem are valid for any trajectory u = u(¢) lying in the
global attractor of (L)), for every ¢ € R.

3. MAIN RESULTS

The purpose of this section is to establish analytical estimates of the error that
occurs when using the Postprocessing Galerkin method applied to the data assimi-
lation algorithm (C2]) in order to obtain an approximation of the reference solution
u, which satisfies the 2D Navier-Stokes equations ([I). This means we want to
establish an estimate of the difference [(vy + ®1(vy)) — u] in some appropriate
norm, where vy denotes the Galerkin approximation of v, the solution of (L2]), in
Py H. This is done here for the norms in the spaces H and V.

We start by giving some of the main ideas behind our results. From now on, we
reserve the letter NV € N for the number of modes in the Galerkin approximation
of (L2)), and we adopt the following notation for the low and high modes of the
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reference solution u: p = Pyu and q = Qnu, respectively. Moreover, we assume
that u satisfies the bounds from 212)-(219), for every t > to.
First, we rewrite the error in implementing the Postprocessing Galerkin method

as
(VN +®1(vy)) —u= (vy = p) + (®1(p) — q) + (P1(vN) — P1(P)). (3.1)
From Theorem 2.2] we have that, for every ¢ > tg,
Ly
[@1(p() —a(t)|e < C—7- (3.2)
)\N+1
and
Ly

[®1(p(t) —a(®)l|m <C

where C' = C'(v, A1,|g|12).

Moreover, it is not difficult to see that the restriction of ®; to the set Py By (R),
for any R > 0, is a Lipschitz continuous mapping with respect to the norms in both
H and V (see, e.g., [T0, Appendix]). More specifically, we have

|®1(p1) — ®1(P2)|z2 <IP1 — P2|r2, VP1,P2 € PnBy(R), (3.4)

, 3.3
ANT1 (3:3)

and
|P1(p1) — P1(P2)|| 2 < ||P1 — P2llmrs  VP1, P2 € PNBv(R), (3.5)

where [ = C)\;,i_/f , with C being a constant depending on v, A\; and R.

It follows from Propositions Bl and B3] below that, given a solution u of (I
satisfying (ZI2)-2I4), for every ¢ > tg, and given vy € By (M7), under suitable
conditions on the parameters S and h, the solution vy of ([2), with vy (to) =
Pnvy, satisfies vy (t) € By(3My), for all ¢ > ¢o. Thus, using B2), B3) and
BA)-@B3) with R = 3M;, we obtain from B.I) that, for every t > to,

(v (t) + @1 (v (1) —u(t)|rz < (A +DIva(t) —p(t)|2 + C;T, (3.6)

and

(0 + 1(wn ()~ u®ll < L+ D) = @) + O3 (3.)

Moreover, we also have

lva(t) = p@) i < AN [var () = p(0)] 2. (3.8)

Thus, using also (B8], we see from [B.6) and [B7) that it suffices to obtain an
estimate for |[vy(t) — p(¢)|r2 in order to achieve our goal.
Applying Py to [22)), we see that p = Pyu satisfies the equation

d
d_It) +vAp + PyB(p,p) — Png = —PnG, (3.9)

where

G(t) = B(u(t),u(t)) — B(p(t), p(t))
= B(p(t),a(t)) + B(a(t), p(t)) + Bla(t),qa(t)); (3.10)
while we recall from (L)) that vy satisfies the equation
dvy

T +vAvy + PNB(VN, VN) — Pyg = —ﬂPNPgIh(VN — 11). (311)
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Now, denoting w = vy — p and taking the difference between [B3) and BII), we
obtain that

(il_v: +vAw + fw + Pn[B(vy,vN) — B(p, p)] = PnG — BPN Py [In(w) — W]
+ 8PN PsIn(q). (3.12)

The terms vAw and Sw represent the dissipative terms in ([312), which act on
stabilizing w. The term Aw has a stronger effect than Sw on the high modes of w,
for small values of v; while fw has a stronger effect than vAw on the low modes
of w.

Applying the Duhamel’s (variation of constants) formula to ([BI2)), yields, for
every s > t,

W(S) _ e—(s—t)(uAPN-i-,BPN) W(t)
- / o~ (T WAPNHIPN) Py [B(v (1), viv (7)) — B(p(7), p(7))ldT
t
. /s ei(sfr)(uAPNJrﬁPN) PNG(T)dT
t
- ﬁ/s e~ (=M WAPNHEPN) pulP T (w(T)) — w(T)]dT
t

+ 8 / e~ (=N WAPNEEPN) Py P T (q(7))dr. (3.13)
t

The estimates for the terms on the right-hand side of ([B.I3]) are obtained by
taking advantage of the smoothing effect of the operator e~ (*=HWAPN+BPN) © with
the finite-dimensionality of the operator Py also playing a crucial role. Moreover,
the estimates for the last two terms on the right-hand side of ([BI3]) are obtained
by using suitable properties of the interpolant operator Ij.

We consider two types of interpolant operators I, treated in two different sec-
tions. In the first one, section Bl we consider I as a low Fourier modes projector,
ie, In = Pg, K € N. In this case, we notice that we can commute Py with
I, = Pg and thus the last term on the right-hand side of [BI2]) is zero, which
simplifies the analysis.

In section 3.2, we consider a more general class of interpolation operators, satis-
fying suitable properties (see properties (PI))-(P3) in section [3.2] below), which are,
in particular, satisfied by the example of a low Fourier modes projector considered
in section Bl Another particular example of such class of interpolant operators
is given by local averages over finite volume elements, which is illustrated in the
Appendix in the case of periodic boundary conditions. In this latter example, this
approach can be viewed as a hybrid method, in the sense that observations are
acquired through a finite elements method, while the approximate model is numer-
ically solved through a spectral method, the Postprocessing Galerkin.

The proof of the estimate for |vy —p|rz2, in both cases, follows similar ideas to the
proof given in |25, Theorem 2], where, for a given initial condition u(ty) = ug, an
estimate was obtained for |[uy — p|z2, with uy being the Galerkin approximation
of u satisfying Pyun(tg) = Pnug. We remark, however, that an advantage of
our result is that the estimate for |vy — p|zz is uniform in time (see Theorems
B and B3], while the estimate for l[uy — p|r2 given in [25] Theorem 2] grows
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exponentially in time. This important difference is justified by the presence of the
additional dissipative term fw in ([B12]), which helps to stabilize the large scales of
w when the parameter 3 is suitably chosen. More specifically, 5 needs to be chosen
large enough in order to stabilize the large spatial scales of w, but not too large so
as not to destabilize the small spatial scales of w as well, which are dissipated by
vAw, for small values of v. For this reason, we need, roughly, 8 < cv/h2.

Using the previous ideas, we prove in Theorems B.I] and below that, for
sufficiently large ¢,

v (t) = p(t)] 22 < O(LANGYD), (3.14)
in the case of an interpolant operator given by a low Fourier modes projector; and
V() = p(t)lrz < O(LNAYY), (3.15)

in the general interpolant operator case.
Thus, from (B6) and [B7), it follows that, for ¢ large enough,

(v (t) + 1(va (1) — ult)] 12 < O(LAALD) (3.16)
and
(v (1) + @1 (viv (£)) — u(®)] s < O(LAANL ), (3.17)

in the case of an interpolant operator given by a low Fourier modes projector (cf.
Theorem [B2)); and

(v (0) + @1 (v (8)) — )z < O(LAY) (3.18)
and
[(vw(8) + @1 (v (1) = ul®) s < OLwAVLD. (3.19)
in the general interpolant operator case (cf. Theorem [3.4] below).
On the other hand, from 2I3), @I4), B8), BI4) and (BIH), we obtain that

the error between the Galerkin approximation vy of v and the reference solution
u satisfies, for ¢ large enough,

[vn(t) —u(t)|zz < [va(t) — p(t)|rz + |a(t)|r2 < O(LnAL ), (3.20)

lvn () = u@)m < vw® —p@lla + la®lla < OLaALT),  (3.21)
in both cases of interpolant operators (cf. Corollaries Bl and B2 below).
Comparing (316) and BI8) with 320), and BI7) and BI9) with B2I]), we
see that, as mentioned in the Introduction, the Postprocessing Galerkin method in-
deed yields a better convergence rate than the standard Galerkin method. Notably,
this improved rate is achieved due to essentially three facts: firstly, by exploring
the fact that the error in the low modes, |vy — p|z2, is much smaller than the error
committed in the high modes, |q|z2 (cf. BI4), 313) and 2I3)), when using the
standard Galerkin method; secondly, by complementing the finite-dimensional ap-
proximation vy € Py H with a suitable approximation of the high modes, given by
®1(vy) € QnH, which yields a better approximation to q than 0 (cf. B2)-(33)
and (ZI3)-(ZI4)); and finally, by using the Lipschitz property of ®; (cf. B4,
E3)).

Remark 3.1. We notice that the convergence rates with respect to N in [BI8])-
BI3), obtained for the error committed when implementing the Postprocessing
Galerkin method to (L2) in the general interpolant operator case, is not as good
as the rate in [B.I0)-(BI7), for the case of an interpolant operator given by a low
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Fourier modes projector. In general terms, as pointed out before, this is due to
the fact that the former case concerns a hybrid method, where the observations are
acquired through, e.g., a finite elements method, while the approximate model (Z2))
is discretized in space through a spectral method, the Postprocessing Galerkin. On
the mathematical side, this is represented by the possible lack of commutativity
between the operators P, I, and A, an issue that does not occur in the case of an
interpolant operator given by a low Fourier modes projector, and which introduces
additional error to the estimates.

3.1. The case of an interpolant operator given by a low Fourier modes
projector. We consider an interpolant operator given by the orthogonal projection
on low modes of the Fourier domain, i.e. I, = Py, for some K € N. The data
assimilation algorithm ([L3)) is given in this particular case by

((11—;’ +vAv + B(v,v) =g — 8Pk (v —u). (3.22)

For every N € N with N > K, we consider the Galerkin approximation system
of (322) in the space Py H, given by

d
N +vAvy +PNB(VN,VN) = PNg_BPK(VN —U.)

dt
= Png — BPr(VN — D), (3.23)
with an initial condition given by
VN(to) = PNVQ, (324)

where vq is chosen in a suitable space, but arbitrarily. We assume either periodic
or no-slip Dirichlet boundary conditions.

The condition N > K is assumed here for simplicity purposes. Nevertheless, it is
a natural assumption, since one would expect to have the resolution of the numerical
method to be greater or equal than the resolution associated to the observations.

The following result provides a first uniform in time bound of the finite-dimensional
difference vy — p in the H' norm, under suitable conditions on 8 and K. Since
we assume that the reference solution u satisfies the bounds from 2I2)-(2I4), for
every t > tg, we also have in particular that p is uniformly bounded in V. Thus,
as a consequence of the following proposition, we obtain that vy is also uniformly
bounded in V', provided S and K satisfy the appropriate conditions.

In the statement below, we consider an auxiliary parameter m € N that is used
for one of the lower bounds needed for 5. More specifically, we choose 3 such that,
in particular, 8 > v\,,. This auxiliary parameter plays a more important role in
the proof of Theorem Bl below, but we also use it here in order to be consistent.

Proposition 3.1. Let u be a solution of (1) satisfying @I2)-CI4), for every
t > tg. Let vo € By (My), with My as in 2I2). For every N € N, let vy be the
unique solution of B23) satisfying vy (to) = Pyvg. Consider m € N large enough

such that 23
/\1€ Cl 2 012 2
> = —_ . .
/\m_max{ 5 7cVLm,c AL L, (3.25)
If 3 >0 and K € N are large enough such that
M,
1+log | —— (3.26)
(vki/ 2)] }

2

-1
v

M
[ > max {u)\m,c
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and

2

)\K+1 Z 0
v
then, for every N > K,

sup [V () = p(t)|| g < 2M3.
t>to

Proof. Projecting (1)) onto Py H, we have

dp

X + vAp + PyB(u,u) = Pyg.

Denote w = vy — p. Subtracting (3:229) from ([B23]), we obtain that

(L—v: +vAw + Py[B(vy,vn) — B(u,u)] = —BPgw.

Notice that

B(vy,vn) — B(u,u) = B(vy,vny) = B(p+4q,p+q)
= B(vn,vn) = B(p,p) — B(p,q) — B(a,p) — B(a,q)

= B(w,p) + B(p,w) + B(w,w) — B(p,q) — B(q,p) — B(q,q),

Thus, from B30) and B31), we have

dw

13

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

—— +tvAw = —Py[B(w,p) + B(p,w) + B(w,w) — B(p,q) — B(q,p) — B(q,q)]

dt

— BPKW

Taking the inner product in L? of ([3.32)) with Aw, yields

1d

5wl + v AW, = ~(B(w,p), AW)z2 — (B(p,w), Aw).

(3.32)

— (B(w,w),Aw) > + (B(p,q), AwW) > + (B(q,p), AwW) > + (B(q,q), AW) 2

— Bl Prwll3-

Now we estimate the terms in the right-hand side of (333)).

Using (2.6) and (ZI2), we obtain that
A 1/2
1+ log (71|/2W|L2 )1 )
A w

A 1/2
1+ log (%)] .
AWl

Thanks to (Z6]), 2I2) and [2I4), we have
1/2
A
1+ log ( 1|/2p|L2 )]
A lpllee

L? C? LA
N Aw e < —|Aw|2,s + et N
}V/—?-l 12 v )\N+1

|(B(W7p)7 AW)L2| < CBM1||W||H1|AW|L2

(B(w,w), Aw) 2| < cp|wl [Aw] L2

|(B(p,q), AW) 2| < cgl|plla[lallat [Aw]L

< cpMCy

M3,

(3.33)

(3.34)

(3.35)

(3.36)
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1/2
|A3/2W|L2 /
|AW|L2

L3 ct LS
S CTC]?)\ N |AW|L2 < |AW|L2 +c 1 N
+1

From (Z7) and (ZI4), it follows that

(B(a, @), AW) 2| < crllq[ 7 |Aw] 2

(3.37)
v My

From (Z8) and (2.12), we obtain that

1/2
AW 2
[(B(p, w). AW)12] < cx M [wil s | Aw] 1+log<l'/27“>] C(339)

[[wl| e

Moreover, (2.8)) and (2.I4]) imply

1/2
Ap 2
|(B(a,p), AW) 2| < crllal| g [Pl [AW[z2 |1+ log (%)]
[Pl
L3 02 L4
< erCr—y 7y Mi|Aw|2 < —|AW|L2 +c N_MEo (3.39)
N1 N+1
Also, observe that
—BlPxwlin = —Blwlin + B81Qxw|F:
B
< —Blwli + +— " |Aw]72
+
< —5||W||H1 + §|AW|L27 (3.40)

where in the last inequality we used hypothesis (3.21).

Plugging estimates (834)-340) into (3.33), we obtain that

n 1/2
1+ log <71|/2W|L2 )]
W] g1

1/2
awl: \17° o 1o a1y
1+10g )\1/27 c—

1%
Sl + SAwa < —Blwl

+ M| W| g |AW] 2

+cllwF [Aw] 2

Wl s R T
(3.41)
Since vy € C([to,0); V) (|2, Theorem 5]) and
[w(to)lla < [I1Pxvollar + Ip(to)ar < 2M,
then there exists 7 € (tg,00) such that
lw(t)|| g < 3Miy, Vi€ [to,T].
Define
t = sup {T € (to,00) : nax, [w ()| < 3M1} . (3.42)

Suppose that t < oco.
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Then, from (@4T]), we obtain that, for all t € [to, 1],

< —Bllwl|3

1/2 4
LS L4
1+10g< | VV|L2 >] +Cﬁ N +e Cl N Ml

1%
Wl + 5w

+ cMy||w|[ 2| Aw| 2

2| 1w e vV AXyir o Y Ana
(3.43)
Observe that
awle \\ 8
v w
+mm—wmwmmww1+m-7722 + S llwllZ
4 [[wl a2 2
1/2
I/)\l |AW|%2 M1 |AW|L2 | |L2
= Y w2 —e 1+ log
MWL oA A2 | MlwlZ.
20
— . (3.44
+22]. 3y
Define
o(r) =12 — pr(l +log(r*)? + B, r>1, (3.45)
where
M, 28
= C—, B = —. 346
P »y (3.46)
Notice that
T2 B 141 2\\1/2
o)  TOU) 4 B) + p(1 +log(r%) V2 s
"+ p(L+ log(r?)) /2
where
o(r) =r — p*(1 +logr). (3.48)
One easily verifies that
min (r) > —p* log(p?). (3.49)
Thus, from (B47) and B49)), it follows that if
B = p®log(p?), (3.50)
then
¢(r) >0, Vr>1. (3.51)

Now, by the definition of p and B in ([B46]), we see that [B50) follows from
hypothesis ([3.26) on £.
Using the fact (B.51]) with

o |AW|L2

AWl

we conclude that the right-hand side of (8:44) is non-negative. Thus, from (B43),
it follows that
ci 1y | 14
v A% A
N1 vV AN+1

1%
S liwlizn + Yl Awla < 2w + e ME (352)
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Ignoring the second term on the left-hand side of (352]) and integrating from ¢
to t € [to, ], we obtain that

_B(¢—
||W(t)||§11 < ||W(t0)|‘?{16 5 (t—to)

cro8 02 L
C1ZL N T N pp2| () Bty (3.53)
ﬂ 1% /\N+1 1% /\N+1

Notice that the functions

filz) = ﬂ—i—i:#:v)?’, fola) =

are both decreasing for z > e. Since N > K and, by hypotheses ([3:23]), (8:26) and
BZ0), we have

(1+ logx)?
x

AN+1 < A+1 _ 282X

>0 > T > e
/\1 - )\1 - V/\1 - )\1 -
it then follows that
L?V LS
<ct (3.54)
a1 AR
and
L‘}V LA
<c . 3.55
ANF1T T Am (8:55)

Plugging [3:54]) and (B55) into (B53]) and using hypothesis (3.28]) with a suitable
absolute constant ¢, we obtain that

_ By _ By ~
1> 0 - >~ B} 0, ]
Iw ()20 < |[wito)]|%: e 200 aM2(1 — e 2(10)) <4M?, Vi € [to,1]
(3.56)
Thus,

W)l <2Mi, Vi€ [to, 1. (3.57)

In particular, ||w(f)||z1 < 2M;, which, by the definition of # and the fact that
w € C([tg,00); V), contradicts the assumption that ¢ < oo. Therefore, the above
argument implies

W)l <2M1, Yt > to. (3.58)
O

Next, we present a technical lemma.

Lemma 3.1. Assume that y : [tg,00) — [0,00) is a continuous function satisfying

y(s) < ae b1 y(t) +~ sup y(r)+e, Vs>t>to, (3.59)
t<r<s

withe >0, a>0,b>0 and v € (0,1) such that

9_a(e—u§1 +ﬁ> <1 (3.60)

e(tft())v)\lfl
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Proof. Taking the sup on both sides of B59) over s € [t,t + (vA1) 1], it follows
that

sup y(s) < ay(t) +~ sup y(t) +e.

t<s<t+(vA1)~1 t<r<t+(vA1)~1
Thus,
sup y(1) < a y(t) + = (3.62)
t<r<t4+(vA1)~1 1—7 1—7
Using B.62) in B59) with s =t + (vA1) 7L, t > g, yields
(e () ™) < 0y(0) + T, (3.63)

with 0 as defined in ([B.60).
For each n € N, let t,, = to + n(vA;)~!. Since B63) is valid for every t > tg, in
particular,

Y(tn) = Y(tn_1 + A1) L) < Oy(tn_i) + ﬁ ¥n € N. (3.64)

Hence, by induction, one has

5

y(tn) < 0My(te) + ——— . VYneN. 3.65

Using (363) in B62) with ¢t = ¢,, it follows that

o a €
su s)<a to) + +1 . 3.66
e <opto + (Gogiy t) 15y 6
Notice that, for every t € [ty tn11],

n = (tn+1 — to)V)\l -1 Z (t — tO)V)\l —1. (367)

Since 0 € [0, 1), by hypothesis (3:60), it then follows from ([B.66]) and (B.67) that,
for every t € [tn, tnt1]s

e(tfto)lj)\lfl

y(t) < tngsslgnﬂy(s) < aﬁy(to) + ((1 — 9)(1(1 ) + 1) 1 i - (3.68)

Since ([B.68)) is valid for any n € N, (3.61]) follows. O

The following proposition is a direct consequence of the result proved in [25]
Lemma 1] (see also [4§]).

Proposition 3.2. Let u be a solution of (1) satisfying @I2)-I4), for every
t > ty. Then, the following inequalities hold

|A~'PyB(p,a)|r2, |[A~'PyB(q,p)|r2 < cMiLy||alv-, (3.69)
|A~'PyB(q,q)|z2 < cLn|q|?.. (3.70)

Using the results of Lemma 3] and Propositions 3.1l and B.2] we can now obtain
a uniform in time estimate for |vy(t) — p(¢)|z2. The proof below follows similar
ideas to the proof of [25, Theorem 2|. We use the notation || - [|z(x) to denote
the operator norm in the space £(X), the space of bounded linear operators on a
Hilbert space X.
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Theorem 3.1. Let u be a solution of (1) satisfying Z12)-ZI4), for everyt > to.
Let vo € By (My), with My as in (Z12). For every N € N, let vy be the unique
solution of B23) satisfying v (to) = Pnvo. Fiz o € (1/2,1) and consider m € N
large enough such that

1
2 2/3 —a QailM I—«
)\m zmax ¥7CEL2 C< Cl > L72n7 lcca <1+ ¢ ) | | ’ 1‘| ,
14

m T\ vM, 1—a v

(3.71)
where ¢, is the constant from ([29]).
If B >0 and K € N are large enough such that

My
1+ log (T}”)] } (3.72)

2
)\K—i-l > —ﬁ, (373)
1%

2

M
B > max {I/)\m,c—l
v

and

then, there exists 0 = 0(8) € [0,1) and a constant C' = C(v, \1,|g|12) such that,
for every N > K,
L4
v () = p(t)] L2 < BTN v (to) — plto)|2 + C— A (3.74)

3/2
N+1

Proof. Denote w = vy — p. Subtracting (3229) from ([B23)), yields

(il—v: +vAw = —Py[B(vy,vN) — B(u,u)] — fPxw
= —Pn[B(vn,vNn) — B(p,p)] + PnG — BPgw, (3.75)
where

G(t) = B(u(t),u(t)) — B(p(t),p(t)), V> to. (3.76)
Using that Pyw = w, we can also rewrite (875) as

CL—‘;V + [VAPy + BPk|w = —Pn[B(vN,vn) — B(p,p)] + PnG. (3.77)

Using Duhamel’s formula, it follows that, for every s >t > o,
(wis)|p> < e (DEAPNFEPE) w ()|
i / e~ (= WAPNEEPR) Py [B(vy (1), viv (7)) = B(p(7), P(7))]
t

iy
t

We now estimate each term on the right-hand side of (B73).

dr
L2

e—(sz)(vAPNJrﬁPK) PNG(T)’L2 dr. (378)
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Notice that, for every s >t > o,

|ef(sft)(uAPN+BPK) W(t)|L2 <

PrQr i) [W(t)| L2

= [( max e_(s_t)(”’\ﬁ'@)) + ( max e_(s_t)”’\J)] |w(t)|L2

1<j<K K+1<j<N

< (| e CTICAPKEBPI) | o gy [| e (7O APN Qi

_ (ef(s—t)(vMJrﬁ) + e*(S*”(”*K“)) [w(t)|r

<2e" DB \w(t) |12, (3.79)

where in the last inequality we used that vAx1 > 23, from hypothesis [B73)).
Using (Z9)), we obtain that

‘e—<s—7><uAPN+BPK> Py[B(vn(7),vn (7)) = B(p(7), ()],

— AT e TDUAREIP Am Py [B(v (1), viv (7)) = B(p(7), p(7))]

L2
2

<
S a3

||VaAa o~ (s—T)(VAPN+BPK) ||£(PNH)||VN(T) 4 p(T)||H1 |W(T)|L2_

(3.80)
By Proposition [3.I], we have that
||VN(T)+p(T)||H1 <3My, VT>ty, VN >K. (381)

It then follows from (B:80) that

e*(S*T)(”APNjLﬁPK) Py [B(VN(T)v VN (T)) - B(p(T)’ p(T))] 2

Q]*~3 M,
VO[

< 3Ca ||VaAa e_(S_T)(VAPN+ﬂPK) ||£(PNH)|W(T)|L2- (382)

Notice that, by using hypotheses (872) and (B73), we have

A
P > 82 v, (3.83)

which implies in particular that K > m.
Now, we write

67(57T)(UAPN+ﬁPK) _ e*(S*T)(VAPerﬁPm) _|_ef(sf‘r)(uAPKQm+ﬁPKQm)

e (sTTIvAPNQK - (3.84)
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Therefore,

/ts ‘e_(s—T)(VAPN-i-BPK) PN [B(VN (7-), VN (7‘)) — B(p(T), p(T))] L2 dr

Qai%M ’ —(s—71)(v
e L A e PP
t

t<t<s

a—1
< 30, T2 M (
VO(

tiug |W(T)|L2> (/ ||Vo¢Aa e—(&—t)(VAPm-i-BPm) ||£(PmH)d€+
<7<s t

+/ v AY e~ (€D APK Qm+BPKQm) | 2P rrd€
t

+1/ Hu“Aae@“”APNQKnggwgkfodé), (3.85)
t

where in the second inequality we used (3:84]) and applied the change of variables
E=s—T1+1t.
Notice that

||V0¢Aa e—(ﬁ—t)(VAPm-i-,BPm) ||£(P H

_ o g (=D WA +6)
L) = max (vAg)% e ’

o 6B v g0 (EDr
- vA1<z<vAn,

(V/\ )a —(&— t)ukm,

— o (E-D)B . a” o ift+ 3 < +
e e %, i E<t+ 5 3.86
(§—t)~ Al ( )

(vAr) e 70 i e > by

Let us decompose [t, s] as the union of the intervals

m

« « «
= |t,t+—|NJt L=|t+—t+—|N]Jt
Il |:t7 +VA :| [78]7 2 |:+I/>\m, +VA1:| [78]7
«
Is = [t+ — t,s|. .
2= [t o) il (387
We then have

> A e~ (E-DWALREBEm) || 1 ydE <
Iy

P (VAm)® as
< ) e ETDWAmTE) qe - TOMI (] g gTx, 3.88
<[ T £= a1l e e, (389)

||VozAa e—(ﬁ—t)(VAPm-l‘,@Pm) ||£(PmH)d§ <
I

t+ o5 a t+ o5
g/ MY e (608 gg < (uA)® _a/ M08 ge
t-’rﬁ (é’_t)a t+u>c\x

:%(e A e i) (3.89)
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and

v A% e~ (D (v APmA+SPm) |l cep,mydé < / (V) e= (E-DAHE) ¢
o5
_ (I/)\l)a
vA1 +
Notice that the estimate in (B0) is smaller than the absolute value of the
negative term in ([B:89). Thus, from B88)-(@390), it follows that

I3

e e T, (3.90)

/ v A% e~ (EOWAPATEPA) || o e <
t

(VAm)“ _aB (VAm)“ _aB (V/\m)a'

————(1—e “e »m)+ e Ye Am < 3.91
S A =75 - O
Now, similarly as in (3.80]), we have that
A% e ALK ABPRG) | 1, 1y <
(vAK)® e (E-trAx ife&E<t+ Vﬁ‘K ,
aOt
—(£—t —a : o o
Se (E )5 (g_t)ﬂte s lft+m§§§t+lj>\m+l7 (392)
(V)‘m-i-l)a e_(g_t)lﬁ\m“? if&>1+ v)\jwd ’

We decompose [t, s] as the union of the intervals

« «
Jp=|tt+—| Nt Jo=|t+ —,1
1 |:7 +VAK:| [78]7 2 |: +VAK7 +V)\m+1

[t

J3 = [t+ oo) Nt s]. (3.93)

b)
VAqu 1
We have

v AY e~ (- APK Qm+BPKQm) (P yd€ <

Ji
R 1—e™
< A ) —(E—t)vAK de= -~ —_¢ 3.4
—_ ‘/t (V K) e 5 (VAK)lia, ( )
HVOzAOt e_(f—t)(UAPKinJFﬂPKQm) ||L(PKQmH)d€ S
Ja
ttoxair o e 1 )
/H' AR (€=t L—a \(WAna)t™  (VAg)Ie (3.95)
and

] [ A° o~ (=) (VAPKQm+BPrQm) ||L(PKQmH)d€ <
J3

< / (PAmy1)® e A de = = (3.96)
t

R e (VAm41)t=e
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Thus, summing up 94)-(B396]), we obtain

- 1—e™@ " ae @ 1 1 n e @
T @A) T—a \(WAm)'T (AT (VAm) T

_ (1 e™ @ 1 n e” @ 1
N l—a) WArg)l= 1 —a WApy)t™@

- <1e:aoe) (VAmi1)17°‘7 (3.97)

where in the last inequality we used the fact that

—x

1- <0, Va>0. (3.98)

-
Moreover, analogously to ([B.92))-([3:97), one obtains that
S —Q 1
a g o~ (E-VAPN QK d¢ < © . 3.99
/t v e ”L(PNQKH) £ I—a) WAri) @ ( )

Now, let us estimate the third term on the right-hand side of [B.78]).
Notice that

/‘e_(S_T)(”APN+BPK)PNG(T)‘ dr =
t

L2

1 S
= - / ’yAe’(S’T)("APN*ﬁPK)A’lPNG(T) dr <
I/ t L2

1 S
= / lvAeC=DWAPNEEP) ||\ b o [AT Py G (7)| 2d 7. (3.100)
t

By Proposition B.2] it follows that

A7 Py G1a < M Lllallv: +eLnlal}s < MLy UL 4 erylqlf.. (3.101)
)‘N+1
Then, using (Z13)), yields
|A7'PnGl 2 < eCl, (3.102)
where
L2 L
Oy = Co—sa— | My + Co—— |, (3.103)
\3/2 AL/2
N+1 N+1

with Cy as defined in ([2.16]).
Now, similarly as in (3.80)-(B.91]), one obtains that

/t ||VA67(577)(VAPN+5PK) ||L(PNH)dT
- / |vA e~ (6 (wAPN+6PK) | 2(pym)yd€
t
VAN - A )\N> 1 —B N ] --B
———(1—e e “n)+log| — e "e v + e e vA
_V)\N—i—ﬁ( ) g<)\1 vA + 3 1

<1+log (AA—N) =L%. (3.104)
1




POSTPROCESSING GALERKIN METHOD IN DATA ASSIMILATION 23

Hence, from BI00), 3102) and BI04), we have

J
with Cy as defined in (BI03]).
Now, plugging estimates (379), B33), B9I), B97), (99) and @BI05) into

B8), we obtain that, for all s > ¢ > ¢,

—(s—7)(VAPN+BPK) CnLy
e~ s PyG(7)| dr <e——=
L2 14

(3.105)

[w(s)|rz < 2 (518 |w(t)| 2+

|Q|O‘_%M1 ( ) [(u)\m)o‘ e ¢ 1
+3cq———— | sup |w(T + +
v tsTgsl (7)las B L —a@Apr) ™
e @ 1 CNL%V
. (3.106
+1—04(V)\K+1)10‘] te v ( )
Since K > m (cf. (3:83)), we have that
(VAm)® e 1 e ™ 1 e ™ 1
<142
B 1—a@Apyr)—@ + 1—aWAgqe)—® — + 1—a/) (vAg,)l—@
(3.107)
Hence, from (B.I06]), we obtain that
[w(s)|z2 < 2e D8 |w(t)| 2+
o\ Qe M Cy L3
+ ccq <1—|— ¢ ) it 1ia L sup |w(r)|p2 +c NON (3.108)
11—« VAm t<r<s
Let
e\ [Q°“" M,
—ceo (1 3.109
vy =cc ( +1—a) A ( )
and

9—2<e_"§1+L>.
-~

Using hypothesis (371 with a suitable absolute constant ¢ and also hypothesis
B2), we obtain that v < 1 and # < 1. Therefore, B74) follows from (BI08)
and Lemma Bl with y = |w(-)|2, a = 2, b = 3, 7 given in BI09) and ¢ =
cCn L3 /v. O

Remark 3.2. We notice that, by using an explicit form of the constant ¢, from
@3) (see, e.g., [, B6, 41]), one could obtain an optimal choice of @ by minimizing
the coefficient of sup,..,|w(7)|r2 in BI08) with respect to a. Thus, in this
case, the values of 7, 8, and the condition BZI) on \,, would be given explicitly in
terms of this optimal value of ov. However, we chose not to deal with these technical
details here.

With the result of Theorem B.I] we can obtain an estimate for the error com-
mitted when applying the standard Galerkin method to (I2]) in order to obtain
an approximation of the reference solution u of (LI). The proof follows as in

B.20-B.21).
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Corollary 3.1. Assume the hypotheses from Theorem[Z 1. Then, there exists T =
T(v,\1,|g|r2, N) > to such that, for every N > K,

L
sup [vy(t) —u(t)|p2 < =2, (3.110)
t>T AN1
and I
sup [V (t) — u(®)|| i < CTJ\;, (3.111)
t2T ANt

where C is a constant depending on v, A1 and |g|rz2, but independent of N.

Finally, we now state the result about the error associated with the Postprocess-
ing Galerkin method applied to ([8:22]), relative to the reference solution u. Com-
pared to the result from Corollary Bl the estimates show that the Postprocessing
Galerkin method has a better convergence rate than the standard Galerkin method.
The proof follows immediately from the result of Theorem Bl and (B.0)-(B.8)).

Theorem 3.2. Assume the hypotheses from Theorem[31], with u satisfying, in ad-
dition, 218) and @I9), for everyt > to. Then, there exists T =T (v, A1, |g|r2, N) >
to such that, for every N > K,

sup |[vn(t) + @1 (v (t))] —u(t)|2 < C g}\z’ , (3.112)
t2T N+1

and 14
sup [|[vi (t) + @1(vav ()] - u(®) |l < C5 ~ (3.113)
t>T N+1

where C' is a constant depending on v, \1 and |g|r2, but independent of N.

3.2. A general class of interpolant operators. We now consider the class of
linear interpolant operators I, : L2(2)? — L?(Q2)? satisfying the following proper-
ties:

(P1) There exists a positive constant ¢ such that

lo = In(p)l2 < cohllpllmr, Vo € H'(Q)2 (3.114)
P2) There exists a positive constant ¢_1 such that
( p
le = In(@)|lg-1 <c_1h|g|r2, Vo€ L*(Q)% (3.115)
(P3) There exists a positive constant ¢y such that
_ |Q|3/4
n(a)|re < COW|q|L2a Vq e QnH. (3.116)
h2AN 11

As one easily verifies, the example of interpolant operator given by the low
Fourier modes projector Pg, N > K, considered in subsection B.1] satisfies proper-
ties (PI)-(P3). In particular, property (P3)) is immediately verified, since Ip,(q) =
Pxq = 0. Indeed, the only reason for assuming property (P3) is that, as will
be clearer in the proof of Theorem B.3] we do not assume P, I to commute with
A, a property that Py satisfies. This is the key difference between the proofs of
Theorems B.1] and 331

A more physically interesting example of operator I}, satisfying properties (1)
([P3) is given by local averages over finite volume elements. For illustrational pur-
poses, this is proved in the Appendix.
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The next results follow a similar outline from the ones in subsection Bl We
again assume either periodic or no-slip Dirichlet boundary conditions. As before,
we start by obtaining a uniform estimate of the V norm of vy — p.

Proposition 3.3. Let u be a solution of () satisfying @12)-CI), for every
t > ty. Let vo € By (M), with My as in 212). For every N € N, let vy be the
unique solution of [B23) satisfying vy (to) = Pyvo. Consider m € N large enough
such that

/3 2
Me C1o, (GNP, o\,

Am > —c—1L7, Li el — ) Lz, ;. 3.117
_max{2 e—=Linsc AL e i, o ( )
If B > 0 is large enough such that

M? M
ﬂzmax{y)\m,c—l 1+log (%)]} (3.118)

v A\

VAL

and if h is small enough such that
1 /u\ 12

h<— (= 3.119
<=(%) (3.119)

where ¢y is the constant from BII4), then, for every N > m, we have
sup [|[vn(t) = p(&) || < 2M;. (3.120)
t

>to
Proof. Denote w = vy — p. Subtracting (8:29) from (IL4]), we obtain that

dd_‘;V + vAw + PN[B(VN, VN) — B(u, u)] = —ﬂPNIh(VN — u). (3121)

As in B3], we rewrite

B(vy,vy)— B(u,u) =
= B(w,p) + B(p,w) + B(w,w) — B(p,q) — B(q,p) — B(q,q). (3.122)

Moreover,

—BPyIn(vy —u) = —BPyIy(w)+ BPyIn(a)
= —BPnIn(w)+ BPn([In(a) — d. (3.123)
Thus, from BI2I)-BI23), we have
4 vAw = ~Py[B(w,p) + B(p,w) + B(w,w) - B(p,a) -~ B(a,p) - B(a, )]

= BPnIn(w) + BPn([In(q) —q]. (3.124)
Taking the inner product in L? of ([3124) with Aw, yields

1d
5&|‘WH%11+V|AW|%2 = _(B(Wv p)v AW)Lz—(B(p, W)a AW)L2_(B(W5 W)v AW)L2
+ (B(pu q)7 AW)L2 + (B((L p)7 AW)L2 + (B((L q)7 AW)L2

—BlwlE + B(w — Iy(w), Aw) 12 — B(q — In(q), Aw) 2. (3.125)
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Using property (1) of I, we have

|B(w — Inw, Aw) 2| < cofh||w| g |Aw]| 2
B c2Bh?
< §HWH%{1+ O |Aw]7
B v
< Sl + S lAwlze, (3.126)

where in the last inequality we used hypothesis (BI19)).
Now, using property (PI)) of I, and [2.I4)), we have

1B(a—In(q), Aw)rz| < coBhllql g |Aw]L:

c2h?
< Blaln + E2 vz,
L2
< BOIY +%|Aw|ig. (3.127)

Using, in (3128), estimates (3128), (BI121) and analogous estimates to ([B.34)-
B39), we obtain that

v
< Iwlizn + Y1awl < —lwi,
1/2
+ My || W g1 | Aw| 2

A
1+ log (%)
AWl

1/2
|AW|L2 Ol L6
1+10g 1/27 +c— D)
W[ 2 v ANt

+ cl|wllF [Aw] 2

Ct Iy s Ly
+c— C 3.128
v )\N+1 + Gk /\N+1 ( )

Proceeding analogously as in the proof of Proposition Bl we obtain that

¥ ct LS C? Ly , L%
W <—— w +c— +c— M} + BC
gl < I + ey e TLA ot

(3.129)

for all ¢ € [to,t], with £ defined as in (B42)).
Integrating (B.129) with respect to time from tq to t € [to, ], we have

B
||W( )”Hl < ||W(tO)HH e 5 (t—to)
C(1 L6 Cl Lz}v 5 L?\]
M C
+ﬁ|:y)\%\f+1 I/)\N-‘r l+ﬁ 1

Using hypothesis (BI18) with a suitable absolute constant ¢ and similar argu-
ments to the ones used in the proof of Proposition 3.1l one obtains that

)\N+1} (1—e 2ty (3.130)

4 6 2 4 2
[C Ly G Ly M2+ B L3 ] -
[3 1% )\N+1 1% /\N+1

1
AN1

4 76 2
< % [QL—’"jLﬂ—Ml 4+ pcrEm

14 Agn 124 Am )\m

<4M3E. (3.131)
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Using the fact that ||w(to)|| 72 < 2M; and inequality BI3T) in FI30), it follows
that

W ()|l < 2My, Vi€ [to, 1],

which, by the definition of £ in ([3.42]) and the fact that w € C([to, o0), V), actually
implies that
W)l < 2My, V> to.

O

Using the results of Proposition 3.3l Lemma [3.I]and Proposition[3.2] we can now
obtain a uniform estimate in time of |[vy — p|z2.

Theorem 3.3. Let u be a solution of (1) satisfying Z12)-ZI4), for everyt > to.
Let vo € By (M), with My as in (ZI2). For every N € N, let vy be the unique
solution of B23) satisfying v (to) = Pnvo. Fiz o € (1/2,1) and consider m € N
large enough such that

2 2/3 2
Am = max E,cﬁLfn,c Ci L2 c & L2,
2 v v My

1
—« a—2i T-a
[cca (1+ c )IQI 2Ml] . (3.132)
11—«

where cq 18 the constant from (2.9).
If B > 0 is large enough such that

2

M
B > max {I/)\m,c—l
v

M,y
1+ log (3.133)
(VW 2)] }
and if h > 0 is small enough such that

12 \1/2
hgcmin{<%> ”ATW} (3.134)

then, there exists = 0(B) € [0,1) and a constant C = C(v, )1, |g|12,1/h?) such
that, for every N > m, we have
L
v (t) = p(t)[ 12 < 0" M= v (t) — plto)| 12 + CX,)%. (3.135)
N+1

Proof. We recall equation ([BI2) satisfied by w = vy — p:

(il_vtv + [VAPN + ﬁPN]W = —PN[B(VN,VN) - B(p,p)] + PyG
— ﬂPNPU[Ih(W) — W] + ﬂPNPgIh(q), (3136)

where

G(t) = B(u(t),u(t)) — B(p(t),p(t), Vt=to. (3.137)
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Using Duhamel’s formula, it follows that

W(t)| 2 < e UTOAPNHIRN) vy (1) 2

t
“,
to

e~ U=TWAPNHBPN) Py IB(v (7), viv (7)) — B(p(7), p(7))]

t
“
to

dr
L2

e~ (t=T)(WAPN+BPN) PNG(T)‘N dr

t
n [3/ e~ (=D WAPN+BPN) o P (T, (w(r)) — w(T)] L
to
t
+8 e—(t—T)(VAPN"FBPN) Py P, I, (q(T)) ’ Lo dr. (3138)
to

The estimates for the first three terms in the right-hand side of (BI38) now
follow by writing

e—(t—T)(VAPN+BPN) — e—(t—T)(VAPerﬂPm) + e—(t_T)(VAPNQm"FﬂPNQm) (3139)

and proceeding analogously as in the proof of Theorem Bl so that

|e_(t—t0)(VAPN+BPN) w(to)|z2 < e~ (t=to) (A1 +5) |w(to)|L2; (3.140)
t
/ ’e_(t_T)(VApNJFBPN) Py[B(vn(T),vNn(T)) — B(p(7), p(7))] Lo dr <
to
QM ((mm)a e 1 )
g i N . (3.141
G G e et ey R

where we used Proposition B3t and

! —(t—7)(vAPN+BPN) CNL?V
e NTPEN) PyG(T)|  dr < e—— (3.142)
2
to L 14
with Cn given by
L3 L
Cw = Co—gh <M1 +Co—75- ) : (3.143)
ANG1 ANt

where Cj is defined in (2.16]).
In order to estimate the fourth term on the right-hand side of (BI38), we use
property (P2)) of I;, and obtain that

Jh

B[ —— _
< g | (WPANR e UmIWARN BN || gy ATV Py [T (W) — W[ 2dr
to

e~ =TWAPNHBPN) py P (T (w(T)) — w(T)]|  dr

L2

= 172
Bh ! 1/2 41/2 ,—(s—to)(vAPN+BPN)
§c_1m 51>1£) [wW(T)|p2 [ |lv/°A7=e llc(pyryds.  (3.144)
T>to to

Moreover, using again ([BI39) and the calculations from the proof of Theorem
3.1l one obtains that

[SE

t 1 _
Am

[1/241/2 e~ Gt0)wAPK 8PN | L g < WARE g CTF g g

to B (VAmt1)2
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Thus, from BI44),

dr
L2

h [ (V)2 e 2
Sc,lyﬂl/z <(V ) +2 > sup |[w(7T)|z2  (3.146)

t
5/ ‘e—u—r)(uAPNwPN)pN[pO_Ih(W(T)) — w(r)]
to

B (VAmi1)? ) 7>t0

Finally, for the last term in the right-hand side of (3.I38]), we use property (P3)
of I}, and obtain that

t
B

to

o~ (t=T)(VAPN+BPy) PNPth(q(T))‘ dr<

L

_ |Q|3/4

t
S Cp ﬂ/ || ef(th)(VAPN+5PN) ||L"(PNH)|q(T)|L2dT. (3147)

RAYL e
From (ZTI3]), we have that
L

ja(r)lze < Cog——. (3.148)
N+1

Thus, from BI47),

Jh

e~ (t=T)(WAPN+BPN) PNPUIh(q(T))‘N dr <

~ColQP*8 Ly [ n
Sco% o [ e CTIEARN IR | dr (3.149)
AN41 Jto

Since
' (t—7)(rA BPN) ' (t=7)(wX;+8)
—(t—7)(vAPN+BPN _ —(t—=7)(vA;+
e dr = max e J d
to | leemdr ‘0 155EN T

t 1— —(t—to)(vA1+8) 1
:/ o (=T WAHE) 1y — eml — <3 (3.150)
to
then, from (B.149),
t 3/4
e _Co|QPP* Ly
B [ |e~U=M@APN+BPN) PP T (q(T)) L dr < COT)\F)M . (3.151)

to N+1

Now, using estimates (B140)-(B142), (3.140) and BI5I) in (BI38), we obtain
that

[w(t)|r2 < e (t—to)(¥A1+0) |w(to)|r2+

Q2 My [(VAg)® e @ 1
+ 3Ca ve ﬂ + 11—« (VAerl)l*a
Bh [ (vAm)2 e"2 CnL%
+c_ + 2 sup |w(r +c
112 G (V)\m—i-l)% TZE) |w(T)|L2 y

_ColQ]P’* Ly
Co——5——

2 5/4 °
LR Y

+

(3.152)
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Hence, using that 8 > v\, and the definition of Cy in BI43)),

W(t)] g2 < TN w(to)| 2+

CCq (1+ ¢ ) [ > My +eo ph ] sup |w(7)|p2 —|—CL—N. (3.153)

1— 1

Using hypotheses B132) and (I34) with suitable absolute constants ¢, we
obtain that

+

B e @\ Q20 Bh

oo (i) S e e

and
_vA1tB /y
f=c M 41— <1, (3.155)
L=y
Therefore, (BI35]) follows from (3I53) and Lemma Bl with a = 1, b = v\ + §,
v as given in (BI54) and € = CLN/)\?V/il. O

The result of Theorem B3Inow yields, as in (3:20)-([B21]), an estimate of the error
associated to the Galerkin approximation of ([L2)) relative to the reference solution
u of ([LJ)), in the general case of an interpolant operator satisfying properties (P1)-

B3).
Corollary 3.2. Assume the hypotheses from Theorem[3.3. Then, there exists T =
T(v,\1,|g|r2, N) > to such that, for every N > m,

Ly

sup|vy(t) —u(t)|2 < C ) (3.156)
t>T AN+1
and
Ly
t2T ANt1

where C' is a constant depending on v, A1, |g|r2 and 1/h?, but independent of N.

Finally, we now obtain an estimate of the error committed when applying the
Postprocessing Galerkin method to system ([L2)), in order to obtain an approxi-
mation of the reference solution u of (LI]), in the case of an interpolant operator
satisfying properties (PI)-(P3). The result shows that the convergence rate of the
Postprocessing Galerkin method in this case, although not as good as the one ob-
tained in Theorem [B.2] is still better than the convergence rate of the standard
Galerkin method. The proof follows immediately from the result of Theorem [B.3]

and (Z0)-B38).

Theorem 3.4. Assume the hypotheses from Theorem[33, with u satisfying, in ad-
dition, 2I8)) and 2I9), for everyt > to. Then, there exists T = T (v, A1, |g|r2, N)
> to such that, for every N > m,

Ly

sup |[vn (t) + @1 (v (t)] —u(t)|r2 < CW’ (3.158)
=T N+1

and ;
sup [|[viv (t) + @1 (viv (0)] ~ u()lz < CAB%, (3.159)
= N+1

where C' is a constant depending on v, A1, |g|r2 and 1/h?, but independent of N.
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Remark 3.3. We emphasize that the main purpose of the postprocessing step
applied to the Galerkin method is to improve the accuracy of the numerical ap-
proximation of v, solution of (LZ), and thus u, solution of (I). The fact that
the numerical approximation of v given by the Postprocessing Galerkin method
yields a uniform in time error estimate is actually due to the fact that the Galerkin
approximation vy of v yields a uniform in time error estimate. Indeed, the latter
is valid for an even more general class of interpolant operators than the one con-
sidered in subsection Namely, the family of operators I, : H*(Q)? — L?(Q)?
which are only required to satisfy property (PIl); and also the family of operators
Iy, : H2(2)? — L*(Q)? satisfying (see [2])

le = (@)l < crbllollan + e2h®llollme Vo € H*(Q)?,

where ¢; and ¢y are positive constants, and || - || y2 denotes the usual Sobolev norm
of the space H?()2. A physically relevant example of interpolant operator of this
latter type is given by measurements at a finite set of nodal points in €.

It is not difficult to show that (using, in particular, similar ideas from the proof
of Proposition B3]), under the appropriate conditions on the parameters 5 and h
and for both types of interpolant operators, there exists T' = T'(v, A1, |g|r2, N) > to
large enough such that

L2
Sup”VN(t) _u(t)HHl <C 1/]\2, )
2T N+1

where C is a constant depending on v, A1 and |g|rz2, but independent of N. More-
over, for the former class of interpolant operators, one can also show that

L
sup [v (1) — u(t)| 2 < C—X
t>T AN+1

where, again, T = T'(v, A1, |g|r2, N) > tp and C = C(v, A1, |g|L2)-

3
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APPENDIX

The aim of this section is to show that the example of interpolant operator given
by local averages over finite volume elements (see, e.g., [23] [33] [34]), assuming pe-
riodic boundary conditions, satisfies properties (PI)-(P3) considered in subsection
5. 2)

Let Q = (0,L) x (0,L) C R? be a basic domain of periodicity, and consider a
partition of Q into K squares with sides of length h = L/ K. Let

A={(G)eN":1<jl<VK}
and, for every a = (j,1) € A, let Q, be the volume element given by the square

Qo = [(7 = Dh, jh) x [(L = 1)h, Ih).
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Consider the interpolant operator I, : L?(Q)? — L?(Q2)? given by
In(p) =Y Paxq., Ve € LX) (A1)
aEA
where @, is the local average of ¢ over the volume element Q,, i.e.
1
e(y)dy. (A.2)
|Qa| Qa

The fact that I, defined in (AJ) satisfies property (P1)) follows from the calcu-
lations in [33] Appendix]. Thus, it only remains to verify properties (P2)) and (P3).
In fact, we show that this particular example of Ij sastisfies a stronger property
than (P3)), with respect to the (L>°(£2))?-norm.

Notice that, in the present case, || =

Proposition A.1. Let Ij, : L?(Q)? — L*(Q)? be the operator defined by (AT]).
Then, it holds:

(i) There exists a positive constant c_y such that
lo = In(@)llzr-+ < c-1hlglLe, Vo € LH(€Q)*. (A.3)

(i) There exists a positive constant ¢y such that

Pa =

L1/2
1n(@)l[Le < c—=7-lalz, Va € QnH. (A4)
h2\
N+1
Consequently,
3/2

[In(q)|r2 < co————|a|r2, Vq € QnH. (A.5)

1/4
oy
Proof. From its definition, it follows immediately that I; is a symmetric operator,
ie.

(In(p), %) = (0, In(¥)), Wy € L*(Q)*. (A.6)
Thus, using (A6 and property (1), we obtain that

lp = In(@)lg— = sup [(¢—In(p),¥)| = sup [(p,¢ — In(¥))]

YeH ()2 weH} ()2
19l g1 =1 1]l =1
< sup  cohfplr2[[Y][ = cohlelrz, (A7)
pEHG(2)?
1l =1

which proves that () is satisfied with ¢_1 = ¢y.
Now let us prove (). Let q € QN H and consider its Fourier expansion, given
by

Z 0, e EY Yy eQ, (A.8)
|k|> kN
where I
1/2
Fy = 5N (A.9)

From (ALg)) and the definition of Ih in (AJ), we have that

-X % gy () et ay) e

a€N k| >k N
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Thus,

(@) <> > |Qa |uk|

a€A |k|>kN (A )
.10
where
1 i
Si0= > mhlkl/ e? Lde‘XQ (%),
Q€A (k> @
k1=0
.

Sa(x) = Z Z m|uk|

a€A |k|>r N
ko=0

a€EN  |kI>rN
k1#0,k27#0

1 th gh g
Sl(x) = |uk| / / eQTI"LTy2 dyldyQ XQQ(X)
gk;N |Qal (-1 JG-1)h
k1=
_ L onikay, —omif2p
=3 Y plh | R - ) g, ()
Q€A |k|>k
k=0
<5 i () <5 3 i
|kl=r \k\>nN
kl— =0
1/2 1/2 1/2
L B 1 L lq|re 1
< — 2 [ < =
= Th Z |G| Z e = Th Q|72 Z IE
[kl=k N [k|>r N [k|=r N
k=0 k=0 k=0
1/2
1 1 c 1 c 1
= %lqhz Z e |2 < E|Q|L2H1/2 = hL1/2|qlL2)\1/4 - (A1)
k> r N N+1
k1:0
Analogously,
1
(A.12)

&
Sa(x) < hL1/2|q|L2 /\}\{ill
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Moreover,

1. th h k1 ko
Ss(x) =D Y mhlkl / / 2T 2R Y2 dy, dys | Yo, (X)
a (I-1)h

Q€A |k|>k N (G=Dh
]C1:O
1/2

L2 1 L? |l 1
< = a < —
= 1242 m>z | k||k1||k | = w2h2 |Q|1/2 MDZ kfk%

o1 720, k2 £0 1 70, k2 0

L 1 1
= T2h2 CUZ Z 2 + Z k2k2

|k1|> S0 ko | >1

L 1 1
Sl [ S 2 =]t X

1 2
k1|23 |k2|>1 |ka|>

L 1 L'/? 1
S Cﬁ|q|L2 1/2 S c h2 |q|L2 1/4 * (A]‘3)
Ky >‘N+1

1/2

1/2
i

|
o

[ky|>1 1

From (A10)-(A13]), we obtain that
L2 1

[n(a)(@)] < CW|Q|L2)\17, vx € Q, (A.14)

N+1

which proves (AA).
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