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ABSTRACT OF THE DISSERTATION
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Professor Panagiotis D. Christofides, Chair

Large-scale chemical process systems are characterized by highly nonlinear be-
havior and the coupling of physico-chemical phenomena occurring at disparate time
scales. Examples include fluidized catalytic crackers, distillation columns, biochem-
ical reactors as well as chemical process networks in which the individual processes
evolve in a fast time-scale and the network dynamics evolve in a slow time-scale. Tra-
ditionally, the design of advanced model-based control systems for chemical processes
has followed the centralized paradigm in which one control system is used to com-
pute the control actions of all manipulated inputs. While the centralized paradigm
to model-based process control has been successful, when the number of the process
state variables, manipulated inputs and measurements in a chemical plant becomes
large - a common occurrence in modern plants -, the computational time needed for
the solution of the centralized control problem may increase significantly and may

impede the ability of centralized control systems (particularly when nonlinear con-
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strained optimization-based control systems like model predictive control-MPC are
used), to carry out real-time calculations within the limits set by process dynamics
and operating conditions. One feasible alternative to overcome this problem is to
utilize cooperative, distributed control architectures in which the manipulated inputs
are computed by solving more than one control (optimization) problems in separate

processors in a coordinated fashion.

Motivated by the above considerations, this dissertation presents rigorous, yet
practical, methods for the design of distributed model predictive control systems for
nonlinear and two-time-scale process networks. Beginning with a review of results on
the subject, the first part of this dissertation presents the design of two, sequential
and iterative, distributed MPC architectures via Lyapunov-based control techniques
for general nonlinear process systems. Key practical issues like the feedback of asyn-
chronous and delayed measurements as well as the utilization of cost functions that
explicitly account for economic considerations are explicitly addressed in the formula-
tion and design of the controllers and of their communication strategy. In the second
part of the dissertation, we focus on the design of model predictive control systems for
nonlinear two-times-scale process networks within the framework of singular pertur-
bations. Both centralized and distributed MPC designs are presented. Throughout
the thesis, the applicability, effectiveness and computational efficiency of the control
methods are evaluated via simulations using numerous, large-scale chemical process

networks.
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Chapter 1

Introduction

1.1 Background

Chemical processes and plants are characterized by nonlinear behavior and strong
coupling of physico-chemical phenomena occurring at disparate time-scales. Examples
include fluidized catalytic crackers, distillation columns, biochemical reactors as well
as chemical process networks in which the individual processes evolve in a fast time-
scale and the network dynamics evolve in a slow time-scale.

The nonlinear behavior of many chemical processes has motivated extensive re-
search on nonlinear process control with the emphasis being primarily on the design of
centralized nonlinear control systems (see, for example, [56, 6, 107, 41, 76, 15] for re-
sults and references in this area). In addition to nonlinear behavior, industrial process
models are characterized by the presence of unknown process parameters and external
disturbances which, if not accounted for in the controller design, may cause perfor-
mance deterioration and even closed-loop instability. This realization has motivated

numerous studies on the problem of designing controllers for uncertain nonlinear sys-



tems (e.g., [23, 51, 73, 49, 18]). The problems caused by input constraints have also
motivated numerous studies on the dynamics and control of systems subject to input
constraints. Important contributions include results on optimization-based methods
such as model predictive control (e.g., [36, 88, 98, 76, 1]) and Lyapunov-based control
(e.g., [59, 96, 48, 97, 94, 53]). Earlier work of our group developed [28, 29, 18] a unified
framework for model-based control of continuous-time nonlinear processes with un-
certainty and input constraints. This framework adopts a Lyapunov-based approach
and leads to the synthesis of robust nonlinear controllers that possess an explicitly
characterized region of guaranteed closed-loop stability. Subsequently, we used these
results to develop a hybrid predictive control structure that employs switching be-
tween Lyapunov-based control and model predictive control (MPC) for stabilization
of nonlinear systems with uncertainty and input constraints [31, 78]. The hybrid
predictive control structure embeds the implementation of MPC within the stability
region of a Lyapunov-based bounded controller which serves as a fall-back controller
that can be switched to in the event of infeasibility or instability of MPC. We also
note here important other work on a diverse array of hybrid system issues including
modeling (e.g., [106, 4]), simulation (e.g., [4, 37]), optimization (e.g., [33, 39, 38, 8, 7]),
stability analysis (e.g., [109, 42, 25]), and control (e.g., [5, 43, 55, 32, 30, 81]); all of
these results, however, deal with the design of centralized control systems.

While the centralized paradigm to model-based process control has been success-
ful, when the number of the process state variables, manipulated inputs and measure-
ments in a chemical plant becomes large - a common occurrence in modern plants -,
the computational time needed for the solution of the centralized control problem may
increase significantly and may impede the ability of centralized control systems (par-
ticularly when nonlinear constrained optimization-based control systems like model

predictive control-MPC are used), to carry out real-time calculations within the limits



set by process dynamics and operating conditions. One feasible alternative to over-
come this problem is to utilize cooperative, distributed control architectures in which
the manipulated inputs are computed by solving more than one control (optimization)
problems in separate processors in a coordinated fashion. With respect to available
results in this direction, several distributed MPC methods have been proposed in
the literature that deal with the coordination of separate MPC controllers that com-
municate in order to obtain optimal input trajectories in a distributed manner; see
[10, 89, 92] for reviews of results in this area. More specifically, in [27], the prob-
lem of distributed control of dynamically coupled nonlinear systems that are subject
to decoupled constraints was considered. In [91, 46], the effect of the coupling was
modeled as a bounded disturbance compensated using a robust MPC formulation. In
[100], it was proven that through multiple communications between distributed con-
trollers and using system-wide control objective functions, stability of the closed-loop
system can be guaranteed. In [50], distributed MPC of decoupled systems (a class of
systems of relevance in the context of multi-agents systems) was studied. In [72], an
MPC algorithm was proposed under the main condition that the system is nonlinear,
discrete-time and no information is exchanged between local controllers, and in [85],
MPC for nonlinear systems was studied from an input-to-state stability point of view.
In [71], a game theory based distributed MPC scheme for constrained linear systems
was proposed.

Time-scale multiplicity is a common feature of many chemical processes and plants
of industrial interest and usually arises due to the strong coupling of physico-chemical
phenomena, like slow and fast reactions, occurring at disparate time-scales. In addi-
tion to this, the dynamics of control actuation and measurement sensing systems very
often adds a fast-dynamics layer in the closed-loop system. The analysis and con-

troller design problems for multiple-time-scale systems are usually addressed within



the mathematical framework of singular perturbations (e.g., [54]). Within this frame-
work, a variety of explicit controller design methods have been primarily developed
for both linear and nonlinear singularly perturbed systems, ranging from optimal
control [54] to geometric control (e.g., [16, 57]) and Lyapunov-based control [21].

In the context of MPC of singularly perturbed systems, most of the efforts have
been dedicated to linear systems [104] or to MPC of specific classes of two-time-scale
processes [9, 99]. In a recent work [12], we studied MPC for nonlinear singularly per-
turbed systems where MPC is used only in the slow time-scale and the fast dynamics
are assumed to be stabilizable by a “fast” explicit controller. Finally, in another
recent set of papers [3, 70|, MPC of two-time-scale processes described by nonlin-
ear singularly perturbed systems in non-standard form (i.e., systems in which the
separation of slow and fast state variables is not explicit in the original coordinates
and a coordinate change should be used to obtain a singularly perturbed system in
standard form) was addressed; in these works the fast dynamics are also assumed to

be stabilizable by a “fast” explicit controller.

1.2 Objectives and Organization of the Disserta-
tion
Motivated by the potential benefit of distributed control systems to regulate complex

process networks, the objectives of this dissertation are summarized below:

1. To develop distributed predictive control methods for large-scale nonlinear pro-
cess networks taking into account asynchronous and time-varying delayed mea-

surements.

2. To develop distributed economic predictive control methods for large-scale non-



linear process networks.

3. To develop model predictive control methods for two-time-scale process net-

works.

The dissertation is organized as follows. In Chapter 2, we focus on distributed
model predictive control of large scale nonlinear process systems in which several
distinct sets of manipulated inputs are used to regulate the process. For each set
of manipulated inputs, a different model predictive controller is used to compute
the control actions, which is able to communicate with the rest of the controllers in
making its decisions. Under the assumption that feedback of the state of the process
is available to all the distributed controllers at each sampling time and a model of
the plant is available, we propose two different distributed model predictive control
architectures. In the first architecture, the distributed controllers use a one-directional
communication strategy, are evaluated in sequence and each controller is evaluated
only once at each sampling time; in the second architecture, the distributed controllers
utilize a bi-directional communication strategy, are evaluated in parallel and iterate
to improve closed-loop performance. In the design of the distributed model predictive
controllers, Lyapunov-based model predictive control techniques are used. In order
to ensure the stability of the closed-loop system, each model predictive controller in
both architectures incorporates a stability constraint which is based on a suitable
Lyapunov-based controller. We prove that the proposed distributed model predictive
control architectures enforce practical stability in the closed-loop system and optimal
performance. The theoretical results are illustrated through a catalytic alkylation of

benzene process example.

In Chapter 3, we propose sequential and iterative DMPC schemes for large scale

nonlinear systems subject to asynchronous and delayed state feedback [64, 14, 62]. In



the case of asynchronous feedback, under the assumption that there is an upper bound
on the maximum interval between two consecutive measurements, we first extend the
results obtained in Chapter 2 for sequential DMPC to include asynchronous feedback,
and then re-design the iterative DMPC scheme presented in Chapter 2 to take explic-
itly into account asynchronous feedback. Subsequently, we design an iterative DMPC
scheme for systems subject to asynchronous feedback that also involves time-delays
under the assumption that there exists an upper bound on the maximum feedback
delay. This design takes advantage of the bi-directional communication network used
in the iterative DMPC framework. Sufficient conditions under which the proposed
distributed control designs guarantee that the states of the closed-loop system are
ultimately bounded in regions that contain the origin are provided. The theoretical

results are illustrated through a catalytic alkylation of benzene process example.

In Chapter 4, we focus on the development and application of distributed and
centralized Lyapunov economic MPC designs to a catalytic alkylation of benzene
process network, which consists of four continuously stirred tank reactors and a flash
separator. A new economic measure for the entire process network is proposed which
accounts for a broad set of economic considerations on the process operation in-
cluding reaction conversion, separation quality and energy efficiency. Subsequently,
steady-state process optimization is first carried out to locate an economically opti-
mal (with respect to the proposed economic measure) operating steady-state. Then, a
sequential distributed economic model predictive control design method, suitable for
large-scale process networks, is proposed and its closed-loop stability properties are
established. Using the proposed method, economic, distributed as well as centralized,
model predictive control systems are designed and are implemented on the process to
drive the closed-loop system state close to the economically optimal steady-state. The

closed-loop performance and time needed for control action calculation are evaluated



through simulations and compared with the ones of a centralized Lyapunov-based
model predictive control design, which uses a conventional, quadratic cost function
that includes penalty on the deviation of the states and inputs from their economically

optimal steady-state values.

In Chapter 5, we focus on model predictive control of nonlinear singularly per-
turbed systems in standard form where the separation between the fast and slow state
variables is explicit. A composite control system using multirate sampling (i.e., fast
sampling of the fast state variables and slow sampling of the slow state variables)
and consisting of a “fast” feedback controller that stabilizes the fast dynamics and
a model predictive controller that stabilizes the slow dynamics and enforces desired
performance objectives in the slow subsystem is designed. Using stability results for
nonlinear singularly perturbed systems, the closed-loop system is analyzed and suf-
ficient conditions for stability are derived. A large-scale nonlinear reactor-separator
process network is used to demonstrate the application of the method including a

distributed implementation of the predictive controller.

In Chapter 6, a composite control system comprised of a “fast” MPC acting to
regulate the fast dynamics and a “slow” MPC acting to regulate the slow dynamics
is designed. The composite MPC system uses multirate sampling of the plant state
measurements, i.e., fast sampling of the fast state variables is used in the fast MPC
and slow-sampling of the slow state variables is used in the slow MPC as well as in
the fast MPC. Using singular perturbation theory, the stability and optimality of the
closed-loop nonlinear singularly perturbed system are analyzed. The proposed fast-
slow MPC design does not require communication between the two MPCs, and thus,
it can be classified as decentralized in nature. A chemical process example which

exhibits two-time-scale behavior is used to demonstrate the structure and implemen-



tation of the fast-slow MPC architecture in a practical setting. Extensive simulations
are carried out to assess the performance and computational efficiency of the fast-slow
MPC system.

Chapter 7 summaries the main results of the dissertation and discusses future

research possibilities in distributed control system design.



Chapter 2

Sequential and Iterative
Architectures for Distributed

Model Predictive Control of

Nonlinear Process Systems

2.1 Introduction

Model predictive control (MPC) is a popular control strategy based on using a model
of the process to predict at each sampling time the future evolution of the system
from the current state along a given prediction horizon. Using these predictions, the
manipulated input trajectory that minimizes a given performance index is computed
solving a suitable optimization problem. To obtain finite dimensional optimization
problems, MPC optimizes over a family of piecewise constant trajectories with a

fixed sampling time and a finite prediction horizon. Once the optimization problem



is solved, only the first manipulated input value is implemented, discarding the rest
of the trajectory and repeating the optimization in the next sampling step [36, 86].
Typically, MPC is studied from a centralized control point of view in which all the
manipulated inputs of a control system are optimized with respect to an objective
function in a single optimization problem. When the number of the state variable and
manipulated inputs of the process, however, becomes large, the computational burden
of the centralized optimization problem may increase significantly and may impede
the applicability of a centralized MPC, especially in the case where nonlinear process
models are used in the MPC. One feasible alternative to overcome this problem is to
utilize a distributed MPC architecture in which the manipulated inputs are computed
by more than one optimization problems in a coordinated fashion. With respect to
available results on distributed MPC architectures, several distributed MPC methods
have been proposed in the literature that deal with the coordination of separate
MPC controllers that communicate in order to obtain optimal input trajectories in
a distributed manner; see [10, 89, 92] for reviews of results in this area. In [65], a
distributed MPC architecture with one-directional communication was proposed for
general nonlinear process systems. In this architecture, two separate MPC controllers
designed via Lyapunov-based MPC (LMPC) were considered, in which one LMPC
was used to guarantee the stability of the closed-loop system and the other LMPC was
used to improve the closed-loop performance. Generally, the computational burden of
these distributed MPC methods is smaller compared to the one of the corresponding
centralized MPC because of the formulation of optimization problems with a smaller

number of decision variables.

In this chapter, we focus on distributed model predictive control of large scale
nonlinear process systems in which several distinct sets of manipulated inputs are

used to regulate the process [63]. For each set of manipulated inputs, a different
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model predictive controller is used to compute the control actions, which is able to
communicate with the rest of the controllers in making its decisions. Under the
assumption that feedback of the state of the process is available to all the distributed
controllers at each sampling time and a model of the plant is available, we propose
two different distributed model predictive control architectures designed via LMPC
techniques. In the first architecture, the distributed controllers use a one-directional
communication strategy, are evaluated in sequence and each controller is evaluated
only once at each sampling time; in the second architecture, the distributed controllers
utilize a bi-directional communication strategy, are evaluated in parallel and iterate
to improve closed-loop performance. In order to ensure the stability of the closed-
loop system, each model predictive controller in both architectures incorporates a
stability constraint which is based on a suitable Lyapunov-based controller. We prove
that the proposed distributed model predictive control architectures enforce practical
stability in the closed-loop system and optimal performance. The theoretical results

are illustrated through a catalytic alkylation of benzene process example.

2.2 Preliminaries

2.2.1 Control problem formulation

We consider nonlinear process systems described by the following state-space model:

w(t) = fla(t) + Z gi((t))ui(t) + k(x(t))w(t) (2.1)

where z(t) € R"™ denotes the vector of process state variables, u;(t) € R™i, i =

1,...,m, are m sets of control (manipulated) inputs and w(t) € R™ denotes the vec-

11



tor of disturbance variables. The m sets of inputs are restricted to be in m nonempty

convex sets U; € R™i, 1 =1,...,m, which are defined as follows:

U, .= {UZ € R™Mwi . |Ul| < u;nax}*’i = 1, oo, M

max
7 )

where u 1 =1,...,m, are the magnitudes of the input constraints. The distur-

bance vector is bounded, i.e., w(t) € W where

W:={we R"™ : |w| <6,0 > 0}.

We assume that f, g;, i = 1,...,m, and k are locally Lipschitz vector functions
and that the origin is an equilibrium of the unforced nominal system (i.e., system of
Eq. 2.1 with w;(¢) = 0,4 =1,...,m, w(t) = 0 for all t) which implies that f(0) = 0.
We also assume that the state x of the system is sampled synchronously and the time
instants at which we have state measurement samplings are indicated by the time
sequence {ty>o} with t;, =to + kA, k=0,1,... where ¢, is the initial time and A is

the sampling time.

Remark 2.1 In general, distributed control systems are formulated based on the as-
sumption that the controlled process systems consist of decoupled or partially coupled
subsystems. However, we consider a fully coupled process model; this is a very com-
mon occurrence in chemical process control as we will illustrate in the example of
section 2.4. In our future work, we will extend the proposed distributed control sys-
tems to the case in which only local state information is available to each distributed

controller based on distributed state estimation.

Remark 2.2 Note that the assumption that f, ¢g;, 1 = 1,...,m and k are locally

|

- | denotes Euclidean norm of a vector.
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Lipschitz vector functions is a reasonable assumption for most of chemical processes.
Note also that the assumption that the state x of the system is sampled synchronously
15 a widely used assumption in process control research. The proposed control system
designs can be extended to the case where only part of the state x is measurable by
designing an observer to estimate the whole state vector from output measurements
and by designing the control system based on the measured and estimated states. In
this case, the stability properties of the resulting output feedback control systems are

affected by the convergence of the observer and need to be carefully studied.

2.2.2 Lyapunov-based controller

We assume that there exists a Lyapunov-based controller h(z) = [hi(z) ... hpn(z)]T
with u; = h;(x), i = 1,...,m, which renders the origin of the nominal closed-loop
system asymptotically stable while satisfying the input constraints for all the states x
inside a given stability region. We note that this assumption is essentially equivalent
to the assumption that the process is stabilizable or that the pair (A, B) in the case
of linear systems is stabilizable. Using converse Lyapunov theorems [75, 60, 18], this
assumption implies that there exist functions oy(+), i = 1,2,3,4 of class KT and

a continuously differentiable Lyapunov function V(z) for the nominal closed-loop

TA continuous function « : [0,a) — [0,00) is said to belong to class K if it is strictly increasing
and «(0) = 0.
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system, that satisfy the following inequalities:

a(Ja]) < V(@) < as(|al)
D) (f(a) + 3 gadhile) < e
. - (2.2)
VD) < aya)

for all x € D C R™ where D is an open neighborhood of the origin. We denote the
region 2,5 C D as the stability region of the closed-loop system under the Lyapunov-
based controller h(x). The construction of V' (z) can be carried out in a number of

ways using systematic techniques like, for example, sum-of-squares methods.

By continuity, the local Lipschitz property assumed for the vector fields f, g;, i =
1,...,m, and k and taking into account that the manipulated inputs u;, : = 1,...,m,
and the disturbance w are bounded in convex sets, there exists a positive constant

M such that

m

f(x)+ > gilx)u; + k(x)w| < M (2.3)

i=1
forall z € Q,, v; € U;, t = 1,...,m, and w € W. In addition, by the continuous
differentiable property of the Lyapunov function V(z) and the Lipschitz property
assumed for the vector field f, there exist positive constants L,, L,,, ¢ = 1,...,m,

and L,, such that

oV ov
|%f($) - %f(ifl)\ < Lylz — 2|

oV oV
| e gi(z) 5 gi(2")| < Lylz =2, i=1,...,m (2.4)

ov
- <
Sk < L

'We use 2, to denote the set Q, := {x € R™|V(z) < p}.
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forall z,2' € Q,, u; €U;, i=1,...,m,and w e W.

Remark 2.3 Different state feedback control laws for nonlinear systems have been
developed using Lyapunov techniques; the reader may refer to [59, 53, 18, 28, 29] for
results in this area including results on the design of bounded Lyapunov-based con-
trollers by taking explicitly into account input constraints for broad classes of nonlinear

systems.

2.2.3 Centralized LMPC

To take advantage of all the sets of manipulated inputs, one option is to design a
centralized MPC controller. In order to guarantee robust stability of the closed-loop
system, the MPC controller must include a set of stability constraints. To do this, we
propose to use the LMPC controller proposed in [77, 79] which guarantees practical
stability of the closed-loop system, allows for an explicit characterization of the sta-
bility region and yields a reduced complexity optimization problem. LMPC is based
on uniting receding horizon control with control Lyapunov functions and computes
the manipulated input trajectory solving a finite horizon constrained optimal control
problem. The LMPC controller is based on the Lyapunov-based controller A(x). The
controller h(z) is used to define a stability constraint for the LMPC controller which
guarantees that the LMPC controller inherits the stability and robustness properties
of the Lyapunov-based controller h(z). The LMPC controller introduced in [77, 79]

is based on the following optimization problem:

) NA o . m .
uCl-..iIclnquéS(A)/U [#7(7)Qe(T) + 121 Ugi (T) Rejuei (T)]dT (2.5a)
st #(7) = f(i(r) + Zgi(i‘(f))uci (2.5b)
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Z a‘gix)gi(x<tk))uci<o) < Z oviz) gi(x(ti))hi(x(ty)) (2.5¢)

where S(A) is the family of piece-wise constant functions with sampling period A,
N is the prediction horizon, Q. and R, i« = 1,...,m, are positive definite weight
matrices that define the cost, z(tx) is the state measurement obtained at ¢z, & is the

predicted trajectory of the nominal system with u;, ¢ = 1,...,m, the input trajectory
computed by the LMPC of Eq. 2.5.

The optimal solution to this optimization problem is denoted by w}(7|ty), i =
1,...,m, which is defined for 7 € [0, NA). The LMPC controller is implemented
with a receding horizon method; that is, at each sampling time #;, the new state
x(ty) is received from the sensors, the optimization problem of Eq. 2.5 is solved, and
wl(t —tg|ty), i =1,...,m are applied to the closed-loop system for t € [ty, tgi1)-

The optimization problem of Eq. 2.5 does not depend on the uncertainty and
guarantees that the system in closed-loop with the LMPC controller of Eq. 2.5 main-
tains the stability properties of the Lyapunov-based controller. The constraint of
Eq. 2.5e guarantees that the value of the time derivative of the Lyapunov function
at the initial evaluation time of the centralized LMPC controller is lower or equal to
the value obtained if only the Lyapunov-based controller h(z) is implemented in the
closed-loop system in a sample-and-hold fashion. This is the constraint that allows
proving that the centralized LMPC controller inherits the stability and robustness

properties of the Lyapunov-based controller.

The manipulated inputs of the closed-loop system under the above centralized
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Figure 2.1: Distributed MPC scheme proposed in [65].

LMPC controller are defined as follows

In what follows, we refer to this controller as the centralized LMPC. The main prop-
erty of the centralized LMPC controller is that the origin of the closed-loop system
is practically stable for all initial states inside the stability region €2, for a sufficient
small sampling time A and disturbance upper bound #. This property is also guar-
anteed by the Lyapunov-based controller h(x) when the controllers are implemented
in a sample-and-hold fashion (see [22, 82] for results on sampled-data systems). The
main advantage of LMPC approaches with respect to the Lyapunov-based controller
is that optimality considerations can be taken explicitly into account (as well as con-
straints on the inputs and the states [79]) in the computation of the controller within

an online optimization framework improving closed-loop performance.

17



2.3 Distributed model predictive control architec-

tures

2.3.1 Introduction

In a previous work of our group [65], a distributed MPC architecture for nonlin-
ear process systems based on the scheme shown in Fig. 2.1 was introduced. In this
distributed MPC architecture, two MPC controllers designed via LMPC were con-
sidered. One of the two LMPC controllers (LMPC 1) was designed to guarantee the
stability of the closed-loop system and the other LMPC controller (LMPC 2) was
designed to improve the closed-loop performance while maintaining the closed-loop
stability achieved by LMPC 1. This distributed MPC architecture required one-
directional communication between the two distributed controllers and was proved
that it guarantees practical stability of the closed-loop system and has the potential
to maintain the closed-loop stability and performance in the face of new or failing
controllers or actuators (for example, a zero input of LMPC 2 does not affect the
closed-loop stability) and to reduce computational burden in the evaluation of the
optimal manipulated inputs compared with a fully centralized LMPC controller of
the same input/output-space dimension.

In this study, our objective is to extend our results in [65] and propose distributed
MPC architectures including multiple MPCs for large scale nonlinear process sys-
tems. Specifically, we propose two different distributed MPC architectures. The
first distributed MPC architecture is a direct extension of our previous work in [65] in
which different MPC controllers are evaluated in sequence, only once at each sampling
time and require only one-directional communication between consecutive distributed

controllers (i.e., the distributed controllers are connected by pairs). In the second ar-
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Figure 2.2: Sequential distributed LMPC architecture.

chitecture, different MPC controllers are evaluated in parallel, once or more than
once at each sampling time depending on the number of iterations, and bi-directional
communication among all the distributed controllers (i.e., the distributed controllers
are all interconnected) is used.

In each proposed architecture, we will design m LMPC controllers to compute u;,

1 =1,...,m, and refer to the LMPC controller computing the input trajectories of

u; as LMPC 1.

2.3.2 Sequential distributed LMPC

In this section, we will discuss the direct extension of the results in [65] to include
multiple LMPC controllers, in which different LMPC controllers are evaluated in
sequence, once at each sampling time and one-directional communication between
consecutive distributed controllers (i.e., the distributed controllers are connected by
pairs) is used. A schematic of this architecture is shown in Fig. 2.2. We first present

the proposed implementation strategy of this distributed MPC architecture and then
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design the corresponding LMPC controllers. The proposed implementation strategy

of this distributed MPC architecture is as follows:

1. At each sampling time t;, all the LMPC controllers receive the state measure-

ment x(t;) from the sensors.
2. Forj=mto1l

2.1 LMPC j receives the entire future input trajectories of u;, i =m, ..., 7+1,
from LMPC j +1 and evaluates the future input trajectory of u; based on

z(tx) and the received future input trajectories.

2.2 LMPC j sends the first step input value of u; to its actuators and the

entire future input trajectories of w;, i = m,..., 7, to LMPC j — 1.

In this architecture, each LMPC controller only sends its future input trajectory
and the future input trajectories it received to the next LMPC controller (i.e., LMPC j
sends input trajectories to LMPC j — 1). This implies that LMPC j, j =m,...,2,
does not have any information about the values that u;, i = 7—1,...,1 will take when
the optimization problems of the LMPC controllers are designed. In order to make
a decision, LMPC j, j = m,...,2 must assume trajectories for u;, 1 = 5 —1,...,1,
along the prediction horizon. To this end, the Lyapunov-based controller h(x) is used.
In order to inherit the stability properties of the controller h(x) (i.e., the stability
properties of h(z)), each control input u;, ¢ = 1,...,m must satisfy a constraint
that guarantees a given minimum contribution to the decrease rate of the Lyapunov
function V' (z). Specifically, the proposed design of the LMPC j, j = 1,...,m, is

based on the following optimization problem:

NA m
oi(Tlte) = I " T 8,8 TRci LR d 2.7
ol =ars iy [ O + 3t Rl 272
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s.t. (1) = f(2(r)) + Zgi(f(ﬂ)us,i (2.7b)

wei(T) = hi(2(jA)), i=1,....5— 1, Y7 e IA, (I + 1)A), I =0,..,N — 1

(2.7¢)
usi(7) = ug (7ltn), i =j+1,...,m (2.7d)
usj(7) € Uj (2.7¢)
z(0) = x(tg) (2.71)
8gf>gj(:v<tk>>us,j<o) < agf)gj(x(tk))hj(mk)) (2.7¢)

where T is the predicted trajectory of the nominal system with u;, i = j+1,...,m,

the input trajectory computed by the LMPC controllers of Eq. 2.7 evaluated before
LMPC j, u;, i = 1,...,5—1, the corresponding elements of h(z) applied in a sample-
and-hold fashion and u},(7|ty) denotes the future input trajectory of u; obtained by
LMPC i of the form of Eq. 2.7. The optimal solution to the optimization problem of
Eq. 2.7 is denoted u ;(7[t;) which is defined for 7 € [0, NA).

The constraint of Eq. 2.7b is the nominal model of the system of Eq. 2.1, which
is used to predict the future evolution of the system; the constraints of Eq. 2.7c
define the value of the inputs evaluated after u; (i.e., v; with i = 1,...,j — 1); the
constraints of Eq. 2.7d define the value of the inputs evaluated before u; (i.e., u; with
i = j+1,...,m); the constraint of Eq. 2.7e is the constraint on the manipulated
input u;; the constraint of Eq. 2.7f sets the initial state for the optimization problem;
the constraint of Eq. 2.7g guarantees that the contribution of input u; to the decrease

rate of the time derivative of the Lyapunov function at the initial evaluation time, if

21



u; = u} ;(0[ty) is applied, is bigger or equal to the value obtained when u; = h;(x(tx))
is applied. This constraint allows proving the closed-loop stability properties of the
proposed controller.

The manipulated inputs of the proposed control design of Eq. 2.7 are defined as
follows:

uz(t) =ul (t - tk|t1€)7 1=1,...,m, Vt € [tk,tk+1). (28)

EX)

In what follows, we refer to this distributed LMPC architecture as the sequential

distributed LMPC.

Remark 2.4 Note that, in order to simplify the description of the implementation
strategy proposed above in this section, we do not distinguish LMPC m and LMPC' 1
from the others. We note that LMPC m does not receive any information from
the other controllers and LMPC' 1 does not have to send information to any other

controller.

The proposed distributed LMPC architecture of Egs. 2.7-2.8 computes the inputs
u;, © = 1,...,m, applied to the system of Eq. 2.1 in a way such that in the closed-
loop system, the value of the Lyapunov function at time instant ¢ (i.e., V(x(tx))) is
a decreasing sequence of values with a lower bound. Following Lyapunov arguments,
this property guarantees practical stability of the closed-loop system. This is achieved

due to the constraint of Eq. 2.7g. This property is presented in Theorem 2.1 below.

Theorem 2.1 Consider the system of Eq. 2.1 in closed-loop under the distributed
LMPC of Egs. 2.7-2.8 based on the controller h(x) that satisfies the condition of

Eq. 2.2 with class K functions a;(+), i = 1,2,3,4. Let €, >0, A >0 and p > ps > 0

22



satisfy the following constraint:

—ag(ay (ps)) + L < —€u/A (2.9)

where L* = (L, + Y| Ly, u™)M + L,,0 with M, L,, L,, (i =1,...,m) and L,
being defined in Egs. 2.3-2.4. For any N > 1, if x(ty) € Q, and if p* < p where

p* = max{V(z(t + A)) : V(z(t) < ps}, (2.10)

then the state x(t) of the closed-loop system is ultimately bounded in Q,-.

Proof 2.1 The proof consists of two parts. We first prove that the optimization
problem of Eq. 2.7 is feasible for all j = 1,...,m and z € Q,. Then we prove that,
under the proposed distributed LMPC of Egs. 2.7-2.8, the state of the system of
Eq. 2.1 is ultimately bounded in €2,-. Note that the constraint of Eq. 2.7g of each
distributed controller is independent from the decisions that the rest of the distributed

controllers make.

Part 1: In order to prove the feasibility of the optimization problem of Eq. 2.7,
we only have to prove that there exists a us;(0) which satisfies the input constraint
of Eq. 2.7e and the constraint of Eq. 2.7g. This is because the constraint of Eq. 2.7g
is only enforced on the first prediction step of wu,;(7) and in the prediction time
7 € [A,NA), the input constraint of Eq. 2.8 can be easily satisfied with u, ;(7) being
any value in the convex set U;.

We assume that z(ty,) € 2, (z(t) is bounded in €, which will be proved in Part
2). It is easy to verify that the value of u, ; such that u, ;(0) = h;(x(tx)) satisfies the
input constraint of Eq. 2.7e (assumed property of h(x) for z € €2,) and the constraint

of Eq. 2.7g, thus, the feasibility of the optimization problem of LMPC j, j =1,... m,
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is guaranteed.

Part 2: From the condition of Eq. 2.2 and the constraint of Eq. 2.7g, if z(t;) € €,

it follows that

Z_‘;(f(m(tk’))+Zgi(x(tk>>u:,i(0|tk)) < z—Z(f(x(tk))+Zgi($(tk))hi(x(tk))
< —ag([x(t)))-

(2.11)
The time derivative of the Lyapunov function V' along the actual state trajectory x(t)

of the system of Eq. 2.1 in t € [t, tx+1) is given by

V(a(t) = Z—Z(f(fﬂ(t)) + > gila(t)ul;(0fte) + k(z(t)w(t)). (2.12)

i=1

Adding and subtracting 3% (f(z(t)) + >ty gi(z(te))ut ;(0]tx)) and taking into ac-

count Eq. 2.11, we obtain the following inequality

V(z(t) < —as(jz(te)]) + g—v +Zgz oi(Olt) + k(z(t))w(t))
g\/ Em: 5i(0[tk)).
) (2.13)

Taking into account Eqgs. 2.2 and 2.3, the following inequality if obtained for all
z(ty) € 2,/9,.% from Eq. 2.13

V(x(t) < —as(ay ' (ps) + (L + Z Ly ;(0ftx))|z(t) — z(te)| + Lo|w(t)].
) (2.14)

Taking into account Eq. 2.3 and the continuity of x(t¢), the following bound can be

$The operator “/” is used to denote set subtraction, i.e., A/B :={x € R"™ :x € A,z ¢ B}.
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written for all ¢ € [ty, tgs1)

lx(t) — x(tp)| < MA.

Using this expression, the bounds on the disturbance w(t) and the inputs w;, i =
1,...,m, and Eq. 2.14, we obtain the following bound on the time derivative of the

Lyapunov function for ¢ € [t, tx41), for all initial states z(tx) € ,/9Q,,

m

V(z(t) < —as(ag'(ps) + (Lo + Y L™ )M + Ly0. (2.15)

=1

If the condition of Eq. 2.9 is satisfied, then there exists €¢,, > 0 such that the following

inequality holds for x(tx) € Q,/Q,,
V(z(t)) < —ew/A (2.16)

for t € [tg,tr+1). Integrating the inequality of Eq. 2.16 on t € [ty,tx1), we obtain
that

V(z(tp) < V(z(ty) — €w (2.17)

and

V(z(t)) < V(z(te)), Vt € [tr, tet) (2.18)

for all z(tx) € Q,/Q,,. Using Egs. 2.17 and 2.18 recursively it can be proved that,
if z(ty) € Q,/9,,, the state converges to €, in a finite number of sampling times
without leaving the stability region. Once the state converges to Q, C €, it
remains inside 2,- for all times. This statement holds because of the definition of
p*. This proves that the closed-loop system under the proposed distributed LMPC

of Egs. 2.7-2.8 is ultimately bounded in €.
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Figure 2.3: Iterative distributed LMPC architecture.
2.3.3 Iterative distributed LMPC

An alternative to the sequential distributed LMPC architecture presented in the previ-
ous section is to evaluate all the distributed LMPCs in parallel and iterate to improve
closed-loop performance. A schematic of this control architecture is shown in Fig. 2.3.
In this architecture, each distributed LMPC controller must be able to communicate
with all the other controllers (i.e., the distributed controllers are all interconnected).
More specifically, when a new state measurement is available at a sampling time, each
distributed LMPC controller evaluates and obtains its future input trajectory; and
then each LMPC controller broadcasts its latest obtained future input trajectory to
all the other controllers. Based on the newly received input trajectories, each LMPC
controller evaluates its future input trajectory again and this process is repeated un-
til a certain termination condition is satisfied. Specifically, we proposed to use the

following implementation strategy:

1. At each sampling time t, all the LMPC controllers receive the state measure-

ment z(t) from the sensors.
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2. At iteration ¢ (¢ > 1):

2.1 All the distributed LMPC controllers exchange their latest future input

trajectories.

2.2 Each LMPC controller evaluates its own future input trajectory based
on x(tx) and the latest received input trajectories of all the other LMPC

controllers.

3. If the termination condition is satisfied, each LMPC controller sends the first
step input value of its latest input trajectory to its actuators; if the termination

condition is not satisfied, go to step 2 (¢ = ¢+ 1).

Note that at the initial iteration, all the LMPC controllers use h(x) to estimate
the input trajectories of all the other controllers. Note also that the number of
iterations ¢ can be variable and it does not affect the closed-loop stability of the
proposed distributed LMPC architecture; a point that will be made clear below. For
the iterations in this distributed LMPC architecture, there are different choices of the
termination condition. For example, the number of iterations ¢ may be restricted to
be smaller than a maximum iteration number ¢y (i-€., ¢ < ¢pax) or the iterations
may be terminated when the difference of the performance or the solution between
two consecutive iterations is smaller than a threshold value or the iterations maybe

terminated when a maximum computational time is reached.

In order to proceed, we define z(7|tg) for 7 € [0, NA) as the nominal sampled
trajectory of the system of Eq. 2.1 associated with the feedback control law h(z) and

sampling time A starting from x(;). This nominal sampled trajectory is obtained
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by integrating recursively the following differential equation:

2(rltn) = f(2(7]t)) + Zgz Tte))hi(E(1A[E)), VT € [(IA, (I + 1)A)),

Based on #(7|t;), we can define the following variable

wi(rlty) = hj(@(AlR)), j=1,....m, VT € [(IA,(I+1)A)), 1=0,...,N — 1.

which will be used as the initial guess of the trajectory of u;.

The proposed design of the LMPC 7, j = 1,...,m, at iteration c¢ is based on the

following optimization problem:

(el =arg min [ E (DT + 3 ) Rty (Pldr (2200)

up ;€S

st 8(r) = f(E7)) + 3 0@ )y, (2.200)
wpi(7) = w7 lt), Vi A (2.20c)
p5(7) € Uj (2.20d)
H0) = 2(t) (2.20¢)
a‘gix)gj(af(tw)up,j(o) < axgix)g]( (te))hj(z(t)) (2.20f)

where 7 is the predicted trajectory of the nominal system with uy, the input trajectory,

computed by the LMPCs of Eq. 2.20 and all the other inputs are the optimal input



trajectories at iteration ¢ — 1 of the rest of distributed controllers. The optimal
solution to the optimization problem of Eq. 2.20 is denoted w,;(7[t;) which is defined
for 7 € [0, NA). Accordingly, we define the final optimal input trajectory of LMPC j
(that is, the optimal trajectories computed at the last iteration) as uj ;(7[t;) which
is also defined for 7 € [0, NA).

The manipulated inputs of the proposed control design of Eq. 2.20 are defined as
follows:

ul(t) = u;,i(t — tk|tk), 1=1,...,m, Vt € [tk,tk+1). (2.21)

In what follows, we refer to this distributed LMPC architecture as the iterative dis-
tributed LMPC. The stability property of the iterative distributed LMPC is stated

in the following Theorem 2.2.

Theorem 2.2 Consider the system of FEq. 2.1 in closed-loop under the distributed
LMPC of Eqgs. 2.20-2.21 based on the controller h(x) that satisfies the condition of
Eq. 2.2. Lete, >0, A >0 and p > ps > 0 satisfy the constraint of Eq. 2.9. For any
N>1andc>1, if x(ty) € Q, and if p* < p where p* is defined as in Eq. 2.10, then

the state x(t) of the closed-loop system is ultimately bounded in §2,-.

Proof 2.2 Similar to the proof of Theorem 2.1, the proof of Theorem 2.2 also consists
of two parts. We first prove that the optimization problem of Eq. 2.20 is feasible for
each iteration ¢ and x € ,. Then we prove that, under the proposed distributed
LMPC scheme of Egs. 2.20-2.21, the state of the system of Eq. 2.1 is ultimately
bounded in 2,-.

Part 1: In order to prove the feasibility of the optimization problem of Eq. 2.20,
we only have to prove that there exists a u, ;(0) which satisfies the input constraint of

Eq. 2.20d and the constraint of Eq. 2.20f. This is because the constraint of Eq. 2.20f
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is only enforced on the first prediction step of w,;(7) and in the prediction time
€ [A,NA), the input constraint of Eq. 2.21 can be easily satisfied with w, ;(7)
being any value in the convex set U;.
We assume that z(t;) € 2, ((t) is bounded in €, which will be proved in Part
2). It is easy to verify that the value of w,; such that u,;(0) = h;(x(tx)) satisfies
the input constraint of Eq. 2.20d (assumed property of h(z) for z € Q,) and the
constraint of Eq. 2.20f for all possible ¢, thus, the feasibility of LMPC 7, 7 =1,...,m,

is guaranteed.

Part 2: By adding the constraint of Eq. 2.20f of each LMPC together, we have

m

5(0]tg) < (tr)) i (z(tr))

" OV (x
; (z)

It follows from the above inequality and condition of Eq. 2.2 that

8V 8V
- (f(t) +Zg] 5 0l) < S (fa(t) +Zg] w(t)))

VAN

—as(|z(te)])-
(2.22)

Following the same approach as in the proof of Theorem 2.1, we know that if condition
of Eq. 2.9 is satisfied, then the state of the closed-loop system can be proved to be
maintained in €2,- under the proposed distributed LMPC architecture of Eqgs. 2.20-
2.21.

Remark 2.5 Note that the distributed LMPC designs have the same stability re-
gion Q, as the one of the Lyapunov-based controller h(x). When the stability of the
Lyapunov-based controller h(x) is global (i.e., the stability region is the entire state
space), then the stability of the distributed LMPC' designs is also global. Note also

that for any initial condition in §2,, the distributed LMPC designs are proved to be
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feasible.

Remark 2.6 We do not consider delays introduced into the system by the commu-
nication network or by the time needed to solve the optimization problems. In future
works, these delays will be taken into account in the formulation of the controllers. In
this work, state constraints have also not been considered but the proposed designs can
be extended to handle state constraints by restricting the closed-loop stability region

further to satisfy the state constraints.

Remark 2.7 The choice of the horizon of the distributed LMPC' designs does not
affect the stability of the closed-loop system. For any horizon length N > 1, the
closed-loop stability is guaranteed by the constraints of Fqs. 2.7g and 2.20f. However,

the choice of the horizon does affect the performance of the distributed LMPC designs.

Remark 2.8 Note that because the manipulated inputs enter the dynamics of the
system of Eq. 2.1 in an affine manner, the constraints designed in the LMPC opti-
mization problems of FEqs. 2.7 and 2.20 to guarantee the closed-loop stability can be

decoupled for different distributed controllers as in Eqs. 2.7g and 2.20f.

Remark 2.9 In the sequential distributed LMPC" architecture presented in Section

2.8.2, the distributed controllers are evaluated in sequence, which implies that the
manimal time to obtain a set of solutions to all the LMPC controllers is the sum of
the evaluation times of all the LMPC' controllers; whereas in the iterative distributed
LMPC architecture proposed in Section 2.3.3, the distributed controllers are evaluated
wn parallel, which implies that the minimal time to obtain a set of solutions to all

the LMPC' controllers in each iteration is the largest evaluation time among all the

LMPCs.
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Remark 2.10 Note that the sequential (or iterative) distributed LMPC'is not a direct
decomposition of the centralized LMPC' because the set of constraints of Eq. 2.7g (or
Eq. 2.20f) for j = 1,...,m in the distributed LMPC' formulation of Eq. 2.7 (or
Eq. 2.20) imposes a different feasibility region from the one of the centralized LMPC

of Eq. 2.5 which has a single constraint (Eq. 2.5¢).

Remark 2.11 In general, there is no guaranteed convergence of the optimal cost or
solution of an iterated distributed MPC' (e.g., the distributed MPC' architecture dis-
cussed in Section 2.83.3) to the optimal cost or solution of a centralized MPC' for
general nonlinear constrained systems because of the non-convezity of the MPC' opti-
mization problems. The reader may refer to [10, 91] for discussions on the conditions
under which convergence of the solution of a distributed linear or conver MPC' design
to the solution of a centralized MPC or a Pareto optimal solution is ensured in the

context of linear systems.

Remark 2.12 Note also that in general there is no guarantee that the closed-loop per-
formance of one (centralized or distributed) MPC' architecture discussed in this work
should be superior than the others since the solutions provided by these MPC archi-
tectures are proved to be feasible and stabilizing but the superiority of the performance
of one MPC' architecture over another is not established. This is because the MPC
designs are implemented in a receding horizon scheme and the prediction horizon s fi-
nite; and also because the different MPC' designs are not equivalent as we discussed in
Remark 2.10 and the non-convexity property as we discussed in Remark 2.11. In ap-
plications of these MPC architectures, especially for chemical process control in which
non-convex problems is a very common occurrence, simulations should be conducted

before making decisions as to which architecture should be used.
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Figure 2.4: Process flow diagram of alkylation of benzene.

2.4 Application to a chemical process

2.4.1 Process description and modeling

The process of alkylation of benzene with ethylene to produce ethylbenzene is widely
used in the petrochemical industry. Dehydration of the product produces styrene,
which is the precursor to polystyrene and many copolymers. Over the last two
decades, several methods and simulation results of alkylation of benzene with cat-
alysts have been reported in the literature. The process model developed in this
section is based on these references [35, 58, 84, 110]. More specifically, the process

considered in this work consists of four continuously stirred tank reactors (CSTRs)
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and a flash tank separator, as shown in Fig. 2.4. The CSTR-~1, CSTR-2 and CSTR-3
are in series and involve the alkylation of benzene with ethylene. Pure benzene is fed
from stream Fj and pure ethylene is fed from streams F5,, Fy and Fg. Two catalytic
reactions take place in CSTR-1, CSTR-2 and CSTR-3. Benzene (A) reacts with
ethylene (B) and produces the required product ethylbenzene (C') (reaction 1); ethyl-
benzene can further react with ethylene to form 1,3-diethylbenzene (D) (reaction 2)
which is the byproduct. The effluent of CSTR-3, including the products and leftover
reactants, is fed to a flash tank separator, in which most of benzene is separated
overhead by vaporization and condensation techniques and recycled back to the plant
and the bottom product stream is removed. A portion of the recycle stream Fjq is
fed back to CSTR~1 and another portion of the recycle stream F,q is fed to CSTR-4
together with an additional feed stream Fjy which contains 1,3-diethylbenzene from
further distillation process that we do not consider in this example. In CSTR-4, reac-
tion 2 and catalyzed transalkylation reaction in which 1,3-diethylbenzene reacts with
benzene to produce ethylbenzene (reaction 3) takes place. All chemicals left from
CSTR-4 eventually pass into the separator. All the materials in the reactions are in
liquid phase due to high pressure. The dynamic equations describing the behavior of
the process, obtained through material and energy balances under standard modeling

assumptions, are given below:

ac Fi1Cao + Fr2Cyr — F3C
d?1 _ F1Ca0 2VIA 3YAL (T, Car, C) (2.23a)

dC 5Cpo + FraCpr — F3C
dfl _ +2Cpo 2VlB SUBL (T4, Car, C1) — 72(T1, Cg1, Con) (2.23b)

dC F.oCeo, — F3C
dtCl =2 CV1 3ol +71(T1,Ca1,Cp1) — r2(T1,CpB1,Ccn) (2.23¢)
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dCp1  FroCpy, — F3C
DL = 2r2Dr Z3EDL | o (T, O, Con)

dt 1%l
dly Q1+ FiCagHa(Ta0) + F2CpoHp(Tpo)
dt A,B,C,D
Ci1CpiVi
A,B.C,D
> (PG Hi(Ty) — F5Ci Hi(Th))
+ A.B.C.D
CinCpiV1
N —AH111(T1,Ca1,Cp1) — AHpora(T1,Cp1,Ccn)

A.B,C,D
> CaCuVi
p

dc' E3Cy — F5C
A2 _ £30a 5CA2 — r1(T, Cas, Ci)
dt Va

dC F3Cpg1 + F4Cpo — F5C
df2 = 325 4‘/280 Shic r1(T2, Caz2, Cp2) — r2(T2, Cp2, Co2)

dC, F5Cr1 — F5C,
dtC2 =3 01V2 > 02+7'1(T27CA27032)_TZ(T27CBQ,CCQ)

ac F3Cpy — F5C
D2 _ £3CDp1 5 R2~|—r2(T2,032,002)

dt Vs

A,B,C,D
it Q2 + FuCpoHp(Tpo) + > (F3CiHi(Th) — F5Ci2Hi(13))
ar A,B,C,D

> CiCpiVa

—AH171(T2,Ca2,Cp2) — AHpora (T, Caz, Cp2)
AB.C.D
> GGyl

_|_

dC a3 _ F5C a2 — F7Cy3

o Vi —r1(T3,Cxs3,Cp3)

dc F5;Cps + FsCpo — FrC
df?’ — 15vB2 G%BO B3 ) (T3, Cas, Cps) — ro(Ts, Cs, Ces)
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(2.23f)

(2.23g)

(2.23h)

(2.231)

(2.23;)

(2.23k)

(2.231)



dC, F5Cro — F5C
d? =22 CQ‘/}) TZC3 4 ry(Ts, Cas, Cps) — ra(Ts, Cs, Ces)

dCp: FsCpy — FrC
D3 _ 252D TTEDS | (T, Cps, Cos)

dt Vi
A,B,C,D
g, @t FsCpoHp(Tpo) + > (F5CiHi(T2) — FrCisHi(T3))
ar A,B,C,D
CizCpiV3

i

—AH,11m1(T3,Ca3,Cp3) — AH,912(T3,Cps, Cc3)
+ AB.C.D
> CisCpiVs

dCay  F7Ca3+ FyCps — F.Car — F5Cay

dt Vi
dCpy _ F7Cps + FyCps — F.Cp, — F3Cpy
dt Vi
dCcy _ F;Ccs + FoCcs — F.Cor — FyCey
dt Vi
dCpy _ F;Cp3 + FyCps — F,.Cp, — F3Cpy
dt Vi
A,B,C,D
dT, Qe+ X (FrCiH(13) + FoCis Hi(Ts) — FrCip Hi(T})

dt A,B,C,D
> CuCyiVy

A,B,C,D
Z (FSCZ4HZ(T4) + FrCiTHvapi)

7

AB.C.D
Y. CuCuiVy
i

dC F.1Cu — FoC
A5 - Zrivd A r3(T5, Cas, Cps)
dt Vs

dCps  FuCpy — FyC
Bs _ ZrivB =55 —ro(T5,Cps, Cos)
dt Vs

dC F1Ceor — FoC
dtCS = rC 7 975 r2(T5,Cps, Ces) + 2r3(15, Cas, Cps)
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(2.23m)

(2.23n)

(2.230)

(2.23p)

(2.23q)

(2.23r)

(2.23s)

(2.23t)

(2.23u)

(2.23v)

(2.23w)



ps _ ZrlD WO 29285 4 1y (Ts, Cps, Cos) — 73(Ts, Cas, Cps)

dt Vs

AB,C,D
JT @5 + F1oCpoHp(Tpo) + 32 (FrCir Hi(Th) — FoCis Hi(T5))
ar A,B,C,D

> CisCpiVs

—AH,912(T5,Cps, Ccs) — AH,313(T5,Cas, Cps)
A.B.C.D
CisCpi Vs

_l’_

i

(2.23x)

(2.23y)

where r1, ro and 73 are the reaction rates of reactions 1, 2 and 3 respectively and H;,

1=A, B, C, D, are the enthalpies of the reactants. The reaction rates are related

to the concentrations of the reactants and the temperature in each reactor as follows:

T1 (T, CA, CB) = kr102'320}3'5

ko C%5CLP
T _ _re¥B ¥C
r2(T, s, Cc) (14 kEp2Ch)
kr 01.02180

r3(T,Ca,Cp) = 24D

(14 kgp3Ca)

with

kry = 0.0840e(~9502/RT) [} ) = 0.0850e( 20640/ BT) ;o — 237 8(~61280/RT)

kpps = 0.0152e(73933/RT) [ = (0.4901¢(~P0870/RT)

The heat capacities of the species are assumed to be constants and the molar

enthalpies have a linear dependence on temperature as follows:
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HZ(T) = Hiref+cpi(T_Tref)7 i:A,B,C,D

where Cp;, t = A, B, C, D are heat capacities.
The model of the flash tank separator is developed under the assumption that the
relative volatility of each species has a linear correlation with the temperature of the

vessel within the operating temperature range of the flash tank, as shown below:

as = 0.044974, 4+ 10, ap = 0.02607 + 10

ac = 0.0066T; + 0.5, ap = 0.0058Ty 4+ 0.25

where a;, 2 = A, B, C, D, represent the relative volatilities. It has also been assumed
that there is a negligible amount of reaction taking place in the separator. The
following algebraic equations model the composition of the overhead stream relative

to the composition of the liquid holdup in the flash tank:

a;(F7Ci3 4+ FyCis)
AB.C.D ;

> op(FrChg + FyCls)
%

M; = (F;Ci3 + FyCis) i=AB,CD

where M;, 1 = A, B, C, D are the molar flow rates of the overhead reactants. Based
on M;, i1 =A, B, C, D, we can calculate the concentration of the reactants in the

recycle streams as follows:

i=AB,C,D
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where Cro, k = A, B, C, D, are the mole densities of pure reactants. The condensation
of vapor takes place overhead, and a portion of the condensed liquid is purged back to
separator to keep the flow rate of the recycle stream at a fixed value. The temperature
of the condensed liquid is assumed to be the same as the temperature of the vessel.
The definitions for the variables used in the above model can be found in Table 2.1,
with the parameter values given in Table 2.2.
Each of the tanks has an external heat/coolant input. The manipulated inputs to

the process are the heat injected to or removed from the five vessels, @)1, Q2, @3, Q4

and ()5, and the feed stream flow rates to CSTR-2 and CSTR-3, F; and Fj.

The states of the process consist of the concentrations of A, B, C', D in each
of the five vessels and the temperatures of the vessels. The state of the process is
assumed to be available continuously to the controllers. We consider a stable steady
state (operating point), x,, of the process which is defined by the steady-state inputs
Q1s, Qas, Q3s, Qus, Qss, Fys and Fgs which are shown in Table 2.3 with corresponding
steady-state values shown in Table 2.4.

The control objective is to regulate the system from an initial state to the steady
state. The initial state values are shown in Table 2.6.

The first distributed controller (LMPC 1) will be designed to decide the values
of @1, @2 and @3, the second distributed controller (LMPC 2) will be designed to
decide the values of 4 and @5, and the third distributed controller (LMPC 3) will
be designed to decide the values of Fy and Fy. Taking this into account, the process

model of Eq. 2.23 belongs to the following class of nonlinear systems:

i(t) = f(x) + g1(v)ur(x) + go(w)uz(x) + g3(x)uz()

where the state x is the deviation of the state of the process from the steady state,
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Table 2.1: Process variables of the alkylation of benzene process of Eqs. 2.23

Ca1, Cp1, Cc1, Cpy
Caz, Cp2, Ccz ,Cpo
Cas, Uz, Ccs, Cps
Cas, Cpa, Ceu, Cpy
Cas, Cps, Ccs, Cps
Car, Cpr, Cer, Cpy
T, 1o, T3, Ty, Ts
T.ef

Fy. .. Fo. Fs, Fy
F, Fy, Fy, Fs, F)0
F., Fra, Fro

HvapAa H’vava HvapC'7 HvapD

HArefa HBref7 HCref7 HDref

AH,, AH,3, AH,3
Vi, Vo, Vs, Vi, Vs
Q1, Q2, @3, Qu, Qs
Coa, Cpp, Cpcy Cop
a4, &g, &¢, &p
Ca0, Cpo, Cco, Cpo
Ta0, TBos Tpo

Concentrations of A, B, C, D in CSTR-1
Concentrations of A, B, C, D in CSTR-2
Concentrations of A, B, C, D in CSTR-3
Concentrations of A, B, C, D in separator

Y

Concentrations of A, B, C, D in CSTR-4
Concentrations of A, B, C, D in F,, F,1, Fo
Temperatures in each vessel

Reference temperature

Effluent flow rates from each vessel

Feed flow rates to each vessel

Recycle flow rates

Enthalpies of vaporization of A, B, C, D
Enthalpies of A, B, C, D at T,.¢

Heat of reactions 1, 2 and 3

Volume of each vessel

External heat/coolant inputs to each vessel
Heat capacity of A, B, C, D at liquid phase
Relative volatilities of A, B, C, D

Molar densities of pure A, B, C, D

Feed temperatures of pure A, B, D
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Table 2.2: Parameter values of the alkylation of benzene process of Egs. 2.23

7.1 x 1073 [m3/s]
8.697 x 1074 [m? /]
0.006 [m3/s]

2.31 x 1073 [m3/s]
3.073 x 10* [J/mole]
1.35 x 10* [J/mole]
4.226 x 10* [J/mole]
4.55 x 10* [J/mole]
7.44 x 10* [J/mole]
2.02 x 10* [J/mole]
—1.536 x 10° [J/mole]
—1.118 x 10° [J/mole]
4.141 x 105 [J/mole]
1.126 x 10* [mole/m?]
2.028 x 10* [mole/m3]
8174 [mole/m?]

6485 [mole/m?]

0.8

E,
Frl
Vi
Vs
Vs
Vi

184.6 [J/mole - K|
5.91 x 10* [J/mole]
—2.89 x 10* [J/mole]
59.1 [J/mole - K|
247 [J/mole - K]
301.3 [J/mole - K]
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Table 2.3: Steady-state input values for x, of the alkylation of benzene process of
Egs. 2.23

Qus  -4.4x10° [J/s] Q25 -4.6x10° [J/s]
Qss  -4.7x10° [J/s] Qus  9.2x10° [J/s]
Qs 5.9x10° [J/s] Fy,  8.697x107* [m?/s]

Fys 8.697x107* [m3/s]

Table 2.4: Steady-state values for x4 of the alkylation of benzene process of Egs. 2.23

Ca1 9.101 x 103 [mole/m3] Cas  T7.548 x 103 [mole/m?]
Cp1 2215 [mole/m?] Cpy  23.46 [mole/m?]

Cor 1.120 x 103 [mole/m3] Coz  1.908 x 103 [mole/m?]
Cp1  2.120 x 10? [mole/m3] Cps  3.731 x 10% [mole/m?]

T, 4772 % 10? [K] T, 477 x 10% [K]
Caz  6.163 x 10% [mole/m?] Cas  1.723 x 10° [mole/m3]
Cpsz  24.84 [mole/m?] Cps  13.67 [mole/m?]

Coz  2.616 x 103 [mole/m3] Cos  5.473 x 103 [mole/m?]
Cps  5.058 x 10? [mole/m?] Cps  7.044 x 102 [mole/m?]

[
T, 4735 x 10? [K] T, 4706 x 10? [K]
Cas  5.747 x 103 [mole/m3] Cps  1.537 x 10% [mole/m?]
Cps  3.995 [mole/m?] Ts 4.783 x 10? [K]

Ceos  3.830 x 10? [mole/m?]
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Table 2.5: Manipulated input constraints of the alkylation of benzene process of
Egs. 2.23

lugp] < 7.5 % 10° [J/s] luia] <5 x 10° [J/s]
|’LL13‘ <5 x 105 [J/S] |’U/21’ <6 X 105 [J/S]
[uge| <5 x 10° [J/s] luz| < 4.93 x 1075 [m3 /3]

luse| < 4.93 x 107° [m?/s]

Table 2.6: Initial state values of the alkylation of benzene process of Eqgs. 2.23

Car 9.112 x 103 [mole/m3] Cas  T7.557 x 103 [mole/m?]
Cg1  25.09 [mole/m?] Cpy  27.16 [mole/m?]

Cor 1.113 x 103 [mole/m?] Coz  1.905 x 103 [mole/m?]
Cp1  2.186 x 10% [mole/m3] Cpa  3.695 x 10% [mole/m?]

T, 4.430 x 10? [K] T, 4.371 x 10? [K]
Caz  6.170 x 103 [mole/m?] Cas  1.800 x 10? [mole/m3]
Cgz  29.45 [mole/m?] Cps  16.35 [mole/m?]

Coz  2.617 x 103 [mole/m3] Cey  5.321 x 10% [mole/m?]
Cps  5.001 x 10? [mole/m?] Cps  7.790 x 10 [mole/m?]

[
T, 4.284 x 10? [K] T, 4331 x 10? [K]
Cas  5.889 x 103 [mole/m3] Cps  2.790 x 10% [mole/m?]
Cps  5.733 [mole/m?®] Ts 4.576 x 10? [K]

Ccos  3.566 x 10° [mole/m?]
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UT = [u11 w1 i3] = [Q1—Q1s Q2— Q25 Q3— Q3] u%’ = [ug1 U] = [Q4—Qus Q5—Cs4)
and ul = [uz) uss] = [Fy — Fys Fs — Fg,] are the manipulated inputs which are subject
to the constraints shown in Table 2.5.

In the control of the process, u; and us are necessary to keep the stability of the
closed-loop system, while uz can be used as an extra manipulated input to improve
the closed-loop performance. To illustrate the theoretical results, we first design the
Lyapunov-based controller h(x) = [hy(x) ho(x) hs(x)]T. Specifically, hi(z) and hy(z)

are designed as follows [93]:

L;V LV + (L, V)?
hi(z) = (Lg, V) (2.24)
0 if L,V =0

where i =1, 2, L;V = (Z—Vf(x) and L,V = g—vgl(a:) denote the Lie derivatives of
x x

the scalar function V' with respect to the vector fields f and g; (i = 1, 2), respectively.
The controller hz(z) is chosen to be hz(z) = [0 0] because the input set us is not
needed to stabilize the process. We consider a Lyapunov function V(z) = 27 Pz with

P being the following weight matrix
P=diag¥((111110111110111110111110111110]).

The weights in P are chosen by a trail-and-error procedure. The basic idea behind this
procedure is that more weight should be put on the temperatures of the five vessels
because temperatures have more significant effect on the overall control performance,
and the Lyapunov-based controller h(z) should be able to stabilize the closed-loop

system asymptotically with continuous feedback and actuation.

Ydiag(v) denotes a matrix with its diagonal elements being the elements of vector v and all the
other elements being zeros.
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Figure 2.5: Trajectories of the Lyapunov function V(z) of the alkylation of benzene
process of Eqs. 2.23 under the controller h(x) of Eq. 2.24 implemented in a sample-
and-hold fashion (solid line), the centralized LMPC of Egs. 2.5 (dashed line), the
sequential DMPC of Eqgs. 2.7 (dash-dotted line) and the iterative DMPC of Egs. 2.20
with ¢ = 1 (dotted line)

Based on h(x), we design the centralized LMPC, the sequential distributed LMPC
and the iterative distributed LMPC. The sampling time used is A = 30 s and the

weight matrices

Qe=diag(111110°111110°1010101010*111110° 1111 10%)).

and R, = diag([1078 1078 1078]), Re = diag([107® 107®]) and R, = diag([1 1]).

2.4.2 Simulation results

First, we carried out a set of simulations which demonstrate that the nonlinear control
law h(x) and the different schemes of LMPCs can all stabilize the closed-loop system
asymptotically. Figure 2.5 shows the trajectories of the Lyapunov function V(z)
under the different control schemes. Note that because of the constraints of Eqgs. 2.5e,
2.7g and 2.20f, the trajectories of the Lyapunov function of the closed-loop system
under the centralized LMPC, the sequential DMPC and the iterative DMPC are

guaranteed to be bounded by the corresponding Lyapunov function trajectory under
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Table 2.7: Mean evaluation time of different LMPC optimization problems for 100
evaluations

N=1(s) N=3(s) N=6(s)

Centralized LMPC 2.192 8.694 27.890
LMPC 1 0.472 2.358 6.515

Sequential LMPC 2 0.497 1.700 4.493
LMPC 3 0.365 1.453 3.991
LMPC 1 0.484 2.371 6.280

Iterative LMPC 2 0.426 1.716 4.413
LMPC 3 0.185 0.854 2.355

the controller A(x) implemented in a sample-and-hold fashion with the sampling time
A until V' (x) converges to a small region around the origin (i.e., €, . ). This point is

also illustrated in Figure 2.5.

Next, we compare the mean evaluation times of the centralized LMPC optimiza-
tion problem and the sequential and iterative DMPC optimization problems. Each
LMPC optimization problem was evaluated 100 times at different conditions. Differ-
ent prediction horizons were considered in this set of simulations. The simulations
were carried out using JAVA™ programming language in a PENTIUM® 3.20 GHz
computer. The optimization problems were solved using the open source interior
point optimizer Ipopt [101]. The results are shown in Table 2.7. From Table 2.7,
we can see that in all cases, the time needed to solve the centralized LMPC is much
larger than the time needed to solve the sequential or iterative DMPCs. This is be-
cause the centralized LMPC has to solve a much larger (in terms of decision variables)

optimization problem than the DMPCs. We can also see that the evaluation time of
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Figure 2.6: Total performance costs along the closed-loop trajectories of the alkylation
of benzene process of Eqgs. 2.23 under centralized LMPC of Eqgs. 2.5 (dashed line),
sequential DMPC of Egs. 2.7 (dash-dotted line) and iterative DMPC of Egs. 2.20
(solid line)

the centralized LMPC is even larger than the sum of evaluation times of LMPC 1,
LMPC 2 and LMPC 3 in the sequential DMPC, and the times needed to solve the
DMPCs in both sequential and iterative distributed schemes are of the same order of
magnitude.

In the following set of simulations, we compare the centralized LMPC and the two
DMPC schemes from a performance index point of view. In this set of simulations,
the prediction horizon is N = 1. To carry out this comparison, the same initial
condition and parameters were used for the different control schemes and the total

cost under each control scheme was computed as follows:

J = /t y [Hx(T)HQC + lua()lg,, + lua(7)ll g, + Hus(T)HRcs] dr (2.25)

where tyg = 0 is the initial time of the simulations and ¢;; = 1000 s is the end of the
simulations. Table 2.8 shows the total cost along the closed-loop system trajectories

(trajectories I) under the different control schemes. For the iterative DMPC design,
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Table 2.8: Total performance costs along the closed-loop trajectories I of the alkyla-
tion of benzene process of Egs. 2.23

J (x107)
Centralized 1.8858
Sequential 1.8891
Crmax 1 3 5 7 9 11 13 15

Iterative 1.8955 1.8883 1.8867 1.8863 1.8862 1.8859 1.8858 1.8858

different maximum number of iterations, cyay, are used. From Table 2.8, we can see
that in this set of simulations, the centralized LMPC gives the lowest performance
cost, the sequential DMPC gives lower cost than the iterative DMPC when there is no
iteration (cpax = 1). However, as the iteration number ¢ increases, the performance
cost given by the iterative DMPC decreases and converges to the cost of the one

corresponding to the centralized LMPC. This point is also shown in Figure 2.6.

Note that the above set of simulations only represents one case of many possible
cases. As we discussed in Remarks 2.11 and 2.12, there is no guaranteed convergence
of the performance of distributed MPC to the performance of a centralized MPC and
there is also no guaranteed superiority of the performance of one DMPC scheme over
the others. In the following, we show two sets of simulations to illustrate these points.
In both sets of simulations, we chose different matrices R.; and R, and all the other
parameters (Q., Re3, A, N) remained the same as the previous set of simulations. In
the first set of simulations, we picked R, = diag([5 x 107° 5 x 107> 5 x 107°]), Ry =
diag([5 x 107> 5 x 107°]). The total performance cost along the closed-loop system

trajectories (trajectories II) under this simulation setting are shown in Table 2.9.
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Table 2.9: Total performance costs along the closed-loop trajectories II of the alky-
lation of benzene process of Eqs. 2.23

J (x107)
Centralized 5.052
Sequential 7.039
Cmax 1 3 5 6

[terative 7.2286 7.2241 7.2240 7.2240

Table 2.10: Total performance costs along the closed-loop trajectories I1I of the alky-
lation of benzene process of Eqgs. 2.23

J (x107)
Centralized 3.8564
Sequential 3.6755
Cmax 1 3 4

Iterative 3.6663 3.6639 3.6639

49



From Table 2.9, we can see that the centralized LMPC provides a much lower cost
than both the sequential and iterative distributed LMPCs. We can also see that
as the number of iterations increases, the iterative distributed LMPC converges to
a value which is different from the one obtained by the centralized LMPC. In the
second set of simulations, we picked R. = diag([l x 107* 1 x 107 1 x 1074)),
R = diag([1 x 107* 1 x 107]) and the total performance cost along the closed-loop
system trajectories (trajectories III) are shown in Table 2.10 from which we can see

that the centralized LMPC provides a higher cost than both distributed LMPCs.

2.5 Conclusions

In this chapter, we presented two different architectures of distributed MPC for
nonlinear process systems: sequential distributed LMPC and iterative distributed
LMPC. In both architectures, the MPC controllers were designed via LMPC tech-
niques. In the sequential distributed LMPC architecture, the distributed LMPC con-
trollers adopt a one-directional communication strategy and are evaluated in sequence
and once at each sampling time; in the iterative distributed LMPC architecture, the
distributed LMPC controllers utilize a bi-directional communication strategy, are
evaluated in parallel and iterate to improve closed-loop performance. Each LMPC
controller in both architectures incorporates a suitable stability constraint which en-
sures that the state of the closed-loop system under the proposed distributed MPC
architectures is ultimately bounded in an invariant set. Extensive simulations using
a catalytic alkylation of benzene process example were carried out to compare the
proposed distributed MPC architectures with existing centralized LMPC algorithms

from computational time and closed-loop performance points of view.
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Chapter 3

Sequential and Iterative
Distributed Model Predictive
Control of Nonlinear Systems:
Handling Asynchronous and

Delayed Measurements

3.1 Introduction

The development of DMPC schemes is of particular interest for the process indus-
tries because of the possibility of augmenting the sensor and actuation capabilities of
control systems using hybrid communication networks that take advantage of an ef-
ficient integration of the existing, point-to-point communication networks (i.e., wired

connections from each actuator or sensor to the control system using dedicated lo-
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cal area networks) and additional wired or wireless networked actuator or sensor
devices [108, 24, 83, 17]. However, the design of networked control systems has to
account for the dynamics introduced by the communication network which may in-
clude time-varying delays or data losses in feedback. On the other hand, measuring
difficulties of some system states, for example, species concentrations, in chemical
processes also introduce the presence of asynchronous and delayed feedback in con-
trol loops. Previous work on MPC design for systems subject to asynchronous or
delayed feedback has primarily focused on centralized MPC designs [45, 61, 80, 67]
and little attention has been given to the design of DMPC for systems subject to
asynchronous or delayed measurements. In a recent paper [34], the issue of delays in
the communication between distributed controllers was addressed. In the work [66],
sequential DMPC schemes for nonlinear systems subject to asynchronous and delayed
state feedback were developed; however, the design of sequential DMPC involving two
distributed controllers was only considered, and the design of sequential DMPC in-
volving multiple controllers subject to asynchronous state feedback or iterative DMPC
for nonlinear system subject to asynchronous and delayed state feedback was not ad-
dressed.

Motivated by the above considerations, in this chapter, we propose sequential and
iterative DMPC schemes for large scale nonlinear systems subject to asynchronous
and delayed state feedback [64, 14, 62]. In the case of asynchronous feedback, under
the assumption that there is an upper bound on the maximum interval between two
consecutive measurements, we first extend the results obtained in [66] for sequential
DMPC to include multiple distributed controllers, and then re-design the iterative
DMPC scheme presented in [63] to take explicitly into account asynchronous feed-
back. Subsequently, we design an iterative DMPC scheme for systems subject to

asynchronous feedback that also involve time-delays under the assumption that there
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exists an upper bound on the maximum feedback delay. This design takes advantage
of the bi-directional communication network used in the iterative DMPC framework.
Sufficient conditions under which the proposed distributed control designs guarantee
that the states of the closed-loop system are ultimately bounded in regions that con-
tain the origin are provided. The theoretical results are illustrated through a catalytic

alkylation of benzene process example.

3.2 Preliminaries

3.2.1 Problem formulation

We consider nonlinear process systems described by the following state-space model:

w(t) = f(x(t)) + Zgi(w(t))ui(t) + k(()w(t) (3.1)

where z(t) € R"™ denotes the vector of process state variables, u;(t) € R™i, i =
1,...,m, are m sets of control (manipulated) inputs and w(t) € R™ denotes the vec-
tor of disturbance variables. The m sets of inputs are restricted to be in m nonempty

convex sets U; C R™i, 1 =1,...,m, which are defined as follows:

Upi={u; € R™ : |u] <™ }i=1,...,m

max

where u;"**, 7 = 1,...,m, are the magnitudes of the input constraints. The distur-

bance vector is bounded, i.e., w(t) € W where

W:={we R"™ : |w| <6,0 > 0}.

*| - | denotes Euclidean norm of a vector.
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We assume that f(x), g;(x), i = 1,...,m, and k(x) are locally Lipschitz vector
functions and that the origin is an equilibrium of the unforced nominal system (i.e.,
system of Eq. 3.1 with w;(¢t) =0,7=1,...,m, w(t) = 0 for all ¢) which implies that
f(0) =0.

3.2.2 Lyapunov-based controller

We assume that there exists a Lyapunov-based controller h(x) = [hi(z) ... hy(x)]"
with u; = hy(x), i = 1,...,m, which renders (under continuous state feedback) the
origin of the nominal closed-loop system asymptotically stable while satisfying the
input constraints for all the states x inside a given stability region. We note that
this assumption is essentially equivalent to the assumption that the process is stabi-
lizable or that the pair (A, B) in the case of linear systems is stabilizable. Using con-
verse Lyapunov theorems [60, 18], this assumption implies that there exist functions
ai(+), i = 1,2,3,4 of class KT and a continuously differentiable Lyapunov function

V(x) for the nominal closed-loop system, that satisfy the following inequalities:

hi(a:)GUi, 7;:1,...,7’)7,

for all x € O C R™ where O is an open neighborhood of the origin. We denote the

region 2, C O% as the stability region of the closed-loop system under the Lyapunov-

TA continuous function « : [0,a) — [0,00) is said to belong to class K if it is strictly increasing
and «(0) = 0.
FWe use €, to denote the set , := {z € R"= : V(x) < p}.
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based controller h(x). The construction of V' (x) can be carried out in a number of
ways using systematic techniques like, for example, sum-of-squares methods.

By continuity, the local Lipschitz property assumed for the vector fields f(z),
gi(z), 1 =1,...,m, and k(z) and taking into account that the manipulated inputs
u;, © = 1,...,m, and the disturbance w are bounded in convex sets, there exists a

positive constant M such that

flz)+ Zgz(x)ul + k(x)w| < M (3.3)

forall z € Q,, v; € U;, e = 1,...,m, and w € W. In addition, by the continuous
differentiable property of the Lyapunov function V(x) and the Lipschitz property
assumed for the vector field f(x), there exist positive constants L,, L,,,i=1,...,m,

and L,, such that

oV oV
- _ - ! < _ /
i) = G| < Lo =)
oV oV
- gl < . — 1 ) = .
‘axgz(:c) axgl(x) < Lylr—=2a],i=1,...,m (3.4)
oV
— <
axk(m) < L,

forall z,2' € Q) u; €U;, i =1,...,m,and w € W.

3.3 DMPC with asynchronous measurements

3.3.1 Modeling of asynchronous measurement

We assume that the state of the system of Eq. 3.1, z(t), is available asynchronously

at time instants t; where {t;>o} is a random increasing sequence of times. The
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distribution of {¢;>0} characterizes the time needed to obtain a new measurement. In
general, if there exists the possibility of arbitrarily large periods of time in which a new
measurement is not available, then it is not possible to provide guaranteed stability
properties. In order to study the stability properties in a deterministic framework,
in the present work, we assume that there exists an upper bound 7}, on the interval
between two successive measurements, i.e., mgx{tkH — tr} < T,,. This assumption
is reasonable from process control and networked control systems perspectives [102,
103]. This model of asynchronous measurements is of relevance to systems subject to
asynchronous measurement samplings and to networked control systems, where the
asynchronous property is introduced by data losses in the communication network
connecting the sensors/actuators and the controllers.

In this section, we design sequential and iterative DMPC schemes, taking into
account asynchronous measurements explicitly in their designs, that provide deter-
ministic closed-loop stability properties. In each proposed architecture, we will design
m Lyapunov-based MPC (LMPC) controllers to compute u;, i = 1,...,m, and refer

to the LMPC computing the input trajectories of u; as LMPC 1.

3.3.2 Sequential DMPC formulation

A schematic diagram of the proposed sequential DMPC design for a system subject
to asynchronous measurements is shown in Fig. 3.1. We propose to take advantage
of the MPC scheme when feedback is lost to update the control inputs based on a
state prediction obtained by the model and to have the control actuators store and
implement the last computed optimal input trajectories [80, 66]. Specifically, the

proposed implementation strategy is as follows:

1. When a new measurement is available at ¢;, all the LMPCs receive the state
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Figure 3.1: Sequential DMPC for nonlinear systems subject to asynchronous mea-
surements.

measurement, z(tx) from the sensors.
2. For j=mto 1

2.1. LMPC j receives the entire future input trajectories of u;, t =m,...,j+1,
from LMPC j +1 and evaluates the future input trajectory of u; based on

z(tx) and the received future input trajectories.

2.2. LMPC j sends the entire input trajectories of u; to its actuators and the

entire input trajectories of u;, i =m, ..., j, to LMPC j — 1.

Note that in the above implementation strategy, each LMPC sends its own com-
puted input trajectories and the other input trajectories it received to the next LMPC
controller (i.e., LMPC j sends input trajectories to LMPC j — 1). This implies that
LMPC j, j = m,...,2, does not have any information about the values that w;,
1 =75 —1,...,1 will take when the optimization problems of the LMPC controllers
are evaluated. In order to make a decision, LMPC j, j = m,...,2 must assume

trajectories for u;, © = j — 1,...,1, along the prediction horizon. To this end, the
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Lyapunov-based controller h(z) is used. In order to inherit the stability properties of
the controller h(z), each control input u;, i = 1,..., m must satisfy a set of constraints
that guarantee a given minimum contribution to the decrease rate of the Lyapunov
function V' (z) in the case of asynchronous measurements.

In order to proceed, we define Z(7|t;) for 7 € [0, NA] as the nominal sampled
trajectory of the system of Eq. 3.1 associated with the feedback control law h(z) and
sampling time A starting from z(t;). This nominal sampled trajectory is obtained

by integrating the following differential equation recursively:

2(7lte) = f(2(7]tr)) Zgz (Tltk))hi(2(IAt)),

vr e [(IA,(I+1)A)), 1=0,...,N —1.

Based on z(7|tx), we can define the following input trajectories:

Unj(TItr) = hij(z(IAlty)), j=1,...,m, VT € [IA,(I+1)A), [=0,...,N —1
(3.6)
which will be used in the design of the LMPCs. Specifically, the design of LMPC j,

j=1,...,m, is based on the following optimization problem:
NA '
min / [#(1)7Qui (1) + 3™ g o(7)T Restigs ()] dr (3.7a)
st (1) = f@ (7)) + T, 0@ (7)) (3.7h)

(1) = f(@7(7) + 010 9a(@ (7)una(T[te) + 27500 (@ ()i (3.7¢)
Us i (T) = Uni(T|tg),i=1,...,5—1 (3.7d)

us (1) = u:i(ﬂtk),i =j+1,....,m (3.7¢)
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V(# (7)) < V(2/()), VT € [0, NpA] (3.7h)

where S(A) is the family of piece-wise constant functions with sampling time A, N
is the prediction horizon, Q). and R, ¢ = 1,...,m, are positive definite weighting
matrices, and Ng is the smallest integer satisfying T}, < NpA. The vector 7/ is the
predicted trajectory of the nominal system with «; computed by the above optimiza-
tion problem (i.e., LMPC j) and the other control inputs defined by Eqgs. 3.7d-3.7e.
The vector &7 is the predicted trajectory of the nominal system with u; = u,, ;(7|t)
and the other control inputs defined by Eqs. 3.7d-3.7e. In order to fully take advan-
tage of the prediction, we choose N > Ng. The optimal solution to this optimization

problem is denoted u ;(7|ty) and is defined for 7 € [0, NA).

The constraint of Eq. 3.7b is the nominal model of the system, which is used to
generate the trajectory Z7; the constraint of Eq. 3.7c defines a reference trajectory of
the nominal system (i.e., /) when the input w; is defined by w, ;(7|t); the constraint
of Eq. 3.7d defines the value of the inputs evaluated after u; (i.e., u; withi =1,...,j—
1); the constraint of Eq. 3.7e defines the value of the inputs evaluated before u; (i.e., u;
with i = j+1,...,m); the constraint of Eq. 3.7f is the constraint on the manipulated
input u;; the constraint of Eq. 3.7g sets the initial state for the optimization problem;
and the constraint of Eq. 3.7h guarantees that the contribution of input u; to the
decrease rate of the time derivative of the Lyapunov function from ¢, to t, + NgA, if
uj = ul ;(7|tx), 7 € [0, NpA) is applied, is bigger or equal to the value obtained when

Uj = Uy ;(t — tg|ty), t € [ty,tx + NgA) is applied. This constraint guarantees that
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the proposed sequential DMPC design maintains the stability of the Lyapunov-based
controller h(x) implemented in a sample-and-hold fashion and with open-loop state
estimation in the presence of asynchronous measurements.

The manipulated inputs of the closed-loop system under the above sequential

DMPC are defined as follows:

EX)

The proposed sequential DMPC design of Egs. 3.7-3.8 maintains the closed-loop
stability properties of the Lyapunov-based controller h(z) implemented in a sample-
and-hold fashion and with open-loop state estimation in the presence of asynchronous
measurements. This property is presented in Theorem 3.1 below. To state this

theorem, we need the following propositions.

Proposition 3.1 (c.f. [80, 63]) Consider the nominal sampled trajectory & of the
system of Eq. 3.1 in closed-loop with the Lyapunov-based controller h(z) applied in
a sample-and-hold fashion and with open-loop state estimation. Let A e, > 0 and
p > ps > 0 satisfy

—az(ay ' (ps)) + L*M < —¢,/A (3.9)

with L* = Ly + > | Ly, u™>. Then, if pmn < p where

Pmin = max{V(Z(t + A)) : V(2(t)) < ps} (3.10)

and 2(0) € Q,, the following inequality holds:

V(z(kA)) < max{V(2(0)) — kés, Prin }- (3.11)
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Proposition 3.1 ensures that if the nominal system under the control h(x) imple-
mented in a sample-and-hold fashion and with open-loop state estimation starts in

2,, then it is ultimately bounded in §2 The following proposition provides an up-

Pmin *

per bound on the deviation of the state trajectory obtained using the nominal model,

from the actual state trajectory when the same control actions are applied.

Proposition 3.2 (c.f. [69, 68]) Consider the systems

Fa(t) = flxa(t)) + D gilwa(t)ui(t) + k(za(t))w(t))
i=1 (3.12)

a(t) = f(xb(t))Jngi(xb(t))ui(t)

with initial states x,(ty) = xp(to) € Q,. There exists a class K function fyw(-) such

that

|za(t) = (1) < S (t = o), (3.13)

for all z,(t), z(t) € Q, and all w(t) € W with fw (1) = R,0(e®™ —1)/R, and R,

R, are positive numbers.

Proposition 3.3 bounds the difference between the magnitudes of the Lyapunov

function of two states in €2,,.

Proposition 3.3 (c.f. [69, 68]) Consider the Lyapunov function V (-) of the system

of Eq. 3.1. There exists a quadratic function fy(-) such that
Viz) < V(&) + fv(lz —2|) (3.14)

for all z, 3 € Q, with fy(s) = as(a;'(p))s + M,s* and M, > 0.
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In Theorem 3.1 below, we provide sufficient conditions under which the DMPC
design of Eqs. 3.7-3.8 guarantees that the state of the closed-loop system is ultimately

bounded in a region that contains the origin.

Theorem 3.1 Consider the system of Eq. 3.1 in closed-loop with the DMPC' design
of Eqs. 3.7-3.8 based on the controller h(x) that satisfies the conditions of Eq. 3.2 with
class KK functions o;(+), i = 1,2,3,4. Let Ajes > 0, p > puin > 0, p > ps > 0 and

N > Ny > 1 satisfy the conditions of Eqs. 3.9 and 3.10 and the following inequality:

—Nres + fv(fw(NrA)) <0 (3.15)

with Ngr being the smallest integer satisfying NgA > T,,. If the initial state of the

closed-loop system x(ty) € 2, then x(t) is ultimately bounded in §2,, C Q, where

Pa = Pmin + fV(fW(NRA))

Proof 3.1 In order to prove that the state of the closed-loop system is ultimately
bounded in a region that contains the origin, we prove that V(x(tx)) is a decreasing
sequence of values with a lower bound. Specifically, we focus on the time interval
t € [tg,tk+1) and prove that V(z(tgs1)) is reduced compared with V(z(t)) or is
maintained in an invariant set containing the origin.

To simplify the notation, we assume that all the signals used in this proof refer to
the different optimization problems solved at t; with the initial condition z(tx), and
the trajectory Z/(t), j = 1,...,m, is corresponding to the optimal input u} ; ,(7[tx).
We also note that the predicted trajectories 2711 (¢) and #7(t) generated in the opti-
mization problems of LMPC j + 1 and LMPC j are identical. This property will be

used in the proof.
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Part 1: In this part, we prove that the stability results stated in Theorem 3.1
hold in the case that t, .1 — ty = T, for all k and T,, = NgA. This case corresponds
to the worst possible situation in the sense that the controllers need to operate in
open-loop for the maximum possible amount of time. By Proposition 3.1 and the fact

that tp1 =t + NgA, the following inequality can be obtained:

V(2 (tgs1)) < max{V(Z(tx)) — Nrés, Pmin}- (3.16)

From the constraints of Eq. 3.7h in the LMPCs, the following inequality can be

written for all ¢ € [ty, tx + NgA|:

V(@(t) < V(3(t), j=1,...,m. (3.17)

By the fact that 271 (¢) and 27 (¢) are identical, the following equations can be written

for all t € [tk,tk + NRA}:

V(#I(t) = V(@ @), j=1,...,m— 1. (3.18)

From the inequalities of Eqgs. 3.17 and 3.18, the following inequalities are obtained

for all ¢t € [tk,tk + NRA}:

V(@) <...< V(@ (@) <...<V(@E™) < V(E™(1)). (3.19)
Note that the trajectory z' is the nominal trajectory (i.e., Z) of the closed-loop

system under the control of the sequential DMPC. Note also that the trajectory 2™ is

the nominal sampled trajectory (i.e., &) of the closed-loop system defined in Eq. 3.5.
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Therefore, the following trajectory can be written:

V(E(t)) < V(&(8)),¥ t € [th, tr + NgA). (3.20)

From the inequalities of Eq. 3.16 and 3.20 and the fact that Z(t;) = z(t), the following

inequality is obtained:

V(#(ths)) < max{V(z(ty)) — Nes, pruin}- (3.21)

When z(t) € Q, for all times (this point will be proved below), we can apply Propo-

sition 3.3 to obtain the following inequality:

V(@ (trsr)) S VI(E(tra)) + fo(12(e1) — 2(tega)]). (3.22)

Applying Proposition 3.2 we obtain the following upper bound on the deviation of
Z(t) from z(t):

(k1) — Z(ter1)| < fw (NRA). (3.23)

From the inequalities of Eqgs. 3.22 and 3.23, the following upper bound on V' (z(tj41))

can be written:

V(@(tr1)) < V(E(ter)) + fv(fw(NrA)). (3.24)

Using the inequality of Eq. 3.21, we can re-write the inequality of Eq. 3.24 as follows:

V(@ (ter)) < max{V (z(ty)) — Nrés, pmin} + fv (fw (NrA)). (3.25)

If the condition of Eq. 3.15 is satisfied, from the inequality of Eq. 3.25, we know that
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there exists €, > 0 such that the following inequality holds

V(@(trs1)) < max{V (z(tx)) = €w, pa} (3.26)

which implies that if z(¢;) € Q,/€,,, then V(x(tp41)) < V(z(tx)), and if z(tx) € Q,,,
then V(x(tks1)) < pa-

Because the upper bound on the difference between the Lyapunov function of the
actual trajectory x and the nominal trajectory 7 is a strictly increasing function of
time (see Propositions 3.2 and 3.3 for the expressions of fy and fy), the inequality

of Eq. 3.26 also implies that

V(z(t)) < max{V(x(tr)), pa}, Vt € [tr,trs1]- (3.27)

Using the inequality of Eq. 3.27 recursively, it can be proved that if x(ty) € €2, then
the closed-loop trajectories of the system of Eq. 3.1 under the proposed sequential
DMPC design of Egs. 3.7-3.8 stay in Q, for all times (i.e., z(t) € Q,, Vt). Moreover,
using the inequality of Eq. 3.27 recursively, it can be proved that if z(¢y) € Q,, the
closed-loop trajectories of the system of Eq. 3.1 under the proposed sequential DMPC
design satisfy

limsup V(z(t)) < pq.

t—00
This proves that x(t) € Q, for all times and z(¢) is ultimately bounded in 2, for the
case when ty,, — t; =T, for all k and T,, = NrA.
Part 2: In this part, we extend the results proved in Part 1 to the general case,
that is, tgy1 — tp < T}, for all k and T}, < NgA which implies that ¢, — t;, < NgA.
Because fy, and fy are strictly increasing functions of their arguments and fy is

convex, following similar steps as in Part 1, it can be shown that the inequality of
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Figure 3.2: Iterative DMPC for nonlinear systems subject to asynchronous measure-
ments.

Eq. 3.25 still holds. This proves that the stability results stated in Theorem 3.1 hold.

3.3.3 Iterative DMPC formulation

In contrast to the one-directional communication of the sequential DMPC architec-
ture, the iterative DMPC architecture utilizes a bi-directional communication strategy
in which all the distributed controllers are able to share their future input trajecto-
ries information after each iteration. In the presence of asynchronous measurements,
the iterative DMPC in [63] cannot guarantee closed-loop stability. In this subsec-
tion, we modify the implementation strategy and the formulation of the distributed
controllers to take into account asynchronous measurements. The proposed imple-

mentation strategy is as follows:

1. When a new measurement is available at ¢, all the LMPCs receive the state

measurement z(t) from the sensors.

2. At iteration ¢ (¢ > 1):
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2.1. All the distributed LMPCs exchange their latest future input trajectories.

2.2. Each LMPC evaluates its own future input trajectory based on x(tx) and

the latest received input trajectories of all the other LMPCs.

3. If a termination condition is satisfied, each LMPC sends its entire future input
trajectory to its actuators; if the termination condition is not satisfied, go to

step 2 (¢« c+1).

For the iterations in this DMPC design, there are different choices of the ter-
mination condition. For example, the number of iterations ¢ may be restricted to
be smaller than a maximum iteration number ¢y (i-€., ¢ < ¢pax) or the iterations
may be terminated when the difference of the performance or the solution between
two consecutive iterations is smaller than a threshold value or the iterations maybe
terminated when a maximum computational time is reached.

The proposed design of the LMPC 7, j = 1,...,m, at iteration c¢ is based on the

following optimization problem:

NA
upi_réisr@ /O [(T)" Qe (7) 4+ D7y wpi ()T Regupi(7)] dr (3.28a)
st 29(7) = f(@ (1) + o0, (3 (7)) up (3.28b)
upi(7) = uy§ (7lt), Vi # ] (3.28¢)

|up s (T) — S (7)) < Auy, V7 € [0, NRA] (3.284)

u,,;(7) € U, (3.28¢)

71(0) = x(ty) (3.28f)
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a@jl (%f (#(7)) + 9,(& <T>>up,j(7)) <

P (2 5(rI)) + aya(rIt)un (716 ) ¥ € 0.8A] (3259
where 77 is the predicted trajectory of the nominal system with u; computed by
the LMPC of Eq. 3.28 and all the other inputs are the optimal input trajectories
at iteration ¢ — 1 of the rest of the distributed controllers. The optimal solution
to this optimization problem is denoted u,’(7|t;) which is defined for 7 € [0, NA).
Accordingly, we define the final optimal input trajectory of LMPC j (that is, the
optimal trajectories computed at the last iteration) as uj ;(7[t,) which is also defined
for 7 € [0, NA).

Note that for the first iteration of each distributed LMPC, the input trajectories

defined in Eq. 3.6 based on the trajectory generated in Eq. 3.5 are used as the initial

input trajectory guesses; that is, u)7

=u,,; withe=1,...,m.

The constraint of Eq. 3.28d puts a limit on the input change in two consecutive
iterations. This constraint allows LMPC j to take advantage of the input trajectories
received in the last iteration (i.e., u;:f_l, Vi # j) to predict the future evolution of the
system state without introducing big errors. For LMPC j (i.e., u;), the magnitude
of input change in two consecutive iterations is restricted to be smaller than a posi-
tive constant Awu;. The constraint of Eq. 3.28g is used to guarantee the closed-loop
stability.

The manipulated inputs of the closed-loop system under the above iterative DMPC
are defined as follows:

wi(t) = (t —tplty), i=1,...,m,Vt € [tg, trr1). (3.29)

D%
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The iterative DMPC design of Egs. 3.28-3.29 takes into account asynchronous
measurements explicitly in the controller design and the implementation strategy.
It maintains the closed-loop stability properties of the Lyapunov-based controller
h(z) implemented in a sample-and-hold fashion and with open-loop state estimation.
This property is presented in Theorem 3.2. To state this theorem, we need another

proposition.

Proposition 3.4 Consider the systems

Ta(t) = f(iva(t))Jngz’(%(t))u?(t)
i

B(t) = Fla®)+ Y gilw()ui (1) + g;(w(t)us(0)

i=1
with initial states x,(ty) = xp(to) € Q,. There exists a class K function fx ;(-) such

that

|7a(t) — z(8)] < fxj(t — o) (3.30)

for all z,(t), x(t) € Q,, and u(t), ui™' € U; and |u§(t) — ui™'(t)] < Au; with

)

1=1,...,m.

Proof 3.2 Define the error vector as e(t) = x,(t) — z(t). The time derivative of the

error is given by

m, i#£j m, i#j
€(t) = f(@a(t) = flan(®) + D gilwa(t))ui(t) — Z gi(wp(t))uf ™ (2).

Adding and subtracting 3.7, g;(xs(t))us(t) to/from the right-hand-side of the

)
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above equation, we obtain the following equation:

m, Z#]

e(t) = flza(t) = flan(®) + D (gilwal®))us(t) — gilws(t))uf(t))

i=1
m, i#j

+ Z (gi(as(®)uf(t) — gilwo(t))ui ™' (1)).

By local Lipschitz properties assumed for the vector fields g;(-), ¢ = 1,...,m, there
exist positive constants M, ,;, i = 1,...,m such that |g;(z)| < M,,;, i = 1,...,m.
Moreover, by continuity and the local Lipschitz properties assumed for the vector

field f(-), the fact that the manipulated inputs are bounded in convex sets and the

c—1
)

difference between u$(t) and u;™ " (¢) is bounded, there exist positive constants C, and

Cyi (i =1,...,m) that satisty the following inequality:

m, i#]
0] < Coleal®) =m0+ Y Coaleal®) = 20 is(e)
m, 1#jJ =1
+ Z |gi(o(1))] [ug (1) — uf™(2)]

m, i#j m, i#j

< Cole@®)]+ Y Coau™le(t)| + Y MyAu,.
i=1 i=1
Denoting Cy ; = C,, + Zyi’li# Cyiu and Cy; = Z?i’li# M, ;Au;, we can obtain

le()] < Cujle(t)] + Ca

Integrating |é(¢)| with initial condition e(ty) = 0 (recall that z,(tg) = x4(ty)), the

following bound on the norm of the error vector is obtained:

=23 (ecl,j(t—to) —1).
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This implies that Eq. 3.30 holds for

Proposition 3.4 bounds the difference between the nominal state trajectory under
the optimized control inputs and the predicted nominal state trajectory generated in
each LMPC optimization problem. To simplify the proof of Theorem 3.2, we define

a new function fx(7) based on fx;, i =1,...,m, as follows:

— 1 max 1 C. i
fx(1) = Z (ELI + Lo, u; ) (ClifX,i(T) - ijiT) .

i=1
It is easy to verify that fx(7) is a strictly increasing and convex function of its

argument.

In Theorem 3.2 below, we provide sufficient conditions under which the iterative
DMPC guarantees that the state of the closed-loop system is ultimately bounded in

a region that contains the origin.

Theorem 3.2 Consider the system of Fq. 3.1 in closed-loop with the DMPC' design
of Eqs. 3.28-3.29 based on the controller h(x) that satisfies the conditions of Eq. 3.2
with class K functions o;(+), i = 1,2,3,4. Let Ajes > 0, p > pmin > 0, p > ps > 0 and

N > Ng > 1 satisfy the conditions of Eqs. 3.9 and 3.10 and the following inequality:

with Ngr being the smallest integer satisfying NrA > T,,. If the initial state of the
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closed-loop system x(ty) € 2, then x(t) is ultimately bounded in 2, C Q, where

Pb = Pmin + [x (NrRA) + fv(fw(NgA)).

Proof 3.3 We follow a similar strategy to the one in the proof of Theorem 3.1. In
order to simplify the notation, we assume that all the signals used in this proof refer
to the different optimization variables of the problems solved at t; with the initial
condition x(tx). This proof also includes two parts.

Part I: In this part, we prove that the stability results stated in Theorem 3.2 hold
in the case that ty.; — tp = T, for all k£ and T,, = NrA. The derivative of the
Lyapunov function of the nominal system of Eq. 3.1 under the control of the iterative

DMPC of Egs. 3.28-3.29 from t; to tx,1 is expressed as follows:

V(i’(T)) (ZV ( )+ Zgl T|tk)) , V1 € [0, NRA].

Adding the above inequality and the constraints of Eq. 3.28g in each LMPC together,

we can obtain the following inequality:

V() < 5 (f(i'(T)) . Zgiw»uz,i(ﬂtk))

i=1

v (f(fcmtm T Zgi@mtk))un,i(ﬂtk))

! i=1 (3.32)
_g_‘; %f(;m)) + gl(@l(f))u;,lmtk)) o
_(?)_Z %f@m“)) +9m(5fm(7))u;,m(r\tk)) . ¥r € [0, NgA].

Reworking the above inequality, the following inequality can be obtained for 7 &€
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ox
ov (1 . 4 ~1 *
o Ef(x (7)) + (2 (T))Up,1(7'|tk)> (3.33)
+...
+g—z %f(i’(f))+gm(i’)ufa,m(7|tk)>
G (") + " ((r1) )

By the continuity and locally Lipschitz properties assumed for the vector fields f(-),
gi(+), i =1,...,m, and the constants defined in Eq. 3.3, the following inequality can
be obtained for 7 € [0, NgA]:

V(E(r)) < V(i(r|te) + (%Lx + Lulu;l(ﬂtk)) (1) — 2 (7)| + ... -

n <%L n LUmu;m(ﬂtk)) |Z(7) — 2™(7)|.

Applying Proposition 3.4 to the above inequality of Eq. 3.34, we obtain the following

inequality for 7 € [0, NrAJ:

V(i(7)) < V(@(r|ty)+ (%L + Lulu‘flax) Fxa(m)+. .+ (%L + Lumug;aX) Fxam(T).
(3.35)

Integrating the inequality of Eq. 3.35 from 7 = 0 to 7 = N A and taking into account
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that (tx) = Z(tx), and tg11 — tx = NrA, the following inequality can be obtained:

V(@(te1)) < V(2(tks1))

1 ! )
Lo+ Loyu™ NpA) — 22X NLA
) (g fra(Ved) e
]‘ max 2,m
+ EL + Ly, upy ) <Clmem(NRA) CIMNRA).
(3.36)
From the definition of fx(-), we have
V(& (ti1)) < V(E(tra)) + fx(NrA). (3.37)

By Propositions 3.1 and 3.3 and following similar calculations to the ones in the proof

of Theorem 3.1, we obtain the following inequality

V(.T(tk+1)) < maX{v<«T(tk)) — Nrge,, pmin} + fX(NRA) + fV(fW(NRA)> (338)

If the condition of Eq. 3.31 is satisfied, we know that there exists ¢, > 0 such that

the following inequality holds

V(@) < max{V (z(t)) = ew, po} (3.39)

which implies that if z(t) € Q,/Q,,, then V(2 (tp11)) < V(z(t)), and if z(t;) € Q,,,
then V(z(txs1)) < pp.
Because the upper bound on the difference between the Lyapunov function of the

actual trajectory x and the nominal trajectory Z is a strictly increasing function of

time, the inequality of Eq. 3.39 also implies that

V(z(t)) < max{V(z(ty)) — €w, po}, Vt € [ti, tpr1]- (3.40)
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Using the inequality of Eq. 3.40 recursively, it can be proved that if z(ty) € €,
then the closed-loop trajectories of the system of Eq. 3.1 under the proposed iterative
DMPC design stay in Q, for all times (i.e., z(t) € Q, for all t). Moreover, if z(ty) € €2,
the closed-loop trajectories of the system of Eq. 3.1 under the proposed iterative
DMPC design satisty

limsup V' (z(t)) < py.

t—o0
This proves that z(t) € Q, for all times and z(¢) is ultimately bounded in €, for the

case when ty,, — tp =T, for all k and T,, = NgA.

Part 2: In this part, we extend the results proved in Part 1 to the general case,
that is, tyy1 — tr, < T,, for all k and T;,, < NrA which implies that .1 — tx < NgA.
Because fy, fww and fx are strictly increasing functions of their arguments and fy,
fv are convex, following similar steps as in Part 1, it can be shown that the inequality
of Eq. 3.38 still holds. This proves that the stability results stated in Theorem 3.2
hold.

Remark 3.1 Referring to the design of the LMPC of Eq. 3.28, the constraint of
Eq. 3.28d ensures that the deviation of the predicted future state evolution (using
input trajectories obtained in the last iteration) from the actual system state evolution
15 bounded. It also ensures that the results stated in Theorem 3.2 do not depend on
the iteration number ¢ which means the iteration of the DMPC can be terminated
at any iteration and the stability properties stated in Theorem 3.2 continue to hold.
The constraint of Eq. 3.28d can be also imposed as the termination condition of the
iterative DMPC; that is, the DMPC stops iterating when |u,, ;(T) —u;:f_1(7|tk)| < Auwy,
i=1,...,m, forallT € [0, NrRA]. In this case, however, the stability properties stated

i Theorem 3.2 have dependence on the iteration number ¢ in a way that they hold

only after the termination condition of Fq. 3.28d is satisfied.
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3.4 DMPC with delayed measurements

In this section, we consider the design of DMPC for systems subject to delayed
measurements. In our previous work [66], we pointed out that in order to obtain a
good estimate of the current system state from a delayed state measurement, a DMPC
design should have bi-directional communication among the distributed controllers.
Consequently, we focus on the design of DMPC for nonlinear systems subject to

delayed measurements in an iterative DMPC framework.

3.4.1 Modeling of delayed measurements

We assume that the state of the system of Eq. 3.1 is received by the controllers at
asynchronous time instants t; where {t;>0} is a random increasing sequence of times
and that there exists an upper bound 7, on the interval between two successive
measurements. We also assume that there are delays in the measurements received
by the controllers due to delays in the sampling process and data transmission. In
order to model delays in measurements, another auxiliary variable dj, is introduced
to indicate the delay corresponding to the measurement received at time ¢, that is,
at time ¢y, the measurement x(t; — di) is received. In general, if the sequence {dy>o}
is modeled using a random process, there exists the possibility of arbitrarily large
delays. In this case, it is improper to use all the delayed measurements to estimate
the current state and decide the control inputs, because when the delays are too
large, they may introduce enough errors to destroy the stability of the closed-loop
system. In order to study the stability properties in a deterministic framework, we
assume that the delays associated with the measurements are smaller than an upper
bound D, which is, in general, relevant to measurement sensors and data transmission

networks. This model is of relevance to systems subject to delayed measurements and
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Figure 3.3: A possible sequence of delayed measurements.

to networked control systems, where the delay is introduced by the communication

network connecting the sensors and the controllers.

Note that because the delays are time-varying, it is possible that at a time instant
ti, the controllers may receive a measurement x(t; — dj) which does not provide new
information (i.e., tx, — dj < t_1 — dix_1); that is, the controller has already received
a measurement of the state after time ¢, — d;. We assume that each measurement is
time-labeled and hence the controllers are able to discard a newly received measure-
ment if tx — dy, < tp_1 — dg_1. Figure 3.3 shows part of a possible sequence of {t;>¢}.
At time tg, the state measurement x(t, — dj) is received. There exists a possibility
that between t;, and t;;, with ¢54; —tx = D — di, and j being an unknown integer,
all the measurements received do not provide new information. Note that any mea-
surements received after t;;; provide new information because the maximum delay
is D and the latest received measurement is x(t;, — dy). The maximum possible time
interval between 5 ; and ¢ ;41 is T},,. Therefore, the maximum amount of time the
system might operate in open-loop following ¢, is D + T,, — dj. This upper bound
will be used in the formulation of the iterative DMPC design for systems subject to

delayed measurements below.

3.4.2 Iterative DMPC formulation

As in the DMPC designs for systems subject to asynchronous measurements, we

propose to take advantage of the system model both to estimate the current system
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Figure 3.4: Iterative DMPC for nonlinear systems subject to delayed measurements.

state from a delayed measurement and to control the system in open-loop when new
information is not available. To this end, when a delayed measurement is received, the
distributed controllers use the system model and the input trajectories that have been
applied to the system to get an estimate of the current state and then based on the
estimate, MPC optimization problems are solved to compute the optimal future input
trajectory that will be applied until new measurements are received. A schematic of
the proposed iterative DMPC for systems subject to delayed measurements is shown
in Fig. 3.4. The proposed implementation strategy for the proposed iterative DMPC

design is as follows

1. When a measurement x(t; — dy) is available at ¢, all the distributed controllers
receive the state measurement and check whether the measurement provides
new information. If £, —d, > max;, t; — d;, go to step 2. Else the measurement

does not contain new information and is discarded, go to step 3.

2. All the distributed controllers exchange their last implemented input trajecto-

ries and estimate the current state of the system x°(ty).
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3. At iteration ¢ (¢ > 1):

3.1. All the distributed controllers exchange their latest future input trajecto-

ries.

3.2. Each controller evaluates its own future input trajectory based on x°(t)
and the latest received input trajectories of all the other distributed con-

trollers.

4. If a termination condition is satisfied, each distributed controller sends its entire
future input trajectory to its actuators; if the termination condition is not

satisfied, go to step 3 (¢ < c+1).

In order to estimate the current system state x¢(¢;) based on a delayed measure-
ment z(t; — dy), the distributed controllers take advantage of the input trajectories
that have been applied to the system from ¢, — d; to t; and the system model of

Eq. 3.1. Let us denote the input trajectories that have been applied to the system

as uj,(t), i = 1,...,m. Therefore, x°(t;) is evaluated by integrating the following
equation:
B(t) = f(a(8)) + > gila(8))ug,;(t), VE € [ty — di, ti) (3.41)
i=1

with z¢(tp — dy) = x(tx, — di).

Before going to the design of the iterative DMPC, we need to define another
nominal sampled trajectory Z(7|t;) for 7 € [0, NA], which is obtained by replacing
Z(7|ty) with Z(7|tx) in Eq. 3.5 and then integrating the equation with Z(tx) = x°(tx).

Based on @(7|t;), we define a new input trajectory as follows:

uy, (Tlte) = hi(2(I1A[t)), j=1,...,m, V7T € [IA, (I+1)A), [ =0,...,N —1
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which will be used in the design of the LMPC to construct the stability constraint

and used as the initial input guess for iteration 1 (i.e., ufl? =

€ ) —
=uy,,; fori=1,...,m).

Specifically, the design of LMPC 5, 7 = 1,...,m, at iteration c is based on the

following optimization problem:

NA
min / [.f‘j(T>TQCi’j<T) +>0 udﬁi(T)TRm-ud,i(T)} dr
ud,jGS(A) 0

s.t. 27 (1) = f(@(7)) + 20, i@ (7))uai(7)
uai(7) = uys  (7lte), Vi j
|ua () —wy$  (7lte)| < Auy, V7 € [0, NppA]
ua (1) € Uj

#(0) = 2°(t)

oV (i) ( 1

oI m

F@ ) + g, w'(r))ud,j(r)) <

et

(3.42a)

(3.42D)
(3.42¢)
(3.42d)
(3.42e)

(3.42f)

a0 + (o) () ) 7 € [0, Noudd] - (3.428)

where Npj, is the minimum integer satisfying NppA > T,, + D — d;. The optimal

solution to the optimization problem of Eq. 3.42 is denoted u(7|t;) which is defined

for 7 € [0, NA). Accordingly, we define the final optimal input trajectory of LMPC j

as uj ;(7[ty) which is also defined for 7 € [0, NA). Note that the length of the

constraint Npi depends on the current delay dg, so it may have different values

at different time instants and has to be updated before solving the optimization

problems.
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The manipulated inputs of the closed-loop system under the above iterative DMPC

for systems subject to delayed measurements are defined as follows:

wi(t) =l (t — telte), i =1,...,m,Vt € [t, tisq) (3.43)

for all t; such that t, — dp > max;, t; — d; and for a given t;, the variable ¢ denotes
the smallest integer that satisfies ¢4 — dgtq > tx — di. The stability properties of

the iterative DMPC of Eqs. 3.42-3.43 are stated in the following theorem.

Theorem 3.3 Consider the system of Eq. 3.1 in closed-loop with the DMPC' design
of Eqs. 3.42-3.43 based on the controller h(x) that satisfies the conditions of Eq. 3.2
with class K functions o;(+), i = 1,2,3,4. Let Ajes > 0, p > pin > 0, p > ps > 0,
N > 1 and D < 0 satisfy the conditions of Egs. 3.9 and 3.10 and the following

inequality:
—Nres + fx(NpA) + fv(fw(NpA)) + fu(fw(D)) <0 (3.44)

with Np being the smallest integer satisfying NpA > T,, + D and Ng being the
smallest integer satisfying NgrA > T,,. If the initial state of the closed-loop system

x(ty) € Q,, N > Np and dy =0, then x(t) is ultimately bounded in Q,, C Q, where

Pd = Pmin + [x(NpA) + fv(fw(NpA)) + fv(fw(D)).

Proof 3.4 We assume that at ¢, a delayed measurement z(t; — dj) containing new
information is received, and that the next measurement with new state information
is not received until ¢;,;. This implies that t5; —dx; > tx —di and that the iterative

DMPC of Eqgs. 3.42-3.43 is solved at ¢; and the optimal input trajectories uj,;(7|tx),
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i = 1,...,m, are applied from ¢, to txy;. In this proof, we will refer to Z(t) for
t € [t, tr+:) as the state trajectory of the nominal system of Eq. 3.1 under the control
of the iterative DMPC of Eqgs. 3.42-3.43 with Z(tx) = x°(tx).

Part I: In this part, we prove that the stability results stated in Theorem 3.3 hold
for txy; — tx = NpiA and all d;, < D. By Proposition 3.1 and taking into account

that #(tx) = x°(tx), the following inequality can be obtained:

V(#(tpri)) < max{V(x°(tx)) — Npk€s, Prin }- (3.45)

By Proposition 3.2 and taking into account that z(ty —di) = x(tx,—dy), T(tx) = 2°(t)

and NpA > NpipA + dy, the following inequalities can be obtained:

|2¢(t) — 2(ty)| fw (d)
|Z(tryi) — 2(treri)| < fw(NDA).

IA

(3.46)

When z(t) € Q, for all times (this point will be proved below), we can apply Propo-

sition 3.3 to obtain the following inequalities:

Vi(ze(te) < Vix(ty)) + fv(fw(de)) (3.47)
V(i) < V(@) + fv(fw(NpA)).
From Eqgs. 3.45 and 3.47, the following inequality is obtained:
V(#(tkti)) < max{V(z(tx)) — Npres, pmin} + fv (fw(di)). (3.48)

By Proposition 3.4 and following similar steps as in the proof of Theorem 3.2, the
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following inequality can be obtained:

V(& (k) < V(E(trsi)) + fx(NDrA). (3.49)

From Eqgs. 3.47, 3.48 and 3.49, the following inequality is obtained:

V(@(trrs)) < max{V (z(tx)) = Nprés, pmin} + fv (fw (di)) + fv (fw (NpA)) + fx (NprA).
(3.50)
In order to prove that the Lyapunov function is decreasing between two consecutive

new measurements, the following inequality must hold

Npies > fv(fw(de)) + fv(fw(NpA)) + fx(NprA) (3.51)

for all possible 0 < dj, < D. Taking into account that fy, fy and fx are strictly
increasing functions of their arguments, Npy is a decreasing function of the delay dy
and that if dy = D then Np, = Npg, then if the condition of Eq. 3.44 is satisfied, the
condition of Eq. 3.51 holds for all possible d;, and there exists €¢,, > 0 such that the

following inequality holds

V(@ (teri)) < max{V (z(ty)) = €w, pa} (3.52)

which implies that if z(t) € Q,/Q,,, then V(z(tys;)) < V(x(tx)), and if z(t) € Q,,,
then V(z(trss)) < pa.
Because the upper bound on the difference between the Lyapunov function of the

actual trajectory z and the nominal trajectory Z is a strictly increasing function of
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time, the inequality of Eq. 3.52 also implies that

V(z(t)) < max{V(x(tx)), pa}, Vt € [tr, trri]- (3.53)

Using the inequality of Eq. 3.53 recursively, it can be proved that if z(ty) € €,
then the closed-loop trajectories of the system of Eq. 3.1 under the proposed iterative
DMPC stay in Q, for all times (i.e., z(t) € Q,, Vt). Moreover, using the inequality of
Eq. 3.53 recursively, it can be proved that if z(t) € €2, the closed-loop trajectories

of the system of Eq. 3.1 under the proposed iterative DMPC satisfy

limsup V' (z(t)) < pq.

t—o00

This proves that z(t) € €2, for all times and x(t) is ultimately bounded in €,, when
trti — t = NprA.

Part 2: In this part, we extend the results proved in Part 1 to the general case,
that is, txy; — tx < NppA. Taking into account that fi,, fir and fx are strictly
increasing functions of their arguments and following similar steps as in Part 1, it can
be readily proved that the inequality of Eq. 3.51 holds for all possible d;, < D and
teri — te < NppA. Using this inequality and following the same line of argument as

in the previous part, the stability results stated in Theorem 3.3 can be proved.
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Figure 3.5: Process flow diagram of alkylation of benzene.
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3.5 Application to an alkylation of benzene pro-

cess

3.5.1 Process and control problem description

Consider the alkylation of benzene process of Eqgs. 2.23 described in Section 2.4. The
control objective is to drive the system from the initial condition as shown in Table 2.6
to the desired steady-state as shown in Table 2.4. The manipulated inputs are the
heat injected to or removed from the five vessels, ()1, @2, @3, Q4 and ()5, and the
feed stream flow rates to CSTR-2 and CSTR-3, F; and Fg, whose steady-state input
values are shown in Table 2.3. We design three distributed LMPCs to manipulate
the 7 inputs. Similarly, the first distributed controller (LMPC 1) will be designed to
decide the values of @)1, Q2 and @3, the second distributed controller (LMPC 2) will
be designed to decide the values of (), and @5, and the third distributed controller
(LMPC 3) will be designed to decide the values of Fy and Fg. The deviations of these
inputs from their corresponding steady-state values are subject to the constraints
shown in Table 2.5. We use the same design of h(z) as in Section 2.4 with a quadratic

Lyapunov function V(x) = 2 Pz with P being the following weight matrix:
P=diag([1111111111111111111111111]). (3.54)

Based on h(x), we design the sequential DMPC of Eqgs. 3.7 and the iterative DMPC

of Egs. 3.28 with the following weighting matrices:

Qc=diag ([111110°111110%°101010103000111110*111110°]) (3.55)
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and R, = diag ([1 x 10781 x 1078 1 x 1078]), Re = diag ([1 x 1078 1 x 1078]) and
R = diag ([10 10]). The sampling time of the LMPCs is chosen to be A = 30 sec.
For the iterative DMPC of Egs. 3.28, Au; is chosen to be 0.25u;"** for all the dis-
tributed LMPCs and maximum iteration numbers (i.e., ¢ < ¢pax) are applied as the
termination conditions. In all the simulations, bounded process noise is added to the
right hand side of the ordinary differential equations of the process model to simulate

disturbances/model uncertainty.

3.5.2 Asynchronous measurements without delay

In this subsection, we consider that the state of the process of Eq. 2.23 is sampled
asynchronously and that the maximum interval between two consecutive measure-
ments is T, = 75 sec. The asynchronous nature of the measurements is introduced
by the measurement difficulties of the full state given the presence of several species
concentration measurements. We will compare the proposed sequential and iterative
DMPC for systems subject to asynchronous measurements with a centralized LMPC
which takes into account asynchronous measurements explicitly [80]. The centralized
LMPC uses the same weighting matrices, sampling time and prediction horizon as
used in the DMPCs. To model the time sequence {tx>¢}, we apply an upper bounded
random Poisson process. The Poisson process is defined by the number of events per
unit time W. The interval between two successive state sampling times is given by
A, = min{—Inx/W, T,}, where x is a random variable with uniform probability
distribution between 0 and 1. This generation ensures that mkax{tkH —tp} < T
In the simulations, W is chosen to be 30 and the time sequence generated by this
bounded Poisson process is shown in Fig. 3.6. For this set of simulations, we choose

the prediction horizon of all the LMPCs to be N = 3 and choose Ng = N so that
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Figure 3.6: Asynchronous measurement sampling times {tx>o} with 7, = 75 sec: the
x—axis indicates {t;>0} and the y—axis indicates the size of the interval between t;
and t5_1.

NrA > T,,.

We first compare the proposed DMPC designs for systems subject to asynchronous
measurements with the centralized LMPC from a stability point of view. Figure 3.7
shows the trajectory of the Lyapunov function V' (x) under these control designs. From
Fig. 3.7, we see that the proposed DMPC designs as well as the centralized LMPC
design are able to drive the system state to a region very close to the desired steady
state. From Fig. 3.7, we can also see that the sequential DMPC, the centralized LMPC
and the iterative DMPC with ¢,,.x = 5 give very similar trajectories of V' (x). Another
important aspect we can see from Fig. 3.7(b) is that at the early stage of the closed-
loop system simulation, because of the strong driving force related to the difference
between the set-point and the initial condition, the process noise/disturbance has
small influence on the process dynamics, even though the controller(s) has/have to
operate in the presence of asynchronous measurements. When the states are getting
close to the set-point, the Lyapunov function starts to fluctuate due to the domination
of noise/disturbance over the vanishing driving force. However, the proposed DMPC
designs are able to maintain practical stability of the closed-loop system and keep the
trajectory of the Lyapunov function in a bounded region (V' (z) < 250) very close to

the steady state.

Next, we compare the evaluation times of the LMPCs in these control designs.
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Figure 3.7: Trajectories of the Lyapunov function under the Lyapunov-based con-
troller h(z) implemented in a sample-and-hold fashion and with open-loop state esti-
mation, the iterative DMPC of Eqgs. 3.28 with ¢, = 1 and cpac = 5, the sequential
DMPC of Egs. 3.7 and the centralized LMPC in [80]: (a) V(x); (b) Log(V (z)).
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The simulations are carried out by Java programming language in a Pentium 3.20
GHz computer. The optimization problems are solved by the open source interior
point optimizer Ipopt [101]. We evaluate the LMPC optimization problems for 100
runs. The mean evaluation time of the centralized LMPC, which optimizes all the
inputs in one optimization problem, is about 23.7 sec. The mean evaluation time for
the sequential DMPC architecture, which is the sum of the evaluation times (1.9 sec,
3.6 sec and 3.2 sec) of the three LMPCs, is about 8.7 sec. The mean evaluation
time of the iterative DMPC architecture with one iteration is 6.3 sec which is the
largest evaluation time among the evaluation times (1.6 sec, 6.3 sec and 4.3 sec) of
the three LMPCs. The mean evaluation time of the iterative DMPC architecture
with four iterations is 18.7 sec with the evaluation times of the three LMPCs being
6.9 sec, 18.7 sec and 14.0 sec. From this set of simulations, we can see that the
proposed DMPC designs lead to a significant reduction in the controller evaluation
time compared with a centralized LMPC design though they provide a very similar

performance.

3.5.3 Asynchronous measurements subject to delays

In this subsection, we consider that the state of the process of Eq. 2.23 is sampled at
asynchronous time instants {t;>0} with an upper bound 7,,, = 50 sec on the interval
between two successive measurements. Moreover, we consider that there are delays
involved in the measurement samplings and the upper bound on the maximum delay
is D = 40 sec. The delays in measurements can naturally arise in the context of
species concentration measurements. We will compare the proposed iterative DMPC
design of Eqgs. 3.42-3.43 with a centralized LMPC which takes into account delayed

measurements explicitly [67]. The centralized LMPC uses the same weighting matri-
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Figure 3.8: Asynchronous time sequence {tx>o} and corresponding delay sequence
{dk>0} with T,, = 50 sec and D = 40 sec: the r—axis indicates {ty>o} and the
y—axis indicates the size of dj.

ces, sampling time and prediction horizon as used in the DMPCs. In order to model
the sampling time instants, the same Poisson process is used to generate {t;>o} with
W = 30 and T, = 50 sec and another random process is used to generate the as-
sociated delay sequence {dy>o} with D = 40 sec. For this set of simulations, we
also choose the prediction horizon of all the LMPCs to be N = 3 so that the horizon
covers the maximum possible open-loop operation interval. Figure 3.8 shows the time
instants when new state measurements are received and the associated delay sizes.
Note that for all the control designs considered in this subsection, the same state
estimation strategy shown in Eq. 3.41 is used.

Figure 3.9 shows the trajectory of the Lyapunov function V(z) under different
control designs. From Fig. 3.9, we see that both the proposed iterative DMPC for
systems subject to delayed measurements and the centralized LMPC design in [67]
are able to drive the system state to a region very close to the desired steady state
(V(z) < 250); the trajectories of V(z) generated by the iterative DMPC design are
bounded by the corresponding trajectory of V' (z) under the Lyapunov-based controller
h(z) implemented in a sample-and-hold fashion and with open-loop state estimation.
From Fig. 3.9, we can also see that the centralized LMPC and the iterative DMPC

with ¢pax = b give very similar trajectories of V(x).

In the final set of simulations, we compare the centralized LMPC and the two
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Figure 3.9: Trajectories of the Lyapunov function under the Lyapunov-based con-
troller h(x) implemented in a sample-and-hold fashion and with open-loop state es-
timation, the iterative DMPC of Eqs. 3.42-3.43 with ¢.c = 1 and ¢pae = 5 and the
centralized LMPC in [67]: (a) V(z); (b) Log(V (x)).
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Figure 3.10: Total performance cost along the closed-loop system trajectories of cen-
tralized LMPC in [67] (dashed line) and iterative DMPC of Eqgs. 3.42-3.43 (solid
line).

distributed LMPC schemes from a performance index point of view. To carry out

this comparison, the same initial condition and parameters were used for the different

control schemes and the total cost under each control scheme was computed as follows:
by
J— / (2(0)" Qur(t) + wn(8)T Reytn(£) + s ()T Reguis(£) + s ()7 Resua(t)) dt
0

where ¢ty = 1500 sec is the final simulation time. Figure 3.10 shows the total cost
along the closed-loop system trajectories under the iterative DMPC of Eqs. 3.42-3.43
and the centralized LMPC in [67]. For the iterative DMPC design, different maxi-
mum numbers of iterations, cp.y, are used. From Fig. 3.10, we can see that as the
iteration number c increases, the performance cost given by the iterative DMPC de-
sign decreases and converges to a value which is very close to the cost of the one
corresponding to the centralized LMPC. However, we note that there is no guaran-
teed convergence of the performance of iterative DMPC design to the performance
of a centralized MPC because of the non-convexity of the LMPC optimization prob-
lems, and the different stability constraints imposed in the centralized LMPC and the
iterative DMPC design.
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3.6 Conclusions

In this chapter, we designed sequential and iterative DMPC schemes for large scale
nonlinear systems subject to asynchronous and delayed state feedback. First, we fo-
cused on nonlinear systems subject to asynchronous measurements without delays. In
this case, we first extended our previous sequential DMPC design (Chapter 2) to in-
clude asynchronous measurements and then re-designed the iterative DMPC scheme
proposed in Chapter 2 to take explicitly into account asynchronous feedback. Follow-
ing that, we focused on the design of an iterative DMPC scheme for nonlinear systems
subject to delayed measurements. This design taked advantage of the bi-directional
communication network already used in the iterative DMPC framework. Mathemati-
cal analysis were carried out to derive sufficient conditions under which the proposed
distributed control designs guarantee that the states of the closed-loop system are
ultimately bounded in regions that contain the origin. Through a catalytic alkylation
of benzene process example, we successfully compared the proposed DMPC designs
with two centralized LMPC designs from stability, evaluation time and performance

points of view.
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Chapter 4

Distributed Economic MPC:
Application to a Nonlinear

Chemical Process Network

4.1 Introduction

The traditional, and currently dominant, approach to the achievement of economic
optimization considerations of a plant relies on the use of a two-layer approach in
which the upper layer is used to compute optimal process operation points taking
into account economic considerations and using steady-state process models, and the
lower-layer (i.e., process control layer) employs automatic feedback control systems
to force the process to operate at the economically optimal steady-state computed
by the upper layer. In the process control layer, classical control schemes wherever
appropriate, as well as model predictive control (MPC) due to its ability to deal with

multivariable constrained control problems and to account for optimization consid-
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erations [36, 76|, are widely used in industry. In the context of MPC, the standard
approach is to use a quadratic cost function that involves penalties on the devia-
tions of the state variables and of the control actions from their economically-optimal
steady-state values over a finite prediction horizon. This consideration, together with
appropriate stability constraints, allows standard MPC schemes to drive the state of
the closed-loop system to the economically optimal steady-state for a suitable set of
initial conditions. While this approach to enforcing economic considerations in the
context of standard MPC formulations is widely used, there is room to improve upon
the incorporation of economic considerations in the control layer and the computation

of the control action.

To this end, there have been several authors within process control advocat-
ing the tighter integration of MPC and economic optimization of processes (e.g.,
(74, 2, 87, 47]). In [44], two economic MPC schemes were proposed for cyclic pro-
cesses and nominal stability of the closed-loop system was established via Lyapunov
techniques. MPC designs using an economics-based cost function were proposed in
[26] and the closed-loop stability properties were established via a suitable Lyapunov
function through adoption of a terminal constraint which requires that the closed-loop
system state is driven to a steady-state at the end of the prediction horizon. Even
though a rigorous stability analysis is included in [26], it is difficult, in general, to
characterize, a priori, the set of initial conditions starting from where feasibility and
closed-loop stability of the proposed MPC scheme are guaranteed. In contrast, in
[40], a Lyapunov-based centralized economic MPC (LEMPC) scheme which has two
different operation modes was proposed. The first operation mode corresponds to
the period in which the cost function should be optimized while the second operation
mode corresponds to operation in which the system is driven by the economic MPC

to an appropriate ideally economically optimal steady-state. The design proposed in
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[40] took advantage of the pre-defined Lyapunov-based controller to achieve feasibility

and characterize the closed-loop stability region.

All of the above economic MPC designs are centralized in nature, that is the
optimal manipulated input trajectories are computed from the solution of a single
optimization problem. This approach is clearly effective in a number of applications
but it may be limited in the context of large-scale nonlinear process networks that in-
volve a large number of manipulated inputs. Distributed MPC (DMPC) has emerged
as a feasible alternative to reduce the computational complexity of centralized MPC
by solving multiple, reduced-order optimization problems in a parallel, iterative fash-
ion; the reader may refer to ([10, 90, 92, 19]) for recent results in this area as well
as to Chapter 2 and 3 of this thesis. However, all the existing DMPC methods uti-
lize quadratic cost function that penalize the deviation of the states and inputs from
their operating steady-state values, and generally, they do not explicitly account for

economic objectives.

Motivated by the above, we focus on the development and application of dis-
tributed and centralized LEMPC designs to a catalytic alkylation of benzene process
network [13], which consists of four continuously stirred tank reactors and a flash
separator (See Section 2.4). A new economic measure for the entire process net-
work is proposed which accounts for a broad set of economic considerations on the
process operation including reaction conversion, separation quality and energy effi-
ciency. Subsequently, steady-state process optimization is first carried out to locate
an economically optimal (with respect to the proposed economic measure) operating
steady-state. Then, a sequential distributed economic model predictive control design
method, suitable for large-scale process networks, is proposed and its closed-loop sta-

bility properties are established. Using the proposed method, economic, distributed
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as well as centralized, model predictive control systems are designed and are imple-
mented on the process to drive the closed-loop system state close to the economically
optimal steady-state. The closed-loop performance and time needed for control ac-
tion calculation are evaluated through simulations and compared with the ones of
a centralized Lyapunov-based model predictive control design, which uses a conven-
tional, quadratic cost function that includes penalty on the deviation of the states

and inputs from their economically optimal steady-state values.

4.2 Preliminaries

4.2.1 Notation

The notation | - | is used to denote the Euclidean norm of a vector, and a continuous
function « : [0,a) — [0,@) is said to belong to class K if it is strictly increasing and
satisfies a(0) = 0. The symbol €, is used to denote the set Q,. := {x € R"™ : V(z) <
r} where V' is a scalar continuous differentiable positive definite function, and the
operator ‘/” denotes set subtraction, that is, A/B :={x € R"™ :x € A,z ¢ B}. The
symbol diag(v) denotes a matrix whose diagonal elements are the elements of vector

v and all the other elements are zeros.

4.2.2 Class of nonlinear systems

We consider nonlinear systems described by the following state-space model:

() = fx(t),us(t), ..., un(t), w(t)) (4.1)
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where z(t) € R" denotes the vector of state variables of the system, u;(t) € R™i
(i =1,...,m) and w(t) € R™ are the i"* set of control (manipulated) inputs and

disturbances, respectively. The m sets of inputs are restricted to be in m nonempty

convex sets U; C R™i i =1,...,m, which are defined as U; := {u; € R : |u;| <
u™*} where ul® i = 1,...,m, are the magnitudes of the input constraints. We
will design m controllers to compute the m sets of control inputs u;, i = 1,...,m,

respectively. We will refer to the controller computing u; as controller i. w(t) is
assumed to be bounded, that is, w(t) € W with W := {w € R™ : |w| < 6,6 > 0}.
We assume that f is a locally Lipschitz vector function and that the origin is an
equilibrium point of the unforced nominal system (i.e., system of Eq. 4.1 with u;(¢) =

0,i=1,...,m, w(t) =0 for all ¢) which implies that f(0,...,0) = 0.

4.2.3 Stabilizability assumptions

We assume that there exists a feedback controller h(x) = [hy(z) -+ hy(x)]” which
renders the origin of the nominal closed-loop system asymptotically stable with u; =
hi(x), i = 1,...,m, while satisfying the input constraints for all the states x inside
a given stability region. Using converse Lyapunov theorems [60, 18], this assumption
implies that there exist class K functions «;(-), i = 1,2,3,4 and a continuously
differentiable Lyapunov function V' (z) for the nominal closed-loop system, that satisfy

the following inequalities:

P fo (@), (2),0) < ) (4.2
‘8‘(;;31:) < ay(lz), hi(z) € Uy, i=1,...,m
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for all z € O. We denote the region 2, C O (Q, is a level set of V(z)) as the stability
region of the closed-loop system under the Lyapunov-based controller h(x). Note that
explicit stabilizing control laws that provide explicitly defined regions of attraction for
the closed-loop system have been developed using Lyapunov techniques for specific
classes of nonlinear systems, particularly input-affine nonlinear systems; the reader
may refer to [53, 18, 59] for results in this area including results on the design of
bounded Lyapunov-based controllers by taking explicitly into account constraints for

broad classes of nonlinear systems.

By continuity, the local Lipschitz property assumed for the vector field f and
taking into account that the manipulated inputs u;, : = 1,..., m are bounded, there

exists a positive constant M such that:
|f(x7u1a7um7w)| SM (43)

for all x € Q, and u; € U;, i = 1,...,m. By the continuous differentiable property of
the Lyapunov function V' (z) and the Lipschitz property assumed for the vector field

f, there exist positive constants L,, L,,, L, and L! such that:

\f(z,ury .oy U, w) — f(2 U, .oy, 0)] < Ly |z — 2| + Ly, |w) 4)

8‘gix)f(x,u1,...,um,w) — 8%$3l)f(x’,u1,...,um,0) < L |x—2'|+ L, |wl

for all z,2" € Q,, u; €U;,i=1,...,mand we W.

4.3 Nonlinear chemical process network

In this section, we consider the alkylation of benzene example as being described in

Chapter 2.4. Subsequently, we introduce the economic cost measure.
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4.3.1 Description of the alkylation of benzene process

The process of alkylation of benzene with ethylene to produce ethylbenzene is widely
used in the petrochemical industry. Dehydration of the product produces styrene,
which is the precursor to polystyrene and many copolymers. Over the last two
decades, several modeling and simulation results of alkylation of benzene with cat-
alysts have been reported in the literature. The process model developed in this
section is based on the references [35, 58, 84, 105, 110]. More specifically, the process
considered in this work consists of four continuously stirred tank reactors (CSTRs)
and a flash tank separator, as shown in Fig. 4.1. The CSTR-1, CSTR-2 and CSTR-3
are in series and involve the alkylation of benzene with ethylene. Pure benzene is
fed through stream F} and pure ethylene is fed through streams F,, F; and Fyz. Two
catalytic reactions take place in CSTR-1, CSTR-2 and CSTR-3. Benzene (A) reacts
with ethylene (B) and produces the required product ethylbenzene (C') (reaction 1);
ethylbenzene can further react with ethylene to form 1,3-diethylbenzene (D) (reac-
tion 2) which is the byproduct. The effluent of CSTR-3, including the products and
leftover reactants, is fed to a flash tank separator, in which most of benzene is sepa-
rated overhead by vaporization and condensation techniques and recycled back to the
plant and the bottom product stream is removed. A portion of the recycle stream Fj.o
is fed back to CSTR-1 and another portion of the recycle stream £, is fed to CSTR-4
together with an additional feed stream Fjy which contains 1,3-diethylbenzene from
further distillation process that we do not consider in this example. In CSTR-4, both
reaction 2 and the catalyzed transalkylation reaction in which 1,3-diethylbenzene re-
acts with benzene to produce ethylbenzene (reaction 3) take place. All chemicals left
from CSTR-4 eventually pass into the separator. All the materials in the reactions

are in liquid phase due to high pressure. The dynamic equations describing the be-
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Figure 4.1: Process flow diagram of alkylation of benzene.

havior of the process, obtained through material and energy balances under standard
modeling assumptions, can be found in Eq. 2.23. The process model consists of 25
coupled nonlinear ordinary differential equations.

Each of the tanks has an external heat/coolant input. The manipulated inputs
to the process are the heat injected to or removed from the five vessels, @)1, @2, Qs,
Q4 and @Qs, and the feed streams Fy, F, and Fg to CSTR-1, CSTR-2 and CSTR-3,
respectively.

The states of the process consist of the concentrations of A, B, C'; D in each of
the five vessels and the temperatures of the vessels. The measurement of the process

state is assumed to be available continuously to the controllers; i.e., state feedback
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control is considered.

4.3.2 Economic cost measure

In this example, we consider the economic measure shown below accounting for three

aspects: reaction conversion, separation quality, and energy efficiency:

r
L(xuulw"aum) = A171+A2T3_A4Q4_A5Q5
2

FsCeu
(Cas+ Cpy+ Cos + Chy)

(4.5)

A
+ 3F8

where L(z,uq, ..., u,) is the economic measure, z is the state of the system, uy, ..., u,
are the manipulated inputs with U := [uy ... u,| = [@1 Q2 Q3 Q4 QsFy Fy Fg] and
Ay, ..., A5 are constant weighting coefficients, 1, ry and r3 are the reaction rates of
reactions 1, 2 and 3, respectively, and Ca4, Cpy, Coyq and Cpy are concentrations of
species A, B, C, D in the product outlet flow Fgz. Note that the reaction rates are
related to the concentrations of the reactants and the temperature in each reactor.
The first two terms of the measure describe the reaction conversion and the goal
is to increase the rate of reactions one and three but suppress the rate of reaction two
since it produces a by-product. The third and forth terms of the measure focus on
energy efficiency. The fifth term of the measure takes the separation step into account,
and the separation quality is measured in terms of the mole fraction of species C'
in the outlet stream Fz. We first solve a steady-state optimization problem using
the economic measure of Eq. 4.5 as the cost function to be maximized to compute

an economically optimal operating steady-state. The detailed formulation is shown
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below:

Lgll_z?}gmL(x, ULy ooy Upy) (4.6a)
st f(x,up, .oy U, 0) =0 (4.6b)
u; € U; (4.6¢)
veX (4.6d)

2,4,6

> B =pme (4.6€)
Viz)<p (4.6f)

where L(x, uy, ..., uy,) is the economic measure in Eq. 4.5, f(z, uy, ..., ty, 0) is the nom-
inal steady-state process model that described in [63], F'™** is the maximum amount
of reactant B that is allowed to enter the process per second, and V' is the Lyapunov
function and is taken to be V(z) = (z—2*)T P(z —2°®) with P being a diagonal matrix
of the form diag([1101110211011102110111021101110%>1101 1 10%]). The
optimal solution to this optimization problem is denoted as z® and uf, 1 = 1,...,m.
We note that the choice of P is done via trial-and-error and testing via simulations
(there is no other way particularly given the type of nonlinearities involved); further,
we note that the computation of V is done on the basis of the nonlinear vector fields
of the process dynamic model and not on the basis of any type of linearization. We
do scale the terms in P based on the different magnitude of the state variables. The
value of p is computed in a similar fashion and it is a function of V', process dynamic

model and input constraints.

In the problem of Eq. 4.6, the constraint of Eq. 4.6b guarantees that the opti-
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Table 4.1: Steady-state input values.

Uy -4.4x10° [J/s] U -4.6x10° [J/s]
s 47x10° [J/s] " 9.2x106 [J/4]
U 5.9x10° [J/s] Ug 8.697x10~* [m?/s]
Uy 8.697x10~* [m?/s] ug 8.697x107* [m?/s]

mal solution satisfies the steady-state process model; the constraints of Eq. 4.6¢ and
Eq. 4.6d define the state and input constraints; the constraint of Eq. 4.6e implies that
the total amount of feed input B distributed through the stream F3, Fy, and Fy has
to be equal to the maximum feed input F™**; and, the constraint of Eq. 4.6f imposes

a Lyapunov constraint so that the solution has to lie inside the level set p.

We consider the system starting at ¢ = 0 from a stable steady-state (zo) that is
defined by the steady-state inputs shown in Table 4.1. The state constraints that
are imposed in this example require that the upper and lower bounds of the optimal
temperature states are 6% from the steady-state values of Table 4.1. The values
of the rest of the state variables (concentrations) are required to be positive. The
constrains that the manipulated inputs are subjected to are shown in Table 4.2. The
values of F% and p are taken to be 26.091 x 10™* mol /s and 2.4 x 10°, respectively,
and the coefficients A;, Ay, A3, Ay, As are chosen to be 3, 1, 45, 27 x 1077, and 21 x
1077, respectively.

The steady-state optimization problem of Eq. 4.6 was solved by the open source
interior point optimizer Ipopt under default settings in a JAVA programming envi-
ronment. Simulation results indicate that there is only one optimal solution, and the
optimal input values are given in Table 4.3. We also note that the optimal steady-state

is unstable, determined by computing the Jacobian eigenvalues, and some tempera-
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Reaction Separation
rate quality
34% 33%

Figure 4.2: Weight percentage on the terms of the economic measure used by the
steady-state optimization problem.

ture states of the final solution are at the boundary of the set X. The value of the
Lyapunov function of the optimal solution of Eq. 4.6 is 1.45 x 10°, which lies inside the
set p. The optimal value of the economic measure is 33.41, which is a 5.7% increase
from the initial steady-state of Table 4.1, and the weight placed on the various terms
of the economic measure is shown in Fig. 4.2. We note that we nearly-equally weigh
reaction conversion (first two terms), energy efficiency (third and fourth terms) and
separation (fifth term). This was done because we consider, from a cost point of view,
that these three terms equally contribute into the cost but if this is not the case, then
the weights can be readily modified to accommodate different cost contributions of

each one of these terms.

4.4 Distributed LEMPC

As the number of manipulated inputs increases as it is the case in the context of control

of large-scale chemical plants, the evaluation time of a centralized MPC may increase
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Table 4.2: Manipulated input constraints.

|uf — uy| < 4.0 x 106 [J/s] lug — us| < 2.0 x 106 [J/s]

|u§ — ug| < 4.0 x 10° [J/s] lug — ug| < 8.679 x 1074 [m?/s]
|ug — ug] < 4.0 x 10° [J/s] [us — ur| < 8.679 x 1071 [m?/s]
|uj — uy] < 4.0 x 106 [J/s] lug — ug| < 8.679 x 1074 [m3/s]

Table 4.3: Optimal steady-state input values.

s 5.773%10° [J/s] s ~4.281%10° [ /3]
g 11.481%10° [J/4] ” 6.238% 10 [.J/4]
ug 7.010x10° [.J/s] ug 1.296x1072 [m3/s]
us 7.355%107* [m?/s] ug 5.773x107* [m?/s]

significantly. This may impede the ability of centralized MPC to carry out real-time
calculations within the limits imposed by process dynamics and operating conditions.
Moreover, a centralized control system for large-scale systems may be difficult to
organize and maintain and is vulnerable to potential process faults. To overcome these
issues, in this work, we propose to utilize a sequential distributed economic model
predictive control (EMPC) architecture as shown in Fig. 4.3. In this architecture, each
set of the m sets of control inputs is calculated using an LEMPC. The distributed
controllers are connected using one-directional communication network, evaluated in
sequence. We will refer to the controller computing u; associated with subsystem
1 as LEMPC 4. In this section, we propose two different implementation strategies
for the sequential distributed EMPC architecture and we assume that the state = of
the system is sampled synchronously and the time instants at which we have state

measurements are indicated by the time sequence {t;>o} with &, = to + kA, k =
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Figure 4.3: Distributed LEMPC architecture.

0,1,... where tq is the initial time and A is the sampling time.

4.4.1 Implementation strategy I

In this implementation strategy for the distributed LEMPC architecture, all the dis-
tributed controllers are evaluated in sequence and once at each sampling time. Specif-
ically, at a sampling time, ¢, when a measurement is received, the distributed con-
trollers evaluate their future input trajectories in sequence starting from LEMPC m
to LEMPC 1. Once a controller finishes evaluating its own future input trajectory,
it sends its own future input trajectory and the future input trajectories it received
to the next controller (i.e., LEMPC j sends input trajectories of u;, i =m,...,j, to
LEMPC j —1).

This implementation strategy implies that LEMPC j, j = m, ..., 2, does not have
any information about the values that u;, © = j — 1,...,1 will take when the opti-
mization problem of LEMPC j is solved. In order to make a decision, LEMPC j,
j =m,...,2 must assume trajectories for u;, it = j — 1,...,1, along the prediction

horizon. To this end, the Lyapunov-based controller h(x) is used. In order for the
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distributed EMPC to inherit the stability properties of the controller h(z), each con-
trol input u;, 2 = 1, ..., m must satisfy a constraint that guarantees a given minimum
contribution to the decrease rate of the Lyapunov function V(x). Specifically, the pro-

posed design of the LEMPC j, j = 1,...,m, is based on the following optimization

problem:
b N A
u]-nelg()i) /tk L(& (1), u1(7), ..., Up(7))dT (4.7a)
st 20 (t) = f(@ (1), ur(t),. .., um(t),0) (4.7b)
wit) = hi(@ (teyr)), i=1,...,5 — 1,

Vt € [tisr tirisr), L=0,.., N —1 (4.7¢)
wi(t) =u(tltx),i=7+1,....,m (4.7d)
uj(t)yeU;, i=1,....,m (4.7¢)
T (t) = z(ty) (4.7f)
V(#(t) < p, YVt E [ty teen), if tp <t and V(2(t)) < p (4.7g)
) ), ), 02 0], w00, 8)

< 0D o), w0, 00, a8, o (8),

ifty >t orp<Viz(ty)) <p (4.7h)

where 77 is the predicted trajectory of the nominal system with u;, i = j +1,...,m,

the input trajectory computed by the LEMPC controllers of Eq. 4.7 evaluated before
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LEMPC j, w;, i = 1,...,7 — 1, the corresponding elements of h(z) applied in a
sample-and-hold fashion, u}(t|t;) denotes the future input trajectory of u; obtained
by LEMPC i of the form of Eq. 4.7, and u[*(tx), ¢ = 1, ...,m, are inputs determined by
hi(xz(ty)) (i-e., ul(ty) = hi(z(tx))). The optimal solution to the optimization problem
of Eq. 4.7 is denoted u}(t|ty) which is defined for ¢ € [ty, ). The relation between
p and p is characterized in Theorem 4.1 below.

In the optimization problem of Eq. 4.7, the constraint of Eq. 4.7g is only active
when z(t;) € Q; in the first operation mode and is incorporated to ensure that
the predicted state evolution of the closed-loop system is maintained in the region €2;
(thus, the actual state of the closed-loop system is in the stability region €,; this point
will be proved in Theorem 4.1 below). Due to the fact that all of the controllers receive
state feedback x(tx) at sampling time tx, all of the distributed controller operate in the
same operation mode by verifying whether V' (z(t;)) < p; the constraint of Eq. 4.7h
is only active in the second operation mode or when p < V(z(tx)) < p in the first
operation mode. This constraint guarantees that the contribution of input u; to the
decrease rate of the time derivative of the Lyapunov function V(x) at the initial time
(i-e., t), if u; = wj(tx[ty) is applied, is bigger than or equal to the value obtained
when u; = h;(x(t;)) is applied.

The manipulated inputs of the proposed distributed control design from time

to tgr1 (k=0,1,2,...) are applied in a receding horizon scheme as follows:

Uz(t) = U;»k(ﬂtk), 1=1,...,m, Vt € [tk,tk+1). (48)

To proceed for the closed-loop stability analysis, we need the following proposi-

tions.
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Proposition 4.1 (c.f. [63]) Consider the systems:

Ta(t) = flwa(t),ur(t), ..., um(t), w(t))
ap(t) = f(@a(t),ua(t), .. um(t),0)

(4.9)

with initial states x4(ty) = xp(to) € Q,. There exists a K function fw (-) such that:

|za(t) — (1) < fw (t = to), (4.10)

for all z4(t), xp(t) € Q, and all w(t) € W with fu (1) = Ly,0(e’*™ —1)/L,.
P

Proposition 4.1 provides an upper bound on the deviation of the state trajectory
obtained using the nominal model, from the actual system state trajectory when
the same control input trajectories are applied. Proposition 4.2 below bounds the
difference between the magnitudes of the Lyapunov function of two different states

in €2,

Proposition 4.2 (c.f. [63]) Consider the Lyapunov function V (-) of the system of

Eq. 4.1. There ezists a quadratic function fy(-) such that:

V(e) < V(&) + fv(le —2) (4.11)

for all z,3 € Q, with fy(s) = as(ai’(p))s + M,s* where M, is a positive constant.

Proposition 4.3 below ensures that if the nominal system controlled by A(x) im-
plemented in a sample-and-hold fashion and with open-loop state estimation starts

in 2,, then it is ultimately bounded in

Pmin *

Proposition 4.3 (c.f. [63]) Consider the nominal sampled trajectory z(t) of the

system of Eq. 4.1 in closed-loop for a controller h(x), which satisfies the condition of

111



Eq. 4.2, obtained by solving recursively:

2(t) = (@), ha(E(th)); - - B (E(t4)), 0) (4.12)

where t € [tg,trr1) with t, = to + kA, k=0,1,.... Let A,es > 0 and p > ps > 0
satisfy:
—as (a3 (ps)) + LLMA < —¢, /A (4.13)

Then, if 2(ty) € Q, and pmn < p where ppym = max{V(z(t + A)) : V(x(t)) < ps},
the following inequality holds: V(&(t)) < V(&(tx)), Vt € [tr,tpr1) and V(&(ty))
max{V (Z(to)) — kés, Pmin }-

Theorem 4.1 below provides sufficient conditions under which the LEMPC of
Eq. 4.7 guarantees that the state of the closed-loop system is always bounded in €2,

and is ultimately bounded in a small region containing the origin.

Theorem 4.1 Consider the system of FEq. 4.1 in closed-loop under the distributed
LEMPC design of Eq. 4.7 based on a controller h(x) that satisfies the conditions of

Eq. 4.2. Lete, >0, A>0,p>p>0andp> ps >0 satisfy:

p<p—fv(fw(Q)) (4.14)

and
—as(ay(ps)) + LLMA + L0 < —e,/A. (4.15)

If x(to) € Q,, ps < P, pmin < p and N > 1, then the state x(t) of the closed-loop

system is always bounded in Q, and is ultimately bounded in € with pmin defined

Pmin

in Proposition 4.5 .

Proof: The proof consists of three parts. We first prove that the optimization
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problem of Eq. 4.7 is feasible for all states = € €),. Subsequently, we prove that, in
the first operation mode, under the LEMPC design of Eq. 4.7, the closed-loop state of
the system of Eq. 4.1 is always bounded in €2,. Finally, we prove that, in the second
operation mode, under the LEMPC of Eq. 4.7, the closed-loop state of the system of
Eq. 4.1 is ultimately bounded in pp;,.

Part 1: When z(t) is maintained in €2, (which will be proved in Part 2), the
feasibility of the distributed EMPC (DEMPC) of Eq. 4.7 follows because input tra-
jectory u;(t), j = 1,...,m, such that u;(t) = h;(2(tr+q)), YVt € [titq, thrqr1) With
q=20,...,N —1is a feasible solution to the optimization problem of Eq. 4.7 since
such trajectory satisfy the input constraint of Eq. 4.7e and the Lyapunov-based con-
straints of Eqs. 4.7g and 4.7h. This is guaranteed by the closed-loop stability property
of the Lyapunov-based controller h(z); the reader may refer to [80] for more detailed
discussion on the stability property of the Lyapunov-based controller h(z).

Part 2: We assume that the LEMPC of Eq. 4.7 operates in the first operation
mode. We prove that if z(t) € Qj, then z(tx11) € Q,; and if z(t) € Q,/Q5, then
V(x(tk+1)) < V(z(ty)) and in finite steps, the state converges to Q; (i.e., z(txt;) € Q5
where j is a finite positive integer).

When z(t;) € Qj, from the constraint of Eq. 4.7g, we obtain that &' (tx41) € Q5.

By Propositions 4.1 and 4.2, we obtain the following inequality:

V(2(tig)) < V(@ (ten)) + fr(fw (D). (4.16)

Note that LEMPC 1 has access to all of the optimal input trajectories of the other

distributed controllers evaluated before it. Since V(Z!(tx41)) < p, if the condition of
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Eq. 4.14 is satisfied, we can conclude that:

x(tk+1) € Qp.

When z(tx) € Q,/Q5, from the constraint of Eq. 4.7h and the condition of Eq. 4.2,

we can obtain:

Wﬂw(m), wi(telte), - i (tel ) 0)
- Wﬂx(t’“)’ h(z(te)), whtalte), . . . s, (tltr), 0)
_ (4.17)
- W F@ () a(@(t); . hn((t4)), 0)

The time derivative of the Lyapunov function along the actual system state z(t) for

t € [t,tr+1) can be written as follows:

Vo) = ED r0) witdne), i) @) (48)

Wf(x(t),uxtk’tk)v e

uy (te|ty), 0) to/from the above equation and accounting for Eq. 4.17, we have:

Adding and subtracting

O ¢ ata) il .. i adt) ()
. (4.19)

f(l‘(t), ui(tk’tk)v s 7u:1(tk’tk)> O)

Vi(t) < —as(la(ty)]) +

OV (a(ty)
ox

Due to the fact that the disturbance is bounded (i.e., |w| < ) and the Lipschitz
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properties of Eq. 4.4, we can write:
V(1) < —as(agt(ps)) + Li|x(t) — 2 ()| + Lub. (4.20)

Taking into account Eq. 4.3 and the continuity of x(t¢), the following bound can be

written for all 7 € [tg, tg41)
lz(7) — z(ty)| < MA. (4.21)

Since z(ty) € Q,/€;, it can be concluded that x(t;) € Q,/€,,. Thus, we can write
for t € [tg, tri1)

V(x(t) < —as(ag(ps)) + LLMA + L,6. (4.22)

If the condition of Eq. 4.15 is satisfied, then there exists €,, > 0 such that the following

inequality holds for x(tx) € Q,/Q;:
V(z(t)) < —ew/A, V= [ty tsn).

Integrating this bound on ¢ € [ty, tx11), we obtain that:

V(@) < V() — €

V(z(t)) < V(x(ty)), Vt € [t trs1)

(4.23)

for all z(tx) € ,/;. Using Eq. 4.23 recursively, it is proved that, if z(t;) € Q,/Q;,

the state converges to {); in a finite number of sampling times without leaving €2,.
Part 3: We assume that the DEMPC of Eq. 4.7 operates in the second operation

mode. We prove that if z(t;) € ,, then V(z(tx1+1)) < V(x(t;)) and the system state

is ultimately bounded in an invariant set €2 Following the similar steps as in Part

Pmin *
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Figure 4.4: Distributed controller evaluation sequence.

2, we can derive that the inequality of Eq. 4.23 hold for all z(t;) € ©,/€,,. Using
this result recursively, it is proved that, if z(t;) € Q,/€,,, the state converges to 2,
in a finite number of sampling times without leaving €2,. Once the state converges

to €, € Q2 it remains inside €2, . for all times. This statement holds because of

Pmin ?
the definition of py;,. This proves that the closed-loop system under the LEMPC of
Eq. 4.7 is ultimately bounded in 2

Pmin *

4.4.2 Implementation strategy II

In the implementation strategy introduced in the previous subsection, the evaluation
time of the distributed LEMPC at a sampling time is the summation of the evaluation
times of all the distributed controllers; this is because at each sampling time all
distributed controllers are evaluated in a sequential fashion. However, for applications
in which a small sampling time needs to be used and fast controller evaluation is
required, we may distribute the evaluation of the distributed controllers into multiple
sampling periods. In this implementation strategy, the distributed controllers are
evaluated in sequence but over several sampling times and only one controller is
evaluated at each sampling time. Figure 4.4 shows a possible evaluation sequence
of the distributed controllers in this implementation strategy. In Fig. 4.4, at s,
LEMPC m is evaluated and it sends the input trajectories of u,, to LEMPC m — 1;

at tgy1, LEMPC m — 1 is evaluated and it sends u,, and u,,_; to LEMPC m — 2;
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from time tg,o to tgym, LEMPC m — 2 to LEMPC 1 are evaluated in sequence and
one complete distributed control system evaluation cycle is carried out. Another
controller evaluation cycle starts at txy,,+1 with the evaluation of LEMPC m again.
In order to guarantee the closed-loop stability of this implementation strategy, the
design of the distributed LEMPC of Eq. 4.7 needs to be modified to account for the
multiple sampling time evaluation cycle. We note that both implementation strategy

I and implementation strategy Il can be executed using parallel computing.

Remark 4.1 Referring to the choice of the Lyapunov function in the context of a
specific chemical process application, we note the following: First, an economically-
optimal equilibrium point is computed as the solution of the steady-state optimization
problem of Eq. 4.6. This equilibrium point is then used to construct a Lyapunov
function for the process expressed in terms of state variable deviations from this equi-
librium point (in most applications, quadratic Lyapunov functions can be used; please
see application example in section 4.5). Subsequently, this Lyapunov function is used
for the design of a state feedback controller h(x) and the computation of the set of
initial conditions starting from where closed-loop stability (i.e., convergence to a small
neighborhood of the economically-optimal equilibrium point) is guaranteed. This set
is typically a level set, §1,, of the Lyapunov function V. embedded within the set where
the time derwative of V' along the trajectories of the nonlinear closed-loop system
with h(z) is negative. Therefore, the construction of Q, accounts explicitly for the
process nonlinearity and it is not a local (i.e., based on the linearization) stability
region. Referring to the economic MPC, we note that no assumption is made that the
optimization problem at sampling time t, with x(ty) € Q, has a unique solution. Due
to the incorporation of the Lyapunov-based constraint of Eq. 4.7h, for any x(t) € Q,,

the economic MPC' problem has a solution; the one defined by h(x). Therefore, the
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purpose of the optimization problem is to compute control actions over the prediction
horizon that optimize the cost of Eq. 4.7 further, yet they satisfy the Lyapunov-based
constraint of Eq. 4.7h. Given the constraint that x(t), t € [tg, tkrn], stays in €,
the economic MPC optimization problem can be solved either locally or globally (with
respect to its optimum) within €2,, depending on the type of optimal solution that is
required to be found. Note that during mode 1 operation under the economic MPC of
Eq. 4.7, the Lyapunov constraint is not used to steer the closed-loop system state to
the economucally-optimal equilibrium point used in the construction of the Lyapunov
function but it is simply used to constrain the closed-loop state within a certain oper-
ating set (typically Q,) where feasibility of the economic MPC optimization problem
is guaranteed. As a consequence, there is no need to impose explicit constraints that
limit the discrepancy between h(x) and the economic MPC-based control action in the
centralized LEMPC case. Finally, due to the use of a finite sampling time, asymptotic
stability of the final equilibrium point can not be studied instead practical stability (i.e.,
ultimate boundedness of the state in a small ball containing the desired steady-state)

1s studied.

4.5 Application to nonlinear chemical process net-

work

In this section, we apply the two economic MPC architectures to the process; that
is: the centralized Lyapunov-based economic MPC and the sequential distributed
Lyapunov-based economic MPC. The objective of all controllers is to drive the system
from the stable steady-state defined in Table 4.1 to the economically optimal steady-

state. We will also compare the performance of the economic MPC and DMPC with
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the performance of a conventional centralized MPC utilizing a quadratic cost function.

4.5.1 Preliminaries

We begin with some preliminaries that will be used in the formulations of the var-
ious MPC designs. All MPCs utilize the following Lyapunov function V(z) = (z —
2%)T P(z — %) with P being the same matrix as in Section 4.3.2. We assume that the
state x of the system is sampled synchronously and the time instants at which we
have state measurements are indicated by the time sequence ;> with ¢ =ty + kA,
k=0,1,... where ty is the initial time and A is the sampling time. The manipulated
input in this control problem is defined below with respect to the optimal steady-state
input values:

U=y ... tg] = [ug —u ... ug — u

The constraints that all MPC controllers have to satisfy are listed in Table 4.4. It
is important to note that even though the input constraints have been modified
accordingly, the set U still satisfies the constrains in Table 4.2.

The process model in [63] belongs to the following class of nonlinear systems

(which is included in the broad class of nonlinear systems of Eq. 4.1):

(t) = F(o) + Y (o)

where the state = is the deviation of the states variables from the economically-
optimal steady-state. For the control of the process, the input uy, Us,u3, 44 and s
are necessary to keep the stability of the closed-loop system, while ug, %7 and ug can

be used as extra inputs to improve the closed-loop performance. The design of the
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Table 4.4: Manipulated input constraints for all controllers.

|G| < 3.5 % 10° [J/s] |ia] < 3.5 x 10° [.J/s]
ls| < 7 x 10° [J/s] || < 10 x 10° [J/s]
5| < 3 x 10° [J/s] |G| < 1.7394 x 10~* [m?/s](i = 6,7,8)

Lyapunov-based controller h;(x), i = 1,...,5 is based on Sontag’s formula [93]:

LyVA/(LfV)24(Lg, V)
- 2

() if Ly,V#0
L) =
0 if Ly,V =0

where 7 = 1,...,5, LyV = (Z—Zf(x) and Lg,V = g—‘;gi(x) denote the Lie derivatives of

the scalar function V' with respect to the vector fields f and g;, respectively. The

controllers hg(z), hy(x) and hg(z) are chosen to be 0.
For comparison purposes, we consider the following objective function of the con-

ventional centralized MPC:

NA

J = Z[ )+ Zuy )" Rejuy(t)] (4.24)

the weighting matrices are chosen to be Q. = diag([1 111101111 10310
101010101111 10° 1111 10%)), and R.; = diag([10~* 10~ 105 105 10~ 1 1 1))

4.5.2 Centralized LEMPC

The centralized Lyapunov-based economic MPC design follows the formulation of our

previous work [40] with minor modifications (appropriate for the chemical process
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example in this work) as follows:

Mode one:
z(ty) € X
V(i’(tk» < ﬁe
Mode two:
e Do) < int | P o)

(4.25a)

(4.25b)

(4.25¢)
(4.25d)

(4.25¢)

(4.25¢)

(4.25g)

(4.25h)

where 7 is the predicted closed-loop system state, S(A) is the family of piecewise

constant function with period A and ¢y, n = tx + NA. The economic measure L

of Eq. 4.25 has the same set up as in Section 4.3.2 Eq. 4.5 and Eq. 4.25e imposes
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the quantity constraint of reactant B, from which F},,, has the same value as in

Section 4.3.2.

At mode one operation, Eq. 4.25f of the formulation ensures that the state variable
#(t)) that has been obtained by applying the solution @}(#;) is bounded. It is impor-
tant to distinguish the difference between the constraints of Eq. 4.6d and Eq. 4.25f.
Since steady-state optimization focuses on a steady-state solution, Eq. 4.6d merely
states that the solution has to be bounded; however, the economic MPC, which is a
finite-horizon dynamic optimization problem, has to enforce a more aggressive con-
straint on the closed-loop state trajectory, where the state variables at the end of each
sampling time have to be bounded. With respect to the constraint z(t;) € X, we
require that the state variables z(t;) remain within +£6% of their initial steady-state
values for all times; note that the economically optimal steady-state is within X.
The level set p, is chosen to be 1.45 x 10°. At mode two operation, the constraint
of Eq. 4.25h is a tighter version of the Lyapunov-based constraint in [40], and it is
used to ensure that the closed-loop system state converges sufficiently close to the

economically optimal steady-state.

4.5.3 Sequential distributed LEMPC

In this section, we design a sequential distributed LEMPC architecture for the ben-
zene process. Specifically, the first distributed model predictive controller (DMPC 1)
obtains the optimal values of @4 and s, the second distributed controller (DMPC
2) is designed to obtain the optimal values of @, U and a3, while the third dis-

tributed controller (DMPC 3) is designed to obtain the optimal values of g, @y and
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ug. Specifically, DMPC j (j = 1,2,3) can be formulated as follows:

u:’j <tk) - usIgIéaS}((A) /t - L(‘%(T)’ as’j(T»dT (4263)
s E(t) = FE) + > gi(E())iia(t) (4.26b)

g i(tr) = wl;(ty), i=1,...,5 —1 (4.26¢)
T i(ty) = hi(Z(t)), i = j,...,m (4.26d)
i, (1) € U; (4.26¢)
Z(0) = 2(ty) (4.26f)
> F=pm (4.26g)
i={2,4,6}

Mode one:
#(ty) € X, (4.26h)
V(Z(tk)) < pe (4.261)

Mode two:
WD oty ) < LD g Gy 26
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where the economic measure L has the same form as in Section 4.3.2 Eq. 4.5 and
F™ and p. have the same values as in Section 4.5.2.

Since each DMPC controller is designed to obtain a subset of the manipulated
inputs, the state constraint enforced in the centralized Lyapunov-based economic
MPC design may not be satisfied in each DMPC calculation, and thus, a relaxed
version of this constraint is used where we require that the state variables (¢ ) remain
within £7% of their initial steady-state values for all times in all DMPC calculations.
Thus, appropriate bounds on the initial state condition needs to be enforced (close

enough to the desired steady-state).

4.5.4 Closed-loop simulation results

The simulations were performed in a JAVA platform by a Core2 Quad Q6600 com-
puter. The simulation time for each run is 3000 seconds. Three different simulation
cases are studied here in order to evaluate the properties of the proposed controller
designs. The first case studies the closed-loop system performance by the central-
ized LEMPC and by the DLEMPC both operating at mode two. The second case
studies the closed-loop system performance by the same controllers but operating at
mode one. In the last case, we study the closed-loop system performance by the
same controllers operating at mode one first and then at mode two. We will compare
the closed-loop system performance of the economic MPC to the performance of the
conventional centralized Lyapunov-based MPC (LMPC) which uses the conventional

quadratic cost function of Eq. 4.24.

All simulation studies apply the same prediction horizons, which is N = 3. Only
the first piece from the computed optimal input trajectory of the optimization prob-

lems is implemented in each sampling time following a receding horizon scheme. The
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sampling time of the optimization problems is A = 30s, and as a result, the total num-
ber of sampling times alone one simulation is one hundred. All state measurements

are available to the MPC controllers at each sampling time.

The numerical method that is used to integrate the process model is explicit Euler
with a fixed time step equal to 0.5 seconds. Again, as in the case of steady-state
optimization, the optimization problems of each MPC scheme are solved using the
open source interior point optimizer Ipopt. The Hessian is approximated by Quasi-
Newton’s method. Regarding to the termination criteria and the maximum number

of iterations, the values used by all simulations are 1073 and 200, respectively.

The results of case one are shown in Fig. 4.5 and Fig. 4.6. It is important to
note that even though the conventional centralized MPC does not use the economic
measure as its objective function, we recalculate its performance from an economic
perspective based on Eq. 4.25a and include it in the figures. The Lyapunov function
in Fig. 4.5 clearly indicates that both economic MPC schemes stabilize the process
asymptotically to the optimal steady state. Specifically, the centralized LEMPC
drives the system to the optimal steady-state, and in terms of accumulated economic
measure, it performs better than the conventional MPC controller by 1.5% up to
1000 seconds of simulation time. In contrast, there exists an offset of the economic
measure of the DLEMPC, and that is in coincidence with the fact that the value of
its Lyapunov function converges to a non-zero positive number at the end. We note
here that even though all simulations reported in Figs. 4.5, 4.7 and 4.9 have been
carrying out using a total simulation time of 3000 seconds, in order to better show
the initial transient behavior in Figs. 4.5 and 4.9, we report the results up to 1500

seconds where the trajectories of all simulations have reached steady-state.

With respect to the centralized LEMPC, we notice that the offset is caused pri-
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marily by the structure of the DLEMPC. While each DMPC controller accomplishes
each mission successfully according to its formulation, the overall closed-loop cost

does not converge to the one of the centralized LEMPC.

With respect to the evaluation time of the different controllers at each sampling
time, the DLEMPC outperforms the centralized LEMPC by more than 50% in average
and even the centralized MPC at the beginning. It is important to note that the total
evaluation time required for the DLEMPC in one sampling time is the sum of the
evaluation times of all the DMPC controllers. We also observe that the evaluation
time of centralized LMPC overshoots at few sampling times after ¢ = 1800 s. This
increase in the controller evaluation time is due to a significant sampling time which
allows for deviation of the closed-loop trajectories from the steady-state, as well as
the effort of the controller to satisfy the Lyapunov constraint in the first move and

the non-convexity of the optimization problem.

The results of case two are shown in Fig. 4.7 and in Fig. 4.8. The Lyapunov func-
tion of Fig. 4.7 indicates that starting from p, = 1.45 x 10°, both control schemes are
not able to stabilize the closed-loop system to the economically optimal steady-state
but converge to a region with their V' values approximately equal to p = 1 x 105.
This result is expected since as we have mentioned in Section 4.3.2 the economically
optimal operating steady-state is an unstable steady state. Looking at the economic
measure, even though both control schemes have similar value of the Lyapunov func-
tion at the end, the DLEMPC has a higher economic measure overall compared with
the one of the centralized economic MPC. The reason is due to the different state
constraints imposed in each of their problem formulations. Finally, comparing the
evaluation time of the different MPC schemes at mode one, we see that, as expected,

the DLEMPC outperforms the other schemes at the first 500 seconds. The average
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Figure 4.5: Trajectories of the economic measure and of the Lyapunov function using
the centralized LMPC with conventional quadratic cost of Eq. 4.24 (solid line), the

centralized LEMPC (dashed line) at mode two, and the DLEMPC (dotted line) at
mode two. The prediction horizon N = 3.
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Figure 4.6: The total evaluation time needed for evaluation of each MPC method.
Centralized LMPC with conventional quadratic cost of Eq. 4.24 (dotted line with
squares), the centralized LEMPC (dashed line with circles) at mode two, and the
DLEMPC (solid line with asterisks) at mode two. The prediction horizon N = 3.
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Table 4.5: Average Control Action Evaluation Time

Average Control Action Evaluation Time

LEMPC Mode 1 5.58 seconds
Mode 2 22.91 seconds
DLEMPC Mode 1 5.16 seconds
Mode 2 11.10 seconds
Centralized LMPC 17.49 seconds

control action evaluation times for the different cases are summarized in Table 4.5.

The last two figures (Fig. 4.9 and Fig. 4.10) belong to the study of case three,
for which we want to demonstrate that the controllers can switch their operating
mode between mode one and mode two under either the centralized LEMPC or the
DLEMPC; the switching choice, depends on the control objective, e.g., fast compu-
tational time or offset elimination. Finally, it is worthwhile to discuss few benefits of
using economic MPC instead of conventional MPC based on the results of this study.
First, the centralized LEMPC is characterized by an improved coupling between the
different layers of a plant-wide process control system, in particular, the economic
optimization and process control layer. In terms of performance, the economic MPC
is able to drive the system to the set-point for higher profit return with comparable
computational time. Another benefit of applying economic MPC is the ease of tuning.
It is a difficult task to assign a reasonable value to the parameters of conventional
MPC with quadratic cost since very often they do not have any physical meaning.
On the other hand, all parameters of economic MPC have specific economic meaning,

and thus, their tuning is more intuitive.
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Figure 4.7: Trajectories of the economic measure and of the Lyapunov function using
the centralized LMPC with conventional quadratic cost of Eq. 4.24 (solid line), the

centralized LEMPC (dashed line) at mode one, and the DLEMPC (dotted line) at
mode one. The prediction horizon N = 3, and the level set p, = 1.45 x 106.
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Figure 4.8: The total evaluation time needed for each evaluation of centralized
LEMPC (dashed line with circles) at mode one and DLEMPC (solid line with as-
terisks) at mode one. The prediction horizon N = 3.
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Figure 4.9: Trajectories of the economic measure and of the Lyapunov function by
centralized LMPC with conventional quadratic cost of Eq. 4.24 (solid line), the cen-
tralized LEMPC (dashed line), and the DLEMPC (dot line). The last two operate
at mode one up to ¢t = 1500 s ans subsequently at mode two. The prediction horizon
N = 3, and the level set p, = 1.45 x 10°.
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Figure 4.10: The total evaluation time needed for each evaluation of MPC method
corresponding to Fig. 4.9. Centralized LMPC with conventional quadratic cost of
Eq. 4.24 (dotted line with squares), the centralized LEMPC (dashed line with circles),
and DLEMPC (solid line with asterisks). The prediction horizon N = 3.
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4.6 Conclusions

In this chapter, we carried out an application of centralized LEMPC and sequential
distributed LEMPC architectures to a catalytic alkylation of benzene process net-
work which consists of four continuous stirred tank reactors and a flash separator.
In the sequential distributed LEMPC design, three separate Lyapunov-based model
predictive controllers were designed to control the process in a sequential coordinated
fashion. The closed-loop stability properties of the sequential distributed LEMPC de-
sign were rigorously analyzed and sufficient conditions for closed-loop stability were
established. Simulations were carried out to compare the proposed economic MPC
architectures with a centralized LMPC which uses a quadratic cost function that
includes penalty on the deviation of the states and inputs from their economically
optimal steady-state values, from computational time and closed-loop performance

points of view.
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Chapter 5

Model Predictive Control of
Nonlinear Singularly Perturbed
Systems: Application to a

Large-Scale Process Network

5.1 Introduction

Chemical processes and plants are characterized by nonlinear behavior and strong
coupling of physico-chemical phenomena occurring at disparate time-scales. Examples
include fluidized catalytic crackers, distillation columns, biochemical reactors as well
as chemical process networks in which the individual processes evolve in a fast time-
scale and the network dynamics evolve in a slow time-scale. Singular perturbation
theory provides a natural framework for modeling, analysis, order reduction and

controller design for nonlinear two-time-scale processes (e.g., [16, 57]).
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This chapter focuses on model predictive control of nonlinear singularly perturbed
systems in standard form where the separation between the fast and slow state vari-
ables is explicit [12]. A composite control system using multirate sampling (i.e., fast
sampling of the fast state variables and slow sampling of the slow state variables)
and consisting of a “fast” feedback controller that stabilizes the fast dynamics and
a model predictive controller that stabilizes the slow dynamics and enforces desired
performance objectives in the slow subsystem is designed. Using stability results for
nonlinear singularly perturbed systems, the closed-loop system is analyzed and suf-
ficient conditions for stability are derived. A large-scale nonlinear reactor-separator
process network is used to demonstrate the application of the method including a

distributed implementation of the predictive controller.

5.2 Preliminaries

5.2.1 Notation

The operator | - | is used to denote Euclidean norm of a vector and the symbol 2,
is used to denote the set €2, := {x € R" : V(z) < r} where V is a positive definite
scalar function. For any measurable (with respect to the Lebesgue measure) function
w: Rsg — R, ||w|| denotes ess.sup.|w(t)|, t > 0. A function v : Rsg — Rxg is said
to be of class K if it is continuous, nondecreasing, and is zero at zero. A function
B : R>o X R>9 — R>¢ is said to be of class KL if, for each fixed t, the function (-, ?)
is of class K and, for each fixed s, the function /3(s, -) is nonincreasing and tends to
zero at infinity. The symbol diag(v) denotes a matrix whose diagonal elements are

the elements of vector v and all the other elements are zeros.
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5.2.2 Class of nonlinear singularly perturbed systems

In this work, we focus on nonlinear singularly perturbed systems in standard form
with the following state-space description:

T = f(.T,Z,E,’LLS,IU), .73(0) = o
(5.1)

ez = g(z,z,6,up,w), 2(0) = 2z

where z € R" and z € R™ denote the vector of state variables, € is a small positive
parameter, w € R' denotes the vector of disturbances and u, € U C RP and u; €
V' C R? are two sets of manipulated inputs. The sets U and V' are nonempty convex

sets which are defined as follows:

U = {us;(t) : |us; ()] <ul?>, ie(l,p]}

RN

(5.2)
Vo= {ug(t) < Jupy(8)] < wfs, j € [1,q]}

IIlaX and umax

s, 7o are positive real numbers, specifying the input constraints.

where u
The disturbance vector is assumed to be absolutely continuous and bounded, i.e.,
W = {w(t) € R : |w(t)| < 0} where 6 is a positive real number. Since the small
parameter € multiplies the time derivative of the vector z in the system of Eq. 5.1, the
separation of the slow and fast variables in Eq. 5.1 is explicit, and thus, we will refer
to the vector x as the slow states and to the vector z as the fast states. We assume
that the vector fields f and g are locally Lipschitz in R" x R™ x [0,€) x RP x RY x R
for some € > 0 and that the origin is an equilibrium point of the unforced nominal
system (i.e., system of Eq. 5.1 with u; =0, uy = 0 and w = 0).

With respect to the control problem formulation, we assume that the fast states

z are sampled continuously and their measurements are available for all time ¢ (for

example, variables for which fast sampling is possible usually include temperature,
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pressure and hold-ups) while the slow states = are sampled synchronously and are
available at time instants indicated by the time sequence {t;>o} with t;, = to+kA, k =
0,1,... where tg is the initial time and A is the sampling time (for example, slowly
sampled variables usually involve species concentrations). The set of manipulated
inputs uy is responsible for stabilizing the fast dynamics of Eq. 5.1 and for this set the
control action is assumed to be computed continuously, while the set of manipulated
inputs u, is evaluated at each sampling time ¢, and is responsible for stabilizing the

slow dynamics and enforcing a desired level of optimal closed-loop performance.

5.2.3 Two-time-scale system decomposition

The explicit separation of the slow and fast variables in the system of Eq. 5.1 allows
decomposing it into two separate reduced-order systems evolving in different time-
scales. To proceed with such a two-time-scale decomposition and in order to simplify
the notation of the subsequent development, we will first address the issue of stability
of the fast dynamics. Since there is no assumption that the fast dynamics of Eq. 5.1
are asymptotically stable, we assume the existence of a “fast” feedback control law
us = p(x,z) that renders the fast dynamics asymptotically stable in a sense to be
made precise in Assumption 5.2 below. Substituting u; = p(z,z) in Eq. 5.1 and

setting e = 0 in the resulting system, we obtain:
d
d_f = f(z,2,0,us,w) (5.3a)

0=g(z,20p(x, z2),w) (5.3b)
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Assumption 5.1 The equation g(x,z,0,p(z, z),w) = 0 possesses a unique root

z = g(z,w) (5.4)

99

with the properties that § : R® x R' — R™ and its partial derivatives 9 Bw a
r Ow

re

locally Lipschitz.

Assumption 5.1 is a standard requirement in singularly perturbation theory (please
see, for example, [54]) and it is made to ensure that the system has an isolated
equilibrium manifold for the fast dynamics. On this manifold, z can be expressed
in terms of x and w using an algebraic expression. This assumption does not pose
any practical limitation in the example but it is a necessary one in the singular

perturbation framework to construct a well-defined slow subsystem.
Using z = g(x,w), we can re-write Eq. 5.3 as follows:

dx

- = f(z, g(x,w),0,us, w) =: fs(x, us, w) (5.5)

We will refer to the subsystem of Eq. 5.5 as the slow subsystem.

t
Introducing the fast time scale 7 = - and the deviation variable y = z — §(z, w),
€

we can rewrite the nonlinear singularly perturbed system of Eq. 5.1 as follows:

d
d_i - Ef(m,y—i-f](x,w),e,us,w)
% = g(fc,y+§/(w,w),e,uf,w)—eg—iw (5.6)

~

99 .
_Ea_xf(‘r7y + g(xaw)a 67US,UJ)
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Setting € = 0, we obtain the following fast subsystem:

d :
7 = gle.y + gla,w),0,up,w) (5.7)

where £ and w can be considered as “frozen” to their initial values. Below we state

our assumption on the stabilization of the fast subsystem:

Assumption 5.2 There exists a feedback control law uy = p(x, z) = p(x,y+§(z,w)) €
V' where p(x, z) is a locally Lipschitz vector function of its arguments, such that the

origin of the closed-loop fast subsystem:

d R N
% = g(z,y + §(z,w),0,p(z,y + §(z,w)), w) (58)

is globally asymptotically stable, uniformly in v € R* and w € R', in the sense that

there exists a class KL function B, such that for any y(0) € R™:

(0] < B (ly(0)] 59)

fort > 0.

5.2.4 Lyapunov-based controller

We assume that there exists a Lyapunov-based locally Lipschitz control law h(z) =
[hi(x) ... hy(x)]" with us; = hi(x), i = 1,...,p, which renders the origin of the
nominal closed-loop slow subsystem asymptotically stable while satisfying the input
constraints for all the states x inside a given stability region. Using converse Lyapunov
theorems [75, 60, 18], this assumption implies that there exist functions «;(-), i =

1,2,3,4 of class K and a continuously differentiable Lyapunov function V'(z) for the
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nominal closed-loop slow subsystem that satisfy the following inequalities:

(fs(z, h(2),0)) < —as(|2]) (5.10)

for all x € D C R™ where D is an open neighborhood of the origin. We denote the
region 2, C D as the stability region of the closed-loop slow subsystem under the
Lyapunov-based controller h(z). By continuity, the local Lipschitz property assumed
for the vector fields f(z, us, w) and taking into account that the manipulated inputs
u;, © = 1,...,p, and the disturbance w are bounded in convex sets, there exists a

positive constant M such that

| fs (@, us, w)| < M (5.11)

for all x € Q,, u; € U, and w € W. In addition, by the continuous differentiable
property of the Lyapunov function V' (z) and the Lipschitz property assumed for the

vector field fq(x,us, w), there exist positive constants L, and L,, such that

\—avfs(x,us,w) — —8st(x’, us, w)| < Ly|x — ')

ox ox 512
oV oV , I , (5.12)
- - < —
|8$ fs(z,ug,w) e fs(z,ug,w")| < Ly |lw —w'|

for all z,2’ € Q,, u; € U, and w,w" € W.

5.2.5 Lyapunov-based MPC formulation

The longer sampling time of the slow state variables allows utilizing MPC to compute

the control action ug. A schematic of the proposed control system structure is shown
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Figure 5.1: A schematic of the proposed control system structure.

in Fig. 5.1. Specifically, we use the LMPC proposed in [79] which guarantees prac-
tical stability of the closed-loop system and allows for an explicit characterization of
the stability region to compute u,. The LMPC is based on the Lyapunov-based con-
troller h(x). The controller h(x) is used to define a stability constraint for the LMPC
controller which guarantees that the LMPC controller inherits the stability and ro-
bustness properties of the Lyapunov-based controller i(z). The LMPC controller is

based on the following optimization problem:

min /0 BT (1) Qu(r) + o (7) ey ()] (5.130)
st. (1) = fo(&(7), us, 0) (5.13b)
us(7) € Us (5.13c)

#(0) = 2 () (5.13d)
a‘gf) £u(2(t), us(0),0) < 8;;@") £u(2(t0), Bx(t)), 0) (5.130)
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where S(A) is the family of piece-wise constant functions with sampling period A, N,
is the prediction horizon, (). and R, are positive definite weight matrices that define
the cost, x(tx) is the state measurement obtained at t;, & is the predicted trajectory
of the nominal system with wu,, the input trajectory computed by the LMPC of
Eq. 5.13. The optimal solution to this optimization problem is denoted by w(7|t),
and is defined for 7 € [0, N.A).

The optimization problem of Eq. 5.13 does not depend on the uncertainty and
guarantees that the system in closed-loop with the LMPC controller of Eq. 5.13
maintains the stability properties of the Lyapunov-based controller. The constraint
of Eq. 5.13e guarantees that the value of the time derivative of the Lyapunov function
at the initial evaluation time of the LMPC is lower or equal to the value obtained if
only the Lyapunov-based controller h(x) is implemented in the closed-loop system in
a sample-and-hold fashion. This is the constraint that allows proving that the LMPC
inherits the stability and robustness properties of the Lyapunov-based controller. The
manipulated inputs of the closed-loop slow subsystem under the LMPC controller are

defined as follows

us(t) = ul(t — tylte), Vt € [ty tryr). (5.14)

The main property of the LMPC controller is that the origin of the closed-loop system
is practically stable for all initial states inside the stability region €2, for a sufficient
small sampling time A and disturbance upper bound #. The main advantage of
LMPC approaches with respect to the Lyapunov-based controller is that optimality
considerations can be taken explicitly into account (as well as constraints on the
inputs and the states [79]) in the computation of the controller within an online

optimization framework improving closed-loop performance.

Proposition 5.1 (c.f. [79, 80]) Consider the slow subsystem of Eq. 5.5 in closed-
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loop under the LMPC design of Eq. 5.14 based on a Lyapunov-based controller h(x)
that satisfies the conditions of Eq. 5.10. Let €, > 0, A >0 and p > ps >0, 6 > 0

satisfy the following constraint:
—as(0g (ps)) + LaMA + L0 < —€, /A (5.15)

There exists a class KL function B, and a class K function v such that if x(0) € Q,,

then x(t) € Q, for allt > 0 and

[2(®)] < Ba(j2(0)], 1) +7(p") (5.16)

with p* = max{V (x(t + A)) : V(z(t)) < ps}.

5.3 Stability analysis

The closed-loop stability of the system of Eq. 5.1 under the control of the controller
p(z,z) and the LMPC of Eq. 5.13 is established in the following theorem under

appropriate conditions.

Theorem 5.1 Consider the system of Eq. 5.1 in closed-loop with u; = p(z,z) and
ug determined by the LMPC of Eq. 5.13 based on a controller h(-) that satisfies the
conditions of Fq. 5.10. Let also assumptions 5.1 and 5.2 and the condition of Eq. 5.15
hold. Then there exist functions B, and 3, of class KL, a pair of positive real numbers

(0,d) and € > 0 such that if max{|z(0)|, |y(0)], |Jwl], |l[|}
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<6 and € € (0, €], then,

|(6)] < Bo(|2(0)],8) +v(p") +d

. (5.17)
ly@) < B,(ly(0)], 7) +4d

for allt > 0.

Proof: When uy = p(z,2) and u, = u} is determined by the LMPC of Eq. 5.14,

the closed-loop system takes the following form:

= f(z,z,eul,w), £(0) = xg

) R

(5.18)
€z =g(z,z,¢,p(x, 2),w), 2(0) = 2.

We will first compute the slow and fast closed-loop subsystems. Setting ¢ = 0 in

Eq. 5.18, we obtain:

d

&~ fa 20,0l w)

dt (5.19)
0=g(x,2,0,p(x,2),w).

Using that the second equation has a unique, isolated solution z = §(z,w) (assump-

tion 5.1), we can re-write 5.19 as follows:

dz

e flz, g(x,w),0,ul,w) = fs(x,ul,w) (5.20)

) S ) S

According to Proposition 5.1, the state x(t) of the closed-loop slow subsystem of
Eq. 5.20 starting from x(0) € Q, stays in Q, (i.e., z(t) € 2, V¢t > 0) and satisfies the

bound of Eq.5.16.
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t
We now turn to the fast subsystem. Using 7 = - and y = z — g(z,w), the
€

closed-loop system of Eq. 5.18 can be written as:

d

% - Ef(x,y—kg(x,w),e,us(x)aw)

dy A a7 .

dy 09 5.21
= g(z,y + gz, w), €, p(r,y), w) Gt (5.21)

~

)
e flay + g, w), uy(x), w)
Setting € = 0, the closed-loop fast subsystem is obtained:

dy

According to Assumption 5.2, the origin of the system of Eq. 5.22 is globally asymp-
totically stable, uniformly in z € R™ and w € R' in the sense that there exists a
class KL function g, such that for any y(0) € R™, the bound of Eq. 5.9 holds for
t > 0. Therefore, the closed-loop system of Eq. 5.18 satisfies the assumptions 1,
2 and 3 of Theorem 1 in [20]. Thus, there exist functions 3, and , of class KL,
positive real numbers (J,d) (note that the existence of ¢ such that |z(0)] < § im-
plies that 2(0) € Q, follows from the smoothness of V(z)), and €* > 0 such that if
max{|x(0)], |y(0)], ||w]|],||w||} < and € € (0,€*], then, the bounds of Eq.5.17 hold
forall¢>0. N

Remark 5.1 We note that the class of nonlinear systems of Eq. 5.1 can be generalized
to include: a) ug in the g vector field (i.e., the manipulated inputs that are used to
control the slow subsystem affect directly the fast dynamics), and b) uy in the f vector
field (i.e., the manipulated inputs that are used to control the fast subsystem affect
directly the slow dynamics). Such a generalization would simply require that us, which

1s computed by the MPC' and is piecewise continuous in time, is passed through an
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appropriate filter to become absolutely continuous (see also Theorem 1 and Remark 1
in [20]); this generalization is not pursued here in order to avoid complicating further
the notation. We also note that instead of using the LMPC of Eq. 5.13 other MPC
schemes including distributed MPC' schemes can be used to control the slow subsystem
and they will inherit the stability properties of Theorem 5.1 as long as these MPC

schemes satisfy the conditions of Proposition 5.1.

5.4 Application to a nonlinear large-scale process

network

5.4.1 Process description and control system design

The process considered in this study is a reactor-distillation process network, shown
in Fig. 5.2 (see also [57]). It consists of a continuously stirred tank reactor (CSTR),
a distillation tower including a reboiler and a condenser, and a recycle loop. A set
of elementary exothermic reactions in series takes place in the reactor of the form

LINY ; JL-NYS: , in which A is the reactant, B is the desired product and C is the

A
by-product. The reactor is fed with a fresh feed of pure species A at flowrate Fy. The
outlet of the reactor is fed into the distillation tower, where most of the reactant A is
separated overhead and recycled back to the CSTR, and most of the product and the
by-product leave the system through stream B;. There are three heat/coolant inputs,
labeled as @)1, ()2, and (3, that are assigned to the CSTR, the condenser, and the
reboiler, respectively. The flow rates of streams F', D and B; are regulated by three
valves, labeled as V1, V2, and V3, respectively. The dynamic equations describing

the behavior of the process are obtained through material and energy balances under

standard modeling assumptions. Specifically, the dynamic model of the CSTR is as
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Figure 5.2: Chemical process network schematic.
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follows:

Mp=F,+D—-F

Fo(1—@ap) + D(xao = Tar) o _myrr
- h]

. _ .
TAR My AR
. —Fyx +D(xgog—x _

ipR = 0+ B,R ( B.,0 B,R) + /ﬁe El/RTﬂ?Aﬁ

Mp
_ kzeiEQ/RTfL'B,R

- Fy(Hpp —Hpg)+D(Hpo— Hpr) @1
Hpp= +

MR MR

—FE1/RT —FE>/RT
— ]{?16 v/ ZL’ARAHM — l{ige 2/ xB,RAHTQ

The dynamic model of the condenser is as follows:

Tio = _Mo (?/z‘,l - iUz‘,O)
- 14 Q2
Ho=—(Hy, — H —_—
L0 Mo( Vi1 Lo) + M,

(5.23a)

(5.23b)

(5.23¢)

(5.23d)

(5.24a)

(5.24b)

(5.24c¢)

where i = A, B, C. The dynamic model of the distillation column is as follows:

1 .
LTij = ﬁ[vwi,ﬂ-l - y”) + R(flfi,j—l - xi,j)]a 1<j<f
J
. 174 R ,
Hp; = M(HVJH — Hy;) + M(HL,j—l —Hp;),1<j<f
) 1 -
Tif = E[V(yi,fﬂ —Yiy) + R(@ig1 —ig) + F(zir — v f)],
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j=1r

fJLJv::jg?(ffuf+1-fﬁﬂf)+-3§%(fiLJ_1-—fiLJ)-+ jg?(l{LJg——]{Lj) (5.25d)
J=1r

T 5 = Mij[v(yi,j-&-l —Yij) + (R+ F)(w5-1 —xi5)], f <J <N (5.25¢)

EQJ——%%(HMjH-HVp-%E%%fkﬂid],—LQJ%f<<ngv (5.25f)

where ¢ = A, B, C' and N is the number of column stages. Finally, the dynamic model

of the reboiler is as follows:

My =R+F—-V—B, (5.26a)
TNt = (R + F)(@in = @ine) = V(yin — Tini)] (5.26Db)
N+1
: R+ F 1%
Hpni = (HL,N - HL,N+1) - (HV,N+1 - HL,N+1)
MN+1 MN-H
Qs
+ 5.26¢
Mo (5.26c¢)

where i = A, B, C'. The definitions of the process parameters and their nominal values
are given in Table 5.1 and in Table 5.2, respectively.

The model of the CSTR assumes perfect mixing and spatially uniform heat con-
duction. Both reactions in the reactor are first-order elementary reactions. The com-
position of species C' can be computed by the following relationship, x4 r + g r +
zc,r = 1. For the derivation of the dynamic model of the multicomponent distillation,

we apply stage-by-stage methods and batch rectification. To apply this approach, we
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Table 5.1: Process variables

Effluent flow rates

F,,D,F,R,V,B Steady-state values of efluent flow rates

TiR Species composition in the CSTR

T Species composition in the distillation tower

Mp, My, My;iq Liquid hold-up in each vessel

Cpy . Heat capacity of each species at vapor phase

Q; Relative volatilities of each species

AH,, AH,» Heat of reactions 1 and 2

Hy g Enthalpy of mixture in the CSTR

Hy ; Enthalpy of gas mixture

Hrp Enthalpy of liquid mixture

Hp g, Enthalpy of feed input

ki, ko Reaction coefficient

EiFE, Activation energy

Q1, Q2, Q3 External heat/coolant inputs to each vessel
Table 5.2: Parameter values

AH, 2,500 [J/mol] AH,s 5,500 [J/mol]

E, 9,500 [J/mol] Es 12,000 [J/mol]

k1 2.4 [1/s] ko 4.0 [1/s]

Fy, Fy 100 [mol /s] Hy g, 61.06 [J/mol]
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assume vapor-liquid equilibrium in each stage, perfect mixing of liquid and vapor in
each stage, negligible vapor holdup, constant-molar-liquid holdup, M}, on each stage,
and adiabatic process for the entire distillation process. In this work, the thermo-
dynamic properties of the mixtures are obtained by assuming ideal behavior in both
liquid phase and vapor phase. Specifically, the enthalpy of each species in vapor state

is described by the following expression:

hvﬂ' — (‘J/ﬂ- + vaﬂ' (T - T())

where Tj is the reference temperature and its value is 373.15 K, h{;; is the enthalpy
of a species at the reference temperature and Cp, ; is the heat capacity of a species
and is assumed to be a constant. The derivation of the enthalpy of a vapor mixture

and the enthalpy of a liquid mixture, based on above assumptions, is given by:

A,B,C A,B,C
HV = Z yzh(\)/,z + (T - TO) Z yicpv,i
A,B,C A,B,C (5'27)

Hy= Y wi(h,,~AH ")+ (T = Ty) > 2,Cpy

i i
If the enthalpy of a liquid mixture is known, we can obtain the temperature using

the following expression:

A,B,C
Hp— Y zi(h,—AH ™)

T = ! + Ty

Furthermore, the enthalpy of the vapor mixture can be obtained by substituting
the computed temperature value back into Eq. 5.27. For ideal liquid-vapor mixture,

Raoult’s law determines the relationship between the vapor phase molar composition

152



Table 5.3: Process parameters

A B C

Cy, i [J/mol - K] 1.86 2.01 2.00
AH" [J/mol] 83.333 86.111 85.556
h.,; [J/mol] 283.889 369.844 394.444
o 5.5 1.2 1.0

Table 5.4: Final steady-state manipulated input values

Qp 2.85-10° [J/s] Qs -1.93-10° [J/s] Qs 2.31-10° [J/s] F 1880 [mol/s]
V2070 [mol/s] By 100 [mol/s] D 1780 [mol/s] R 290 [mol /s

and the liquid phase molar composition of each species. In this model, we assume
that the vapor pressure of each species, or the relative volatility of each species,
is a constant. Hence, the following equation, based on Raoult’s law, can be used to
compute the vapor phase molar composition, once the liquid phase molar composition

is known:
. oG5
Yi = ABc
D Ty
k
For the other thermodynamic parameters, one can refer to Table 5.3 for their

nominal values. The distillation tower has a total of 15 trays, and the reactor outlet is
fed into tray 12. The entire process network has a total of 57 states which consist of the
compositions of A, B, and C in the reactors, column stages, reboiler and condenser,

as well as the enthalpy in each of the vessels. The desired (final) operating point

of the process, corresponding to the seven steady-state manipulated input values,

<

F.V,B,R,D,Q1,Q,, and Q3 (Table 5.4), is given in Table 5.5.
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Table 5.5: Final steady-state values of the states of CSTR, reboiler and condenser

Mp 1100 [mol] My 1050 [mol] Myy1 1200 [mol]
Tar 0.897 Tao 0.948 Fang1 0.00666
Zpr 0.0965 Zpo 0.0505 ipns1 0.916

Hpp 1.849 -10% [J/mol] Hypo 1.952 -10? [J/mol] Hp ni1 3.826 -102 [J/mol]

Table 5.6: Initial steady-state manipulated input values

Q1 35810° [J/s] Qs -2.00-10° [J/s] Qs 2.335-10° [J/s] F 1880 [mol/s]
V' 2070 [mol/s] By 100 [mol/s] D 1780 [mol/s] R 290 [mol/s]

Table 5.7: Initial steady state values of the states of CSTR, reboiler and condenser

Mpg 1300 [mol] TAR 0.763

M, 1125 [mol] Tap 0.806

My 1425 [mol] TaNi 0.00159

TR 0.210 Hy g 1.966 x102 [.J/mol]
50 0.176 Hio 2.047 x102 [.J/mol]
TENL 0.800 Hino 3.880 x10° [J/mol]
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The goal of the controller is to drive the system from the initial stable operating
point to the desired operating point. The initial steady-state values for the manipu-
lated inputs and the states of the CSTR, reboiler and condenser are given in Table 5.6
and in Table 5.7, respectively. Before proceeding with the control design, we note
that via extensive simulation we have verified that the process exhibits two-time-scale
behavior (see Figure 5.12) owing to the use of large recycle, D, relative to the feed
input, Fy, which motivates defining ¢ = F,, / D = 0.056. However, several of the pro-
cess states exhibit dynamic behavior in both fast and slow time scales, and thus, the
explicit separation of the process model states into fast and slow ones in a way that
it is consistent with the standard singularly perturbed model form of Eq. 5.1 is not
a feasible task in this particular application. For this reason, instead of separating
the states into fast and slow ones, we divide the manipulated inputs into the ones
that regulate critical fast states and the ones that regulate the process state in the
slow time-scale. Specifically, we define the following dimensionless manipulated in-
puts, u; = F/F, Uy = V/V, Uz = Bt/];’t, Uy = D/D, Us = Ql/Ql, Ug = Qg/@g and
ur = Q3/ Q3. Through extensive simulations, we found that the manipulated inputs,
uy, ug, ug and uy can be used to control the liquid hold-ups (fast dynamics), and us,
ug and w7 can be used to control the process state in the slow time-scale; please see
remark 5.2 below for a detailed discussion and simulations on this issue.

With respect to control design, we propose to design a control system that utilizes
proportional control to compute the inputs associated with the fast dynamics and
MPC to compute the inputs associated with the slow dynamics. Specifically, four
different proportional controllers are used to regulate each of the flow rates, F, D,

V, and B with respect to the final steady-state input values in Table 5.4 and the
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steady-state liquid holdups in Table 5.5:

uy = F/F =1 — ke (Mg — Mg) (5.28a)
Uy = V)V =1 —key(Myi1 — Myi1) (5.28D)
us = B/B =1 — key(My — M) (5.28¢)
uy = D/D =1 — key(My — M) (5.28d)

in which k.1, k.o, k.3 and k.4 are all equal to 0.0001. The controllers of Eq. 5.28 utilize
feedback of the hold-ups that can be sampled fast and can stabilize the liquid hold-up
levels of the CSTR, the reboiler and the condenser. Note that the efHuent flow rate of
the vapor mixture V is also regulated by a pressure valve. When the pressure inside
the reboiler goes down, the rate of liquid evaporation rises and therefore, the flow
rate V goes up. In this example, we do not consider the pressure effect in the process
model and assume that V is controllable and is directly related to the liquid holdup

of the reboiler.

The control of the slow dynamics involves the application of MPC. Three MPC
strategies are applied and compared in this study. Specifically, a centralized LMPC
which calculates all the inputs in one optimization problem, a sequential distributed
MPC (DMPC) in which the control inputs are calculated by distributed optimiza-
tion problems in sequence, and an iterative DMPC in which the control inputs are
evaluated by parallel distributed optimization problems solved in an iterative fash-
ion. For more discussion on the sequential and iterative DMPC, please refer to [63].
We define the term evaluation number to indicate the number of evaluations for the

optimization problem solved in each controller at each sampling time. For instance,
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Figure 5.3: Sequential DMPC architecture manipulating us, ug and u;.

an evaluation number of one implies that there is no information sharing between the
controllers, and each one of them returns the manipulated input values after the end
of one evaluation.

Three distributed LMPCs are designed for both DMPC control strategies. In both
strategies, LMPC 1 determines the input 1, LMPC 2 determines the input (-, and
LMPC 3 determines the input (J3. Schematics of the sequential and iterative DMPC
architectures for this process are shown in Figs. 5.3 and 5.4, respectively. In order to
formulate each of the optimization problems of the DMPCs (see [63]), the following

feedback laws are used as the reference control laws in the design of the three LMPCs:

us = Q1/Qr =1+ kes(Ty — T) (5.29a)
Ug = QQ/QQ = 1 —|— k’cﬁ(Tg — Tz) (529b)
ur = Q3/Qs = 1+ ker(Ty, — T) (5.29¢)

where ks = 0.008, ko = 0.0002, ke = 0.0002, Ty = 360.25, T = 367.97 and T3 =
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Figure 5.4: Iterative DMPC architecture manipulating us, ug and wuy.

421.72. In the design of the LMPCs, a quadratic Lyapunov function V(z) = 27 Pz
where P is an identity matrix is used to put even weights on the different states.
Through extensive simulations, we found that this Lyapunov function choice to be
a good one in terms of control performance and ease of controller implementation.
In the simulations, the inputs associated with the slow dynamics are subject to the

following constraints:

09<u; <13, 09<us <12, 09<u; <1.2

5.4.2 Simulation results

The simulations were performed in Microsoft Visual Studio by a Core2 Quad Q6600
computer. The total process evaluation time for each run is 3000 seconds. Four differ-
ent cases are studied here. The first one applies the centralized LMPC scheme. The

second case is for the sequential DMPC approach. In the third and fourth case study,
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the iterative DMPC scheme with one evaluation and two evaluations are used. Two
different prediction horizons are used for each of the MPC methods, N =1 and N =
2. Only the first input value from the output of the optimization problems is imple-
mented following a receding horizon scheme. The sampling time of the optimization
problems is A = 30 s, and as a result, the total number of sampling times along one
simulation is 100. By assumption, all state measurements are available to the MPC
controllers at each sampling time and are available continuously to the proportional
controllers. The numerical method that is used to integrate the process is explicit
Euler with a fixed time step of 0.1 s and the LMPC optimization problems are solved
using the open source interior point optimizer Ipopt [101].

The cost function used in each MPC scheme is as follows:

J = / T T (0)Quat) + UL () RuUa(t)] dt

i

where ;. is time when the controller is evaluated and U] = [us —1 ug—1 uy —1]. The
weighting matrix Q. is a diagonal matrix with its diagonal element Q.; = 1/ e,
where 4 ; is the steady state value of the corresponding state variable. The weighting
matrix R is also a diagonal matrix with R., = diag([10000 10000 10000]).

Figure 5.5 shows the trajectories of the Lyapunov function V' (z) under the different
control schemes. Based on these trajectories, it can be seen that all MPC strategies
stabilize the closed-loop system and give very close results in terms of trajectories of
V(z). The corresponding trajectories of the inputs @1, Q2 and Q3 (i.e., us, ug and
uz) are shown in Figs. 5.6, 5.7 and 5.8.

Next, we investigate the instantaneous closed-loop performance at each sampling

time measured by a7 (t4)Q.x(t} —1—2 Ul(ty)RsiUi(ty), k = 0,1,... under the central-

ized LMPC and the two DMPC schemes where U] = [u1 — 1 ug— 1 ug—1 uy — 1] and
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Figure 5.5: Trajectories of V(x) under the centralized LMPC (o), the sequential
DMPC (%), and the iterative DMPC with one evaluation (0J) and with two evaluations

().

R = diag([10000 10000 10000 10000 10000]). The results are shown in Fig. 5.9. We
note that in this cost we also include the control inputs used for the fast dynamics in
order to have a comprehensive comparison. From Fig. 5.9, we see that as the simula-
tion time approaches 1000 s, the instantaneous closed-loop performance given by the
different control schemes is nearly the same. This is because under the different con-
trol schemes, the closed-loop system state is driven to the same desired steady-state.
From Fig. 5.9 (especially from the first half of the simulation: 0 < ¢ < 500 s), we can
also see that the centralized control scheme gives the best performance and as the
iteration number increases, the performance given by the iterative DMPC converges
to the one given by the centralized control scheme. This property of the iterative
DMPC is not guaranteed for general nonlinear systems but it is found to hold for this

specific simulation study.
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In the last set of simulations, attention is given to the evaluation time of the three
MPC schemes, as shown in Fig. 5.10 (N = 1) and in Fig. 5.11 (N = 2). Because
of the different structure of the two DMPC architectures, it is important to note
that the total evaluation time required for the sequential DMPC in one sampling
time is the sum of the evaluation times of the three LMPCs; on the other hand,
the total evaluation time required for the iterative DMPC with one evaluation in
one sampling time is the maximum evaluation time among all the three LMPCs.
Both Figures clearly demonstrate that the iterative DMPC with one evaluation has
the smallest total evaluation time compared with the other MPC schemes, and the
sequential DMPC requires more evaluation time than the centralized LMPC in this set
of simulations. In Fig. 5.10, the average evaluation time of the iterative DMPC with
one evaluation over the entire simulation is 1.70 s, which is about 70% of the average
time needed for the centralized LMPC and 2.6 times faster than the average time
needed for the sequential DMPC. Similarly, in Fig. 5.11, the average total evaluation
time of the iterative DMPC with one evaluation along the simulation is 4.25 seconds,
which is about 63% of the average time needed for the centralized LMPC and 2.3

times faster than the average time needed for the sequential DMPC.

Remark 5.2 To justify the use of uy, us, us and uy to control the liquid hold-ups
that exhibit fast dynamic behavior, we carried out a set of simulations of the closed-
loop system under the fast proportional controls used to manipulate uy, us, uz and
uy and the centralized MPC' used to manipulate us, ug and uy. Figure 5.12 shows
the evolution of a measure of the liquid hold-ups (ps(t)) which exhibit fast dynamics
initially (fast time-scale) and the evolution of a measure of the compositions (ps(t))
which exhibit dynamics in a slow time-scale, thereby confirming our choice to use fast

acting feedback to requlate the liquid hold-ups. In Figure 5.12, the measures ps(t) and
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Figure 5.10: The total evaluation time needed for each evaluation of each MPC
method. Centralized LMPC (solid line with x), sequential DMPC (dashed line with
o), and iterative DMPC with one evaluation (dotted line with [J). The prediction
horizon N = 1.
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Figure 5.11: The total evaluation time needed for each evaluation of each MPC
method. Centralized LMPC (solid line with x), sequential DMPC (dashed line with

o), and iterative DMPC with one evaluation (dotted line with OJ).
horizon N = 2.
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0 200 400 600 800

Figure 5.12: Evolution of a measure of the liquid hold-ups (py(t); + symbol) and

evolution of a measure of the compositions (p,(t); o symbol).

pr(t) are defined as follows:

AB,C 15 AB,C
Z Z (2ij — Ti)*+ E (zi,r — Tir)?
. t _ 1 j _ 1 _
pslf) max((z;; — Zi;)?, (Tir — Tir)?)
pi(t) = (M, — M,)? + (Myi1 — Myy1)? + (Mg — Mg)?

InaX<<M0 - MO>27 (MN—H — MN+1)27 (MR - MR)2>
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5.5 Conclusions

This chapter focused on model predictive control of a class of nonlinear singularly
perturbed systems. The motivation for this work is provided by broad classes of
large-scale process networks that involve coupled variables that evolve in disparate
(fast and slow) time scales. For such process networks, direct application of model
predictive control to compute the control actions for all manipulated inputs leads to
very high-order optimization problems that may not be solvable in real-time. Instead,
we proposed a control system using multirate sampling (i.e., fast sampling of easy-
to-measure fast-evolving variables and slow sampling of slow-evolving variables) and
consisting of an explicit feedback controller that stabilizes the fast dynamics and a
model predictive controller that stabilizes the slow dynamics and enforces desired per-
formance objectives in the slow subsystem was proposed. In this way, the model pre-
dictive controller solves an optimization problem with a substantially smaller number
of decision variables, and thus, it requires less computational time. Sufficient condi-
tions under which the closed-loop system stability, accounting for multirate sampling
and sample-and-hold implementation of the predictive controller, is guaranteed were
provided. The applicability and effectiveness of the proposed control system was il-
lustrated via a large-scale nonlinear reactor-separator process network which exhibits
two-time-scale behavior and the computational effectiveness of distributed predictive

control implementation was demonstrated.
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Chapter 6

Composite Fast-Slow MPC Design
for Nonlinear Singularly Perturbed

Systems

6.1 Introduction

In Chapter 5, we studied MPC for nonlinear singularly perturbed systems where
MPC is used only in the slow time-scale and the fast dynamics are assumed to be
stabilizable by a “fast” explicit controller.

This chapter focuses on model predictive control of nonlinear singularly perturbed
systems in standard form where the separation between the fast and slow state vari-
ables is explicit [11]. Specifically, a composite control system comprised of a “fast”
MPC acting to regulate the fast dynamics and a “slow” MPC acting to regulate the
slow dynamics is designed. The composite MPC system uses multirate sampling of

the plant state measurements, i.e., fast sampling of the fast state variables is used
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in the fast MPC and slow-sampling of the slow state variables is used in the slow
MPC as well as in the fast MPC. Using singular perturbation theory, the stability
and optimality of the closed-loop nonlinear singularly perturbed system are analyzed.
The proposed fast-slow MPC design does not require communication between the two
MPCs, and thus, it can be classified as decentralized in nature. A chemical process
example which exhibits two-time-scale behavior is used to demonstrate the struc-
ture and implementation of the fast-slow MPC architecture in a practical setting.
Extensive simulations are carried out to assess the performance and computational

efficiency of the fast-slow MPC system.

6.2 Preliminaries

6.2.1 Notation

The operator | - | is used to denote Euclidean norm of a vector and the symbol §2,
is used to denote the set 2, := {z € R"™ : V(z) < r} where V is a positive definite
scalar function. For any measurable (with respect to the Lebesgue measure) function
w : Rsg — R, ||w|| denotes ess.sup.|w(t)|, t > 0. A function v : Rsg — Rsg is said
to be of class K if it is continuous, nondecreasing, and is zero at zero. A function
B R>g X R>9 — R> is said to be of class K'L if, for each fixed ¢, the function 3(-, )
is of class K and, for each fixed s, the function (s, -) is nonincreasing and tends to
zero at infinity. The symbol diag(v) denotes a matrix whose diagonal elements are

the elements of vector v and all the other elements are zeros.
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6.2.2 Class of nonlinear singularly perturbed systems

In this section, we focus on nonlinear singularly perturbed systems in standard form
with the following state-space description:

T = f(.T,Z,E,’LLS,IU), .73(0) = o
(6.1)

ez = g(z,z,6,up,w), 2(0) = 2z

where z € R" and z € R™ denote the vector of state variables, € is a small positive
parameter, w € R' denotes the vector of disturbances and u, € U C RP and u; €
V' C R? are two sets of manipulated inputs. The sets U and V' are nonempty convex
sets which are defined as follows:

U:= {us,i(t) : |Us,i(t)| S ug}?)(? (&S [Lp]}
(6.2)

Vo= gy (@) = gy (O] < uff™, g€ [Lgl}

IIlaX and umax

s, 7o are positive real numbers, specifying the input constraints.

where u
The disturbance vector is assumed to be absolutely continuous and bounded, i.e.,
W = {w(t) € R : |w(t)| < 0} where 6 is a positive real number. Since the small
parameter € multiplies the time derivative of the vector z in the system of Eq. 6.1, the
separation of the slow and fast variables in Eq. 6.1 is explicit, and thus, we will refer
to the vector x as the slow states and to the vector z as the fast states. We assume
that the vector fields f and g are sufficiently smooth in R" x R™ x [0,€) x RP x R
and R" x R™ x [0,€) x R? x R!, respectively, for some € > 0, and that the origin is an
equilibrium point of the unforced nominal system (i.e., system of Eq. 6.1 with us = 0,
ur =0 and w=0).

With respect to the control problem formulation, we assume that the fast states

z are sampled continuously and their measurements are available for all time ¢ (for
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example, variables for which fast sampling is possible usually include temperature,
pressure and hold-ups) while the slow states x are sampled synchronously and are
available at time instants indicated by the time sequence {tx>o} with ¢, = to+kA, k =
0,1,... where tq is the initial time and A is the measurement sampling time of the slow
states (for example, slowly sampled variables usually involve species concentrations).
The set of manipulated inputs uy is responsible for stabilizing the fast dynamics of
Eq. 6.1 and for this set the control action is assumed to be computed every A, while
the set of manipulated inputs u, is evaluated every A, and is responsible for stabilizing
the slow dynamics and enforcing a desired level of optimal closed-loop performance.

The relationship between A, A; and Ay will be discussed below.

6.2.3 Two-time-scale decomposition

The explicit separation of slow and fast variables in the system of Eq. 6.1 allows
decomposing it into two separate reduced-order systems evolving in different time-
scales. To proceed with such a two-time-scale decomposition and in order to simplify
the notation of the subsequent development, we will first address the issue of con-
trolling the fast dynamics. Since there is no assumption that the fast dynamics of
Eq. 6.1 are asymptotically stable, we assume the existence of a “fast” model predic-
tive control law uy that renders the fast dynamics asymptotically stable in a sense
to be made precise in Assumption 6.2 below. In contrast to previous approaches to
uys controller design (e.g., [54]), we focus on the design of a feedback control law that
does not modify the open-loop equilibrium manifold for the fast dynamics. This is
in contrast to our previous work [12] (also Chapter 5) where the fast feedback uy
modifies the equilibrium manifold for the fast dynamics in the closed-loop system.

This implies that when we set € = 0 in the singularly perturbed system of Eq. 6.1 to

173



derive the slow subsystem uy = 0, and the resulting slow subsystem takes the form:
d
d—f = f(x,2,0,usw) (6.3a)

0=g(z,2,00,w) (6.3b)

Assumption 6.1 below is a standard requirement in singularly perturbation theory
(please see, for example, [54]) and it is made to ensure that the system of Eq. 6.1 has
an isolated equilibrium manifold for the fast dynamics. On this manifold, z can be
expressed in terms of x and w using an algebraic expression; note that g(z, z,0,0, w) is
in this case independent of the expression of the “fast” feedback control law wus. This
assumption does not pose any significant limitations in practical applications but it
is a necessary one in the singular perturbation framework to construct a well-defined

slow subsystem.

Assumption 6.1 The equation g(x,z,0,0,w) = 0 possesses a unique root

z = g(z,w) (6.4)

dg 0g
with the properties that G : R® x R — R™ and its partial derivatives 8_9’ 8_9 are
xr Ow

sufficiently smooth.
Using z = g(x,w), we can re-write Eq. 6.3 as follows:

dx

o = flz, g(x,w),0,us,w) =: fs(z, us, w) (6.5)

We will refer to the subsystem of Eq. 6.5 as the slow subsystem.
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t
Introducing the fast time scale 7 = - and the deviation variable y = z — g(z, w),
€

we can rewrite the nonlinear singularly perturbed system of Eq. 6.1 as follows:

d
£ = 6f(x,y+§<x,w>,€, u37w)
dy " 97 .
@ _ — e 6.6
dr g(w,y—i—g(:v,w),e,uf,w) anw ( )
—e@f(x + gz, w), €, us, w)
ax 7y g Y ) S

Setting € = 0, we obtain the following fast subsystem:

d -
£:g<x7y+g(x7w)707ufuw> (67)

where z and w can be considered as “frozen” to their initial values.

6.2.4 Slow-fast subsystem stabilizability assumptions

We assume that there exists a Lyapunov-based locally Lipschitz control law hg(x) =
[hsi(z) ... hg(x)]" with us; = hg(x), ¢ = 1,...,p, which renders the origin of the
nominal closed-loop slow subsystem of Eq. 6.5 asymptotically stable while satisfying
the input constraints for all the states x inside a given stability region. Such an explicit
controller can be designed using Lyapunov-based control techniques [60, 18]. Using
converse Lyapunov theorems [75, 60, 18], this assumption implies that there exist
functions a,;(-), ¢ = 1,2,3 of class K and a continuously differentiable Lyapunov
function Vi(x) for the nominal closed-loop slow subsystem that satisfy the following
inequalities:
asa(lz]) < Vilz) < asa(lz)

WVel®) (1 (0 hy(2),0)) < —avus(fa]) (6.8)

ox
hs(x) e U
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for all x € Dy, C R™ where D, is an open neighborhood of the origin. We denote the
region {),s C D, as the stability region of the closed-loop slow subsystem under the
Lyapunov-based controller hg(z). By continuity, the smoothness property assumed
for the vector fields fs(x,us, w) and taking into account that the manipulated inputs
Usi, © = 1,...,p, and the disturbance w are bounded in convex sets, there exists a

positive constant M, such that

| fs(z, us, w)| < M (6.9)

for all z € Q,s, u, € U, and w € W. In addition, by the continuous differentiable
property of the Lyapunov function Vi(x) and the smoothness property assumed for

the vector field fs(z,us,w), there exist positive constants L, and L,,, such that

1Y (g, w) = 2Vl g, )| < Ll — ]
o o (6.10)

‘ ox fs(xaumw) o %fs<x7u87w/)| < st|w - wI’

for all z, 2" € Qps, u; € U, and w,w" € W.

Assumption 6.2 There ezists a feedback control law uy = p(x)y € V where p(x)
1s a sufficiently smooth vector function of its argument, such that the origin of the
closed-loop fast subsystem:

dy

- = 9(z,y + §(z,w), 0,p(2)y, w) (6.11)

is globally asymptotically stable, uniformly in x € R™ and w € R, in the sense that

there exists a class KL function 3, such that for any y(0) € R™:

y(0) < B, (ly(0)]. - (612
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fort > 0.

This assumption implies that there exist functions ay;(-), ¢ = 1,2,3 of class K and a
continuously differentiable Lyapunov function Vy(y) for the nominal closed-loop fast

subsystem that satisfy the following inequalities:

ari(lyl) < Vi) < apa(lyl)
OVy(x)
dy

(9(z,y + g(x,w), 0, p(x)y, w)) < —ays(]yl) (6.13)

p(x)yeV

for all y € Dy € R™ where Dy is an open neighborhood of the origin. We denote the
region €y C Dy as the stability region of the closed-loop fast subsystem under the
nonlinear controller p(x)y.

By continuity, the smoothness property assumed for the vector fields g(x, v, 0, uy, w)
and taking into account that the manipulated inputs uy;, j = 1,...,q, and the dis-
turbance w are bounded in convex sets, there exists a positive constant My such
that

g2, y,0,up, w)| < My (6.14)

orally € Q, up € V, and w € W. In addition, by the continuous differentiable
for all Qur, up € V, and W. In addition, by th ti differentiabl
property of the Lyapunov function V(z) and the smoothness property assumed for

the vector field g(z,y,0,ur, w), there exist positive constants L, and L, ; such that

aV, 01%

‘87;.9(377:‘/7071‘}”710) - Tyfg(m?ylvoaufaw” < Ly|y - y/’
8Vf 8Vf (6'15)
|67yg(x7y’0’uf7w) - aiyg(xyy’oyuf7w/)| < wa|w - /w,|

for all y,y' € Q,r, uy € V, and w,w' € W.
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6.3 Fast-Slow MPC design

The singular perturbation framework of Eq. 6.1 can be used to develop composite
control systems where an MPC is used in the fast time scale and another MPC is
used in the slow time-scale. A schematic of the proposed composite fast-slow MPC
architecture is shown in Fig. 6.1. In this case, a convenient way from a control
problem formulation point of view is to design a fast-MPC that uses feedback of the
deviation variable y in which case uy is only active in the boundary layer (fast motion
of the fast dynamics) and becomes nearly zero in the slow time-scale. In this case,
there is no need for communication between the fast MPC and the slow MPC (please
see Remark 6.2 below). Specifically, referring to the singularly perturbed system of

Eq. 6.6, the cost can be defined as:

J =J,+ J;
- /0 5 (27 (7)Qsz(F) + ul (F) Rous(7)] dF (6.16)

i / "W F)Quy(F) + uF () Ryug(7)] d7

where Qs, Qf, Ry, Ry are positive definite weighting matrices, and ¢, and t; are the
prediction horizons for the parts of the cost focusing on the slow and fast subsystems,

respectively.

6.3.1 Lyapunov-based slow MPC formulation

Referring to the slow subsystem of Eq. 6.5, we use the LMPC proposed in [79] which
guarantees practical stability of the closed-loop system and allows for an explicit
characterization of the stability region to compute us,. The LMPC is based on the

Lyapunov-based controller hg(z). The controller hs(x) is used to define a stability
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Figure 6.1: A schematic of the composite control system using MPC in both the fast
and slow time-scales.

constraint for the LMPC controller which guarantees that the LMPC controller in-
herits the stability and robustness properties of the Lyapunov-based controller hg(z).

The LMPC controller is based on the following optimization problem:

i /0 o [Z7(7)Qs2(7) + ul (F) Ryus(7)]d7 (6.17a)
s.t. () = fo(&(7), us, 0) (6.17b)
uy(7) €U (6.17c)
7(0) = x(ty,) (6.17d)

Vi (x) OVi(z)

fs(x(tk)vhs(x(tk))70) (6176)
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where S(Aj) is the family of piece-wise constant functions with sampling period Ay,
Ny is the prediction horizon, z(t) is the state measurement obtained at t;, Z is the
predicted trajectory of the nominal system with u,, the input trajectory computed by
the LMPC of Eq. 6.17. The optimal solution to this optimization problem is denoted
by u*(7|tx), and is defined for 7 € [0, NyAy). Note that in the MPC of Eq. 6.17, the
control action is calculated every A, which is the sampling interval of the slow states
(le., A =A,).

The optimization problem of Eq. 6.17 does not depend on the uncertainty and
guarantees that the system in closed-loop with the LMPC controller of Eq. 6.17
maintains the stability properties of the Lyapunov-based controller. The constraint
of Eq. 6.17e guarantees that the value of the time derivative of the Lyapunov function
at the initial evaluation time of the LMPC is lower or equal to the value obtained if
only the Lyapunov-based controller hg(z) is implemented in the closed-loop system in
a sample-and-hold fashion. This is the constraint that allows proving that the LMPC
inherits the stability and robustness properties of the Lyapunov-based controller. The
manipulated inputs of the closed-loop slow subsystem under the LMPC controller are

defined as follows

ug(t) = Wit — tilts), VE € [ty tosr)- (6.18)

The main property of the LMPC controller is that the origin of the closed-loop system
is practically stable for all initial states inside the stability region €2,s for a sufficient
small sampling time A, and disturbance upper bound 6. The main advantage of
LMPC approaches with respect to Lyapunov-based control is that optimality consid-
erations can be explicitly taken into account (as well as constraints on the inputs and
the states [79]) in the computation of the control action within an online optimization

framework.
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Proposition 6.1 (c.f. [79, 80]) Consider the slow subsystem of Eq. 6.5 in closed-
loop under the LMPC of Eq. 6.18 based on a Lyapunov-based controller hy(x) that
satisfies the conditions of Eq. 6.8. Let €, > 0, Ay > 0 and p* > pi > 0, 0 > 0 satisfy

the following constraint:
—06573(05;5 (Pi)) + Lo M Ag + ste < _EwS/As- (619)

There exists a class KL function B, and a class K function vy, such that if £(0) € Q,s,

then x(t) € Qs for allt > 0 and
2(8)] < Ba([2(0)], £) + 72(p5) (6.20)

with ;= max{V(a(t + A,)) : Vi(a(t)) < pi}.

6.3.2 Lyapunov-based fast MPC formulation

Referring to the fast subsystem of Eq. 6.7, the fast MPC at time ¢ is formulated as

follows
NiAg
[ 0@ 0 Ry 6210
st gf = 02 0) 5+ e(11)0).0,u5,0 (621
up €V (6.21¢)
y(0) = y(tx) (6.21d)
a‘gy(y)g(:':(tk), y(te) + §(z(te), 0),0,uy, 0)
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Vi (y)

<
= "oy

g(x(te), y(tr) + g(z(tr), 0),0, p(z(tr))y(te),0) (6.21e)

where S(Ay) is the family of piece-wise constant functions with sampling period Ay,
Ny is the prediction horizon of this MPC, y(t;) is the state measurement obtained at
ik, 9 is the predicted trajectory of the nominal system with uy, the input trajectory
computed by the LMPC of Eq. 6.21. The optimal solution to this optimization
problem is denoted by u}(7|tx), and is defined for 7 € [0, NyAy). Note that in the
MPC of Eq. 6.21, the control action is calculated every Ay, the fast state z is available
every Ay and the slow state z is available every A,. Note also that we assume that
Ay is an integer multiple of Ay.

The manipulated inputs of the closed-loop fast subsystem under the LMPC con-

troller are defined as follows:

uf(t) = u}(t - tkltk)a Vit € [tk, tr + Af) (622)

Proposition 6.2 (c.f. [79, 80]) Consider the fast subsystem of Eq. 6.7 in closed-
loop under the LMPC of Eq. 6.22 based on a nonlinear feedback control law p(z)y
that satisfies the conditions of Eq. 6.13. Let €, >0, Ay >0 and pl >pl>0,0>0

satisfy the following constraint:
—ars(0g3(pl) + LyMsAp + Ly, 0 < —ey, [ Af. (6.23)

Then, there exists a class KL function B, and a class K function v, such that if

y(0) € Q,r, then y(t) € Qs for allt = 0 and

(O] < B, (O 5 + 7, (%) (6.24)

€
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with p3 = max{Vy(y(t + Ay)) : V(y(t)) < pl}, uniformly in x € Qpe and w € W,

Remark 6.1 The “fast” LMPC of Eq. 6.21 utilizes feedback of the “fast” state vector
z which is obtained continuously (fast sampling of the fast states) as well as feedback
of the slow states that is available at ty, tgi1, ... where tyy = tp + A. Since the fast
MPC has to compute its control action every Ay, the measurement x(t)) will be used
in the controller of Eq. 6.21 for all fast sampling times, Ay, within [ty, ty + A] until
a new measurement of the slow state vector is obtained. Since x is practically frozen
in the boundary layer - time interval in which z changes a lot but x stays nearly
fized (depending on the value of €), - the stability of the closed-loop fast subsystem

uniformly in x and w can be proved; please see also [20] and next section.

6.4 Stability analysis

The closed-loop stability of the system of Eq. 6.1 under the LMPCs of Egs. 6.17 and

6.21 is established in the following theorem under appropriate conditions.

Theorem 6.1 Consider the system of Eq. 6.1 in closed-loop with us and us com-
puted by the LMPCs of Eqs. 6.22 and 6.18 based on controllers p(x)y and hs(-) that
satisfies the conditions of Eqs. 6.13 and 6.8. Let also Assumptions 6.1 and 6.2 and
the condition of FEqs. 6.19 and 6.23 hold. Then there exist functions 3, and B, of
class KL, a pair of positive real numbers (0,d) and € > 0 such that if

max{[z(0)], [y(0)}, l[wl], [[w][} < & and € € (0, €], then,

z(8)] < Ba(lz(0)], 1) + 72 (p7) +d

()] < By(15(0)], 2) + (o) +d

€

(6.25)

for allt > 0.
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Proof: When uy = u} and us = uj are determined by the LMPCs of Egs. 6.22

and 6.18, respectively, the closed-loop system takes the following form:

T = f(x,z,¢6,ul,w), x(0) =z

) ERS

(6.26)
ez = g(v, 2,6, u},w), 2(0) = 2.

We will first compute the slow and fast closed-loop subsystems. Setting ¢ = 0 in

Eq. 6.26 and taking advantage of the fact that u} = 0 when e = 0, we obtain:

W fe,2,0,utw)
dt (6.27)

0=g(z,20,0,w).

Using that the second equation has a unique, isolated solution z = g(z,w) (Assump-

tion 6.1), we can re-write 6.27 as follows:

dx

- = fz, g(x,w),0,ul,w) = fo(x,ul,w) (6.28)

) s ) s

According to Proposition 6.1, the state x(f) of the closed-loop slow subsystem of
Eq. 6.28 starting from x(0) € Qs stays in Q, (i.e., z(t) € Q,s Vt > 0) and satisfies
the bound of Eq.6.20.

We now turn to the fast subsystem. Using 7 = z and y = z — g(x,w), the

closed-loop system of Eq. 6.26 can be written as:

9 eflay + 5o w), 6w w)
dr
i _ (6.29)
@ = g(x,y+ g(z,w), e u} w)—e@w—G@f( + gz, w), uf, w)
dT - g 7y g ’ )=y By aw al’ %y gx,w,us,w
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Setting € = 0, the following closed-loop fast subsystem is obtained:

d
7 =gle.y + gla,w),0,ujw) (6.30)

According to Proposition 6.2, the state y(t) of the closed-loop fast subsystem of
Eq. 6.30 starting from y(0) € Q,r stays in Qs (i.e., y(t) € Q,r ¥t > 0) and satisfies
the bound of Eq.6.24. Therefore, using similar arguments to the proof of Theorem 6.1
in [20], we have that there exist functions 3, and f, of class K L, positive real numbers
(0,d) (note that the existence of § such that |z(0)| < § and |y(0)| < § imply that
z(0) € Q,s and y(0) € Qs follows from the smoothness of V(z) and Vi(y)), and
¢* > 0 such that if max{|z(0)|, |y(0)|, ||w]|, ||w||} < § and € € (0, €*], then, the bounds

of Eq.6.25 hold for all¢ > 0. R

Remark 6.2 Referring to the composite fast-slow MPC" architecture of Fig. 6.1, we
note that it can find an interpretation in the context of distributed MPC architec-
tures [65, 63, 19]. While conventional distributed MPC' design where one MPC' could
manipulate uy and another MPC could manipulate us would normally require the
use of communication between the fast MPC and the slow MPC to coordinate their
actions ([92, 95]), the fast-slow MPC architecture of Fig. 1 takes advantage of the
two-time-scale system property to design a fast-MPC' that uses feedback of the devi-
ation variable y in which case uy is only active in the boundary layer (fast motion
of the fast dynamics) and becomes nearly zero in the slow time-scale. As a result,
there is no need for communication between the fast MPC and the slow MPC; in this
sense, the control structure of Fig. 6.1 can be classified as decentralized. This point
demonstrates that accounting for time-scale multiplicity can lead to simplification in
the communication strategy of distributed MPCs. Such a two-time-scale DMPC' ar-

chitecture takes advantage of the time-scale separation in the process model and yields

185



near optimal performance in a sense to be precisely defined in the next section.

6.5 Near Optimality

In this section, we establish that the finite-time cost of the closed-loop singularly per-
turbed system of Eq. 6.26 under the fast-slow MPCs, converges to the corresponding
cost computed on the basis of the fast and slow subsystems. It should be emphasized
that the finite-time time analysis of the closed-loop system optimality relies on the
practical closed-loop system stability established in the previous section. We note
that after the fast and slow states enter their corresponding final invariant set, we
can only guarantee boundedness of the closed-loop system states but not eventual
convergence to the origin. Therefore, the integral of the closed-loop cost over the
infinite-time interval is infinite. As a consequence, we focus on near-optimality over
a finite-time interval.

We assume w = 0 and define the finite-time interval [0,¢;], where ¢; is the time
needed for the state of the closed-loop system of Eq. 6.26 starting from the initial
condition (x(0), z(0)) that satisfies the conditions of Theorem 6.1 to enter an invariant
set containing the origin in which z(t;) € €,; and y(t;) € Q ;. Referring to the system
of Eq. 6.26 with w = 0, the finite-time cost in the interval time [0, ;] is defined as

follows:

J =Ji+J;
- [ 00 " (R o)] o7 (6.31)

[ O + o (R 0] o7

where Qs, Rs, Q, Ry are appropriate matrices defined in section 6.3. We now define
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the trajectory of the closed-loop slow subsystem under the slow LMPC:

T = fo(@,u:,0), #(0) =z (6.32)

Y R

for t € [0,1;], and the corresponding cost is defined as follows:
tr -
7= [ [ 000 + o (Rai(r)] ar (6.33)
0

Similarly, we define the trajectory of the closed-loop fast subsystem under the fast

LMPC:
dy _

dr - g(x,?ﬁ +§(x70)707u7‘a0>a g(o) = Yo, (634)

and the corresponding cost is defined as follows:

5= [t DD+ QR ar (6:35)

where t, ~ O(¢e). We now state the main result of this section.

Theorem 6.2 Consider the closed-loop system of Eq. 6.26 under the slow and fast
LMPCs of Eqs. 6.17 and 6.21, respectively, and its corresponding slow and fast sub-
systems of Eqs. 6.32 and 6.34. Let t; be the time needed for the state of the closed-
loop system of Eq. 6.26 starting from the initial condition (x(0),z(0)) satisfying the
conditions of Theorem 6.1 to enter an invariant set containing the origin in which

x(tr) € Qpy and y(t;) € Q ;. Then, J — J; + J} as € = 0.

Proof 6.1 We exploit closeness of solutions results and combine them with optimal-
ity results to prove that the two-time-scale LMPC is near-optimal in the sense that
the cost function associated with the full closed-loop system approaches the sum of

the optimal costs of the reduced subsystems when ¢ — 0. Using the closed-loop
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stability results of Eq. 6.25, we can obtain time ¢; which is the time needed for the
state of the closed-loop system of Eq. 6.26 starting from (x(0), 2(0)) satisfying the
conditions of Theorem 6.1 to enter an invariant set containing the origin in which
x(tr) € Qps and y(t;) € Q. Using the bound of Eq. 6.25 and similar arguments to
the ones in the proof of Tikhonov’s theorem (see Theorem 9.1 in [52]), there exists

€0 € (0, €*] such that Ve € (0, ]
z(t) = z(t) + Ole), Vt € [0,t/] (6.36)

y(t) = g(z) +0(e), ¥t € [0,4)] (6.37)

and

ui(z(t)) = ui(z(t)) + O(e), Vt € [0,t]
up(z(t),y(t)) = wp(@(t),5(7) + O(e), vt € [0, 1]

(6.38)

From the estimates of Egs. 6.36, 6.37 and 6.38, it can be concluded that there exists

a positive real number N such that Eq. 6.31 yields:

J = /tz [xT(f)st(?) +u:T(x(%))Rsu:(q;(f))i| dr
0 N
+/0 [yT(f')ny(?)-f-u}T(SC(f),y(f))Rfu’}(x(f),y(f))} &

- /tf [@T(f)Qsi:(%)Jruj; (:ﬁ(?))Rsu:(i(%))} 7 (6.39)
0

= Ji+Jj+ Ne
Thus, as € — 0, we have that J — J7 + J}.

Remark 6.3 Most of the literature on control of singularly perturbed systems (e.g.,

[10]) deals with systems in which the manipulated input (or input vector), u, is de-
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composed into two components, us and uy, (i.e., u = ugs+ uf) and continuous (not
sample-and-hold) implementation of the control action on the process (i.e., singularly
perturbed system) is assumed. This formulation for the manipulated inputs and control
action implementation, however, is not general enough to deal with model predictive
control as the method used for feedback design. Specifically, MPC' implementation
should be done in a sample-and-hold fashion, and moreover, different sampling times
should be utilized by the manipulated inputs used to control the fast and slow dy-
namaics, respectively. In particular, the manipulated inputs used to control the fast
dynamics, uy, should use a small sampling time, while the manipulated inputs used
to control the slow dynamics, us, could use a larger sampling time. Such a difference
i sampling times would not have been possible in the standard singularly perturbed
control problem formulation where continuous implementation of manipulated inputs

18 assumed.

6.6 Chemical Process Example

In this section, we consider a chemical process example to demonstrate the structure
and implementation of the proposed fast-slow MPC architecture in a practical setting.
The chemical process consists of a network of two continuously stirred tank reactors
(CSTRs) and one flash tank separator with recycle. Specifically, fresh feed of species
A goes into CSTR 1 through stream Fy. An elementary reaction (r;) A — B takes
place inside CSTR 1. The outlet of CSTR 1 is fed into CSTR 2, where a second
reaction takes place (ry) B+ C — D and produces the desired product D; note that
r9 does not take place in CSTR 1 because catalyst is not added in CSTR 1. Another
stream F}; supplies reactant C' into CSTR 2 continuously. All leftover materials from

CSTR 2 enter a flash separator where most of the reactants are being recycled back
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Figure 6.2: Diagram of chemical process example and fast-slow MPC architecture.
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to CSTR 1. The dynamic equations describing the behavior of the process, obtained
through material and energy balances under standard modeling assumptions, are

given below:

dC
Vi d;” —FyCoao + F.Cur — FyCay — ke 2V/ET 0 1 (6.40a)
dCp _B\/RT
‘/1 di :F,«CB,,« - Fchl + ]{?16 1 ICAl‘/l (640b)
dC
Vi— = =F.Co, — FiCo (6.40c)
d
Vi (C’;fl —F,Cp, — FiCp, (6.40d)
dTy
pmcpm‘/lﬁ :FOPmACpmATAO + Frpmcme3 - Flpmcmel
+ (—AHrl)kle_El/RTchlvi + Q1 (6.406)
dC a2 —E1/RT:
‘/2 dt :Fchl — FQCAQ — k’le ! ZCAQ‘/Q (640f)
dCps —E1/RT. ~E»/RT
Vo 0t =FCp1 — F5Cpy + k1e” "/ 20 4o Vy — koe™ 72/ CpaCeaVa - (6.40g)
dCcs —F»/RT:
Vs 7 :FlCm + F4CCO — FQCCQ — koe™ 2 QCBQOCQ‘/Q (640h)
dCDQ —FE>/RT» .
‘/2 dt :Flcpl - FQCDQ + ]{?26 OBQOCQ‘/Q (6401)
dT,
pmcpm‘/QE :Flpmcmel + F4pmccpchCO - FmeCmeQ
+ (=AH, ke B/ C L0V + (= AH,, ) koe B2 B2 CpyCrn Vs 4 Qy
(6.40j)
dC
Vs d;“” —F,Cus — F3Cu3 — F,Ca, (6.40k)
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dCps3

‘/3 dt :FQCBQ - FgCBg - FrCBr (6401)
dC
Vs df‘”’ —F,Cey — F3Ces — F.Cer (6.40m)
dC
‘/3 dtDS :FQCDQ - Fchg - F’I“ODT (640H)
dT. A,B,C.D
pmcpm%d—;’ =Fopmeom(Te = T3) — Y F,CpH™ + Qs (6.400)

where the definitions of the the process variables and their assigned values are shown
in Table 6.1 and Table 6.2, respectively.

The models of the CSTRs and of the separator are developed under the assump-
tions that the liquid hold-up level of all tanks is fixed and the relative volatility of each
species is constant. The following algebraic equations govern the molar composition

of different species at the recycle stream:

" aaClys
Ar —
aaCys + apCps + acCes + apCps
R apChps
Br
aaCys + apCps + acCes + apCps
. acCes
Cr —
aaCas + apCps + acCes + apCps
. apCps
X Dy

~ aaCas +apCps + acCes + apCps

where x;., i = A, B, C, D represents the molar composition of species A, B, C' and D,
respectively. Each of the tanks has an external heat input that is used as manipulated
input, labeled as @1, ()2 and 3. In this example, the liquid holdup V5 in the catalytic
reactor CSTR 2 is significantly smaller than the liquid holdup in CSTR 1, V;, and

the flash separator Vj.

Taking this into account, the process model of Eq. 6.40 can be converted into
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Table 6.1: Process variables

Cnh,i=ABCD
Ci,i=ABCD
Ciz,i=ABCD
Cir,i=ABCD
T;,i=1.237
Tr0, Tco

Vi, Vo and V3
Pms Pma and pme
Cmy Cma and cp,c
AH,, and AH,,
ki1 and ko

FE; and Es

H i=AB,CD

(2

Concentration of different species at CSTR-1
Concentration of different species at CSTR-2
Concentration of different species at CSTR-3
Concentration of different species at F
Temperatures of CSTR-1,2,3

Temperatures of stream Fj and F}

Vessel volume of CSTR-1,2 and separator
Density of the mixture, species A and C
Heat capacity of the mixture, species A and C
Heat of reaction r; and 79

Reaction coefficients of r; and ry

Activation energy of r; and 79

Enthalpy of vaporization of different species
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Table 6.2: Process values

1% 4.0 m? Vs 0.2 m?

Vs 3.0 m3 Ta0 208.15 K

Teo 298.15 K Cao 2 kmol m™3

Ceo 2 kmol m™3 Fy 0.04 m3 s7!

F, 0.05 m3 s7! F, 1.8 m3 s71

Pm 900.0 kg m=3 Pma  950.0 kg m=3

pmc  870.0 kg m~3 Cpm  0.231 keal kg™ K™!
Cpma  0.214 kcal kgt K—! cpme 0.251 kcal kg~! K1
AH, 5.4 x 10" kecal mol™! AH,, 9.98 x 10" kcal mol™!
k1 3.35 x 103 s7! ko 5.25 x 10* m? kmol™" s71
FE 1.04 x 10* kcal kmol FEs 4.0 x 10% kcal kmol
R 1.987 kcal kmol™' K—! HYP 100 kcal kmol™

HZY? 110 keal kmol™ HZ™P 120 keal kmol™!

HJ? 120 keal kmol™!
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the standard singularly perturbed form by dividing Eq.6.40{-6.40j by V} and defining

€= % to derive the following state-space model:
1

T = f(x,z,s, Q17Q3>ws)> $(0) = To
(6.41)

ez =g(x, z,e,Qa,wy), 2(0) =2

where the fast state z = [Cay Cpa Coo Cps To] and the slow state = consists of the
rest of the state variables. With respect to the manipulated input decomposition, ()4
and )3 enter the slow process states, x, and will be regulated by the slow MPC, and
(), enters the fast process states, z, and will be regulated by the fast MPC. Finally,
we define the following deviation variables z = z — 2z, and T = & — T4, Where 24

and x4 are the desired (final) steady-state values and are defined in Table. 6.3.

6.6.1 Controller synthesis

Table 6.3: Initial steady-state and final steady-state manipulated input values

Initial steady state (unit kcal)

Qint =3.2e3 | QiMt = —3.7¢3 | QI = 3.5¢3

Final steady-state (unit kcal)

et = 5.2e3 st = —4.7e3 st = 2.8e3

In this section, we synthesize three control schemes: a) a centralized LMPC ar-
chitecture, b) an MPC architecture that uses a “fast” explicit controller and a slow
LMPC [12], and c¢) the composite fast-slow LMPC architecture introduced in this
paper, shown in Figure 6.2. All controller designs have the same objective to drive

the system from an initial steady-state to a final steady-state; both are stable steady-
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states and are defined in Table 6.3. In the context of the centralized LMPC, the ma-
nipulated input vector is defined as u = [u; ug u3]? = [Q1 — Q5 Q2 — Q5 Q3 — Q5T

for all LMPC synthesis and their constraints are chosen to be:

3.2e3 kcal < u; <6.0e3 kcal
—5.5e3 keal < uy < —2.8e3 kcal
2.0e3 kcal < uz < 4.0e3 kcal

We consider the following objective function in the centralized LMPC design:
tr
J. = / [Z7(F)Qa®(T) + 25 (F)Quz(T) + u' () Reu(7)|dT (6.42a)
0

where Q.1 and Q). are weighting matrices and their diagonal values are defined as
the reciprocal of the average of the initial and final steady-state values of the states
they are associated with, and R, = diag([1.0e —8 1.0e — 8 1.0e — 10]) is also a weight-
ing matrix. With respect to the Lyapunov constraint, three different proportional

controllers are implemented as h(Z):

Uy = k?l (Tlset - Tl) (643&)
U = kQ(TQSEt — Tg) (643b)
us = kg(Tget - Tg) (643C)

where T5¢ T5¢ and T5 are the final steady-state temperatures of each vessel and kj,
ko and k3 are constant coefficients and are chosen to be -60, 50 and 30, respectively. All
diagonal elements of the weighting matrices of the Lyapunov function V = z7 P,z +

zI' P,z are chosen to be unity.
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To synthesize the slow LMPC and the composite fast-slow LMPC schemes, we
first split the set of manipulated inputs w into us = [u; ug] and uy = [us]. Following
from Eq. 6.17, the slow time-scale objective function Js in this example is chosen to

be:

Js = /0 I [Z7(F)QaZ(7) + ul (F)Rous(7)] d7 (6.44)

where R, has the same values as in R, for the same input variables. In order to
solve for Eq. 6.17c, the nonlinear algebraic equation ¢g(Z,w) has to be solved at each
slow sampling time when the slow state measurements are available. The Lyapunov
based controller hy(Z) in the slow LMPC design implements the same proportional
control law as in Eq.6.43a and Eq.6.43c. To complete the synthesis of the slow LMPC
scheme, we assign the slow LMPC to regulate the heat inputs )1 and 3 and assign

the proportional controller Eq.6.43b to regulate the heat input Q).

Finally, we use the following objective function J; for the fast LMPC:

Jy = / 67 () Quay(7) + uE (7 Rypus (7)) dir (6.45)

where Ry = 1.0e — 8 and y is defined as y = Z — g(Z,w). The formulation of fast
LMPC requires that the nonlinear function g(z,w) has to be solved at the end of each
fast sampling time where the slow state measurements are available. The controller
p(Z)y appeared on the Lyapunov constraint at Eq. 6.21e is designed to be a control
law of the form p(Z)y = k4(9(Z,w) — T3) where ky = 25. Together with the slow

LMPC design, this completes the synthesis of the composite fast-slow LMPC.
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6.7 Closed-loop results

The simulations are performed in C++ programming environment by a Core2 Quad
Q6600 computer. The simulation time for each run is 510 seconds. We study the
closed-loop system performance as well as the response speed by each of the MPC
schemes, and by comparison, we evaluate the characteristics of the composite fast-
slow LMPC design in terms of stability, optimality and control action evaluation

time.

For all simulation studies, we use the same prediction horizon N = 1. The fast
and slow state measurements are assumed to be available at every three seconds
(A = 3 s) to all LMPC controllers, and the temperature measurement (75) is assumed
to be continuously available to the proportional controller in the composite LMPC
design. The sampling time of the centralized LMPC, fast LMPC, and slow LMPC
are A, = 15 s, Ay = 15 s and Ay = 3 s, respectively. For each LMPC scheme,
only the first piece from the computed optimal input trajectory of the optimization
problems is implemented in each sampling time following a receding horizon scheme.
The manipulated input regulated by the proportional controller in the slow LMPC
scheme is also implemented in a sample-and-hold fashion and its sampling time is
denoted as A}D .

The numerical method that is used to integrate the process model is explicit Euler
with a fixed time step equal to 0.001 seconds. However, in the cases of slow LMPC
scheme and composite fast-slow LMPC scheme, the explicit separation of the fast
and slow dynamics allows a larger time step to be used by the slow LMPC, and it is
0.1 seconds. The optimization problems of each LMPC scheme are solved using the
open source interior point optimizer Ipopt. The Hessian is approximated by Quasi-

Newton’s method. Regarding the termination criteria and the maximum number of
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iterations, the values used by all simulations are 10~2 and 150, respectively.

The closed-loop performance of all LMPC schemes is illustrated in Fig. 6.3 and
in Fig. 6.4. The trajectories of the slow LMPC scheme with the “fast” proportional
controller in Fig. 6.3 are evaluated based on Eq. 6.42a for the purpose of comparison.
The performance costs in both figures clearly indicate that both the centralized LMPC
and the fast-slow LMPC schemes stabilize the closed-loop process asymptotically to
the final steady state. We also note that both the fast LMPC and the slow LMPC in
the composite fast-slow MPC design are able to stabilize the fast and slow dynamics of
the singularly perturbed system asymptotically (Fig. 6.4). On the other hand, under
the setting of Af = 1 s, the slow LMPC scheme using a “fast” explicit controller is not
able to drive the closed-loop system to the final steady state. It causes oscillations
of the closed-loop system around the final steady state, which contributes to the
increase of the performance cost with increasing simulation time (Fig. 6.3). This
problem can be resolved if the sampling time for the ”fast” proportional controller is
reduced to 0.001 seconds; specifically, Fig. 6.3 shows that in this case the oscillations
diminish and the closed-loop system converges to the final steady state gradually with
a performance cost that is higher than the one of the centralized LMPC. Finally, it is
important to note that we can not directly compare the optimal performance of the
centralized LMPC scheme and of the composite fast-slow LMPC scheme since they
utilize different cost functions.

Fig. 6.5 and Fig. 6.6 show the simulation results comparing the computational
speed between the centralized LMPC and the composite fast-slow LMPC. Since the
explicit separation between the fast and slow dynamics reduces the dimension of the
process dynamic model and the corresponding step of numerical integration as well

as the number of manipulated inputs for the slow LMPC and the fast LMPC, the
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Time ()

Figure 6.3: Performance cost of each controller design based on Eq. 6.42a: the cen-
tralized LMPC design (dotted-solid line with plus), the slow LMPC design (dashed
line with circles) with the ”fast” proportional controller using A}D = 1s, and the slow
LMPC design (solid line with asterisks) with the ”fast” proportional controller using
A} =0.001s.
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Figure 6.4: Fast-slow LMPC performance: (a) performance cost, Jy, of the fast
LMPC, (b) performance cost, Js, of the slow LMPC and (c) overall cost, J.
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Figure 6.5: The total evaluation time needed for each evaluation of the control action
by the centralized LMPC design (dashed-dotted line with plus) and by the fast LMPC
of the fast-slow LMPC design (dashed line with circles).
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Figure 6.6: The total evaluation time needed for each evaluation of the control action
by the centralized LMPC design (dashed-dotted line with plus) and by the slow LMPC
of the fast-slow LMPC design (dotted line with asterisks).
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composite fast-slow LMPC computes the control action significantly faster compared
to the centralized LMPC. Specifically, the results in Fig. 6.5 and Fig. 6.6 indicate
that the fast LMPC needs on average one second for the control action evaluation at
each fast sampling time, and compared to the centralized LMPC, it is at least five
times faster on average. Similarly, the slow LMPC is at least five times faster on
average in evaluating its control actions at each slow sampling time compared to the

time needed for the centralized LMPC.

6.8 Conclusions

This chapter focused on the theoretical development of a composite fast-slow LMPC
architecture for nonlinear singularly perturbed systems in standard form and its ap-
plication to a chemical process which consists of two continuous stirred tank reactors
(CSTRs) and a flash separator with recycle. The proposed fast-slow MPC design
is decentralized in nature and enforces stability and near-optimality in the closed-
loop singularly perturbed system provided the singular perturbation parameter is
sufficiently small. Extensive simulations were carried out to compare the proposed
architecture with existing centralized LMPC techniques from computational time and

closed-loop performance points of view.
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Chapter 7

Conclusions

This dissertation presented methods for designing distributed model predictive control
(MPC) systems for nonlinear and two-time-scale process networks and demonstrated
their application using various chemical process network examples.

Specifically, Chapter 2 presented two different architectures of distributed MPC
for nonlinear process systems: sequential distributed LMPC and iterative distributed
LMPC. In both architectures, the MPC controllers were designed via LMPC tech-
niques. In the sequential distributed LMPC architecture, the distributed LMPC con-
trollers adopt a one-directional communication strategy and are evaluated in sequence
and once at each sampling time; in the iterative distributed LMPC architecture, the
distributed LMPC controllers utilize a bi-directional communication strategy, are
evaluated in parallel and iterate to improve closed-loop performance. Each LMPC
controller in both architectures incorporates a suitable stability constraint which en-
sures that the state of the closed-loop system under the proposed distributed MPC
architectures is ultimately bounded in an invariant set. Extensive simulations using
a catalytic alkylation of benzene process example were carried out to compare the

proposed distributed MPC architectures with existing centralized LMPC algorithms
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from computational time and closed-loop performance points of view.

In Chapter 3, we designed sequential and iterative DMPC schemes for large scale
nonlinear systems subject to asynchronous and delayed state feedback. First, we fo-
cused on nonlinear systems subject to asynchronous measurements without delays.
In this case, we first extended our previous sequential DMPC design [66] to include
asynchronous measurements and then re-designed the iterative DMPC scheme pro-
posed in [63] to take explicitly into account asynchronous feedback. Following that,
we focused on the design of an iterative DMPC scheme for nonlinear systems subject
to delayed measurements. This design took advantage of the bi-directional com-
munication network already used in the iterative DMPC framework. Mathematical
analyses were carried out to derive sufficient conditions under which the proposed
distributed control designs guarantee that the states of the closed-loop system are
ultimately bounded in regions that contain the origin. Through a catalytic alkylation
of benzene process example, we successfully compared the proposed DMPC designs
with two centralized LMPC designs from stability, evaluation time and performance
points of view.

Chapter 4 presented an application of centralized LEMPC and sequential dis-
tributed LEMPC architectures to a catalytic alkylation of benzene process network
which consists of four continuous stirred tank reactors and a flash separator. In the se-
quential distributed LEMPC design, three separate Lyapunov-based model predictive
controllers were designed to control the process in a sequential coordinated fashion.
The closed-loop stability properties of the sequential distributed LEMPC design were
rigorously analyzed and sufficient conditions for closed-loop stability were established.
Simulations were carried out to compare the proposed economic MPC architectures

with a centralized LMPC which uses a quadratic cost function that includes penalty
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on the deviation of the states and inputs from their economically optimal steady-state

values, from computational time and closed-loop performance points of view.

Chapter 5 focused on model predictive control of a class of nonlinear singularly
perturbed systems. The motivation for this work is provided by broad classes of
large-scale process networks that involve coupled variables that evolve in disparate
(fast and slow) time scales. For such process networks, direct application of model
predictive control to compute the control actions for all manipulated inputs leads to
very high-order optimization problems that may not be solvable in real-time. Instead,
we proposed a control system using multirate sampling (i.e., fast sampling of easy-
to-measure fast-evolving variables and slow sampling of slow-evolving variables) and
consisting of an explicit feedback controller that stabilizes the fast dynamics and a
model predictive controller that stabilizes the slow dynamics and enforces desired per-
formance objectives in the slow subsystem was proposed. In this way, the model pre-
dictive controller solves an optimization problem with a substantially smaller number
of decision variables, and thus, it requires less computational time. Sufficient condi-
tions under which the closed-loop system stability, accounting for multirate sampling
and sample-and-hold implementation of the predictive controller, is guaranteed were
provided. The applicability and effectiveness of the proposed control system was il-
lustrated via a large-scale nonlinear reactor-separator process network which exhibits
two-time-scale behavior and the computational effectiveness of distributed predictive
control implementation was demonstrated.

In Chapter 6, we emphasized on the theoretical development of a composite fast-
slow LMPC architecture for nonlinear singularly perturbed systems in standard form
and its application to a chemical process which consists of two continuous stirred tank

reactors (CSTRs) and a flash separator with recycle. The proposed fast-slow MPC
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design is decentralized in nature and enforces stability and near-optimality in the
closed-loop singularly perturbed system provided the singular perturbation parameter
is sufficiently small. Extensive simulations were carried out to compare the proposed
architecture with existing centralized LMPC techniques from computational time and
closed-loop performance points of view.

Future research in distributed predictive control as well as related areas includes
the development of general methods for the handling of broad types of communication
disruptions between distributed controllers, the design of distributed state estimation
systems which provide fast and guaranteed convergence and the development of dis-
tributed plant monitoring and fault-tolerant control systems. The reader may refer

to [17, 90, 92] for more discussions on the related open problems.

208



Bibliography

1]

D. Angeli, R. Amrit, and J. B. Rawlings. Receding horizon cost optimization for
overly constrained nonlinear plants. In Proceedings of the 48th IEEE Conference
on Decision and Control and the 28th Chinese Control Conference, pages 7972—
7977, Shanghai, China, 2009.

T. Backx, O. Bosgra, and W. Marquardt. Integration of model predictive control
and optimization of processes : Enabling technology for market driven process
operation. In Proceedings of the IFAC Symposium on Advanced Control of
Chemical Processes, pages 249-260, Pisa, Italy, 2000.

M. Baldea and P. Daoutidis. Control of integrated chemical process systems
using underlying DAE models. Control and Optimization with Differential-
Algebraic Constraints, L. T. Biegler, S. Campbell, V. Mehrmann, eds., STAM,
to appear, 2011.

P. 1. Barton and C. C. Pantelides. Modeling of combined discrete/continuous
processes. AIChE Journal, 40:966-979, 1994.

A. Bemporad and M. Morari. Control of systems integrating logic, dynamics
and constraints. Automatica, 35:407-427, 1999.

W. B. Bequette. Nonlinear control of chemical processes: A review. Industrial
& Engineering Chemistry Research, 30:1391-1413, 1991.

L. T. Biegler and I. E. Grossmann. Part II. Future perspective on optimization.
Computers & Chemical Engineering, 28:1193-1218, 2004.

L. T. Biegler and I. E. Grossmann. Retrospective on optimization. Computers
& Chemical Engineering, 28:1169-1192, 2004.

M. A. Brdys, M. Grochowski, T. Gminski, K. Konarczak, and M. Drewa. Hier-
archical predictive control of integrated wastewater treatment systems. Control
Engineering Practice, 16:751-767, 2008.

209



[10]

[11]

[12]

[18]

[19]

[20]

[21]

E. Camponogara, D. Jia, B. H. Krogh, and S. Talukdar. Distributed model
predictive control. IEEFE Control Systems Magazine, 22:44-52, 2002.

X. Chen, M. Heidarinejad, J. Liu, and P. D. Christofides. Composite fast-
slow MPC design for nonlinear singularly perturbed systems. AIChE Joural,
58:1802-1811, 2012.

X. Chen, M. Heidarinejad, J. Liu, D. Munoz de la Pena, and P. D. Christofides.
Model predictive control of nonlinear singularly perturbed systems: Application
to a large-scale process network. Journal of Process Control, 21:1296-1305,
2011.

X. Chen, M. Heidarinejad, J. Liu, D. Munoz de la Pena, and P. D. Christofides.
Distributed economic MPC: Application to a nonlinear chemical process net-
work. Journal of Process Control, 22:689-699, 2012.

X. Chen, J. Liu, D. Munoz de la Pena, and P. D. Christofides. Sequential
and iterative distributed model predictive control of nonlinear process systems
subject to asynchronous measurements. In Proceedings of the 9th International
Symposium on Dynamics and Control of Process Systems, pages 611-616, Leu-
ven, Belgium, 2010.

P. D. Christofides. Nonlinear and Robust Control of PDE Systems: Methods
and Applications to Transport-Reaction Processes. Birkhauser, Boston, 2001.

P. D. Christofides and P. Daoutidis. Feedback control of two-time-scale nonlin-
ear systems. International Journal of Control, 63:965-994, 1996.

P. D. Christofides, J. F. Davis, N. H. El-Farra, D. Clark, K. R. D. Harris, and
J. N. Gipson. Smart plant operations: Vision, progress and challenges. AIChE
Journal, 53:2734-2741, 2007.

P. D. Christofides and N. H. El-Farra. Control of nonlinear and hybrid process
systems: Designs for uncertainty, constraints and time-delays. Springer-Verlag,
Berlin, Germany, 2005.

P. D. Christofides, J. Liu, and D. Munoz de la Pena. Networked and Distributed
Predictive Control - Methods and Nonlinear Process Network Applications. Ad-
vances in Induatrial Control Series. Springer-Verlag, Berlin, Germany, 2011.

P. D. Christofides and A. R. Teel. Singular perturbations and input-to-state
stability. IEEE Transactions on Automatic Control, 41:1645-1650, 1996.

P. D. Christofides, A. R. Teel, and P. Daoutidis. Robust semi-global output
tracking for nonlinear singularly perturbed systems. International Journal of
Control, 65:639-666, 1996.

210



22]

23]

[24]

[25]

[26]

[29]

[30]

[31]

[32]

[33]

F. Clarke, Y. Ledyaev, and E. Sontag. Asymtotic controllability implies feed-
back stabilization. IEEE Transactions on Automatic Control, 42:1394-1407,
1997.

M. Corless. Control of uncertain nonlinear systems. Journal of Dynamic Sys-
tems, Measurement, and Control, 115:362-372, 1993.

J. F. Davis. Report  from NSF Workshop on Cyberinfrastructure
in  Chemical and Biological Systems:  Impact and Directions, (see
http://www.oit.ucla.edu/nsfci/NSFCIFullReport.pdf for the pdf file of this re-
port). Technical report, 2007.

R. A. Decarlo, M. S. Branicky, S. Petterson, and B. Lennartson. Perspectives
and results on the stability and stabilizability of hybrid systems. Proceedings
of the IEFE, 88:1069-1082, 2000.

M. Diehl, R. Amrit, and J. B. Rawlings. A Lyapunov function for economic
optimizing model predictive control. IEEE Transactions on Automatic Control,
56:703-707, March 2011.

W. B. Dunbar. Distributed receding horizon control of dynamically coupled
nonlinear systems. IEEFE Transactions on Automatic Control, 52:1249-1263,
2007.

N. H. El-Farra and P. D. Christofides. Integrating robustness, optimality and
constraints in control of nonlinear processes. Chemical Engineering Science,
56:1841-1868, 2001.

N. H. El-Farra and P. D. Christofides. Bounded robust control of constrained
multivariable nonlinear processes. Chemical Engineering Science, 58:3025-3047,
2003.

N. H. El-Farra and P. D. Christofides. Coordinated feedback and switching for
control of hybrid nonlinear processes. AIChE Journal, 49:2079-2098, 2003.

N. H. El-Farra, P. Mhaskar, and P. D. Christofides. Hybrid predictive control
of nonlinear systems: Method and applications to chemical processes. Interna-
tional Journal of Robust and Nonlinear Control, 14:199-225, 2004.

S. Engell, S. Kowalewski, C. Schulz, and O. Stursberg. Continuous-discrete
interactions in chemical processing plants. Proceedings of the IEEE, 88:1050—
1068, 2000.

C. A. Floudas. Nonlinear and Mixed-Integer Optimization: Fundamentals and
Applications. Oxford University Press, New-York, 1995.

211



[34]

[35]

[36]

[37]

[38]

E. Franco, L. Magni, T. Parisini, M. M. Polycarpou, and D. M. Raimondo.
Cooperative constrained control of distributed agents with nonlinear dynamics

and delayed information exchange: A stabilizing receding-horizon approach.
IEEE Transactions on Automatic Control, 53:324-338, 2008.

H. Ganji, J. S. Ahari, A. Farshi, and M. Kakavand. Modelling and simulation of
benzene alkylation process reactors for production of ethylbenzene. Petroleum
and Coal, 46:55-63, 2004.

C. E. Garcia, D. M. Prett, and M. Morari. Model predictive control: Theory
and practice-A survey. Automatica, 25:335-348, 1989.

V. Garcia-Onorio and B. E. Ydstie. Distributed, asynchronous and hybrid sim-
ulation of process networks using recording controllers. International Journal
of Robust and Nonlinear Control, 14:227-248, 2004.

I. E. Grossmann, S. A. van den Heever, and I. Harjukoski. Discrete optimiza-
tion methods and their role in the integration of planning and scheduling. In
Proceedings of 6th International Conference on Chemical Process Control, pages
124-152, Tucson, AZ, 2001.

I. Harjunkoski, V. Jain, and I. E. Grossmann. Hybrid mixed-integer/constrained
logic programming strategies for solving scheduling and combinatorial optimiza-
tion problems. Comp. & Chem. Eng., 24:337-343, 2000.

M. Heidarinejad, J. Liu, and P. D. Christofides. Economic model predictive con-
trol of nonlinear process systems using Lyapunov techniques. AIChE Journal,
58:855-870, 2012.

M. A. Henson and D. E. Seborg. Nonlinear Process Control. Prentice-Hall,
Englewood Cliffs, NJ, 1997.

J. P. Hespanha and A. S. Morse. Stability of switched systems with average
dwell time. In Proceedings of 38th IEEE Conference on Decision and Control,
pages 2655-2660, Phoenix, AZ, 1999.

B. Hu, X. Xu, P. J. Antsaklis, and A. N. Michel. Robust stabilizing control
law for a class of second-order switched systems. Systems and Control Letters,
38:197-207, 1999.

R. Huang, E. Harinath, and L. T. Biegler. Lyapunov stability of economically-
oriented NMPC for cyclic processes. Journal of Process Control, 21:501-509,
2011.

S. C. Jeong and P. Park. Constrained MPC algorithm for uncertain time-
varying systems with state-delay. IEEE Transactions on Automatic Control,
50:257-263, 2005.

212



[46]

[47]

[48]

[49]

[50]

[51]

[52]
[53]

[54]

[55]

[56]

[57]

[58]

[59]

D. Jia and B. Krogh. Min-max feedback model predictive control for distributed
control with communication. In Proceedings of the American Control Confer-
ence, pages 4507-4512, Anchorage, Alaska, 2002.

J. V. Kadam and W. Marquardt. Integration of economical optimization
and control for intentionally transient process operation. In R. Findeisen,

F. Allgower, and L. T. Biegler, editors, Assessment and Future Directions of
Nonlinear Model Predictive Control, LNCIS, volume 358, pages 419434, 2007.

N. Kapoor and P. Daoutidis. Stabilization of systems with input constraints.
International Journal of Control, 34:653-675, 1998.

N. Kazantzis and C. Kravaris. Energy-predictive control: a new synthesis ap-
proach for nonlinear process control. Chemical Engineering Science, 54:1697—
1709, 1999.

T. Keviczky, F. Borrelli, and G. J. Balas. Decentralized receding horizon control
for large scale dynamically decoupled systems. Automatica, 42:2105-2115, 2006.

H. Khalil. Robust servomechanism output feedback controller for feedback
linearizable systems. Automatica, 30:1587-1599, 1994.

H. K. Khalil. Nonlinear systems. Prentice Hall, second edition, 1996.

P. Kokotovic and M. Arcak. Constructive nonlinear control: a historical per-
spective. Automatica, 37:637-662, 2001.

P. Kokotovic, H. K. Khalil, and J. O’Reilly. Singular Perturbation Methods in
Control: Analysis and Design. Academic Press, London, 1986.

X. D. Koutsoukos, P. J. Antsaklis, J. A. Stiver, and M. D. Lemmon. Supervisory
control of hybrid systems. Proceedings of the IEEE, 88:1026 —1049, 2000.

C. Kravaris and Y. Arkun. Geometric nonlinear control - an overview. In
Proceedings of 4th International Conference on Chemical Process Control, pages
477-515, Y. Arkun and W. H. Ray Eds., Padre Island, TX, 1991.

A. Kumar and P. Daoutidis. Nonlinear dynamics and control of process systems
with recycle. Journal of Process Control, 12:475-484, 2002.

W. J. Lee. FEthylbenzene dehydrogenation into styrene: kinetic modeling and
reactor simulation. PhD thesis, Texas A&M University, College Station, TX,
USA, 2005.

Y. Lin and E. D. Sontag. A universal formula for stabilization with bounded
controls. Systems and Control Letters, 16:393-397, 1991.

213



[60]

[61]

[62]

[63]

[64]

[70]

Y. Lin, E. D. Sontag, and Y. Wang. A smooth converse Lyapunov theorem for
robust stability. SIAM Journal on Control and Optimization, 34:124-160, 1996.

G.-P. Liu, Y. Xia, J. Chen, D. Rees, and W. Hu. Networked predictive control of
systems with random networked delays in both forward and feedback channels.
IEEE Transactions on Industrial Electronics, 54:1282-1297, 2007.

J. Liu, X. Chen, D. Munoz de la Pena, and P. D. Christofides. Iterative dis-
tributed model predictive control of nonlinear systems: Handling delayed mea-

surements. In Proceedings of the 49th IEEE Conference on Decision and Con-
trol, pages 7251-7258, Atlanta, Georgia, 2010.

J. Liu, X. Chen, D. Munoz de la Pena, and P. D. Christofides. Sequential
and iterative architectures for distributed model predictive control of nonlinear
process systems. AIChE Journal, 56:2137-2149, 2010.

J. Liu, X. Chen, D. Munoz de la Pena, and P. D. Christofides. Iterative dis-
tributed model predictive control of nonlinear systems: Handling asynchronous,

delayed measurements. IFEE Transactions on Automatic Control, 57:528-534,
2012.

J. Liu, D. Munoz de la Pena, and P. D. Christofides. Distributed model pre-
dictive control of nonlinear process systems. AIChE Journal, 55:1171-1184,
2009.

J. Liu, D. Munoz de la Pena, and P. D. Christofides. Distributed model pre-
dictive control of nonlinear systems subject to asynchronous and delayed mea-
surements. Automatica, 46:52-61, 2010.

J. Liu, D. Munoz de la Pena, P. D. Christofides, and J. F. Davis. Lyapunov-
based model predictive control of nonlinear systems subject to time-varying

measurement delays. International Journal of Adaptive Control and Signal Pro-
cessing, 23:788-807, 2009.

J. Liu, D. Munoz de la Pena, B. J. Ohran, P. D. Christofides, and J. F. Davis.
A two-tier architecture for networked process control. Chemical Engineering
Science, 63:5394-5409, 2008.

J. Liu, D. Munoz de la Pena, B. J. Ohran, P. D. Christofides, and J. F.
Davis. A two-tier control architecture for nonlinear process systems with con-
tinuous/asynchronous feedback. International Journal of Control, 83:257-272,
2010.

P. Daoutidis M. Baldea and Z.K. Nagy. Nonlinear model predictive control
of integrated process systems. In NOLCOS 2010, 8th IFAC Symposium on
Nonlinear Control Systems, Bologna, Italy, 2010.

214



[71]

[30]

[81]

[82]

J. M. Maestre, David Munoz de la Pena, and Eduardo F. Camacho. A dis-
tributed MPC scheme with low communication requirements. In Proceedings
of the American Control Conference, pages 27972802, Saint Louis, MO, USA,
2009.

L. Magni and R. Scattolini. Stabilizing decentralized model predictive control
of nonlinear systems. Automatica, 42:1231-1236, 2006.

N. A. Mahmoud and H. K. Khalil. Asymptotic regulation of minimum phase
nonlinear systems using output feedback. IEEE Transactions on Automatic
Control, 41:1402-1412, 1996.

T. E. Marlin and A. N. Hrymak. Real-time operations optimization of con-
tinuous processes. In AIChE Symposium Series on CPC 'V, pages 156-164,
1997.

J. L. Massera. Contributions to stability theory. Annals of Mathematics, 64:182—
206, 1956.

D. Q. Mayne, J. B. Rawlings, C. V. Rao, and P. O. M. Scokaert. Constrained
model predictive control: Stability and optimality. Automatica, 36:789-814,
2000.

P. Mhaskar, N. H. El-Farra, and P. D. Christofides. Predictive control of
switched nonlinear systems with scheduled mode transitions. IEEE Transac-
tions on Automatic Control, 50:1670-1680, 2005.

P. Mhaskar, N. H. El-Farra, and P. D. Christofides. Robust hybrid predictive
control of nonlinear systems. Automatica, 41:209-217, 2005.

P. Mhaskar, N. H. El-Farra, and P. D. Christofides. Stabilization of nonlinear
systems with state and control constraints using Lyapunov-based predictive
control. Systems and Control Letters, 55:650-659, 2006.

D. Munoz de la Pena and P. D. Christofides. Lyapunov-based model predictive
control of nonlinear systems subject to data losses. [FEEE Transactions on
Automatic Control, 53:2076—-2089, 2008.

P. Mhaskar N. H. El-Farra and P. D. Christofides. Output feedback control
of switched nonlinear systems using multiple lyapunov functions. Systems &
Control Letters, 54:1163-1182, 2005.

D. Nesié, A Teel, and P. Kokotovic. Sufficient conditions for stabilization of
sampled-data nonlinear systems via discrete time approximations. Systems and
Control Letters, 38:259-270, 1999.

215



[83]

[84]

[85]

[36]

[87]

[33]

[89]

[90]

[91]

[92]

[93]

[94]

[95]

P. Neumann. Communication in industrial automation: What is going on?
Control Engineering Practice, 15:1332-1347, 2007.

C. Perego and P. Ingallina. Combining alkylation and transalkylation for alky-
laromatic production. Green Chemistry, 6:274-279, 2004.

D. M. Raimondo, L. Magni, and R. Scattolini. Decentralized MPC of nonlinear
system: An input-to-state stability approach. International Journal of Robust
and Nonlinear Control, 17:1651-1667, 2007.

J. B. Rawlings. Tutorial overview of model predictive control. IEEE Control
Systems Magazine, 20:38-52, 2000.

J. B. Rawlings and R. Amrit. Optimizing process economic performance us-
ing model predictive control. In L. Magni, D. M. Raimondo, and F. Allgower,
editors, Nonlinear Model Predictive Control, Lecture Notes in Control and In-
formation Science Series, volume 384, pages 119-138, Berlin, 2009. Springer.

J. B. Rawlings and K. R. Muske. The stability of constrained receding horizon
control. IEEE Transactions on Automatic Control, 38:1512-1516, 1993.

J. B. Rawlings and B. T. Stewart. Coordinating multiple optimization-based
controllers: New opportunities and chanllenges. In Procedings of the 8th IFAC
Symposium on Dynamics and Control of Process, volume 1, pages 19-28, Can-
cun, Mexico, 2007.

J. B. Rawlings and B. T. Stewart. Coordinating multiple optimization-based
controllers: New opportunities and challenges. Journal of Process Control,
18:839-845, 2008.

A. Richards and J. P. How. Robust distributed model predictive control. In-
ternational Journal of Control, 80:1517-1531, 2007.

R. Scattolini. Architectures for distributed and hierarchical model predictive
control - A review. Journal of Process Control, 19:723-731, 2009.

E. Sontag. A ‘universal’ construction of Artstein’s theorem on nonlinear stabi-
lization. Systems and Control Letters, 13:117-123, 1989.

M. Soroush and S. Valluri. Optimal directionality compensation in processes
with input saturation nonlinearities. International Journal of Control, 72:1555—
1564, 1999.

B. T. Stewart, A. N. Venkat, J. B. Rawlings, S. J. Wright, and G. Pannocchia.
Coorperative distributed model predictive control. Systems and Control Letters,
59:460-469, 2010.

216



[96]

[97]

[98]

[99]

[100]

101]

[102]

103]

[104]

[105]

[106]

107]

108

A. R. Teel. Global stabilization and restricted tracking for multiple integrators
with bounded controls. System and Control Letters, 18:165-171, 1992.

S. Valluri and M. Soroush. Analytical control of SISO nonlinear processes with
input constraints. AIChE Journal, 44:116-130, 1998.

S. Valluri, M. Soroush, and M. Nikravesh. Shortest-prediction-horizon non-
linear model-predictive control. Chemical Engineering Science, 53:273-292,
1998.

E. J. Van Henten and J. Bontsema. Time-scale decomposition of an optimal
control problem in greenhouse climate management. Control Engineering Prac-
tice, 17:88-96, 2009.

A. N. Venkat, J. B. Rawlings, and S. J. Wright. Stability and optimality of
distributed model predictive control. In Proceedings of the 44th IEEE Confer-

ence on Decision and Control and the Furopean Control Conference ECC 2005,
pages 6680—6685, Seville, Spain, 2005.

A. Wiéchter and L. T. Biegler. On the implementation of primal-dual interior
point filter line search algorithm for large-scale nonlinear programming. Math-
ematical Programming, 106:25-57, 2006.

G. Walsh, O. Beldiman, and L. Bushnell. Asymptotic behavior of nonlinear
networked control systems. IEEE Transactions on Automatic Control, 46:1093—
1097, 2001.

G. Walsh, H. Ye, and L. Bushnell. Stability analysis of networked control
systems. IEEE Transactions on Control Systems Technology, 10:438-446, 2002.

M. Wogrin and L. Glielmo. An MPC scheme with guaranteed stability for
linear singularly perturbed systems. In Proceedings of 49th IEEE Conference
on Decision and Control, pages 5289-5295, Atlanta, GA, USA, 2010.

Guy B. Woodle. Fthylbenzene, volume I, chapter Petrochemicals and Petro-
chemical Processing, pages 929-941. Taylor & Francis Group, New York, 2006.

E. C. Yamalidou and J. Kantor. Modeling and optimal control of discrete-event
chemical processes using petri nets. Comp. & Chem. Eng., 15:503-519, 1990.

E. B. Ydstie. Certainty equivalence adaptive control: Paradigms puzzles and
switching. In Proceedings of 5th International Conference on Chemical Process
Control, pages 9-23, Tahoe City, CA, 1997.

E. B. Ydstie. New vistas for process control: Integrating physics and commu-
nication networks. AIChE Journal, 48:422-426, 2002.

217



[109] H. Ye, A. N. Michel, and L. Hou. Stability theory for hybrid dynamical systems.
IEEFE Transactions on Automatic Control, 43:461-474, 1998.

[110] H. You, W. Long, and Y. Pan. The mechanism and kinetics for the alkylation
of benzene with ethylene. Petroleum Science and Technology, 24:1079-1088,
2006.

218





