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Abstract

Some arguments of Bristow (1960) concerning the effects of cracks on elastic and transport (i.e.,
electrical or thermal conduction) properties of cold-worked metals are reexamined. The discussion
is posed in terms of a modern understanding of bounds and estimates for physical properties
of polycrystals — in contrast to Bristow’s approach using simple mixture theory. One type of
specialized result emphasized here is the cross-property estimates and bounds that can be obtained
using the methods presented. Our results ultimately agree with those of Bristow, i.e., confirming
that microcracking is not likely to be the main cause of the observed elastic behavior of cold-worked
metals. However, it also becomes clear that the mixture theory approach to the analysis is too
simple and that crack-crack interactions are necessary for proper quantitative study of Bristow’s

problem.
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1. Introduction

Since some physical properties are easier to measure than others — for example, electrical
conductivity versus elastic constants — it is of very practical concern whether or not it might
be possible to learn something useful about some hard-to-measure quantity from an easier-
to-measure one. These considerations lead naturally to the concept of cross-property bounds
and estimates [1-7]. Such ideas were applied very early to cold-worked metals by Bristow
[8] in order to determine whether or not micro-cracking was an important issue. Bristow’s
work was so early that modern methods of analysis such as the Hashin-Shtrikman bounds
[9, 10] had not yet been invented. Bristow [8] treated the microstructure of metals in a
very simple way by assuming that cracks were distributed uniformly and isotropically in
space, using what we will term “mixture theory.” But metals in crystalline form typically
have anisotropic elastic response to deformation, and in particular the cold-worked metals
that he was considering could perhaps be better thought of as polycrystals, and thereby
take the local crystalline behavior into account in the analysis. So the main purpose of
the present work is therefore to reexamine some of the technical issues within Bristow’s
work, and then combine these ideas with modern bounding methods for physical properties.
One particularly important point that will be made here is that the microstructure of the
composite material matters a great deal — especially when the constituents are anisotropic.
And, if we know even a little bit about this microstructure, this information can improve
the precision of our estimation capability — as shall be demonstrated.

For metals, we have in mind a two-stage process of homogenization: (a) The first step
will involve a pure metal in polycrystalline — and therefore isotropic — form, but without
flaws. (b) The second step will assume a domain structure such that each domain contains
one or more aligned cracks. For lack of any better term, we call this picture the “random
polycrystals of cracked-grains model.” Both stages of the analysis use very similar tools,
since bounds and estimates for polycrystals of pure crystalline grains are known, and then
the cracked grains act in a very similar way — although possibly introducing a different
crystal symmetry (i.e., hexagonal symmetry for aligned cracks in an isotropic background
instead of the cubic symmetry for the metals considered). Nevertheless, the methods for all
the pertinent symmetry groups are well-known and readily available for our use [11].

The second section presents the basic analysis for electrical (or, alternatively, thermal)



conduction. The third section presents the corresponding analysis for the elastic properties.
The fourth section then introduces the cross-property estimates and bounds for the cracked-

grains system. The final section summarizes our results and conclusions.

2. Conductivity /resistivity for random polycrystals of cracked grains
2.1 Uncorrelated random cracks

Bristow [8] quotes work of Stroh [12] showing that the change Ap in the resistivity p of a
medium containing a ribbon-shaped crack of width 2a and length ¢ in a cube of unit volume
is ,

2= )

We will call this the “mixture theory” result, as it arises (and this fact will be shown

explicitly later in the paper) by a simple average over the effects of the ribbon-shaped crack
on resistivity along the plane of the crack (which produces two negligible contributions)
and perpendicular to the crack face (which is the main effect). This model is a very simple
one that makes no explicit assumptions concerning the local spatial correlations among the
cracks, although nevertheless assuming implicitly that the crack density is low, and that
the individual cracks are far from each other and, therefore, have negligible crack-crack
interactions.

In general, for crystalline metallic materials, it is possible to have an anisotropic electrical
conductivity (or resistivity) tensor associated with each metallic grain. This fact does not
cause us any conceptual difficulties, and the details of finding an effective isotropic con-
ductivity or resistivity tensor for the random polycrystal case are essentially the same as
what we will be doing (in the next subsection) for the cracked grains. However, for some
crystal symmetries, such as those for the cubic metals that Bristow specifically considered,
the electrical conductivity is inherently isotropic — so we actually have no work to do in this
regard for such metals. TABLE 1 gives the values for the isotropic resistivity of the three
metals (Al, Cu, Ni) that Bristow considered, which are readily available in handbooks (or

on the internet).



2.2 Random polycrystals of cracked grains: resistivity

In order to have a rather precise model for comparison purposes, and to get a better feeling
for just how much difference it makes whether we treat local order in the microstructure
very accurately or not, we will now consider a model material called a “random polycrystal
of cracked grains.” Suppose we first construct a random polycrystal by packing small bits
of a host material (assumed to be isotropic metallic crystallites — at the moment without
any cracks present) into a large container in a way such that the axis of symmetry of these
crystallites appears randomly over all possible orientations and also so that no misfit of
surfaces (and therefore no misfit porosity between grains) is left in the resulting composite.
This procedure produces statistically isotropic polycrystalline grains from the anisotropic
metal crystallites. Next, at a more macroscopic level (called the mesoscopic scale), we
introduce cracks into these statistically isotropic grains. Then we use the polycrystal analysis
a second time to create the desired final model. (The concept and — therefore — the
microgeometry is exactly the same for both electrical conductivity and the elastic properties.)

Figure 1 illustrates the type of microgeometry thus envisioned for the random polycrystals
of cracked-grains model.

If the ratio of cracked grain size to the overall composite size is small enough so the usual
implicit assumption of scale separation applies to this composite — but not so small that we
are violating the continuum hypothesis — then we have an example of a random polycrystal
of cracked grains. Both the transport properties and elastic behavior of the cracked grains
themselves can be predicted using known methods, as we shall elaborate.

When studying conductivity (¢ = p~!) in random polycrystals of cracked grains, it is

most convenient to define a new canonical function (also see [13]):

Sx(s) = [% (O_” j—2s o i 25)} o 2s, (2)

where oy is the conductivity parallel to the axis of grain symmetry (i.e., perpendicular to

the plane of the cracks in a particular grain) and o is the conductivity perpendicular to the
axis of grain symmetry (and therefore parallel to the plane of the cracks) are the pertinent
conductivities (on-axis and off-axis of symmetry, respectively) in each cracked grain. Then,

the Hashin-Shtrikman bounds [10] for the conductivity of the random polycrystal are given



by
UIZSSX = 2X(U:I:)u (?))

where 0y = 0, and o_ = o), when the cracks are air filled. In this case, the parameters
oy and o_ indicate the appropriate values for upper and lower bounds in (3), respectively.
However, if the cracks happen to be filled with a highly conducting fluid, i.e., one that is
more conducting than the surrounding grain material (this can easily happen for electrical
conductivity in rocks, but not so easily for thermal conductivity in rocks, or for metals
in general), then the subscripts 4+ should be reversed in these expressions to indicate the
appropriate significance of these bounds. These bounds are known not to be the most general
ones since they rely on an implicit assumption that the grains are equiaxed. A more general
lower bound that is known to be optimal is due to Schulgasser [14] and Avellaneda et al.
[15]:
Oacrmx = 2x(Tacrux/4)- (4)
Helsing and Helte [16] have reviewed the state of the art for conductivity bounds and esti-
mates [17, 18] for polycrystals, and in particular have noted that the self-consistent estimate
[or CPA (i.e., coherent potential approximation)] for the random polycrystal conductivity
is given by
oopax = 2x(00pax)- (5)
It is easy to show (5) always lies between the two rigorous bounds o7, and ojgy, and
also between o4y and o7;gy. Note that 04,y and oggy cross when o /oy = 10, with
0 acnmx becoming the superior lower bound for o, /o) contrast ratios greater than 10. For
present purposes, resistivity in metals does not typically increase due to cracking by more
than 5% or 6%, so these extreme behaviors are beyond our current interests.
In order to have an explicit model of the cracked grains, we will assume that the cracks
are either penny-shaped or ribbon-shaped. In either case, the approximation for very thin
cracks will be taken for the contributions to o, . This approximation states that the electrical

current is essentially undisturbed in both of these directions (parallel to the crack face), so

1
L=00= (6)
If the cracks are ribbon-shaped, i.e., having a long dimension proportional to ¢ (where ¢

is actually defined as a length per unit volume) and a short dimension of length 2a, then



— using the hydrodynamic analogy [19, 20] (i.e., for potential flow, the crack is analogous
to a thin plate that oscillates in a fluid, and the added mass due to this oscillation is
mathematically equivalent to the added resistance in the electrical problem) — we find
easily that '

P ~ po(1 + ma’l). (7)

The correction term (proportional to ¢) has the geometric significance of being the cylinder
volume (per unit volume) of the entrained fluid of the ribbon-shaped plate oscillating broad-
side (i.e., perpendicular to face of the plate). This expression is approximate since we expect
there to be a small correction due to the fact that the effects are not uniform within the
cylinder volume in question. The corresponding result for a penny-shaped crack (or circular
plate using the hydrodynamic analogy) includes an additional factor of 2/7 multiplying the
spherical volume 4ma®/3, where a is the radius of the crack face. Such correction factors
are always in the range 0 to 1, so (7) can be viewed as an upper bound on the actual value
of the resistivity correction. However, these correction effects are usually subtle and small
compared with the uncertainties in our knowledge of details of any real crack geometry, so
this formula is therefore a reasonable, practical approximation for our current studies.

Stroh’s result (1) is then easily recovered from the mixture theory average:

i32)

Derivation of this formula assumes cracks are fairly uniformly and isotropically distributed
in both space and angular orientation.
Examples of the predicted results from these formulas are displayed in Figure 2 for the

metals considered by Bristow: aluminum, copper, and nickel.

3. Elasticity for random polycrystals of cracked grains
3.1 Uncorrelated random cracks and the noninteraction approximation

Again, for the elastic behavior of a system containing a set of ribbon-shaped cracks,
Bristow [8] concludes that the effective bulk modulus K*, shear modulus G*, and Young’s
modulus £* have the following behaviors:

Ko—K* AK _ 2ra?l (1 — 1) (9)
K~ K* 3 (1-2)




Go—G* _AG B wa*l
G- G 15

(10 — Twy), (10)
and
Ey—FE*  AE 2ma?l
Ex E* 15

These results are similar to, but not identical with, the noninteraction approximation as dis-

(5 — 4vp) (1 + 1) (11)

cussed by Zimmerman [21] for penny-shaped cracks. For comparison, Zimmerman’s results

are:
CAK 16(1— )T 12)
K< 9(1—21)
G+ 45(2 — 1)
and, since 3/E = 1/3K + 1/G, we also have
CAE 16(1 - 12)(10 — 31,)T 14

E* 45(2 — 1) ’
where, for penny-shaped cracks having radius a, I' = a®* N, — with N, being the number of
cracks per unit volume. Note that equations (9) and (12) for bulk modulus agree exactly
if ' = 3ma®(/8, while the factors involving vy in (10) and (13) for shear modulus and in
(11) and (14) for Young’s modulus do not agree in general — although for small values of v
(< 0.5) their magnitudes are very close. Also note that (1) can be rewritten as

Ap _8p (15)
p 9
if we take I' = 3ma*¢/8 as the definition of T for the ribbon-shaped cracks.

As mentioned previously, it is useful to imagine that there is first a random polycrystal
of uncracked grains, and that somehow the cracks are introduced later into these grains. Of
course, it is not likely that this is how real materials are formed, but it is handy to make
this assumption for the sake of the two stage computation. The first stage gives us grains
that are polycrystalline on a very fine scale. Then we can use standard methods [11] to
compute the effect elastic constants of these uncracked grains. This process then results in

the bounds and estimates illustrated in TABLE 2.

3.2 Crack-influence parameters

Once we have the formulas discussed so far, we can then proceed to the second step for the

elastic problem by introducing cracks into these already once homogenized grains. In order
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to justify this approach, we necessarily assume that the cracks are themselves mesoscopic
(i.e., somewhat more macroscopic) compared to the many microcrystals that compose the
effectively isotropic grains of our model. Thus, we are necessarily assuming a degree of
scale separation between the metallic crystals composing the grains, and the cracks in the
cracked-grains model.

Sayers and Kachanov [22] have shown that one convenient way to deduce the effective
constants of an anisotropic cracked medium is first to deduce crack-influence parameters 7,
and 7y from easily computed isotropic results, and then decompose the formulas into the
desired results for the anisotropic situation.

The compliance correction matrix for simple isotropically distributed cracks — such as

penny-shaped or ribbon-shaped cracks — takes the form:

20m +m2)/3  2m/3 21, /3
2m/3  2(m+m)/3  2m/3
2n1/3 2m /3 2 + 3
As,-jzl“ 771/ 771/ (Th 772)/ ’ (16)
47]2/3
4n2/3

4m2/3

The known results appear in many places including [22-24]. We find in particular that

. 17
G* Gy 3 (17)
L o )T (18)
K Ky m1n2)L,
and
11 M (19)
Ex E 3
These formulas can be solved for 7, and n;. The results are:
3/ 1 1
Fr=-—-— 20
w=3 () (20
and
1/ 1 1 1/1 1 3/ 1 1 3/ 1 1
r=-2 SR (e S (S A (. 21
TG (K* Ko) 1 (G* GO) 2 (E EO) 1 (G* Go) (21)

These values can then be related back to equations (9)-(11) for the ribbon-shaped cracks or
to (12)-(14) for the penny-shaped cracks, as desired.
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Once these values of n; and 7, have been deduced theoretically from the preceding for-
mulas, then the compliance correction matrix for oriented (here we assume horizontal, i.e.,

z- or zrz-axis of symmetry) cracks takes the form:

00 T
00 T
Asy=r| "™ 20m 1) . (22)
21,
212
0

This result is the correction matrix used to deduce the perturbed values of the compliance
matrix elements s}, = s?j + As;;. There can also be higher order corrections (i.e., higher
powers of I') associated with the compliance corrections [24], but these are related to the

crack-crack interactions and we will not pursue these issues in the present work.

3.3 Random polycrystals of cracked grains: elastic constants

For the elastic properties of the cracked grains (having approximately hexagonal sym-
metry), the only explicit results needed in the following analysis for the polycrystals of
cracked-grains model are the Reuss and Voigt averages for the grains themselves, which are
1/Kp = 2511 + 2512 + 4513 + s33 for the Reuss bulk modulus in terms of compliances (s;;’s),
or

! = ! + ! (23)

K )
R — Ci13 C11 — Ce6 — C13 C33 — C13

in terms of stiffnesses (¢;;’s), and
KV = [2(011 + 012) + 4013 —+ 033] /9 (24)

for the Voigt average of bulk modulus. Similarly, the Voigt average for shear modulus of the

stiffness matrix may be written as

1
wy = g (Gé}ff + 2044 + 2066) . (25)

This expression can be taken as the definition of GY. Eq. (25) implies that G¥; = (c11 +

cs3 — 213 — cg6)/3. In fact, GY; is the energy per unit volume in a grain when a pure



uniaxial shear strain of unit magnitude is applied to the grain along its axis of symmetry

[25]. Similarly, the Reuss average for shear modulus is

1/ 1 2 2\17!
— | = 22 : 26
- {5 (Ggff - Ca4 - 066)] (26)

which is also a rigorous lower bound on the overall shear modulus of the polycrystal [26]. GLg

is the energy per unit volume in a grain when a pure uniaxial shear stress of unit magnitude is
applied to the grain along its axis of symmetry [25]. Since each cracked grain has hexagonal
symmetry (we assume that the cracks in each grain are all aligned with the same axis of
symmetry), the product formulas 3GTe Ky = 3G%Kr = wiw_/2 = c33(c11 — ce6) — Cig
are valid [25]. The symbols wy stand for the quasi-compressional and quasi-uniaxial shear
eigenvalues of each and every grain.

Once this notation has been established, it is then straightforward to express the
Peselnick-Meister bounds on bulk modulus for polycrystals having grains with hexagonal
symmetry [27] as

 Ky(Glg +Ys)

+
KPM - (GZH _'_Yj:) 9 (27)

where
Gi IK. + + 8G:|:
Yi=— | ———F— | =0(K,Gy). 28
=G (et ) — et 6 29
The precise values of the parameters Gy and K. (being shear and bulk moduli of the
HS isotropic comparison material) were given algorithmically by Watt and Peselnick [28].
Similarly,

1 _1[ L ALKy Ky 22
,LLI:EM—i—Yi ) Ri(Kv—Ki)—FGZH—FYi cu+ Yy ce6 + Yt 7

(29)

for the effective shear modulus p* of the polycrystal. The meaning of Y. is the same in (27)

and (29). Here AL = By=2%__1 and R, = A4 /2B+. These bounds are of

—1
K4++4+4G+ /37 15 5G4’

Hashin-Shtrikman type, but were first obtained for hexagonal symmetry by Peselnick and
Meister [27], with some corrections supplied later by Watt and Peselnick [28].

Since we now have analytical forms for the bounds in (27)-(29), it is possible to make the
substitutions Ky — K* and py — u*, as well as K3,, — K* and up,, — p*. Then, we
arrive at a type of self-consistent (SC) estimate that will always lie between these rigorous
bounds. Bounds and estimates for the three metals considered by Bristow [8] are presented
in TABLE 3, where Ggc = u*, Ks¢ = K*, and 3/Esc = 1/3Ksc + 1/Gsc in making the

connection between the notation in this subsection and that in the rest of the paper.
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Examples of the predicted results from these formulas are displayed in Figure 3.

4. Cross-property Bounds and Estimates

We combine the results of the previous two sections by producing crossplots of inverse
elastic moduli versus resistivity for each of the same three metals considered by Bristow [8]:
aluminum, copper, and nickel. The results are presented in Figure 4.

As shown already in Figures 2 and 3, the numerical results were computed for the crack-
density range 0.0 < I' < 0.2. This is a fairly large range for I'; and so we do expect that
some significant crack-crack interactions should start to appear for I' > 0.05. However, the
calculations were nevertheless restricted for simplicity to the non-interaction approximation
within each grain of the hypothetical polycrystal that we are studying. Some crack-crack
interactions occur implicitly in the model due to the random domain structure of the poly-
crystal, but these effects are surely not as strong as crack-crack interactions would be if
present within each grain — if we had allowed this to happen in the model (see Berryman
and Grechka [24] for an example where crack-crack interactions were permitted in a very
similar modeling situation).

We notice the following general characteristics of the plots in Figure 4. For aluminum,
as the resistivity increases by about 5%, the bulk modulus decreases by about 90% (i.e., a
factor of 1.9) and the shear modulus by about 25%. For copper, as the resistivity increases
by about 5%, the bulk modulus decreases by about 100% (i.e., a factor of 2) and the shear
modulus by about 30%. For nickel, as the resistivity increases by about 6%, the bulk modulus
decreases by about 90% (i.e., a factor of 1.9) and the shear modulus by about 30 — 35%.

By way of comparison, Bristow’s data for resistivity showed that the increase of resistivity
for aluminum (going from soft to hard) was about 4%, for copper about 4%, and for nickel
about 2%. The change in static measurements for the shear modulus for the same materials
was about 6% for aluminum, about 3% for copper, and about 3% for nickel; however, the
sign of the change was opposite what would be expected from the simple theory of Bristow
(and also from the theory presented here) for both copper and nickel. Furthermore, the
magnitudes of these changes are all much smaller than what one might expect from the
theory if the changes were really due to the introduction of more microcracks. This situation

led Bristow to conclude that the effects observed were not due to microcracks after all: so

11



he says that “the hypothesis that on cold-working dislocation pile-up to form microcracks
in metals is not correct.”

We should also point out however that a more complete analysis than the one given
here will surely show that, when crack-crack interactions are introduced into the grains
of the polycrystal model as presented, it will happen that the effects of the cracks overall
on the elastic moduli can be much smaller than that predicted without the crack-crack
interaction. For example, two cases are studied by Berryman and Grechka [24]. The first
example has Poisson’s ratio vy = 0.00. It was found for this extreme case that as I ranged
from 0.0 to 0.2, the noninteraction approximation for the bulk modulus predicted about
a 36% maximum decrease in the bulk modulus, while simulations showed that the actual
maximum decrease while taking crack-crack interactions into account was only about 27%;
the results for the shear modulus were similar, giving about 38% maximum decrease for
noninteraction, and 28% maximum decrease when crack-crack interactions were included.
The second example studied was for Poisson’s ratio 1y = 0.4375. In this case, the observed
decrease in the bulk modulus for the noninteraction approximation ranged up to about
230% (i.e., a factor of 3.3), while the maximum decrease was only about 110% (i.e., a factor
of 2.1) for simulations including crack-crack interactions at I' ~ 0.2. The results differed
between the cases vy = 0.4375 and vy = 0.0 in one possibly significant way which is that
the presence of the crack-crack interactions also seemed to have a larger effect at small I’
for the vy = 0.4375 case than it did for the case vy = 0.00. So reduction of modulus changes
due to crack-crack interactions may be more significant in general for materials with higher
Poisson’s ratios, and especially so at low crack densities. Since the metals considered have
reasonably high Poisson’s ratios, the importance of crack-crack interactions needs to be

studied more carefully.

5. Summary and Conclusions

Our results ultimately agree qualitatively with those of Bristow, i.e., confirming that
microcracking is not likely to be the main cause of the observed elastic behavior of cold-
worked metals. However, it also becomes clear that the mixture theory approach to the
analysis is too simple and that crack-crack interactions are necessary for proper quantitative

study of Bristow’s problem. The analysis of such crack-crack interactions is beyond our

12



current scope and, therefore, extensions of the analysis in that direction will be pursued
in future work. These issues are however nontrivial as has been demonstrated already by

various researchers [29, 30].
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TABLE 1. Isotropic electrical resistivity values p at 20° C for three metals having cubic

symmetry: aluminum, copper, and nickel. Values are all taken from Hodgman et al. [31].

Resistivity Al Cu Ni

p (Q-m) [2.828x1078[1.724x1078/6.993x 108
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TABLE 2. Cubic crystal stiffness constants (in GPa) for three metals: aluminum, copper,
and nickel. Values are all taken from Musgrave [32]. These values are the ones used as

input to determine the effective isotropic values quoted in TABLE 3.

3 >k * >k
Material| ¢j; iy Cly

Al 108.2 | 61.3 | 28.5
Cu 168.4 | 1214 | 754

Ni 246.5 | 147.3 | 124.7
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TABLE 3. Estimated elastic stiffness constants (all values in GPa except for Poisson’s
ratios which are dimensionless) for polycystalline aggregates of three metals: aluminum,
copper, and nickel. Subscripts correspond respectively to Voigt (V), Reuss (R), and
Hashin-Shtrikman (HS) bounds, while the self-consistent estimates for polycrystals are
labeled SC. Constants evaluated are effective isotropic bulk modulus (K), shear modulus

(G), Young’s modulus (£), and Poisson’s ratio (v).

Constant | Al Cu Ni

Ky = Kg| 769 | 137.1 | 180.4
Gy | 265 | 546 | 94.7
Ghe | 264 | 494 | 881
Gse | 264 | 482 | 86.9
Ghe | 264 | 46.0 | 84.9
Grp | 262 | 400 | 77.7

Ese 71.0 | 1294 | 224.6

vsc 0.346 | 0.343 | 0.292
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TABLE 4. Crack-influence parameters n; and 7, for the metals considered in the text:
aluminum, copper, and nickel. Values used for the metallic elastic constants are the SC

values from TABLE 3. In all three cases, note that |n;|/n, ~ 0.03.

Crack Parameters| Al Cu Ni

m (GPa™!) -0.0013{-0.0007 |-0.0004

ny (GPa™t) 0.0372] 0.0204| 0.0120
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28el
2=

FIG. 1: Schematic illustrating the random polycrystals of cracked-grains model. Grains are as-

sumed to fit tightly so there is no misfit porosity, although there is a very small amount of porosity
due to the presence of the cracks themselves. The shapes of the grains are not necessarily the same,
and the symmetry axes of the grains (three examples shown) are randomly oriented so the overall

polycrystal is equiaxed (statistically isotropic).
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FIG. 2: Examples of resistivity calculations for the polycrystals of cracked-grains model for three
metals: aluminum, copper, and nickel. The CPA effective medium theory results always lie between
the two Hashin-Shtrikman bounds. The mixture theory result is always out of range, being above

the ACLMX upper bound on resistivity for this model.
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FIG. 3: Examples of compliance calculations (inverse bulk modulus and inverse shear modulus) for

the polycrystals of cracked-grains model for aluminum (a,b), copper (c,d), and nickel (e,f). The SC

effective medium theory results always lie between the two Hashin-Shtrikman bounds. The mixture

theory result (which is also the same as the noninteraction approximation) turns out to be the same

as the Reuss average for this model, since we have not included any crack-crack interaction within

the grains in the current analysis.
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FIG. 4: Examples of cross-property plots for the three metals considered: aluminum (a,b), copper

(c,d), and nickel (e,f). The SC effective medium results for inverse bulk and shear moduli are

plotted versus the CPAX results for resisitivity. The Reuss bounds for bulk and shear moduli are

plotted versus the ACLMX bounding results for the resistivity. The mixture theory results (which

are also the same as the noninteraction approximation) for inverse bulk and shear moduli are

plotted against the mixture theory results for resistivity.
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